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Abstract

We describe a method for compiling rewrite rules which produces a substantial speedup over
simpler rewriting strategies. Common Lisp code to perform the compilation is presented, and a timing
camparison with one of the Gabriel benchmarks is provided. A speed-up factor of about 350 is achieved.
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1 Introduction

The development of fast algorithms for the execution of logic programs suggests
that other kinds of theorem-proving algorithms can be substantially speeded up.
In this report we examine one of the simplest theorem-proving operations, called
rewriting or demodulation. We present a simple algorithm for one strategy of
rewriting, an algorithm that forms the basis of one of the Gabriel Common Lisp
benchmarks [2]; we then present a compilation-based means of obtaining the
same ends. The compilation-based technique executes several hundred times
faster than the simpler strategy.

This paper may be regarded as an informal introduction to the topic of
compilation-based techniques for automatic theorem-proving. However, because
we are concerned in this report only with rewniting, it should be noted that
important topics in compilation-based techniques (e.g., backtracking) are not
discussed here. In some sense, the ideas presented in this report are “obvious” to
the half-dozen experts in the field and perhaps are already part of the “folklore”
on the subject. But the actual speed-up of about 350 obtained by applying these
techniques to this particularly well-studied benchmark was quite a surprise to
the author.

2 What is Rewriting?

Among the oldest algebraic operations are instantiution and the subdstitution of
equals for eguals. Although these operations are simple, they are also powerful.
For example, these two operations alone form the basis for the Herbrand-Godel
system of general recursive functions. For example, if we know that

tact(0) = 1
and
fact{s(x)) = s(x) * fact(x)
we can, by only instantiation and substitution of equals for equals, prove that:
fact(s(s(x))) = s(s(x)) » s{x) & fact(x).
and that
tact(8(8(0))) = 8(8(0)) » 8(0) » 1

The question this report concerns is “How fast can we performs these op-
erations of instantiation and substitution of equals for equals?” No theoretical
answers are given, but we do present an example of a method that has been
in use in automatic theorem-proving for years and another “compiler-based”
method that is several hundred times faster.



2.1 The Utility of Rewriting

In the language of automatic theorem-proving the use of equations to sim-
plify or reduce an expression is a very common operation. It seems to be an
excellent henristic to keep expressions in simplified form, and therefore after
every significant theorem-proving operation, it is common to reduce the resuit-
ing expressions by rewriting. For example, in the Argonne ITP-LMA system,
demodulation with all “demodulators” may be performed whenever a clause is
generated, which is to say, frequently.

2.2 An Informal Algorithm for Rewriting

Given a collection of equations S and a formula F, we seek to obtain some derived
formula G which is obtained by using the equations in S, from left to right, until
no rule in S is applicable. A nondeterministic aigorithm for obtaining such a
maximally reduced G is:

1. START. Let H be the starting formula F.

2. Loop. If possible, find a subterm T of H and an equation lhs = rhs of
S for which there exists a (most general) substitution & such that lhs, is
equal to T. If no such term, equation, and substitution can be found, then
set G to H and terminate. Otherwise, go to 3.

3. REPLACE. Let il be the result of replacing the occurrence of T with rhs,
in H. Go to 2,

There are many choices in the strategy for selecting the subterm to work on.
For the purposes of this report, we focus on the leftmosi-innermost strategy.

3 A Simple Algorithm for Rewriting

A simple algorithm for doing leftmost-innermost rewriting is presented in Ap-
pendix A. We discuss the algorithm informally in this section. In the next
section (4), we will discuss a much faster algorithm, but understanding the
slower algorithm is necessary to understanding section 4.

The slower algorithm was developed by the author and J Moore as a simple
program that could be quickly transported to different Lisp systems in order
to benchmark them with an eye towards determining how the very much larger
Boyer-Moore theorem-prover [1] would perform on those systems. This algo-
rithm was tried out on enough systems that Richard Gabriel decided to include
it among the benchmark algorithms in his book [2]; times for this “Boyer”
benchmark are now among those commonly cited in the advertising for new
Lisp systems. This algorithm is certainly far from being the most naive method
for rewriting. The fact that the compilation based algorithm to be presented




in the next section is 350 times faster than the simple algorithm was a great
surprise to the author!

3.1 The Representation of Terms

In order to describe the algorithm, it is best to start with a description of the
representation of terms. We use the simplest kind of Lisp technique to represent
terms. The Lisp expression:

(EQUAL (QUOTIERT (PLUS X (PLUS X Y))
(TR0))
(PLUS X (QUOTIENT Y (TWO0)})))

is how we represent the equation
(x+ (x+y))/2=2+(y/ 2.

A term is either a variable, which is represented by a Common Lisp SYNBOLP,
or it is the application of a function symbol (also represented by a Common
Lisp SYMBOLP) to some arguments, and is represented by CONSing the function
symbol on to a list of the arguments.

3.2 The Storage of Rules

The algorithm is initialized with a set of rewrite rules {in the global variable
*RULES#), by invoking (SETUP). SETUP places on the property lists of function
symbols the rules that are applicable to terms beginning with that function
symbol. This segregation of rules is a minor efficiency; it permits us to avoid
considering rules about REMAINDER when we are trying to rewriie terms that
begin with QUOTIENT. After SETUP has been invoked the property LEMMAS of
QUDOTIENT consists of the following list of length two:

((EQUAL (QUOTIENT (TIMES Y I) Y)
(IF (ZEROP Y) (ZERD) (FIX I)))
(EQUAL (QUOTIENT (PLUS X (PLUS I Y)) (TWO))
(PLUS X (QUOTIENT Y (TW0))))).

That is, there are just two equations in #RULES# with a lefthand side whose
outermost function symbol is QUOTIENT.























































































