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Invariance and Nondg]'g[m'mgcg
gn accident 'm)frocluucec\ me 32 :)ears Qﬁo )ro

au)a-omo}}c comPu\ﬁna) o, '\oPic }-},g} ko.s ?osc'-no.\ed
me ever since. fs the HYeors go \93,—1 amn bea‘mn‘mj
Yo aprrecio}e the \ena}k o? Yoy nvolvemen} wmore
and more, Since N owe o 's\' o verd \iv ?m\ure
o? Q s'\'zea\)\e T.mr\- o? ¥\1e \'ﬁs}or:j o? ﬁe Smuon\
o? o science. L have observed ?ro%unc! c\r\omses
N our 'n‘lin\(‘mj ho);'r\'s R and L have (-)ouﬁd \'}wose oh-

Sefvo\‘sons 'm}eres}‘ms Gnc\ '\nG}r\AC‘.Sl'IVQ.

T do remember, @;r ‘ms\'omce, one o?m %rs\'
eﬁ)c,r}s -~ N %-\me mia So‘s—- o come A'o r'is with
laoha}' we Mou\d co)\ NoWw ”Y‘Q?e}'i\\on’.' —I was ro-

Uvi\:c“ k'lnaCRiqouo}c,)anx)'»n »nz C&\\:rse\Io? \'\’15
3 o) ope. exyplain o yow why. Mery opera-
hona\b,'l Iriec} Yo é;\ wath '.}-boa @ rgcurrg?a cce.P‘E
re\o}'aon: one 'ms\ruc)rs })12_ mcc\n'me. ’\'D s)-o.r)- \,ﬁ}k an
'm'\}‘io\ \m\ue. Ao ond Yo Senerc}e om H’nere
?rcm-; }\'\Q Seo\uence ur}\ner de?’me&

e\ o}'l on

%O;Pk VO.\u.es

\o:j e recurrence Y

X;M_,‘ = ?(X-‘B
Why did T do Yhat? T Mhink because L was olad
Ny N
5ro Yec°3n'x'2e. So—men\'ﬂb m's\'\or-, and n Yhose dous
+

o.mi\ior'n\J WGaS more ’\m?or an\‘ “’\Om S‘.Sh‘.@ctance. ihe,
e 1T had of the Yime was a\reac\b sufcient

\cnum\ec{f)\
-\-o ciou\o }\'\e' th\?icance,bu} T_ doh\ remem\ber 1

did.. You see, o wel-knoum com ce\rﬂ wos the "order"
. -
o? o recurrence re\o.‘r.cm, e T honacc sequ ence
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b""“\‘j Swen \>:) '\-\'va Q“&-order recurrence re\o-
;"JOT\ — — —
Thaz = Thagq * Jrn
bu\' Ou:j Pmﬁrc\mmer wou\c\ ‘\m‘:\e\men)r ))‘\'\‘1.5 \'Jb
(ﬁ,’B)nﬂ = (C\-\"B,Q)h

e, o ,‘s¥__ order recurrence re\c.\“on'. ’In s\mcr\,
o\f‘eacla Hf\en T. S\ﬂou\é \ncwe Vorzn sL.\s]:';C‘nous_
But ) was l\r\e prevaﬂinﬁ wview N -“'wa decade: not
o*nl:j TORTRAN bu} even QLGoL 60 ncluded cml:.)
e \-‘:\‘ive ccns*ru.c\s o? w\f\'\c\n Yhe so—cc\“ecl "Ccm-

Yrolled varickle' was on essenhicl In SreAien)r.

M es\‘umo}icm 15 “na.} Yhe ‘m)rrocluc.\"ncm o 3—%: So-
c.o\\e? "controlled variehle' has de\ajea Yhe deve\oy-
\men} o? CQm\au)Hnj Scven Ce | Q\mos)‘ (s Aemée.
']_ 90} Vervy, SUSPiICious M )%e_ \a e 60s w\'\% T dis~
covered o the C)\&je&-in-}\e-kroo\ TORTRAN
or QL%OL \orosrmmmer had \oeem cmd'\\*'sahec\
so os to be uno)o\e }Q desijn Yhe e\ef)on} solu-~
)f'icm '\ro w\wcﬂ— \oecame \(noum as "W\e(Pro\O)em o?
the Dudch Nokional Flag. The fact Yhal,in the
"?0'5, Eu«c.\‘tc\‘s Q\Scr‘s“\m ?crr %Q Sca o? the
bos?\»we \n}-eaers >( and N became o \oo.rac\igm
1 con on\j ex‘;lo&n \:3 the CirCumS“O\‘hCe “‘\a} 'n)- 1S
}\ne sim"g‘\)es} ]orogro.m o} clen-\ons\ro.}cs SO Cunvin-
cino) e Inappropricteness of” Yhe noton o
"H"e3 2 con o)) ec\P\f o r?c.\::\e ’ ? ?

(Euc\}éts g\amr'a»\m \oecome \(ﬂowh in “‘ae g)rm:
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“_.X,D: ynt
) x,b = X,Y
3('_1_9‘ X>k3 — X'.:.X*b
l] 3) X — 3:-_-5—)&
od
Al

This s eviden“j o repe\-'a)ricm 128 w\w\c\m Frere s
no ]o\ace. e@n‘ =N "Cm}m“ecl Vaf':c.\o\e " Coun)-ma

Sme}\n‘m oP re\-EVance. anc\/or ccm\‘ro“'mj \-er_
Yh‘inahcmg

»* -
*

9no~\'h¢,r acc'-den} _ﬂ,\»l.'De\c‘s '|nven§-'xon o? )Jne
raa\-}‘nme ‘m}errup\'— 'm)rroc\ucec\ me 25 “wears o:30
Jo nonde\erm'mac:j. T’B ?\I‘S" moajor Congern wos }o
shooo —Hm)f Sovin reg'us):er c.onkr-e-n s a)r ?-ro:)ro.m in\'er-
YLLFHQY\ and Tes?‘t:rin& them o} }orosrc\m resumplon
could no} be corru}o}rcd LU Yhe occurrence og .
n ex} ‘m%erra 5}, The QrSumen\rs requirec\ were VQU
3rickj, SO %-,}\«:3 as o W\o)r\‘?r‘ o??ac‘f -\-\\c} 1 was
Ylo} Sur‘oriSec\ Cl\ Q“ \«)\'M'M 1 und g\ows i3] )i-\'me
designs o? the ‘m‘erru}:ﬁ ?&ci\i ies of? larer machimes
such as the CDC 165 and the TBM 260 . 1 ex-
PerienCeo\ 'H’ne, *‘oro\o]ems causec\ \O.:j Hwe u\nPrGAic}u\cﬁc
'\n}er\eavin as comP\e\-el‘D nove) ones , ho)r busFec\‘—
ng that, cboul o decade later, -H'taj Lol
be lockled \93 e same '\ec\\ﬂ‘;ques Yhal would

'“ﬁen ‘ce wsed @r reqsonmﬁ a\ocmA‘ re}oe\-&\'icms.
T om , o? course, re()err'\na '}0 H’te l1‘e¢:‘\')v‘dn:v‘v\e.
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of Yhe so-colled “invariont” as Nustrated yn the
?o\low'm \-3})2 og) onno}q\ﬁcm o? Ca re]oe\':\"acm

—Gs8errioms be'ma wr'uprcn hﬁ“ﬁ'm ]ora\ces—

{P}
do B »{PABY S {P) od
P AR

In words: ‘n? asser¥ion Y , Suard B, ond
S)‘G\‘Qmen* S Gre S‘uc\v\ “\o)r }\'\e Qo\di\‘idha\ ‘m'n\'.
al validih 0? B 8L~o~rom\ees \'\no\\ execu Yiom

S c[?::es ol des)m:j Yhe Va\\c\i\:j o? /]_’D,
Yhem the uhole repeliien  de B> S od
wil nor c\es}rok-j -)-ﬁe va\‘sc\i):j c? ¥ , No molr\‘e,.-
how o@en Yhe repeo}o.\o\e s\'c.)empm;- S is
repeaxecl.

Now , i? we howe )‘ms\eo\o\ o? o sinjle B> S,
o bunch o? -\-)1°se, nene o w\n'ac\n destrous Yhe
Va\icl‘-b o? P, the vaidihy o T vl nod
be des\‘ro\-.jecl no motler how o@e«n and in
w\no} orc\er '\rhe& are re]oe.a)recl.. T"n o}\wer words,
the PcHern aPProPrio}c {)or reasonin o\:w\‘ re-~
}oe\-‘:}?chs 1S s%o\':s‘n}?orworc\\‘j o.\o\e%-o coPe \m“n
'}\'i?, \'\tmde\'ermiho.ca ‘)Jr\o\' )'10\5 §0 \De Q\JSor\Dea
bfj Yhe c:-Perc}\n stjsxem F&r, 3oy, & \mu\h\om-

Srammec\ N sto a\r'lo-n.

The ¥ec\1nic~1ue haséoeen uwsed raYher cemshuck-
'we\ in the desian o the THE Mu«“‘» msro.mmin
S:ja’c"m o derivegnﬁe s nc\f\ronﬁza\ﬁm fcrndi\icmshﬂ
(i.e. Suo.rds-) -\-\‘m\‘ WOQ\Q Znsure ,?crr‘ Ens\o\nce, }\\O}
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no ‘Oug?er‘ WOU\\O} V\OQCUmC emp\f'ler }'\’\Cﬂ"\ Em\o\‘j
ar F’u“er '“*ucm gu“ Q4+ nne_ }‘nme we c\ia ho\' \(nouo
-“)e Qx'\c:m o

W+ O/n)m';\ec\ or :simp\e. assigamen srotem En}S,
Such as =Ny, ond equa“ simple Y
such as ng N . ’n\‘\s Was in '}\we 'ns\‘ \'w.\
o(} Yhe 60's .

In the second hal? a() Yhe 60's | the meYhod was
@rma\izec{ Cor de}-erm'm'ts\‘ic Sequenha\ Eiograms
Y /RN’F\O d and b:j Cﬂ? Hoare. \'"o‘jc\ n-
cluded )orooés o? Yermmation, but addressed him-
56[? Yo Froarams as could be expressec\ \i'j orbi -
\TGB 0w charks. (This ladler Senerq\}\- was not
Yoo ottrackive. In the condrol m‘oh one had Yo
se\ecx o Se}- o-? so-cq“ec! ”m;.?‘m eéﬁe.sh, j.e.
& s.z)r U? ed,ﬁes sw:\ %q\ H‘l@ir rEmovo\ u'ou\c!
\eave o am\o\n MH\ no C.Scles, Olnd )‘0 Qac‘v\ cun'ins

Assignmen; we cm\? knew  what

adae C~ Pmo? ouija)"m .CorreSchclec\. The awkward
-\\n‘m 'S ‘an:“ or an arb u“rm‘j ccm\'ro\ 3ra\o)\, ‘pne
Pro&em oP o\e rm}hinﬁ G minimem se¥' o? cun‘in‘j

edges \s  wmosh una}}rac‘-HUc,> Hoare's Su)bsequen}

Covw}f'ulbu\"ao-n wWo.s \‘wog)o\c&: on account o? +he
s\'ruc\wre of }he Rxiom o?@ssianmen\ e deFm}}eJ
decided m Pamuf' o(; so-called “backwards yeason-
‘m&u ':i:lb.:jd had \Q@- }-\153 c.\f\m'ce c-‘.?en-— and "le
hed the Pmo? oblija\-'ncms in with s n\nc\—ic
Cans\'mv-}s ?cr H’-e ?\o«o o? cm\ro\. %Tmnica\J,
he con?rneé \nimse\f o ?qr\-ia\ correciness, Yhough
Fhe ‘?f'o\o\em o? ?mdh:j S M Mimum se\- o? Cu}}‘i:\g
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edje_s ..w\r\ic\n_are reo\uireo\ @,r }ermina}‘im\ Proo?s—-
had been reduced to )rr'uvia\i\‘j by Yhe sequencing
O\-ISC\P\\T)E. he had o\c\oF'\'ed.> Q“%—"\;s wWas sjn}he-
sized n the ear\:j 788 B‘tj Ed‘aaw W'ij\c s)rro.,
w\nose ffgu.ogr‘de.c\ Commo\nds(:,besic;es »g-?:)rm‘m\cj Q \Das;s
?0" a coleulus F:.r the derivabion o ’rrosro.ms, re.-
introduced n(mde;ermmaw again.

Cen}m\ 'h:) H'\'-S Sqme was ;'\‘te %rma\ QXFress‘icm‘ o-?

/i 4
so-called “asserYions or ”ccmdi\'}ons ‘, \.R. ‘orec\}cq\es

Jlko)r c:em}c(me.ci 'H'-c coorc\ino}es o? ‘nne. \Frcﬁro.m's
sb\'e quee. as ree var'.a\::\es, and the ?orma\
Imo\n'a\ou\ca\"nan o{) su.c\'l e?ﬂPr‘QSSiQMS, e.ﬁ. ‘n order }‘0
derive ?01" =N Program ?rc@mevx} Yhe ?l‘ec,cmd'a\":cm
Corresr.)cmc\ina }0 o gqiven Fos\‘ccmcli\icm . (]} 1S
His c\irec}}cm og) the guwcx'sona\ de,\oenclence fo
w\«ic\\ Hne )r€rm ﬂbcc\(waro\s regson'-nﬁ ! FQ%FS.
/‘L\e \Oro mo.\"lc ac\van}ases o) \:)o.c‘—(words Yesdsun-
""3 are %’Wv?o\ci “ circumvenss Mnée@hed \Jolwes,
Since Fuf ow-:j F ram ?rogmens' H’ne \JrQCUncli\‘:cm is
o totol ?unc\'imn of +the ‘T:os\rconci'ahm,w}mreas the
Fos}ccmc\'l\itm VS, N 5enem\, C. For\"m\ un e on
OF -W-e Pr‘eccmd'n\-io-n. "R.r\'\'\ermor‘e, Yhe cc\cu\us

'mc:\uc\es hcmc\e\erm‘mo‘?:j oA no ex\-ra cos\' o}

all.)

/"FOT" ;‘\ﬂe- @JrMu\a\"lcr‘n a-nd m&ﬂ]‘ru\a\'i% o?}\ﬁese
Cowdi‘-ims. -}'\'\e. rec\ico}e cu\ Cu\us bec:o.me 1o
\r'l\-a\ }co\, SO muoﬁ\ So 'Hno\\‘ durirB e \as}'
deccxde 'I)‘ \oe.ca-me F:;r marb L« msro.mm':rﬁ
com?u\-'mb se\eﬂ"rS* on \nc\isFensa e )roo\ @Jr his
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do[ul\j reasonms. (’I-n Passmﬁ —I mot) mem}‘\cm ‘m:j
S}"O'“& imPreSskw ot those co:mwf:u\-inj scien“-s\'s
may very weél have been +he ?}rs} Ao use the
Fre&ica\f‘e caleulus regv\\crl:j. Mc\f}"\ema)‘lciwns,
ond even lo&ic'.oms, For wkwn,gcf 'ms\‘anc‘e, Yhe
%a}s Yhat equ.'.va\ence is asseciakive, thot dis-~
\‘)unc\ﬂmn c\is\-rﬂoust aoverr equ.‘\va\enoe ond "n'va\‘
Cm'unc\-ion C\iS"ﬁ\ouLeS over nmequhvc\%ce,
be oﬂS -)-o '-}-\'Ie'rr- Qc\rive \cnow\ec\ja ore ex¥reme-
l\‘j rare. —I never me)r onme. N'\n\w} ‘m\"-mo}e
\cnuwledae o? suc‘n \:asic PmFef‘\'ies o?»ﬂ'\e
Iosioa\ c.o-nnec:\-ives oMe can \'nz.«clb )oe ex]:’ec\-ec‘ }e.
e < Veb eﬁ;ec\-'»ve wuwser o? Yhe Fredico\‘re cc\-
cu.\us. Hence m s\-rona }mPressicm.Th re\'rospec}' —I.
?oumd Yhe cmc\jus‘ucm, so Yo sPeo\<. ot as @:r as
'“'le mc»n'lemo\ﬁcq\ Ccrmmun'ub s CCmcernec:\ 92@5@
Boole has lived In vain raYher :s.\f\cclt'ma.>

The exensive use o? the Predicqlre ca\Cu\us n Fro-
gram derivalion dur‘mj Yhe last decade has had a
pro nd influence, *he cemsequences OF which are
skl un?a.n'lomecl.. T Yurned program c\eve\oPmen}
nte o C'a‘c«uj n\‘iono‘ o;c}-'.v'u\:) Camcl the idea o? Fro..
grom COrrec}ness mre a CQ\ cu\a‘iona\ hoho-n). The
Consequences are un?o.‘\-\'lomecl becouse sudden
We ﬁnd ourse\\les ar en\'l:j '\h\ri}ec{ }-o o.])j:\ é)rmo\
-}ec\nn‘nques oNn o hr\u\c?' more SMnéiose Scale ‘\r\wm
we were used Yo. I Yurns ot Fhot Yhe )predico.\e
CG\Culus cml? So\ves +he Pm\o\e\m ”'m \orinci‘o]e”:

W;nnou\‘ care u\ c‘noice o? our eX\'rG-\bjiCQ\ Pf“am’»}ives



E\nﬂ)B?l-?
and Fhesr no“c‘\"mn, the ?orrr\uloe Yo \Oe mc«niPu\a}ecl

ho.ve G ’)‘eﬂc\encj OF bec.omina unmo\ﬂoaea.\ob
COMP\'IQQ}:CA. Bs a resul), each spec\?\‘c Pro\D\Cm oy
%ose. o nNew ccmc.ep‘uo\\ and noxa\r’uono\ c\'\o“enae.
Y ey o? 'a“us}ro}'acm, By s}na“ show an extreme
examp\e. -F'crm -H:e ?’:e\d o? c\is\-r’-\ou'\‘ed Proqrammins;

Ahe examP\e s ex\rreme n %e sen se ;‘\'lo. Q\Ynos\‘

all the manipu\a}ims °F) -pne c\er‘-v*o.}‘\ovw \oe\cm Yo
'}\ne eX\'ru-lo&icQ\ CQ\Cu\us. O

k| »*
*

We consider o nelwork o? machines Yhaol can
send messages Yo each other. Eoach machine is
n 4 o? 3 stoles, viz.

For “new ra“:) ) engo 3ec\ ”,
for “de cyed or

n o3

-
For ” C‘.ri“ico\\\b e.ngased “

A cniYical enqaaement lasks on\:j o {Jinﬁe Period
rcmc\ 'S ‘\mmgio?e\b ?o\lowed \93 o¥ ne.u.\ro\‘ Enscxae,-
ment O€ the mo.ch'me_ n c\ues\icn. 'Be_\ween o

neutral ond the Su\osequen* critical engc«uﬁemen}
(o} de\a‘-j rno.:j occur in view o? e requircmen\'
tha} ot o‘":j moment c.‘\‘ most 4 mochine \oe crit-
H’.‘Q“j ensqaed. (So-cn\\ec\ "mu‘uo\ exe.\usion "). _ﬂme

'l'mp\ied Sbnc\'\roniza’ﬁon hqs xo be 'lmp\emen-\ed n

such e manner thol no de\o\:j \osts g’orever (so.-
called ” ‘-’Qirness .
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We inlroduce « single Yoken , either held \33
one o«? the machines or \o@.ina sen} E)rom one
machine Yo Qno‘\-\wer. Hu\-uo\ exc\us‘\or\ S \-\wen
achieved \ob mo\\nlo\imns

o ICTi“iCO\“‘j engageé machine holds Yhe Yoken .

The moc\\ines mqin)ouin -“1'\5 \o:j (13 not \niha)ﬁna

o critical ensasemen\ unless holding the token,

ond Cii) no{sendin‘? Yhe \fo\ﬂn Yo onother machine
3

while -\oe'mﬁ critica ensaﬁe.cl.

Further more eoch machine Moaintaing

-“ne rno.c\\ine \'lo\c\in3 H’ne -\o\<en 3 ho)r de\o.:jecl

by (1) ckipping the dela wpon Aerminokion o?

o ne,u}ra\ enaousemen'} w\n‘.e_ \'\o\dinj H‘le *‘o\ten,
ond (ii) \ni\iq\'\nﬂ a critical ensose.men-\ wpon
receipt o€ the Yoken while de\oﬁecl. Toirness s
‘\'\nere@::re ensured bokeﬂ e_ac‘n c\e\aaecl 'mouc\\ine.
receives the Yoken within o @nile period o? Yime,

The resh c? Fhis examF\a deals with the cembrel o?
the wmovemen? o(’ Phe *oken. To Yhis end the ma-
chines are orranged in & ring, Yhe Jwo circular
direckions in which are colled “to the \e@-" and
"o Yhe ﬁa}\\ ¥ r‘esPec\'nve\:j. The token is sent Yo the
\e@, so-called sigpq\s are senk do Yhe riohk.
Eac\'\ \'m\»( ccn'nec:"ma two hQiS\w\DOUﬂﬂS moc\n'mes
n the r'ms s in A of ) S¥Q\es,vﬁz.
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u ?or “unused”
t Fcrr "corr:j'ms Yhe Yoken 3o the \e?} )
S «?uf‘ "Cor'r\\j'ms o S]Sha\ '\O%e ﬂs\\\”' .

The \OM'e.r '}wo s\'c\"es are Pos\‘u\o\'eci k) \O\S“ cm\:j
Ca &)‘mi\e Perioc\ o{; %me.

“The Compu}a"ion will be broken uwp in so-called
,’G}omic ac\"uons”. (gn ”ax'om'ac &c\"\on” s H'\e. soame ‘ Fe
oia'\dedi‘aa}%ovw GS )-he "\ooin\‘ molss# n ?h\-jsics.) ach
oromic aehon 1S Per?ormec\ \o one OE «}Le mac\\ines

ond imro\\res G s\‘c‘k chcmge r '\-\na hnac\\'me ond

F:r '\\'S \3n\<($‘3. f“'le.re. ore E%ur q»om'nc o.c‘\'ions o
e desijhed:

(n) uFon ComF\e\-‘.on of o nw#ra\ %3a3emen“
(C3 wpon COm?‘E\‘ion ofF o Cr‘-\‘ico.\ %Sasemen\
(S) uPo-n er‘uva\ u? o s‘usno\

€ wpon arriva) o? Yhe Yoken .

(Ve need nor bother ohout "co-m‘:\e\-im o?o
delo:j " Since }\'\}s w%“ )pe. Su\asumeé \i‘j Hne er‘nrcn\
o? the Yoken; simi\ar\?, the "c-cmy\e\ion” o? Phe

s}qk "bmusec\" or o 'm\« 1S SM\osumec\ N senci%r:a

ei-\-\'\e.r -H'xe \-o\cen or- o sijnq\ over that \‘m\«.)

Our invanant @-r Fre whoe sns}em s, loosel

'

s‘)oe.q\c%ns, “ the rin 1S In o Fermissi\:\e_ s\m\-e.’ but
‘Hqis 1S c‘h\j \ne\F u,\ Prcvic{ecl we \'wwe a. ver:J Pre-
cise c\'lar'ac."er"\?o.\'icnw o? Yhe set o? FermiSSi\D\e

S\'n\es. This sel' o? Permissi\o\e. s\'a\\'es will be der‘wecl

as Yhe Jransikve closure o? he alomic Fromaibiems

2
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Vrcmn O. 3wen ‘mi\-’.a\ s\-a\'e, SO a“ mac\r\ines r\eu\fauj
enao.aec\, oll the binks unused; and the hoken res‘lc\‘mj

n gne o? }\'ne Mac\\lnes‘.

Tvamediarey dhe o\ues\icm orises how Yo charoc-
Yerize sebs a?jr'mﬁ stakes. Since o s}'ﬁr\j o? Yhe
aPPropr‘sa\e. \%3)}\, W which madine s\‘a\'es and
\ink shtates cllernate, characterizes o ring shate
'bﬂ ino the s\rirla around~— _ we comn characrerize
o set o rinﬁ shates \03 wr'-)‘rrﬁ down oo rammar

?or represen'\o\'ive s)rr‘mﬁs. in s Examp\e we s\nc\\

use -\'\ne Sro\mmof‘ 0? so-cc\\cc\ “ regu\or Qx?f‘essicms‘..

TH will kiem out Yo be hand »)-ojwe machines
one u? bwo colours, either \o\qg () or whike CHB,

ond o Moachine shole will be coded b re Gxin
Une o? ‘H\r‘ee s\a}es n , d » Or <, \jkj?me? oPﬁ
the colours b or w .  “The wmachine \no\din3

he )m\<em will be idﬁvx}-l?ie.ol lo'j wrﬂins its  colour
with Fhe Corres‘:cmdinﬁ chﬂ-q\ \eXrer. Tn'-\":o‘“\-j a\\

MQch‘mes bein w\rnﬂe, WE Comn c\narac\‘crne +he

?ni}'io\ s\‘a\'e_ L’:j 'H-ae regu\qr QK‘Fressi'ﬂY\
(o) — (o W) Wnow—

No\‘C. TF =N Y‘eau\ar cxPresswn s used ‘o c\narac}erize
o set o? 'r‘ml s\o\'es, we ‘3}10.\\ surround 'n\‘ ‘3:3 .
T;oc\‘r- o? das es. '“ﬂ‘ns ‘;m‘;\'ues, @rr 'ins}‘o\nc:e. 'Hf\a\-
(O) S Qqu'\vc\tn\' Lﬂ\'\'\

— (u wn) w Wn—
(EBnd o? Note )




EwD8?1 -14

r

Tn (0), the shar denctes G succession o?

d
2er® of more inshomces c:? Yhe enclosed .

TIn (o), O"l..fﬂ ccn-n?\e}ia-n o? neural enaasemenk
= Foss‘;\o\e. For the Yime \De'ma we Ct:m?:ne our

o.“en\ﬁcm 1o 'H'we more ’m\'eres)'ih case o? suc\'\

Cam‘a\e\'sons )ro\cins \o\ ace In ‘mac\'\ines not hold-
in3 Yhe )\'o\(en, and ]om\oose. Ahe h‘oms'.\icm

(n.O) wWho —> wd s

l.e. O w\r\i\'e | ma.cL\‘-nc w‘-\-\nou\' H’?e \'0\(Cﬂ Cc:m]o\e}-es

i\'s Y)eu»ra\ en oo emenx‘ b \Oe.com‘m ca\e\a ed
39 Ay 9

ond 5e«nc\in3 o s'.:)no.\ over the link +s v‘»s}.\-.

(Myran sifien  n.0 cmlj caters ?crr Yhe sikuakion
Yhat @ wn has o w  te ks r'n‘s)\“.)

“The }ra'ns‘:\-'-ve c\osw.re o(D <0) under ('n.o) is
€)! —-(wn U “ wd s)ﬂr Wn w—

m which ﬂ —-w\nlc\n sbn\'ac\-'\cc.“‘j ‘nas \Deevn 3'|v€m -}-\’\Q
luweS}‘ \o'nhc\‘mg \Fower—-—- S\nOu\c\ \92 reacl as " "

Tor Hhe orrnval ol e s‘;ana.\ at o white neulral
mochine (no\'e thay 1) s e.otu.ivo\en\‘ ‘o

_..<\..mun wds“wd S wn u)* Wa w — )
wWe Frofbse ’Hne )rranﬁ}i‘oh

(s.0) s

or

wnu.-—)b-.}ons

H

lLe. the machine 4ransmits Hhe sijna\ and blackens
]“Se\?. The Yromaikive closure o? (0) under (n.o) anal
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(5.0) s 3wen \93
—-(‘wn un wd (u. \On)* s),f \An w —
Closme) His ?ur)‘\f)&rmore. under

(n.2) w bn — wu bd
(s.4) S wWd — u bd
t)'ue\AS

—(wm wwd Cabnfubd) s)" Vnu—,
whidh we record as
(2> =H" Wn u—  with
() Hz wnu ] Q@ s wh
@) QA =wd Cubn ] abd)

We note thot Fhe crommars W | W , ond
H*¥* Q@ —=mnote the o?ssence o? doshes: these
grammar s cwrespcmd do seds o? s}r'\ngs— are
Q\So c\o s:.e.cl. unéer ‘H'\e_ ?Our 4\"0*\53)"\0115 coms‘.der-
ed so ?or. | The reader is nofF expected Yo see
Hhis ot a S\Omce‘. Yhe @:rmal veri?;c.a\-icm o? Yhe obove
requires o ~-be i} shork— calculakion. ] Furthermore
we note thar under the Aronsi Fions givem so ?o.—
e Aransitive closure o? Hhe s\-ﬁns wn u H¥
QC\\AQ\S H H*

Le} ws now \oa\« OA' ')%e ™TOore '|n¥er'es\"m3
cose -}\'\qx (e siaﬂa\ arrives o} the mac\'\ine
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ko\diftﬁ ‘H’le }o\«’.n. '“ne crnb wo{.j} in w\'\ic\q we

con vnoke in () the  sa nn s Wn
ex Plici} 1D \:u:j o.clo\‘ma —\-}ne SMPG;%\UO\AS )ferm
Q ) \/Jn LA

""’H* C\'\)n “ “ Q S \A‘n u)—'-

which we con close wunder

(5.9.) s\dnu-——)'}wnu

\T.j QPT“‘&""‘:‘) (5-2) Now) QS rewﬂ\e ru\e:
—H O W A F wn W) —

ﬂs =N reSun o? ‘\'\ne 6'meraence o? o New
inshance o? wWn oW s is no \cm\cjer
c\ osed under the \orev'; owus -;-ro‘ns ?or mak ons \

\ou} we \mo\ve seewn Hqcu\‘ '3'\’12 C\QSure Uie\&s
Y —H*(Mdnu ] QY H)—

C‘OS\?\S (S) umcier
(n.'L) Wn u — We «
O\O\rious\:j 5\2\&5

6> —H"Qn v Weu]) @y H)—

which is alse closed under the inverse

(c0) MWMe U — Wn u

\nluHr\ Hne, in\'f'oo\uc\'ach og Prhe \'erm \A]c v
we \’\ave creo}ec\ -\'\ﬂe. ]oossﬂo'.\i\b o? o slanq\
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arriving a} the criticaly engaoed maochine Chhal
holds +he daken) . Observins Yot in (6D
Yhe su\os\ring s We  coan Cmb ocCur in

R s \'JC w o, Oxc\c\in:) 'H\‘:s QS Swper riuouws
‘)fef"‘ﬂ. and O\Y\'J\Di'ﬂs he a-ransi\ian

(s.2) 5 We w —» « Be w

Qs rewri\re ru\e, we derive Pne c\osure

(?) ——H*C\A\h u“\'\lcu“Q'\‘HBQu,ﬁcu}—

“The '\n}rocluc\-'\crn o? ‘n’le —\erm Pe 'm\ro-
duces o new g:rm o? Cri}icQ\ %E)Qﬁemen)-,

which wow Yerminalre | which wWe suages)
Yhe )fmm;a- @"" -

\any
(ca) u Be w —»+ wn u

Since —\%e resu\}inj Q T own w is Su\D-—-
sumed \o:) Yhe ]of‘ece.c\'n‘nj A+ H , C?‘)

S c\osec\ unaer (C-’O as we\\.

We leave Yo the recder +he \/er'\?i cation
AN (?) is alse closed under the remain-
\ '\'\nreo_. *roms'u\lcms thol} enumeroﬁe how 'Hie.
o

en can arrive

(t.0) wd + s Me u
() w bn + — + wn o w
(v 2 w bd + 5w Be w

Since. () lells us thal ¥ has o skrin Q
Yo its \e.{a, u\wic\n mo.:j end n ’Hﬂree. c\iﬁ)e-ren waﬂs,
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dhe conshuchion o? Yhe closure ond of the lish e?
\rcms"\‘\cns Hﬂo} mis\r\)- bhe heec\ec! \f\as now leen
COMF\&'@&.

The above enmobles us o conmvince ous seves thal
ea.ch cle\aj will be o? F}ni}e c\uro.\iOn. o Pnc& ?U)“FOSG
we qssoc‘.o.)re. hﬁ-\-\n o c\e\o:jec\ mochine the s\-rin_cj o?
COHerno}'mb) \in\ts and ‘mac\n'mes Yo }s 73\5\\}‘, U\'F
}o and induding e mac\n'.ne. thel \no\c\s or the
\ink, Phat carries +the Yoken. TFor thak S')friné we
de?‘me k b‘j

h = '“16 num)oer og e\evnen}S N -Pne. S\‘ﬁ:ﬁc) +
e S)‘T'ma_

'Hm nu:m\oe.r o wk:}e mac\r\'nnes 1Y)

o beatn with we observe 'Hna\‘ \1?0 ond 'Hm\'
none o? the 3:mnsn)ricms Increase K . We now
comvince ourselves dhal ¥ decreases within o

ﬁni\“{ Per'-oc:\ o? Yime because the stoles s s ‘]‘J
and < are o? Qn‘.‘e durotion:

(’mm () ond (&) we conclude ol e de\obe&

mac\n‘me. QCCWUTrsS T A Q;

() Cor o @ in B, e shring comtains an s
and within o finte hme S50, 51, 52, or €3

will decrease ¥k

() for Yhe @ W Q4+t , }o, 34, or t2
wil decrease < wiYhin o @n:){“e Yime.

Gi) ?ur the @ v GO u B w , <A wAll

decrease K within o ?im\‘c }ime,
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ond ?rv—n (?) we. Ccmc\uc\e ’H'm} ‘}'\‘\‘.S‘ case o\nq\bs}s
has been  exhoaustive.

Qnd Hﬂ‘ss concludes O-\oe CW»TDGC)' Fresen}‘m)‘icm
o?) owr exo\m‘:\e.
*

*
>

Q num\oer o? Te\‘ros?ec\"wc remar\<s ore \n orc\er.

Tn e obove, Yhe machines Prem selves have re-
ma‘;nea canon ans . \AJQ, Cou-\d \f\ave num\oered }'\’\em
()fcrm 0 'H\rtm&\f\ N-1 ) bul invire the reader }o \‘rb
‘}Q viSuq\i'Ze houvs Owr jnvarion > (?) wog\d \Oavc
\voked \lke,ko\d we used quan}iﬁm}ims over
machine Su\oscrip}s\ T would hove been ¥O\ro\\3 wn -
\momo.aea\n\e_ (No\' o'\n:j did we \eave Pne individu.
al  mochines cmnonumous, buy even %‘heif‘ Nnumber
S no} men\ﬂonec\ in the ana\:js‘ns-. ‘Fo'f' QA rinﬁ o
N machines, O‘n\lﬁ the s"ri‘njs Q? \En‘g}\u 2+ N o}
belong +o the Sro«mmor (?) are ap icoble. O ?""“33
benetit s thal very small values oé:\ N  do nof

Y?Quire. C. S?ecio\ Qna\jsis.

Q@e.— Yhe decision do )-rD Yo use regu\ar expres-
siaons |, '1} ;‘00\4 me sevem\ 'l\“em\":c-ns bekore 1 had
reached Yhe above Ireatment . My est eﬁ-)m-\-s
Com Yonin e d errors due to my locdke o experience
n using the (Y‘esu\c\rl‘n <ol v:u\uaﬂ @31‘ derivir\:ﬁ =Y

hransihve closure under rewri\'e r-u\es.

“The \ac\.«. o? ex'Per}ence was rpne, maore severe
Since ’r’ne same lanauqse O \oe. c\'\amckﬁ‘zad \O:j
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maon o\iﬂ)eren'} regu(cxr exXpressions . ?01‘ ms\'tmce,
(a] )™ , Callb] ab) ,Ca“\g c‘*>* are all
equ.'won\en\‘. T.n }he Beainnmj T ex]per‘ne.ncec\ Hhis
Sred @‘eec\crm Qs o nusonce, bur now T Fhin
this was nowe | since Precise\ Yhese \o-nguaae-
‘orcserv'ma %Qnsg)cr—r'mq)-'nons enoble us Jo massage
O resu\om ex?ress‘uon in a @rm sm\m\:\e @:rr our
hext maniFu\o}'non. Equavo\%ces lie o} e heark

o() ij \gracho.\ C_q\ culus.

Finally, i} ook me guite some Yime )oe@ne 1 dis-
covered +he Fro}'xr abbrevio hrons Yo Introduce. C'nme
H ond the Q@ , easy Yo deg)eml " hinc{si‘sk}, could
howe \oeen c\n asen \mu.c\r\ eor\'aef‘, \'\aci we \'\O\A more
me‘.\'zo‘rib v Fh 'W:e reeu\o.rib CQ\Cu\us.)

*

*
>

1 menhaned ‘Hﬂo", due Yo the CQ\CU\ahono.\ op-
?roae\n o program design, each sPeCi@c \Oro\:\em
moay pose & new Ccmce\o\ua\ and notational chal-
\enge. ’n«g a\oove exam \e \'\as \been 'lhc\ue\ec\ \-o
gve the recder some ee\'-rf_g Fo—r Yhe g.-rms Fral
clﬂot"en&e Moy Yoke. 1 colled +he ceonSequences aP
His recent development shill unloyhomed | the
réeasaon \Deing -M'\o. 'H’)Q. hﬂac\_nines e.xe.c:u\r'm:j aur
Frosmms are }‘N\L\j uor'n'\ o? Hne name &t_c)enem\-
Purfose. eq\n men'\'” and cx‘f, ccn-:seo‘uen“_tj, %e
are G -Hfm)r co.\s For bhe e%ec_\-we. a\oF\ica\ﬁm o?
Formo.\ "ec\nn'nques seems ‘-o howve los\‘ ‘h‘s boundaries,
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Qc\mow\eéjemen\s. “The exam‘:\e '\\\us\-ro.\"mé the use.c?
Yhe re u\c-r'l\‘\lj celculus  was deve\o?ecl under the
Cr‘n}ico? 'msPim\":on o? Yhe ’rue.sciozj ﬂ@emom C(u\a,
and o{) TE:S Xruseman Qrevrz in Por\‘»cu\or‘. 1t
WeS o Privi\ege ‘o write \qa\e o? the cbove wibh
Qj\"l von 5as¥eren loo\c'mj over my shoulder.

'ﬂne a.\oove \r\o\s \De% wri‘H‘% \OJ uotj o? comn -
ribubon 40 +he /\2030.\ Socieky VDiscussion Y"\ee‘-ing
on ”Mo'ﬂnemo\-ico\ LOSIC and rosro\mmiflﬁ Laﬂauoaes':
ar‘aannc.cl b:j Sir Midhael H‘;’UG‘\'T?'S' ,’Pm?essw'
CARHoore, T'RS., ond Yro ?esscr 3.C. She\;\werd som

cand bo be held \n Lomdon, 15-16 ?‘e\mob 1634 .

“Ylotaanstraal 5

5671 AL NUENEN
“The Netherlonds

1 'fr“e\mmb 16,84

?ro?.dr. 5653er w.’DS\(s\v-rm
3urrou:o)\ns Research Felloww



