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Abstract Our e{fort has been inspired by the impression
that the tFFeC‘:cheSS of the average mathemalticol a.rau.menl
can be 3rea.|:\3 increased ; our aim has been Lo conflitm that im-

pression by discovering general Lechniques [or effectuating such
improvements .

The impression Was correct, even many a nol-so-average
mathematical a.rgu.mcnl' kurns out to leave room f{or considerable
improvement . ‘

Great improvement could be achieved by assigning a greater
rdle to calculi of all sorts, the predicate calculus in parlicular.
In view of the intrinsic 3enera\ih_., of the predicate calculus ~as
stratificalion of all rigorous reasoning - s development into a

workable tool was made a major focus of our efforts .

Tec\'mictues other than calculational ,deve\oped So Far, are
also effective beyond the environment o? mathematics .

We envisage the next phase to be devoted %o tasks suchas

(i) the development of calewli and the exlension °F their range
of app\icabi\il:a;

(i) learning how to design suitable notakions thol cater for
one's manipulative needs ;

Gii) discovering how Lo propa.ga.l:e, exp\ain, and teach whalt we
have learnt by trying to Propaso.l:e, explain , and teach it.
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Our plans for the years Lo come

“It is reasonable to hope that the relationship between
computation and mathematkical logic will be as [ruil-
ful in the next century as that between analysis and
physics in the last. The development of this relation-
ship demands a concern “for both applications and for
mathematical e\egance.

:S-O\ﬁh Mcfar_thg, I9€'}.

Two aceidents of histary have retarded the widespread
recognition of programming as a mathematica) o.cLiviluj. The
one accident was the developmenl: o(-‘ average Programming
practice, in which rogrammers without mathematical inclination
are fully absorbed by the intricacies of their tools and the
fuzziness of their tasks. The other accident is that the sl:jle
of mathematics the programmin task requires turned out
to differ so radically from the sl::j e of mathematics deve\oped
so far, that most mathematicians (inc\u.din9 awthoritative
ones ) failed to recoghize programming as a humanr endeavour
amenable to mathematical treatment . (In addition, the
existence of compukers that can execute the programs has
misled people to believe that program correctness is an ex-
perimental notion, thus adding Lo the COnFusion )

The mathemalical s‘::j\es in which proofs are conducted
are the product of slowly developing tradikions. In principle,
these traditions are very pragmatic: mathematicians do not
like to waste their time on demonsirating the obvious. Each kime
however, that som:\:\ning 18 accepled as "obvious", a certain risl
s taken;, in mature branches o-F mathematics there is a well-
established consensus aboul which “risks* can be taken safely,
and in that sense established styles are adequate .

4
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Taking an exampl«. .From P\ame 'gnomel-.ra, we consider
four points on a circle . These points delermine six

cherds , a,b,c,d,e,and f, say .

The three possible pairings of the points give rise bo three pairs

o.f chards , viz. (o,c) , Cb,d) , and (e,f) . An example or

an "obvious fact” is the stalement that of the three pairs

of chords ene pair intersects inside the cirde - (e,) in the
above - and iwo pairs intersect outside the circle. Practical
reasons fully Jus\:iﬂj an appeal ko this fack without proving it
In contrast with this, most mathemalicians agree that the
validity of the relation ef = a:c +b'd between the lengths
o} the chords requires a prool . As a result, the statement

has been given a name (it is the theorem oF Ptolem 5) .

We point out that the existing styles Jus’: grew, are rarely
the result of well-considered choices , and are by no means
necessarily the most ef{fective ones. Moreover, there is no reason
to assume that, having grown i response to actual demands,
they are adequate in new areas of mathematics .

The inkellectual content of the "compul:er revolution” seems
to be that the desian or programs we can J'usl-.i.Fiedlj re\.j
upon faces us with mathematical Prolo\emé that are n a very
krue sense without precedenL in the \nis{:orfj oF mathematics |
Jt means no more and no less than thal we must be w‘.\\ing to
question the adequacy of all sorts of time - honoured
mathematical traditions.
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The reason w\mj the mathematical c\-.o,llenge of programming
seems to be So mdico\ij new lies in the combination of the ?o\-
lowing circumstances.

(i) Prosra.mmins 's a problem area without ?.FFQCH\IQ “intwitive sup-
port“.  With the latter we mean what the "Picl:ure" is for the
3comeler; Cor the programmer the “intuitive supporl:" would be
the clo.ss op PoSSi\D\e computo.kiona\ histeries that cOrrespond ko
a program. Experience has shown, however, that this class def.‘es
imaglna}:}on: the combinatorial exp\osion o|: operal:fonal argu-
ments makes them weffective, and, therefore, we have to resort
ko hon-opero.b:'nohal curcaumen’cs. As a resulk, it is an area in

which the “intuitive Suppo:-l:" is very meagre.

(i) In mathematics, the absence of “intuitive support” has
always been counkered by the application of the formal tech-
niques of caleuli. In view of the fact that, by virtue of its
mechanical interpretability, each programming notakion embodies
eo ipso a formal system of some sort, a systematic application
of calculi (logica\ or other) seems, indeed, indicated. This puts
pragramming in pr'mcip\e on ma&\nemakica“‘j -Fa.milior arounds:
program speciFicq\:ion and program text are freated as ?ormu|o.e
and a caleulus is applied to demonstrate thal the latker gakis-
fies the former.  The crux of the matter is, however, the proviso
“in pr}ncip\e" i viewed as a Formu\a, a program kexl is several
orders of maah‘ntude \arjzr than the formulae mathemalticians
are wont to work with, and this has a prOFou.wd consequence.
Manipulative techniques that engender an amount of formal
labour cjrow}n% quadrakicq\lj or exponenl;icdlﬂ with Formulo..
\Engkh are quil:e a.ccepl—a.'o\e in the Fami\iar mathematical enviren-
ment , in which formulae are short; in our environment k\we:) are
jusk no 3ood‘ Hence, the eﬁec\:‘wehess c? our manipu\al:ive
Lec\miques Suddeh\lj becomes a novel and \mcﬂor concern.

* *
*
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Our long-range {-argcl: is thus the o\c.s-‘an oF wmuch more
effective mathematical argumentS. When studying the shape
oF arguments and comparing alternaltives, we C‘uiclt.‘ﬂ dis covered
that in such a study oF effectiveness the subjec\- matter of
the orgument was of Secondary imPorlra.hce and that we need
not restrict ourselves to examrales taken me compu.\.-er prasram-
ming . The decision to extend our exp\oral:ions to mathemalical
arguments in geneml provided the added adVanl:cuae -besides
o.F{'u-ins more va.riel:3 in our experiments— of a'wing ws the
opporl:unik5 to compare our proofs with traditional ones

which ,unlike in the field onroarammina, are amply available
in the literature .

In the Qirs‘: sl:age of our exp\ora.\:ions we concentraked on
the preseh';o.\:iotﬂ OF O.rju.menES. (-[Bpics OF Sl:udj were , {or
example, the choice of an appropriate size of logical sleps in
an argument and the problem of whether to introduce names for
elements in the argument - such as the points on the circle in the
geometrical example given in the preceding.) We did so for the
prackical reasen that comparison of alternative arau.men(:s requires
a homogeneous s\:‘jle of presentation, and for the more sighi‘(’-
icant reason that we felt -and rightly so! = that there was in

3en¢\-a\ much room for improvement .

Gradua"3 we gol: involved n exp\oring ways, other than
presentation, of making arguments more concise. Exploitation of
symmelries and reduction of the role of case aralyses were the
obvious techniques towards this aoa\. Since too large logical
steps in an argument engender the danger of logical errors and
often leave the reader puzzling why the steps are legitimate,
we adopted as our ideal a homegeneous decjree of rather {ine
detail. Striving for bokth more conciseness and fine dekail, we
found ourselves drawn to the use of (ormal Lechnigues .
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wWe began our experiments with combinaterial praklems, which
could be treated effeclively by using the caleulus of plain arithmetic.
The predicate calculus was the next one to be used extensively . Lately,
reqular expressions were psed ca\cu\al:uonalhj in @ surprising con -
text and ab great calculational advanl-.ase ( For this purpose we
needed a ‘regularity calculus”  Parks of it we had to develop ourselves:
in the literature we found no traces of such calculational use of

reﬁu\ar expressions )

*) Lo be Presenked at a 'DiSmSSion Meeting on “Mathemalical
Logic and Proarammmg La.nau.acjes ko be orsamzed on 15th and
toth February, 1984, under the auspices o{‘ the Roja\ Soue&a oF
London. The proccedmgs will be Pubhs\aeo\ in the Phn\osop\wlcal Trans-
ackions and alse as a separate Monograph.

— o ey g

Concerning our use of the predicate colculus to date, severel
remarks are in order.

() 1n order to forge the predicake calculus into o workable teol,
we had to improve on the existing notational conventions .

For instance . we designed a uniform notation [or so-called
"continued” symmelric, associative operatars -such as summation-,
in order ko avoid the unnecessary notational distinction bekween .,
for example |, f,:?n and MaX, g igpq n 2:3,-. ¥ amd mMax, . ca i
Instead, we wnke (Zi:neis22:%) and (maxi: nsi <27 -“)?
The sgmbol i" follewing 2 and max in the last two {ormulae
indicates another innovation. In so-called ‘quantified” expressions
like the above , we explicitly indicate ,syntactically, which of the
variables are the so-called “dummies’ n order to avoid ambigui-
ties such as  moaxg ., x+a’, which indistinguishably stands {or
(max a:aex: x+a?) or (max x:asx:x+a®) -two very
different formulae.



AvG23/EWDEE1 - 6

During our explorations, the arising need for such notational
innovations was an encouraging cvnfirma{icn oF our impression

that we were pur&uihg an as Bel: unexp\ored line of research .

(ii) We have used the \oaica\ connective of equivalence at great
calculational advantage in preference to the logical connective of
mplication , often leading to a reduction in size of the argument
by o factor 2 or more . This experience could well be of great
metkodo\ogica\ significance since, on the one hand, it is this cen-
tury's tradition to base mathematics on set l:\aeorg , whereas, on
the other hand, set E\neora \acks the Q,na\ogue oP the \oaical con-
neckive of equ.iva.lence.

Recent ianOrma\:ion (from J Strother Moore) casts a com-
pleleia new light on the role of equivalence , which suggests a
different explanation for the fact that equivalence is used so rare-
by in traditional mathematice. The use o? the equ'wa.\e.nce iS
tantamount to sa-called ”sﬂmme}:ric rewrite rules”, which are
shunned in automatic theorem Pr°""‘_’"9 because t\weg allow the
manipulative process to get hooked up In an endless loop -e.g.
rep\ncin9 A by B,then B by A, and repetatur ad infinitum—.
A fear for similar dead ends may subconsciously underly the
underexploitation of the equivalence in traditional mathematics .

(i) Our experiences indicate that the predico.l:e calculus in the
{orm and notation that we developed for it over the last years

i3 quite generally applicable. This we propose to demonstrate in
the next P\aaSe :
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Among the racent results of our work , we mention the following
two incidents
(1) the efficiency of a computing machine (still on the drawing
board ) could e improved at a glance by more than 10°% alt the
price of a very minor modification : the design viclated one of our
principles Por a wel\-s‘mpec\ mathematical argume& y
(i) our stress on the (act that 0 and 1 are very natural numbers,
led to a sign'-ffico.hl' simp\ifico.\:ion in a work on VLS1 design J
the simp\if{calion was obtained \03 io\e\nl:ifcjing characters {‘rom an
alphabet with one-character strings, and the empty string with the
O-element of the concatenation operator ; as a result , two originally
distinet functions — one on characters and one on strings = merged

nto one.

e *
»®
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We expect that in the next p\no.Se design,use, and propaga-
tion of calewli will form an important part of our ackivities. Our
main 900.\ remains whal it was, viz. the sktreamlining of the
mothemobical argument - “skreamline: [-] simp\if.j, make more
efficient or better organized *, Concise Oxford Dictionary —; over
the lask years we have learnt to appreciate calculational argu-
ments —when available! -~ as e{fective means of streamlining, and
extending their range of app\ica.\:ilikj has therefore, become a signif-
icant aubaoa\ :

In its wake, we hope and expect to come bo grips with the
problem of the design of suitable notations. (Moat mathemalicians
agree that for many mathematical developments the availability
of @ gosd notation has been crucial ; in this light it is surprising
that the design of notations is not a topic explicitly addressed. )
The systematic application of calculational techniques is expected
to Provide the necessary gu.ido.hce '- b\j virkue of their rather rn‘sid

formalt “""j will reveal more c\earlu.j the manipuwlative needs to which
the notation should be geared . |

Ancther E\nins we propose o do is to \:rﬂ to establish (buj experi -
mental exploration ) the more 9enera.\ Vo.lidihj of a number of skill
tentative observations . For instance, in a number oF cases we have
observed that the explicit statement of what is considered “obvious’
often allows the rest of the Proof ko be carried ouk in @ more calculational

manner. We su_speci this to be the case in 3¢ncra\ .

In the mean time more macroscopic concerns are emer31n3 .
The clear delineation of the scope of all sorts of convenkions is
one of them ("292254 i the technical kerm for that part of a bext
to which a definition, convention, or assumption pertains ) ; {:lnousla
important, it does not seem to raise profound problems. Tougher
seem more structural problems such as the optimal size of scopes
and the best inEerFa.ce between \ogica.\ modules of the argument.
(We seem to have collected evidence that striving for small- size
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Scopes results in more dise:wi:o.malec\' arau.ments, and that the
"usefulness” of theorems depends more on the simplicity of
their formulations than on, say, the complexity of their
proof’s . )

In o next phase, when we expeck bohave obtained a clearer
and convincing picture of “true elegancc”, we shall address our-
selves more fundamentally to heuristics, ic. the problem of how
to construct a truly elegant argument .

» »
*
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C‘oncerning Hne,waujs in which our eworl:s can conkribute Lo
BP as industrial enkerprise we see three aspects .
(1) More effective ways of doing mathematics are of immediate

relevance for BP in ils capacity of em'p\o_ljer of mathemati-
cians and compul:ing scienkisks .

(1) Our mekhodo\og\co.\ techniques -such as “separalion oc Con-
cerns”— , though primarily developed in the context of intricale
mathematical Q.rgumehts, are quite ecnera\ and of wide ap-
plicability ; the mathemakical arguments have served as

"\aboro.{ornj environment” in which these ":Ef.\'m'\qLa.es could be
explored n vitro.

(i) Our efforts should assist BP in its continuing Lransition
into @ company more and more involved in high technelogy :

"e\egahCe" -in ’c\'m l:ec\anico.\ Sense in w\\ich we use \:\ﬁe Lerm-,
formerly only nice, is now absalutely essential .

For all this to bear Pui‘:, an e?Fecl:iv’e dialogue Wilzl‘m BP sl-.a.?[f 'S

necessary ; our {irst experiences in this respect have been
very encouro_sina,



