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b:j Edsaer N.'.Dﬁ\:s\ru ond C.S.Scholen

—ln EW'D8'Z'2 \)l‘ wWes bo\d\ S\‘O:\ed '\'\'\or} w?CS Q) s th?mk\b
condunc¥|V¢ Ne,.H-»er *here , Nor wn ﬂ blSCIP‘lHC 0? 'Proarammm‘g
Yhis has been vaea 14 ?o\\ows 'me our exercises with w\]o

direct Proo Ps Qul o
W\\Q\' O I‘OQ? ‘OO\(S
5“1‘0‘1\56" 'So\ u}'con o?

e'n'uoc\olosncqx m}erES} we mveshso&ec\

in EN'DS‘\G “n Fu.r ose 0? this note is -\o ex?\ore. more
(e i{) wF<D0 R) s c\e?ned as the

o) X IX=(3Bv wPCS,X)) A(BvRI

-IY\ owr QXPloro)‘mn we sha“ no\' reqwre w CS Q) N (0) 3ro
be ar- Ccm}-mu.ou.s as o reSuu‘ owur Can\umons \m“ \so hcwe
o \ceo.rma on 'Wie case o? u‘n\ooun&ed hc:mc\e}ermuno.eb We.
slmn however, use thao} WFCS ) s m?ns}e\‘j corUunc\wve

To beﬁm with  we observe that (o) is o? the -E)orm
1) X: UX=bXTR]
in c..o]hic\n b (£ "in?ini}elb dou\o\J Con\)unchve ", .. so.hs E’ies

@ Uo (A X)(ReYD) = (Ae b (XODGrD)]
?or all \orecluca‘re sequences (X)) and D) (c>,0)

This is & consequence o€ Yhe Senerc\\ ()ormu\cu

(?:-) [(Plc BvXOA (B VYD) =
(B v (A X)) A (Bv(Qc: Y]
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and the '?cu:.)l thot WPCS,?) \S ]n?in'\‘e\j Coyl}unc\rive. Trom
'I"S \ae‘ms in?‘mi)fe\{.) c\ou\oltj ce,n‘ursc.}'nve -.\ {-)o“ows 'H\a)r b
is ingnﬂe\:j cor\\junc}ive , and hence c:m\junc\\ve. and mono-

'}oniC, W both ‘a\s Qréumen'\s. ﬂnoﬂwer consequence s
2) IP3QI=23Tb XAYDP=bXP AbY Q]

Qur '\O«rﬁe} is now }o prove Lemma O, which waj:resSes
the 'mgni’re c.cm'unc}ivilj of wFC—DO,'R) deﬁnec\ as s)ron&eﬂ-
so\u\hon o? (0%

Lemma__o. Let the ("swo-orgumen’r) ?redicoée '\rans?ormer
b be 'm{?ini)rel:j dou\o\b c,on\:)unc}‘:ve. Let ' R¢ (éao> be
an infini’te Sequence o? Frec\ico&es. Lel P be the
s\rronaes'\' scz.\uho\n o?

() X:LoX@cRD=XY
lev Q) (§70) be the shrongest sdudion of
& %X L X =X1
Then [P =CRi= Q)Y .

’Prooi. Since b s mono%omc in s g)ars} &rsumen\-
—see EWDEWL2L— | P is also the s):ronses} solution o?

) X:LbX Q=R = X1

Simi]ar\:j, Q\_) 1S G\\So ‘}}73 s'}rOnses\r So\u}ion 0?
6> % T X (R =>X)



EWD 823 -2

HPPO«fenH\\J unavoic\a\o\J, }he roo? ccns‘ns)fs o? \wo )oar)lS:
we hove Yo show +hal (EU P@J) is o solution o?

(5) —or (50~ and thal i} Tis s s\'ronges')- one; we have
chosen (5') .

_n'ne l;)irs}r }Oar}' VS s;‘mish)t{)orwarc\: we have ?or om:j 2

[2: b CB y o QJ) (BC::’R c)]

=—‘{ b is in ini}e\'j dou\v;\:j con'unc.hv@.?}
(2= (R b @) Ry

= { (6"}

Hence CBJ Q) 15 o So\uho\n o?(S'); % be'mg) ‘Js
s}ronaes\ So\u\%‘uon, we have }oroved E’P% CEJ Q._))—) .

Note. Tn the above o Pea\ Yo (€'Y we have cm\t) wsed
—H'\O.\‘ G‘.) 1S Q Soruxioh oP (6’3. (Enc\ o{) No'\e)

“The di??icu\\:j 0? the second Po.r}, viz. +he roo? o(-)
[(BJ OJ)@’P] , is the ex?\o'\\‘a\'\on of” the &a& Yhat the

QJ are ’}'\WQ s\'ronges\‘ SO\U\'}.\OT\S O? (6) GT\C\ Cé') )
To 'H\is end wWe o\ose.rve F’nrs\-

LR Q) =P]
= {Frec\ic:o&e caleulus, For some chosen J’S
L Q N (BC!‘. Qcﬁ => ?]
= { definition o? ';mP\ica)non and de Morsom?j
[Qy= (ExnQ@a) vPY
Q_) \oem3 c\e()'mec! as Yhe s}rtmges)' solulion o? CON
he last Vine con be Provec\ \O:j s\nouo'ms that
CEenn @¢)V P is o soluhion o? (6")
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+rue
= {Preclic«\e caleulus$
[(8(’::0{) AP -P]
%{b s monotonic in ils ?‘.rs} omsumen¥3
[ b ((Br.‘:: QONP) (8&::?&) = LP (E\c'::?t')]
-){’P s & solution °P CS’).S
[h ((Ac: QOAP) (AR = P)
= ‘[Predico&e co\\cdus}
Cb (C(Efl'-_‘Qé) vP)A (B&::Qi)) (Bc’::'RC) = P]
= {(4), Since F)r Some chosen J [(Bi::?i) '—;"’RJ]S
[b Ec:1QOVP) (R A b (B QXRRD = P
—_—{ b is inﬁni}elb dou\ob Cor:]unchv_el
Lb Ec:1 Qv PIRD N (Bex b (QIRD) =3 P
={ Q's are soludions 0-? (6)3
[b ((gt.':: 1@6)\1?) ('R‘_Q A (Bc‘:: Qc) ‘=>’P]
={de?\nz}-‘-on of }mp\ico&‘mn and de Morsowws
[b ((Ec‘::‘l Qe)v'?) (’RJ) = (Ec‘:: 1 QCBV‘P]

Nolte Trom +he ohove Proo? Y ?o“ows Yhot slZ:m E(E_n‘:-. Qi):'?]
Yo hold,  only one of the Q¢ -viz. Qj- needs do be re
S}ronseﬂ Sc\u‘h(}h o'F (6) » w)'\i\e g)or the others ‘u} su??ic.es
Jo e o soludion o? (6&>. CEnd o? NO'}'E)
(End of Trool’)

* * *

’Per\no;?s o much ssmP\er Proo? eXislrs_-, ‘.? 50, we were so
-Far una\o\e. Yo c_ons)'ruc} . The Q\OOVQ Froc? 'eaves g with
wmixed Vee‘inﬁs. TkaA, Suc‘c\entb, ]mP\icc\‘hOhs PQT} wp Q“
Qver -H'le aoeks was on\ -‘o be X ec'\-ec\._ ’Bw} Hﬁw \n

Pes Y 1§ 9
'l\'ﬁ inc\':vi&wa\ s}e/Fs ore S'im]o\e, we xv\\(e no o??ence_
bo‘hen n‘»e \as} ar) s c)no.rac)ernec\ aGs o 1ece og) )ric)«-
i P 9
Slqun}-ina —D‘ s Tea\b not nice mﬁe, ?or‘ 'ms)‘Onnce., *Hna)-
on the one hand we use }Hal Q\) s the s‘rcm&es) soludion
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rev e'n} 4)‘\2.

u? (6') ~omd we had o, since we could not P
rom Creepino, in— while o} the very end i}

\MP‘iCG}iO’hS
is essential thal the 3's are solulions c,? Ihe hs}rcmge_r
Qqucﬂ-‘uon (6) . _I.h s\wor)‘: wi)f\nou)f 'H')e ‘o':l‘ o? ‘n')em'n ée.ve\-

en}oec\ n EWD82?, dhis \f?roo? would have been ‘vm?oss'-\o\e.

X #
L

.\,Je can Somew\ma‘ simP\i% “rhe T:raoF op Lemmo. 0 L»,J g,ssenxia":.)
concen'l'ra}'ms Yhe ”'\‘ric‘tb s\nun;‘mj n the Pmo? o? Lemmoa 4 .
The C*}wo- c\rsumev-A) Predic,o:\'e ‘\'rqnsForme.r \) (3-8 "c\ou.\a\:)

C or:_')u nc}"wc meons

b OXAXD (RARD = BXR A X R Grany XXRR.

Lemma 1. Let B be oW C\ouub con‘um&.ve recl'.coﬁe. iTeNS-~
?orme—r‘. \.e¥ ’P be e S';'ronjes} 50 ..J'.on o{f

7 X:lbXR=X1

]e} Q \De (4N :Solu.x'non o? <7), )d H be, '}}')e sxfonsea']
So]u.hon o?

(8) X:LbXT=X)

Then [‘P=QI\H]

Trool. We P‘nrs)‘ show Y_-P%OAH} \o-:.) demons}ro&'ms
dhal OAH is o solubion o? (7) We have ?or any 2

1Z-b (QANDR)
{)D 1S dou‘;—.}‘j ccnjunc}'rve?s

{ Q ond ¥ are solubiens u-? () ond (8) res‘:u\*:vel:)g

2= QAH]

i

It
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We now show LOABSDT) | ie LH=PvaQ) \9:3
showing hat Pva @ is a solulien o? XL b XT=X] |
o? w\w‘nc\-\ 1 s dhe s}mnjes} so\u)ﬁOn

"rrue

L (PAQ)R = b (PAQDR]
{)‘Dredico.}‘e Ca\cu\usg

b ((PviQdAQ) R =)b (Pr@) R}
= { b s c\oub\g co:\:)uncx‘we:‘}
(b (PvaQDTABLQR=bPRADbBQR)
= {’P and Q are solubions o? (T,')S
Ihb(PvaQ) T A Q =PAQY
=3 { P\’Qd'ac.o.}e CG\.\QL\\U&SS

[b (Pva Q)T =PvaQ@)]
(Cand o??rnog)

e
—
e
=

Lemma 0 s now e_asi(:j ]orcNed B s}rqab}ﬂ ofwafé Su%s}i;uy'lbn
shows ¥hal the nfinite caniunchon o

ar)o's\-ra::j so\u)ﬁm\s Q" 0?(6)
is o solu\-'-oh P o-r (‘3>, i.e. ['P\z CBJ Q:j)) . Ta\iné Q}J\Do)'\-»
sides -H';e coz'}unchon w'nH\ ‘H '\r)mn \Jie\és Lemma o .

In dhis last version, the meaning og) Yhe ac}')e.chve "Shronagst”
\s on\.:j wsed n +he roo? o Lemma 4 . Trom Yhen onwards

we oan wse -nwe_ e,qlua\ib ex]:ressec\ \93 Lemmn 1. Me ex
"\'}\]5 Yo be ‘))ne cose n Ver

\X
YRnan roors | )' 1% ver \'mmu::.Tc
_\E\(Q se?aras’mo\ a Prco? Eg 40\3 toic}niess in O.SPPOO'Q
o? Par}io\\ correc} ness and o

Proo o»? %erm‘;no\l\on:
the H o? Lemma 1 P\o.:js the réle o

wp (".DO,'T) .
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