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Ma']-]nerno.hc.q] Ihc\uc’rior\ and Co"“fi"""inﬂ Science

Edsqer \rJ."Dsks\-ro.
’.Burrou'j\ns/ Eindhoven Univers‘al»:} QFTec\n'no\osta

T would ke Yo use the oypor)unib o!i? addressing o Se'nerq\
\-na-)hema)'ico.l oudience ‘o 9‘.ve Yhat oudience sowe Pee\ins {)cr
COMFuhnﬁ science's mathemalical COmPOﬂen\‘. The reason is
Simp\e. N}\enever O. New areoa OP \r\u«man enc;echOu.r )\as \oeen
shown 4o be amenable Jo mathematical *rea;men\') this hes Q\WO:)-S
had its 'smFuc} on ma*%ema)ics q)r \Qrae. ‘ﬂhcl when Yhe new
demands made on our Fowers oF ma}}nemo.“icc;\ reasonin are
some how drqs]‘:cq“b d'l‘ﬂ)t.f'tn} Fn:nm what we were used Yo, that
'mnyac} can even be exyedec\ ‘o be c‘uixe Pro?ouncl..

To owoid m'\swncle.rslromchna,& tuw in‘)roc\uc;orn re mor ks
?irs\'. Each Oufp\'lcol"cm Grea, 04‘? ma}%ema\h:q\ houoht Yequires
gor s eﬂ?zchve '}req}men‘\ ﬂs own ma}})emc}ictﬂ Sb\e, ﬂ's swn
ormalisms and noslo}ions, i}s ocwn P@Cu]mr bolance belween
whal s exP\ici}-\J shﬁed and w}m§ is 'nrn):.\':ciﬂb oméers)-oocl
and be\we% the Q}D})\lca}'aon o? ?orma\ )rec\mia\ues and o«?
common Sense. Jor o new orea, neither the q]o]orc]:rio}e
sbmbo\isms nor the proper baances are o\ovious_—, in Frochc:,

Cun Bensus 15 bn\b Teuc\ned Q{aer manb.ma-n:) exFer‘nmen\s om&

s OS suc\\ o. Prcéuc} of)'s‘xme and "Iaro\ wor\g

Mathematictans ¥hat mainly work in \—:,3 now well-eshablished
Qareas Q.ncl wexre never ‘mvo\vecl " Suc\ﬁ s‘-rufﬂ\es }eﬂc\ )o -\'o.\te
Yhe qui\o\ai\i‘ o? QAnr o«dequ\a\e S) \e for aron}ec\ and Jo eqwa\-e

~n “’ieir WQr\cl V‘lo; W'l}\’iou} 'U\s)"n ;C.OA]OT\-— Ccmvenien}" WQH'\

”c_qnveﬂ»:ona\“_ I‘n ’H\Ts re€spect, '}oda ‘s e w}in Sc_‘.en;‘isl‘

could not be more different: he Pinds that oll sorls of mahe-
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mohc:;l )’:a‘oi}s 2 d2ve\o\oec! in '“12 r;asl' (?ar' o‘“ner T:\.WFOS@S, are
'\haéec‘uuk or \n‘-s Furf'ose and IS P:rcec\ '}c: '}\’)z recosni}'wn 'H\o.}
Jime-honoured convenlions og) the mathematical world are o?v}en
n a ver\j o\ﬂec}sve Sense \f\ig\n\d inccmven'.en'r. gs o resu“' W}
35 no‘ unusua\ ‘n'}a} ')"he. Ccmn)ou;inﬂ Sc‘u@n}is} ‘re\czcwc}s \nxs Lo\-
Egamg M mare ’}mA’n)':Gha\ ):romc}nes 0? mo.lr\‘\emc\ iICs Qs Com-
Servalive \oeﬁonci recizm‘:»\":w, while the laHer comsiders his
colleaoue in com u-})nj @ olomaerous onmd barkarion radical.
Such mutual ill ee\inas ore , however, No more than the pre-
dic;n\s\e Ou.} come 0-\? underes})mahns "”ie. diﬁ)&rences )De]'ween
'}he c\'lo“e/naes 'H)e ma}}mcmahea] chrn]:u}'inﬂ sc‘:en)"as} {)aces Gnc\

the c\m“emses we %ceA beltre the adven} 0{) awlomatic Com-

whers, when , ack machines, rogromming Was Mo

problem ot all. Lot e, dherefre, skekch the Pecu\iar nature

o? '}he c\\al‘@nse pocecl b{j '}‘m mQ}‘\nzmo.hcc.\ cmmj:u)ﬁns sCien-
Yish, '

'Prosrowns are writlen in a Prosrnmmiﬂa ‘Qnsuaac, which "";j
-})m very ?o\cl' or ilrs mec}sQnical ih"errre¥a-‘ion re

?orl»-nq\ Sbs‘}'EM op Sovne s<:>r3'. Eac}n )orosrnm '}ex 15 o ormula.,
‘]')* YeP\'ESe,n}s , "‘O loe Precise, je ¥ Prec"oeq‘}e on -}he CO.I‘]’QSIQH )’Jrocluc“
0()'}118 :So—-::q“ecl inihc\ s}e}e sSpace anadl Hme ff)ino.\ SLQ“C SPc.ce.

*"t—Ormo.\lJ derivina a Frosr-qm rom s sremﬁcahons or Provins
-H'le equ.‘nvc‘\ence o() ‘}wo Pro?

'Hm:w-. Q Pc\r\'icu\o\r POrm <

redieo}e colewlus, I Said

par}-icu‘qr‘ Po:-m o{) Prec\icn)te Cq‘c“\us ! because Co ‘j:reclicc.\'e
Qx]oressio»-. 'Ho\s '}o sq}‘:sv Some

{:reSe-n'}s *%

rams IS No more anad no \es.s

cri;er'm- O-F Ccms}mc\ivcness

1? i} s Yo o.“ot.o 'Hne 'ln’ler)ore\'q}':On o{) au}oma}ica“.j QXQCH\'qUe

Code.

\«J.H» er m)rerpreh\icn o-?a ):roaroum 3re><\- Qs G )oreclicq;‘e

exfresslcm weg are Q“ \Qaa\' chep\uq“:j oy ™More or \ess AF)O.-

F/
miliar SrOuncls. I said ”more or \ess Fom-'\ior 'S‘mce i}‘ 1S m:j
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impression Yhot the averaae mothemalician knows of Fhe
exis-}ence o-? -}he c\ass‘.cal Preclica\'e QO\\Cu\us \::u" rareln
WwWees i}. This is n S)‘ao\rP ccm’iro.s" with the Com]ou.)nng
Scienhs}, ror whcm 'Hne redica‘re ca\c.u‘us I‘ms become Qn
'mdispenso;\:\e "}00} -Por' his dmi\b reasoning. I 'Sa‘.cl 'an}-
the Srouncls were o} leas) concep}uq\b “ ?)Qmi\iqrt ’Hﬂeﬁ
Qre Gmi\iar ‘]-o 'Hwe ex)e-n'} ‘H'\a.}' +he averaoge n-\anwe.mc‘}iciah
Pqe\s qwi\-e o} home with the idea oP mo‘mr;u\q};rb ﬁormq\
expressions Froviéec.\ those expressions are not oo big,
Soy wp o a {7&.0 lines. Bt ro grams o?m {)e,go hundred
lines are nol unusual a} oll. I3 s Hhs scq\ir:j wp that pro-
&%undlb c\nan‘je.s the rules o? the game: any child can comrel
a \oicjc\e bul You need o Pro?essionq\ P;\cﬂ Yo ?l o
Supersonic )f:\c.ne.. For e:jc"ns‘} omd )oi\o}, the |aws of mechanics
are 'n"lc same .395' -H'-e c.onvenho:wo.] Qjc\is}'s w‘\scic:m %3 OF)
no 9reoﬂ' relevance n the Coc\(Pi".
x >
¥

T have chosen do Yalk o‘:)uu.‘}’ ma'}hema;icai induchon
Since thal 1s the inAisPenSQ\a\e Yool 1?or arguing about
recurs;vel:) c\e-ﬁned struclures and recursive de{)‘-nihons
Fervade all o? COM}OM';'!hj science. 1% Qll"eaol:j starts with
Yhe detinition o? Yhe san}ax o? our programming \Qnauqaeg_
The usual ?Qrm s BNF C*'Boc\wus-Naur.Torm")_ ﬂ{?}er the

de«Pm'a}iOn o-? d}gi}s
<digit> == 0)1]2)3j< )5} €]7)8]9
the sﬁn\ax o? uns}aneé ‘m)regers 1S given \ob

< u\nsisnecl in’reﬂer Puz < disﬂ)»
‘ <un$ishec\ 'm¥eaer> < dia‘-} >
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- words: An U\'nS'ISnec\ 'm}eaer IS o :S'mS)e d‘; i} or an

u'nsignec\ integer ?o“owecl by o dis‘.\--.. ond alder

the deﬁni\'mn 01‘9 WL\G} \E‘Htrs are , ic\en}‘nﬁers “ure deﬁnec\ \93

<iden}}?ier> e < letter >
| <idenhiflers <leters | <ic\en¥;faer><d;3.}>

An examP\e °F)°‘ more C.on-.)ol‘acq}e.ci recursive definidion

would be the ?o“owms de?’mﬂicn OP expressions
<ac\o\o]:>> rm +‘_

<€>rpref>8ion‘> = <Froduc¥> \ <aciclop> < fn*cciu.c")
\ <expression> <c.c§c\ol:a> <Proc\uc\ >

<rr\uu-op> n= % \ /

< Prcducl‘) IO ?ac*or)
l<produc}'> < W\H“‘°P> < ?acl'-or’>

<«?o\c¥or> n= <unsigne.c\ 'm)!eger> \ <'ld2n}':?iel‘$

\ <<€x\ore5‘53on >)

_nne 7Y N wlnsc‘-. N i}s lo\s} \'me aren \neses are in\roc{.w:‘u‘l

Wushrales Yhe mechanism o? e recursive deﬁhi)ion in its
?u.\) slor:j.

» »
o

_n'ne rnos" Common ?@rma\a‘ioh o? \'no.“'iema}‘h::q\ knduc\‘SOn

'S . S’rom
Cthe base) “Po
Cihe s‘eP) (B n.nyo: a2 P Ga))

?ol\ows (fj n-.naOszn>
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O'H’\er F)ormu\c.}riorss 0? ‘H’\e S\-QP are

(En: Nn>0" PCnar) =>’P")
ond

(Bn: nyo: PG v Pn)

Nex} we have the ”CQurse-eP-vo.\ues indwchion —usuq\\a

derived From Fhe g)ormer Pormu‘&)im- : Gom
(‘H’ne base) Po

Ghe s‘e]o) (Bn:n>o: CBé:oSckn:‘Pé):-;’Pn)
Follows (B n. NZO: Pr) )

with "'m?'mi\e reargss' os molralional variant ?c:f‘ Yhe
S)QP:
(An:nso: " Pr 5(Eecosi<n:nPe)) |

F] yymore moe\ern ?ormu\q\‘ion i

(Bh:h?O‘.?n) =
(an‘. h;o:’Pn v (Ec‘:oﬂw\: AP

Nole +hal
0) \o:j expressing +he imF\ico)iona as a disjunc\'lun » We moade

L4 . ]
'H'\e d\Werenc_e \')e}ween CourSQ_o?-vq\u,es ihduc}'lon Q‘V\d
n

”‘lhﬁhi}Q rejress -Q no\‘o)'nonq\ Qr&e?ac\-‘.-—- diSuFPecar;
1) the base has been subsumed in the s}e?-,

2) the whole stalemnent is no} one o? lm\o\iccxhoh Bt o?
eau.al;) o? P!’edicc‘}es.

Bu.}' \e& WS 1o Cle ou-" ?rom %e ‘no.\-uro.\ num\bef& \_e\—

us introduce the Po“owinj nomenclature
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(U,() s a ,:»o.r\-‘aa“:j ordered se}
x,b are elements ?’rom U
< s o Su\ase} gom U

'y S a -30\‘::.\ Predica\'e on U, where S omd P are
cou)olt.d \93

Px = 1(xeS)  or S = {x|1Px}

3

Whm e \"owe ?crr eo.c\n ]ocxir %:‘P

($=¢) =(Qy:yel:Py)

F/
) s a minima\ e\emen} o? S ’ means

CSGS) }\(E\_x: X(b: "'\CXGS))

fr

U s We“~Founcled " means ‘}"\OA eac\'\ nm-ﬁmP¥3 'SujOSe* |
0? U QonXou'ms =% Yh‘rnimu} e\emenl'.

U is well-founded”
(g S e (S* ¢) =

(Eb:beU: BGSJ\<BX:X<3: 'l(xeS))))
(B_S:: (S"—.‘ ¢) =

(BU:DGU: ‘IC\JGS) V(\_E)\: x<5: XGS)))
= (9_?:: (steu’\’b)=

cﬁbbeU’PD \' (E X1 X<y -\’\Dx)))

1l

"

Trom "H‘re Q‘:ovc we ccﬂc\u.cle. H’tc\} we\\-?ounéeclness [}-3
exqcnb -}-\ne SGme 'H'nvl? as Va.\idib o? o ‘Oroo? \DJ

hno}}) Q.ma}'ico.] |hcluc ion.

; ”
'ﬂ dEC reasin Q"\Oﬁn

s o Sequence Koo Xq>Xg e 0?
elemen‘}ﬂ such at

(EDC',\): OSE(J: X < X
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t

U s we“~?au.nc!aén = "Q“ decreasins c\inn'ls i U
are OP ?‘m’}e ‘ensnm .

,Proo;, With  Yhe Frzc\‘ur_a}e DCF de?lne.cl \ob

DCF 3 = "Q“ dec’reQS.ﬂjﬁ CLIQ!V\S 0? Nh.lc\'i ‘3 'S ;’he ?"'3}
element are og) -S"m:}e \ensl% "

we have o prove

n

U s we\L?OtAnded " = (gbb el: DCF 5)

QSS\Ame '”1@ \eﬂ-\nnno‘ S'lCle ‘}rwe; -}}len ‘\'\16 T‘ia\'ﬂ-\'\ahd s'uc\e

QQu.Q\ s

<93:5€U:3CF3 vV (EX:X<5:13)CFX)) 5
which 15 eu‘.c\en}\:j brue .

RAssume the \e@J\and side Po.\se-J then there exisls o

nan—CmP}D S Suc\\ ‘H’?G} i} has neo m‘m'.ma‘ e\eme-n\‘, e,
(B_b 5@5: (EX;X<"3: XGS))

gr;mdw g\lp*he?o\sﬂb o? the r\ﬁ\aL\nono\ side 1S euident.

The above ’}}leorcm shows ‘H‘ie ex\-reme c\ose f;un-nechoﬂ
)De)rween we“-?oundedness Onncl Proo?s o '\'erm'nno;‘mn b?&.
Prosrqw.. Le)— U ]oe '“)e s\'q‘e sFuee o? the cm}ouquions,

and le} X<y wmean Hhat X s o possible successor
state o? stale Y . Each Ceam]ou}c.}icm then chrechmcls

Yo S, decre.as‘ma c\flmn ond ﬂo“ Com\ou\nhms Jrer'minq}e
means that oll thase decreqainj chains are ?\n;\e,i.e.
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“‘\a\- -})12 Successor re\a*‘son Aurns U 'm\o a we“-?ownécd
set. Nole tha) we have used 2quolities oll over }he ’P\qce .
4ermina}m3 com!oujmhons, we“-{-)taun'!:led sets, ond the va\‘;c\ib

o? ihduchve Qrsumen}s are ‘H’)ree Faces OP -n')e SQAwme cain,

Qs o reSu“', Compw“ms sSciegnce \'\as o vivid in}eres}' in
WQ“*?O:A“JQC‘ Se*s‘ and ‘H)eir COﬂS\’ﬂAQ\‘iQn. Lemcoarnr\n‘;c
]oo.irins s G be\ov?.d Conslxmc'}?on. I? U cand V - with
3ene_m\ elements U ond v resPec\"we\ -~ are we\\~?oum;\<cl,
Yherr Cardesion Froduc} U"‘V = also we“-fou«nc\ed under
+he or&er'ms deﬁnad \OD

(“o v°> <<u_‘ v,) = U<y, V(<u°=u,)A Vp € V1)

Le.x‘lcograf»\nic: ]oairin L\as M’\e fur“ner O.clvq'nxaae o? b&ns

aAsSs och o\llve‘-ﬂ is }o a\ iﬂ) 'Hne. C.crm]ocmem) orderrnss are
tolal.

’Provin’j Fro?er-\ies oP o." sen‘ences oE)o. PrOSrnmm'.nJ \ongunae
s done 'OU "'mc\uchon over Yhe sbn\-c.x ' This is moeA e\e\ac.n“b
G\one \O:j in‘\roc\ucinj =} Par\}a\ Orc\e.r on Sxf'mas: X‘:? meons
‘Hna)' S}'r‘m X ©occwrs Qs Sbn}ac‘ico.\ ccm):one-n-} o? s rin5 b 5
his r:c.r\-m\ order is, however, eas‘-L:j evnbedded in a }oto)
order‘,u'\z. S)‘rin‘j \enﬁ\—k‘ ’Bu} SOme}imes wWe ‘ﬂaue )to CQ"U
oul induckive arqumenls over essen ’:a“j O"LC) Pgr\-iu“:j ordered
89}3, e.q. when the order re\a\‘uon s ”eo\r\ier in )r'.me".,)-:u\r we
are dea\ms with o nelwork m which evends in dishinet
Com oth"S are QSS%}IIG“U U\ﬂorc\e*rec; g)crr’ \Od:\( o? Cmmia-
nication facilities belween Such <om onen“s‘, and the lackin
Possi]o'.li‘n o? S:jnc\woh‘\?.qxion is rx} 'H')e heqr\' u? Vhe
Pro)o]em o be solved.

Nuenen, < HPr'\\ 1482



