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Q Sim?]e ?‘:x-?o'm} ar-o.umem} w':pnou} —nne. res)rric\-'»cm Yo
Ccﬂ\)"\hu'\)"\-] . <

\oJ |
Ed:»aer \J.’.D‘S\cs)rra‘ and Q.S.‘V\.VG\V\ Sas}eren

TInYrodu c}-icn-.

NoYotiom Tn Yhis Yex¥, the letrers B, PR, X, amd Y
stond ?or ‘PredicaXes on the staYe spoce o?a Progrom
ond  Square broackets are used as nokakion ('Jc»r wniver
sa) Cjuah\"eica}iorw o? Yhe enclosed over the rograwm
Variables. The leMler S stonds ?csr- o srarement
and DO For the rePe}';‘ive construct do B Sod
(see [3]) (Ev\c\ o? NQ}&}]OH.)

/Re Wwirin DO }o \De .Semom\-ica“b ec‘u'\vc.\exrA‘
o }e ?irs\‘ un-ﬁ)\dirb

'\_f B> S;DO n '1’3->s\<37:. g_
{e\ds 'n'\oA' wp CI)O, “BATP) is so\u\'\or\ o?
¥

e equa\r’lon N Predico.}e. X

(0 [X= <’B A wPCS,X53 v G AP)

Ex?\amo.\'mn Equa\"mﬁ (QD ?o“ouds -g:’rmn “rue. ‘requiﬂee\
Semanhc Qqu'lva\ehce oand
(D) the semanhc de.?in]}imn 4) s\ciP,viz
Lup Cskip " RY= R) for o R;
(ii) -"\'le Semom\-')c. o\e,?in‘n\":ms o? s\-axernm)l Ccmca}ena.—

hch . V12,
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[w‘a ("S0;51" R = WP (So, WP (51, "M
Cor ol S0,5, and R

(11} Ihe semantic de?mx)‘icm o? Ahe c.“erna\-'we
cms\'mc}', m o.r\'icu\or-

Y_w—PC"lg)T)e So 1B~ S E. ”, R) =

(B A wF(SO:R)) v (B A W’]DCS‘\,’R))]

Pcrro.“ R ,S50,S8, onada R .

Tor Pur»\er c‘e‘oﬁ\s, see t3 ] (Enc\ o? EXP\&na%on)

NoYalion and Yerminoloau With Yhe exce)o\'wm of wp ,

?unc\‘ionq\ &P?\icasﬁon ‘f:-; dencr}e.c\ \DD Jux)l'&?os
omcl i)]erc.;ec\- ?unc}iona\ CamposAion \DJ exponen}uo.-

}ior-.
“X s o} }eas}' Gs s)'rrma as Y” meons ) T_X %Y}U.

on

i

”prec\ico.}e %rOmsPormer ? 1S ‘mono\onic means

TX=2Y) =2 [PX30Y) Gr ol X ana Y7

” red'\c.or\e "Yons{)ormer ‘? is q‘-cm’\}inuous ” MRAans
“ I?(E n: n;o:/Rn) = (En'.ﬁ}O: Q ,Rn)} '(?c:r ang
weakenin Sequence o? )orec\'nco}es /Rh ” M. such
Fhat (Aninyo: [/Rn%’Rm_‘__D” :

(End OE No)m}ioy; ond _Term'mo\om.)

TFor wonoonic )‘)re.ci'lCCAe %roms?ormer- G  dhe equa-
Yion in X IX= ,?X_} has o sx'rcmaes—‘ soluYion
(See. ‘:8 ]) I?, n c.\c.\c\'l\":on, ? 15 c_:f-c:m\"nnuous )

W3 s}ronses} soluYion is Swe'n in closed %rm )DD
(1) (En:n;O: Qn ?a\se.)
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Proof skekch Let Y be the s}ronses\' soludiom o-?
; n
X = ? XY . Skowir:_c) LY = (En:nzoz ? ?a\se-)} is Gane
b s\'»ow‘m se ar-a}e\
) S °eY )
() [(Eninzo- ?“ ?a\se)?—-b\’] ond
(i) [Y:—‘b(Emh),Oz?n Fa\se)‘_\

The }oroo? o? () s \o:) mo.n\cmc.}‘nc.a.\ induc\icm on

N and re\ies on ‘Hwe }-nono)w'nic'n o

Yhol Y 1S5 & So\usimn o? EXE€X3 .

“The PFOOF o? (i) comsists in showin 'n'\a}
(En'.nv,o-, {)h —?o.\se) s o Sc\u}io’h o? [ E?X—S
(OF m\mc\s Y s )1\'76 s}mn e.s)r So\u\"uoh)_; W re\ies
on Yhe Or~Ccm}-'mu'|)J o

; ¥ wses

(ond on i¥s wonolo-

T\'lc)) Fcn:—é\'ne c\emcsr‘)s}r‘a 0N }\\al Yhe ‘]'Jred'ncc}es

a\se ?crm o weokenin sequence). (End o?
Proof Skekeh 2

The ]’Dfed'\CO-\'e. wr;(’DO,-\B AP is (see 15)) de@necl as
-\-he S"rcﬂaes}' So\u\—'\c’n o? (03 (Because LJPCS., XB
is & monolanic P(AHC}"IOI') o X , S0 1S Fhe -T'\Lt‘j\'\"-
hond side o? (0); hence s s}rcmge.s} solution
exls}s.) —5-?, ' oddiYon, wPCS)O is on or-
conBinuous ?u\nc\rion oF X , S0 s Yhe r'\bh}—\mahd
side o? (0), and oan expression o? Yhe Form of(‘\)
Sives o closed ex?fess‘;cm %r WP Do, " BAT) .

In Yooy awmmin '}‘Erms, ED_T‘-CQ'h}iY\ui OoF w
[E3 ‘“ne, EQm?: as Y‘-?cmde\-e'rmanac \oein‘;bboﬁndtd..

—ﬂwe assum]osion o? boumc\eo\ noﬂc\exerm‘mo.c:) is
o usual one Yo make: the closed ?orm ?cn"
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WPCDO:.‘I'B AP, which s then available, is hradi-

}Sono.“:j considered on o\dvan\'age_ because ')‘r_reoc\'alb
coA-ers g)ar Yhe avoidonce Q? {’Omcﬂ ~and in Pm:.}'ice
Cum\oerSome (see t'\,f.\)— '\'ec\nnio\ues \'\Le '\'rans?'m'ne

mduchion.

Since Unbounded nondedermmocy cannor be
.\mp\emenéed, Yhe res\'r'acxrmn Yo o__r—c,oh)rinui\b has
Par o lono, Yime been regoarded as o‘ui}e Yeasonable.
_I} has,}\owever, \e.c} 30 )ﬂeorems ilg] w\'\ic\'\ 4)'!6*. ye-—-
s}ric\ﬁon Yo or- ccm\rinu'.}:j has \Jeen 'm}roc\ucerl
no\- \OQ.C‘ause ‘Hne }\’ieorems c\‘emo\wc\ea '1\' \Du} g-)or
-}\ne SQ\(Q o? }\Oei‘r‘ \j_)roog-)s. ’“ﬂe resxric}lcm a\so

became o nwisonce In M’\e mo}\’\emoAicca\ }reo.}-_
YY\em‘\ o? a\os}‘r‘a\c} ‘Pro oS, ’—F’\rs}\ﬂ, on obs)-ro;c\-
Frocram motj we“ comT omm })he GS be\' Umfe@nea.
statement ”98\‘0.\5\15\'\ P’ where Y ,viewed as
Qo\uo.)-ioﬂ, Ma:j have ‘mﬁn'\}e\ yMomnm SO\U\}']U\’\S,
on observabion we owe Yo LOY. Secondly, the
Ynoc\e“'ma oP cConcurrency as o “ gpo{ar” “m}er\ecw'wlﬁ
o cromic c«c)'ncms in\rrogu

4er nim OucD (see (6 ':D.

ces Un\gou'naeo\ norn de-

We ore %\ere?cre ver \eased Yo show (?or-

)r\ne ™Mmoin }\ﬂeorem _0\303 K}\e re e}})‘we. Ccrns\"ruc\'
on e\emen\ar Proo? ‘H’\a}, Mﬁou&‘“ ho)' reluing on
9_1‘-C0h¥mu\i%, C\Oes ho} T‘equ':re ’}r‘ch'ns in’»{je. or-

mo\\'nsms.
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The Yheorem

_N_M _X.T\ 5:)12 seo,ue\, X ond 5)‘0«1"& {’UT e\efmem}s

?ram o sey D . Se) m@m‘oers\'\ip will be denocled

‘D:j the 'm?:x o‘oer‘a}or ”'\_1_1”; our cenventiom Com

Yhus be Summarizeq \QJ X inD ancl \‘j in D,
Tunc\iah 'l: 15 o MQPPMS ?rcmn ‘}\1& sh}e s..\oo.ce_
(o? o ngram) ks D ,ie. in each 'Pe.in}' o? the
slote Space Yhe value u? t s on element OP
D, o stle c? affeirs Hhal can be summorized
b Lt n D) . Let C be o su\ose} u? D,
ne H’)o.} 'H’)en 3} ‘l_lgc s)‘ano\s ?cr =N )Oredica}e
H'\c.)' motj ‘:)e. }rue n Some mn}s o? M’\e s\‘a“e
spoce , oand s-)o\se n orhers. FEno\ o? No}o Hon 3

For the nokon ”WQ“—€0wnc\ec\ " e re?er Yo Yhe
&Pp{’mdlx n w)wicl-\ we s\-mouo ok WQ“-?OuﬂdeaﬂeSS
1S )r\ne some as +he va\ic\& o?a \Proc() |
moYhematical induckion. (For thot réason, The
desif)n o? (43 we“-%unéec\ se)' “r\a.)r does )’\ne. \)o\:
% a reﬁu\or\ rec'.arr'm:) ')'\'xeme in Qr\(‘jumen}s
abou} algorThms,

Q@er Yhe obave re\iminaﬁcs we ore reacbj
A‘D @ﬂ'mu\ou}e- oLy —we\-\«noum_

’“’\eorem Le} (’,_D,<) \pe. [« 8 Po‘r\r'nu“n orc)erec\ se\-;
\e\- C \oe. o Su\:se\' OP ) Suc\'\ ')‘\na} ch“)
\s we“—?ounc\eA; le} stolemen} 2 T)r‘ec\imz}es

’_B ond /P ) c\hc\ ?Wnc\'\mw )l' \“ag! }\’\e. S\'Q)re.
Swfaace. So\\ﬁs%
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he Tarec\‘\co.)ie. )rroms@nrmer prS,’?) is mono-

Yonic
[+ mw DY
@ [PAB = FnC) .
) TPAR A t=x 2 wp (S, P A ¥ <x)) @ra\\ X .

Then
@ 1P éw\o(’DO,-\’B AP
where w]o(’DO,ﬂ'B AP s de@nec\ as the
s]'rcmges¥ Solu.\ricm o? (0)

Tn Yhe o&ooue, e we“—'in?ormea reader wil Yecoo-
nize m /P }\qe ”Tnvor':an}" o? r}\-\e re?e.}'x}‘acm and

n ¥ ks “voron) unc\"-cm", which is Yhe vehicle

@:/r 4%e A‘ermino.)-';a-h. O\f‘SMMEh)‘.

—n‘\e \1’)'{‘0 o?

“The Yoo cqmsis}s o }\\ree \')c.ses. Th e
?irs} F%Ise,ie derive }Eo \emvr?a¥a we need %r‘
'“’\e \3‘*5\3?&6_0\‘)% o? mcm':}ou\ O-\")crns [1a }ke
sequel. In Yhe second P\aase, we mossaae
}\ne, Pmo? o\s\i\fba)ﬁm SO as A‘o Yna\f.e ';\- M en a‘:\e
A‘O Ca T)roo? us‘mj th)r\nemo‘\"rcc.‘ ThdlAQ\"iCrr\ (Smc‘e
%o“ 15 »r\e cm\ wa\nj OP ex?\oa\sns 5I""\e We“—
v?oumdec\hess o CC,<3 ) In }\ﬂe }\r\?rc\ P%ase_,
we Cor[j Ou} '}'}\e. i'ﬂdac\"nve orgumen)*.
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Conc\usicm ) s \Provecl \DJ Prov'ms ['P%X]
with X ony solution o? (o) .

& To beg'm with we observe ?or any ;e

LPAR = X)) (*)
= { since, From (@), IX=Xv(GBAM]]

IPAR 23X v GBATP))
= {Pred}ccée_ cal Cu\us}

[PA@BVIPIAR=2X]

={ redicc.lfe Ca\tu\uszs

['P/\B ARE}X] Gex)
= 1 (2%}

(PAR A FinC AR = X)

= {Lemmc.o - see below- with Ri= ¥ nC /\’R}

L A FnC AR = X] . CTED)

Trom () ond () we conclude
Lewmma 0 Y’PA’REBX] EEP/\B AR =2 X) @)r omb’R.
From (*) ana (x %) we conclude

Lemmo 4 1 PARX] = 1 PA }inC AR =2 X))
'FC)I' Qn& /R .

('1'1) Nex)r we massage LAY demons}r‘omc\um:

[P = X)

=‘[Lemmo\ 1 wth K= éme.’s
[PA tinC = X)

= {Pre.ciica\rc CQ\CLA\\ASB
[ PACEx:xmC: +=x) D X )
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=‘{0\eﬁnﬂim—\ o? = and de Nor‘f)cm}
1P v(@®x:xinC:n F=x) v X

={C\'\?)'unc\'i0h distributes over universa) 'quan\;}?;c.o}im?s
[Bx:xinC: AP vatax v XD

= {de?‘m]}ic:n o? -"'—=-> and de “orjan}
WBx: x nC: FPaA Y=x = X))

={ insrerc\'\c\rDe, oP univerSc.‘ c‘uo,n;';ﬁco.;'lcms_?]

) (Ax: xmC: [PA Y=x = X1)

f\?mar\-c ﬂs an ond )o 'n’)e 're.aé.er, -»-se Q\owe deriv«:}ion
has een co\rr‘]er) Ou.)' in S‘mc‘“er S}Q’PS )r%an usua.].

(End of Remark.)

1n view o? C's W“—gounc\e.c\ness, (5 is
‘Pro\fec,\ \O:j C\Eriv'mg ...Pc,r oan x in C -~

under '\')19. 1\3 Y o"’\')e S1s
&) (ab;bg\C/\\\j<x: LA ¥=b —'——;>X])

Gi) To Yhis end  we o\oserve.-.

&)

= {inkrc\-\om&e o? Universa) Qu&n};ﬁca}ams}
[(Bb Y nC A Yy<x: Y A }zb ‘%X)}

= {rorn&e. maniru\c«\"-m\}
“.{(B.‘;j ‘\‘:?: ’P\/\:Sbi_gc ~ \3<x -@ ij
[’PAK nC A Y<x = X )

= { Lemma 4 with Ri= F<x§
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[’P/\ t<x = X-l
%{ WP (S,O) S mono\-onic}

[\NT)(S,’P/\ Y<x) = wp(S,X))
=>{ (3D}

[’PAB A r=x D WPCS,X)}
= {Prec&‘cco.\'e CQ‘CH\L\S}

[PAB A ¥=x 2R A wPCS.X))
= {\Prec\ic:ﬁe CC.\CU\\\&S}

IPACBVAPY A ¥=x 2B A wp(S, X))
:-._{ rec\'lc_cAe, CQ\C\J\HS.S
L

PAtax @ Awp(S.X) v GBAP)
= { (o}

IPAr=x = X)
hence (&) has ]oeen derived under \lb)oonoesi's C?)

/\'?emo.rk g\so n'\e Q,\oove c\er‘wa}"wn )ﬂo.s \oeen g'wen
n smader s}e)os Yhan usual. (End OP'/\?EmD.rL.)

Conclusion

To H’ie bes o} owur know\edﬁe, ’q‘—\o&c\ Csee 143)
\'10\5 \oeen })’)e F'\rs one )ro ?c)'r\rr\u\o-;e ‘\'ermino\}'mh
Gr“f‘)umen}s N ~}erm5 UE we“-?(‘)une\eck SE\I'S; he o\’sd,

hawever, res)r)cx‘ )\ime\ '\'ﬂ c\e}erm‘m}s)ic Progrqm.s,

F)ar w\nic\n ‘\'\'\e na.\'u\ro.) num))ers Su%ce.

110 Yhe ?i»]oo\rﬁ -\)qeo-b %a} \Deco.me. en vogue
O\Lar'm Hne Se\}eh)')es, Con)ﬁnu;b WG.s s\ricn aivereci.
to, with Yhe resul Yhol Gopn Yhe natura) numbers
Suﬂzcec\. (see L 7-.D
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’TQ M\e \Oes} OF our know‘ec\je, Hhe c.\oove Olrau—
YYle'n} s 'n‘le ?‘H’S} one '}'O C.onnec)‘ we“-€the.c\ ness
m i)‘s ?u“ Penerc\\ﬁb c\irec)'b Yo o noﬁ—o?er‘c.\iono\
ho\-ion o?

‘\"mh o?a ?’1%—?0%} equc\)r'ioa-\. -Drs ‘.‘s‘mnP ')Ci\b 5}rou\c)
d’iS\oe\ "\%e muth -\r\’\a) }})e Yes}rﬁc\'lon Yo Co-n}inu'a)b

Por 'H'le ‘5o~\<e o? camvenience 'ns.g')us\'u—?ie.d..
"F_'mo.“‘lj we wou\d \'l\u?. »')e \*ec.o\er' % rggor& H‘le

eﬁ%c}iveness ond ausrere rigour o? our on:c_:)umen}

as < \o\ea ’Par Yhe calculationa) Pmo? merhod em-
T"Oﬁe’d'

Y-\anow\ec\éemep)s

We ore Sreq)lld 'mc\euec\ Aa COR Noore ?Gr
his ?ormu.\c.hcm of om)_ecec\en} (’53, w\'\ic\n he s)'loweé
)ro \eac:\ do C s]')or er 9roo¢ }%Om Oy oﬁs’ma\ ?or-
MM\Q%on, )h:) C.S.Sc\'\o\‘\en —For’ simp\i%bn\.—j Yhe g)r.-
m\.\\q\‘lon OP Hhe ‘lnC\U«C}.th )’\‘3?0)‘%95‘;5, ond Yo
‘he 'Tuesdacj r’\@ernOUn C\u\a g)crr- s)rren H’)enihj
%)e ’Hﬂeorem \D‘j wea\(CninD Om)rec.eden} '2).

erm‘mo.)'ucm, i.e. }o Yhe s}ron est solu-

ﬁ 5}10!')! fobeﬁé'\x oONn we“—-founc\edness
In H‘le ?O“Owins,

<C,<) s o o.r\'ac.“‘j orﬁerQC\ set ,
X5\ are elements o? C,
S

s o subse o? C, ond

R s o )’)i‘ec\iccﬂe on C
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where S and Q@ ore couP\ec\ \o:.j
& Qx =a(xeS) , or S-_-.{x\-uQxB
As o result we hove
() S=¢ = (AxxeC:. Qx)
"% 3s o mimma) elemen) of S means
xeS A (By y<x:n (beS))
“C 45 well-founded * meons Fhat o nan-emply
e

su\os& of C c.cm)\'o\‘ms C m'm'»mo.\ emen)' .

We o\o serve

“C s we“-@mnéec\ ’
={de?in'l}':cms o? we\\—?oundedhess ond *m'm'nmo\\ e\emen)}
(A3 (S# ¢) =
(Ex:xeC: x eSS A (E:j;:joc _\Cb e S
= { Prec\icc.}e. colculus | de Morgan " \Par\i culor§
(BS:: (Sz ¢) =
(Ax:xeC: AxeS)v <E}j: Y <X e SY)
-.-{'reno\m‘m:) Yhe d,umm:j with (8) und (9
|Q:= (Ax:xeC: Q x)=
(Ax-xeC: @ x Vv (E Cu<x: A @uN)
= { de?‘m]\‘uon o? ma)%ema}ica\ :j'\nauc\'long >

"mo.“xemo.\-'mco.\ '\hc\uc}'loﬂ oNeY C s Vc.\ic} " .

ﬁmon\cj mo.»“nemo."'lcwms, we“-%)ouno\ec)ness 1S
not as We\\-\mown as ¥ deserves Yo be: Fhere is,

R?or ins}c?mce, a@rer \'xa\? C cen\urb ho\- \xje\F o Dukch

noame ?or 'n\‘. One, CO\nﬂO" e$ca?e })he ‘\m?f'ess‘son



AvGas/EWD RS-

Yo} Emm:) Noenwer,bes\ées \Je‘.n\cj Jemﬁs\n ond
?emo.\e., hod Me addilona) c\‘|5c‘c\van)ra€§ o?

})av‘\n%rbegn \Precedeé b% geoa ConYor with

his siress on Coun}c&ﬁ\'
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