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F\ m‘nsce“cm:_ °§? resu“‘s

Levama Q. Tor' mono"on'uc () and no&ura\ n }he.

cx\reme. So\u}'ucms o?

X.,[{’“*‘x = X) (o)

ore 'mc\eFenden‘\ 0(7 n o
/\)roog_ S'mce gn-n 18 monoxon'.c. »?cnr o“ na]-ura.\ n,

-‘Hne. cx\'reme So\u\‘ions CXES*‘ %r‘ a“ no}urq\ n
Since '}'}!e C.ahk')uso}e o? F S mono‘ronic, ¥ Su?—
?ices Yo prove the \ewmme ?or Yhe shromaest solulions
P )
oy,
We denote the s}rcmses“ solution o? (o) b:') Qn.
Hem:c, %r‘ om:) na.\'ufa‘ n ,
Yrue
o= { de?in'n\'ion af Q O:&
H’ (Qo)z Qo)

=3 -[ mdu c-\'iOhB

L™ (@o) = Qol
::-b{ Qn ]ge'mj c. s\ronses\' SO\uX‘im&

[Qn 3 Qo]
Q\So, ?or 0‘“3 ha‘ura\ n ,

true 3
= {de?’uni“ion o() Q n
[P™(Qm = Qnl
Q){ ‘DrediCa\'e c:cz.\ Cu\us‘s '
[@ioci<n: P (@n) A P™(@m=
Qn A Auosi<n: PM(QaN)
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-.-.{Pred'nco\e cn\m\us‘s

[(Eli:o&i\?n:()“i(@)n))'i (Ei:o%isu:?i(Qh))]
é}{mono\bnic.ib q? (—73

£ (Qiosien: ?i(Qn» =(Ri.osisn: ?i(Q )
2{ Q0 beine « s\'f‘ffnaeﬂ‘ so\uhion; Knoskrj-ars\i}
[ @o = (Fiosisn: £'(Qn)]

-"—‘){ red cate Ca\w\us?]

[Qo = FO(QH)‘)

= ‘{_@mc\icma\ '.}ero.\'icm_}

[GO 5 Q n]

(End o? ’Pmo@)

* »*
»*

Tn EWD849a-2, we inireduced di??eren)r pes o?
Ccm'unc"‘v\\.j For Prec\‘.cq)e. -\-rans?orme.rs. “The \\owmj

lemmo. conmects dhree o(? PFem .

Levama 1. “Far any Preo\‘nca*e )‘mns@:rmer E we have

(Q 'S denumem\:\g caneunc_\-'.ve_) =

(.f S Ccm'unc\"»ve. AN G)'IS anc\-cwnhnuou.ss

Proof. The fack Hhak the lefd-hand side implies both
derms o? Yhe r'.ah\-\nand side has c\rec.clfj been shown
m EWD8ga 'l'o %“ow 'tmmed‘nq\e\ﬂ %vm e degni\'icms.
In order o Frove J—\m ‘lm?\iCoL\'ian ' Fne other direc-
hon, we derive, under the Q'Srs‘um?\":crn o? Yhe dﬁ\\\'-
hand  side, that V s denumera\ol_tj com unchve ie.

Gar‘ ow\:j sequence o? Predico}:es ,P'n (osi)
[fRePD = Rix ()
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We dbserve for ol 2

[2={(@iP0))
= {?red‘aca.\e. cq\cu\uﬁi
[2=2§(R): @iocicy: PN
= {F s Q_Qé-thnuous; (Bi:OS'ls:):/P'-) s s\‘FenS“\emnéa
12 = CRE LR osi s")-.’?i))]
= {V Cm“)unc\"ﬂft ond ranae hon-tm\o :l]
12= (A= @iox < £ @oOm)
= {Fredicc.\e cal culus
[2= (R CCPO)

(End o?fproo ?)
*

%
» :

Lemme 2. For c_onJunc\"we F and monotonic 9 and
Freclic.crle. 3 such %q\'

[?XEBI\SX] Cor o.“x
[(Bi:i;O: ?i -}me) = (Ef: 120 Si :B)]

Yrosl”. o begin w‘ﬂr\n, we Prove, us'mj -H‘le Con\)Unc\‘ivib
of g

via mo\)nemo}im\ mduction For all na}um\ '

[fi bue = (BJ 0$j<i: SJ B) A 3‘ Yrue \ ()
This heolds ?or 1=0. Turthermore we observe

we \MWE-

[?; drue = (B-J‘OSJ“"‘:);)BB ~A 3.' )rruel
= {-? 1S . ?unc“'lcm}

[?i“ hrue = P((B-J 063(113‘}3> A 3.' *rue)}
= { ? \S Cun'unc}'we)a\oflied Yo @ni\e,hcm em]alb cqn\’)mnchm}
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[?i“ true = (B':OS'(\: ?( JB)) A ?( i‘\rue)]
={t€XEBA3\)X]J€or o.\\gxs‘ 2 |

[Fi-t‘ e =B A (EJ:OSJ(R:SJ*I B> Aﬁm *me]
= { [‘BESD 'B]‘S . _

[?"“ true = (9_\) O$j<'|-\-\: 3‘)%) A gm -\me]

\A‘\'\c\'n comp\e\-es Yhe Proo? o? (1) (c’sr o.\\ na\um\ v

Hence
drue
= {('\) O\'n:.;\ \ored‘tca\'e. c.o.\cg\uss ‘
{(E'\::F‘ }rue)"-_" (Ei:: 3' ’B) N (E\:tgl }me)}
= q 9 ’°m.d ‘ence g‘,is m?no)mnic‘S
[CAi: ' dme) = (Ri = g' BD)

(End of Treof)

/\7€CC0V5W\'~!S —Ln )r\r\e pmo? OF 'H"l( s'lm'n\o«r" @:mu\a (S>

o? EWD 816 , om \ine F,; o? P.‘\O, e mo}‘ivo\‘iah
{w\‘o (\‘F,?) 7S Co-n\'sunc\‘ives

1S ins-..aﬂ?\cicﬂ: we should have written

ccm\')unc\-'sve. ’ . < End o? ’?cccqv'\mu\s )

F/ .
'S un‘.versa“ J

Lewimo 2 Tor o\enumero\o\:j Ccm'l.mc.\-'sve. ?, monoxonic

g > ond '\oreclic:o.\e B  such +hot
{?Xiﬁz\gX] ?aro.“ X

(ai ¥ jiB) is the wea\»(es\‘ salubom o(? X‘. ‘XS.?X}

/\;roo . Since P L% denumer‘a\ob thJunc\-'\ve., ?13

ond-—ccmlinuous ’ ond \nence e wec.\te.s" So\u)‘im of

_S(T.EXE FX] 1 (Ei:: Fi )n-ue). Since ? S Com-
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\')unc.\'lve, and 3 s mcno\‘or\ic, Lemma 2. s applic-

a\a\e, w\'\ic\-\ c.cmc\udes '\'\'be )oroo?. (Enc\ u?/Prbo )

No}e '\'\\G\' , on acc.ounl‘ o? Lemmc\ 1 , -\'he requive -

mev\} cn 'F 'n Lemmo 3 15 T\o)‘ S\'rcmse-r -}haﬂ ne -~

CESSCGTry |
J * -
*

Lemma 4 For o Fredicq\'e *raas?armer g-) Sc:.\-'\s%'.nj
[?x N P("‘X) = ?F:\\Se-) /\[(-7)( v ?(‘1)()‘:’2 ? *rue-)
For' ol X,

's .DPe o CahJunc 'V'l_\j = 's 'PQ |Uunc W
(s bype of comprils)= (P e o digpnchily)
?or ol \-DPeS exce‘:\- unwersal.

’?rogé. \o\]e o\')se’rve %f" omJ X

[gx A ?('\X).'-: g ?o\se] N [?X v ?(‘1)()5 ?}rue.]
= ‘[*ermw'-se. cw‘)unc}':on wikh {1(-)(1)() = FH X] n 2"“ '\'erml
[?X A ?(ﬂ()s??a\se] A [gXA'I(’("lX) = ?*X A {’hu&]

= {'}-@rmwise disjunc\%w}

[fXE ?@;\se v (?*X A ?’truen

Since @ Fo«\se and ? hrwve are Fre,chcc.\'es 'mde?end.
ent of X, ony June\-‘.va\ of F* ,exceP)r universa),
's inherited \o:j Yhe r'-a\n hond side, and hence \oJ
Q . Since < Ccn(dis)Junr.\"av'ib ?ro‘:er\:j o? F'I‘
is +he some disCeem) iunchivi pro erb o? F
the Lemma 'go“ow‘:». End of Proc D

% »*
7*

b
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Lemma 5, Le}- mono‘ohic ? and Prec\ica\e Y be
uch Yhob
: x:[2Y = X] @

has o 5*"0“363‘ sdu¥ion: Hus is then also Yhe
s}ronaes} soluhon °€

X:-[@y=fxd : (3
’Proﬁ. let 2 be dhe s\mnﬁes\‘ solution o?C'ZB. We

ohbserve

drue

= {Y s & solubion and 2 s the s}rcmses\' salu}ion o?(’l)}
12 =2Y)

ﬁ?{ F s memo)fOﬁ'nc.S
ez = ¢Y)

= {2 is o So\u\"rcm o? (Q)E

[Pz 0Y) A LPY = {72]

{ ?red‘l cake C_o.\Cu\uS‘S

T_?YE?Z]

hence <2 s o s clu¥ion o? (3) . Since +he solubims

o? (3D cans\'n\u‘re o} au\ose\' o? Yhose o? (2, o?

which 2 s Yhe s\'rm-u&es\‘ , £ \s Yhe s\frunf)es“ SO\u}'\cm

o? (). CEncl o?/Proo€>
*

»

»

Lemmoa 6 . Tor any Fredico*e. *mns?ormers h ond
k > Hne equ.a\';cm —m Prec\ico)re. )rransgormers\--—

Q- (AX: X =X v ?(\OO]) (4)
has « S)'rc‘mﬁes‘ solutiom 9 dg%-nea by
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[gX=(Brosi:h(K XD} forad X .
’Progf;. We observe Q:r'- ony X

Frue
= {de@n‘u}ion o? ‘i _
[BX = (Ei:osﬁi: h(k|X))]
= {‘uso\o\-iown oP 1s} Yerm ond '}mnégorma)icn o?}he duurnmb's
lgX =h X v(Eiosi: h (k' XO0)
= {de?ini\"ucm o? 3‘
[gXx=nX v gkX)]
hence, 9 s o solution o? (4)

Tn order Yo prove ok 9 s +he s\'rmaes}
5o\u¥ic—n o? ) , wWe cbserve ?or any so\u\icm g?
o€ (4)

@X: [g XD PX
= {derg'mﬁ":cm a? a’ﬁ |
(ax: [CEi= h (e XN = XD
= -[Preclico)re CQ\CU\US‘B
Qi (AX=[h GO = FX1D) (s)

and we s\nc\“ Prove (‘S) \93 ‘\n&uc\-'ncm over ) .
For Yhe oase we dbserve

Yrue

= { ? is o SQ\u\-icm o? C4).S
@X:[hX v POeX) = XD

=§{ redicore calculus and @.nc\-\mq\ ‘,\Q,—G\-;CMS
(ax: Dh (XY = PX1
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"FOr Yre in&uc}icn s’ref) we observe

@x:The' X = XD

= { restrickion Jh:) X of the F:rm st ?unc.\'icma\ 'n\‘era\‘km?]
(AY: [h™ ) D PO

"-'${ () so\ves C"1),\nenc.e [FO\‘ Y)a F\f} F(rr m\3 YS
A Th MYl = PYD

(End o? “Proo E)
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