CS341 Automata Theory (Fall 2003)
First Midterm Review Session (October 6, 2003)
Luay K. Nakhleh (nakhleh @cs.utexas.edu)

IMPORTANT:

The following is a list of problems that I compiled to help you practice the material for the first midterm. The
sole purpose of this handout is for practice and it is not to be viewed as a representative of what’s going to be on
the exam, neither in content nor in format. Feel free to ask me any questions about the material in general, and
the questions listed below in particular. However, any questions about the exam/grading/policies or anything
else related to the structure of the course should be addressed directly to your instructor.

Some problems are challenging. I added those problems for those of you who are interested in more challenging
problems than what they’'ve already seen. You can safely skip those problems, if you are not interested.

I'will do my best to follow the same style and terminology that your instructors use. However; if at some point
the style or terminology I use differ from what your instructor uses, it is your duty to ask me for clarifications.

We all make mistakes. If I write/say something that does not sound right to you, you are not convinced in, or
your instructor had written/said it differently, make sure you ask.

Your exams are graded by your instructors and TA’s, so your writing style (especially the proofs) should conform
with what they expect from you.

I may sketch the solutions of some problems due to time constraints during the review session. You should be
able to write the full solutions, since that’s what may be expected from you on an exam.

The Problems:

1.

For each of the following languages, state whether or not the language is regular and prove your answer:

o L1 ={zy: 2,y €{0,1}", and #o(z) = #o(y)}-

o Ly ={zy: 2,y € {0,1}", and #o(z) = #1(y)}.
Ly = {22y : 2,y € {0,1}", and #o(z) = #1(y)}-

o Ly ={a'tick:i,5,k>0, andi+j =k}

e Ly ={z =y+ 2:z,y, z are binary integers, and z is the sum of y and z}.

Le = {a’bicF : 4,5,k > 0andif i = 1 then j = k}.

o Ly ={w € {0,1}* : w contains an equal number of occurrences of the substrings 01 and 10}.

e Lsg is the set of binary representations of all non-negative integers which are the powers of 4.

e Ly is the set of binary representations of all positive integers which are congruent to zero modulo 5.
e [ is the set of binary representations of all positive integers whose length is congruent to zero modulo 5.
o Ly = {ww®:w e {a,b}"}.

o Lis = {ww®z :w € {a,b}",z € {a,b}*}.

e L3 = {a” : pis prime}.

o [14 = {a”2 :n > 0}.

e Lis={a™:n >0}

e Lig={a®" :n >0}

o Lz ={w € {0,1}" : #o(w) # #1(w)}.

o Lig={a'bict:i,j,k>0,i#jori#korj#k}

e L1 =4{0P190™1" : p+ g =m +n, p,q,m,n > 0}.

o Ly ={0"1" :m,n >0, m# 2n+ 1}.

e Ly ={0™1":2n < m < 3n, m,n > 0}.



e Ly, is the set of all strings w over {0, 1} such that no 0 in w is followed by a 1.
o Lyz ={w:3Jy € {a}*s.t. w=yy}.

e L, is the set of social security numbers of all residents in the United States.
Los = {w € {a,b}* : Vz € {qa,b}*, 2w = w}.

Lo = {zyz : z,y € {a,b}*}.

Ly = {zyz® : 2,y € {a,b}T}.

Lys = {zyz : z,y € {a,b} "}

Log is the set of all palindromes over {a, b}*.

o L3y = {zyzyfz : 2,y,2 € {a,b}*}.

o Ly ={a'tl : 0 <i<j< 2100}

o Ly ={at:0<i<j}

L3z = {0"10" : n. > 1}.

L3y = {wl™: w € {0,1}* and |w| = n}.

L35 = {w: w € {0,1}* and between every two occurences of 1, there are at least three occurences of 0}.

L3 = {w: w € {0,1}* and there are two 0’s in w that are separated by 37 1’s, for some 7 > 0}.

L37 = {a"™b™ : n+m =3 2}.

Lag = {ab"c™a* :n > 0, m > 0, k > min(n,m)}.

e L3g = {w: w € {a,b}* and for every prefix & of w, if || > 0 and |z| is even, then the last symbol of =
is 1}.

o Ly ={w:w € {a,b}* and w; = a forevery i (< |w|) of the form 27, where 5 > 0}.

2. We can extend the definition of the transition function ¢ of DFA’s to be of the form
: KxX¥X*—> K
where 6(p, w) = ¢, forp,q € K and w € ¥*, if when started from state p, the DFA ends in state g after reading

string w.

Given a DFA M, for each pair of states p, g, we define the language

L(M,p,q) = {w : §(p,w) = q}.
Prove or disprove the following:

(a) Ifz € L(M,p,q) andy € L(M, q,r), thenzy € L(M, p,7).
(b) If z € L(M, p, p), then for every y, z € X*, and for every natural number i, we have

yrz € L(M) = ya'z € L(M).

3. COMMON MISTAKES

(a) After having proved in class that the language {a™b™ : n > 0} is not regular, student X proves that the
language
L ={w € {a,b}" : #4(w) = #p(w)}
is not regular as follows:

“Assume L is regular, and let N be the constant guaranteed by the Pumping Lemma. Choose the string
aNbN. Clearly, the string is in the language L and its length is > N. We saw in class that a™b™ is not
regular. Therefore, L is not regular.”

Is the proof that student X presented correct?



(b) Student Y argues that the language L = {a™b™c™ : n > 0} is regular, since L is the concatenation of the
three languages {a™ : n > 0}, {b™ : n > 0}, and {c™ : n > 0}. Since each one of those three languages
is regular and regular languages are closed under concatenation, it follows that L is regular.

Is the argument that student Y presented correct?

(c) After having proved in class that the language L = {a? : p is prime} (X = {a}) is not regular, student X
proves that L' = {a® : p is not prime} is not regular as follows:

“Since L' = L, L is not regular, and non-regular languages are closed under complement, it follows that
L' is not regular.”

Is the proof that student X presented correct?

(d) Student X claims that if Ly, Lo, . .. (infinite set) are all regular languages, then so is Ly U Ly U - - -, since
regular languages are closed under union. Is the claim of student X correct?

(e) The Pumping Lemma states that for a regular language L, certain strings w can be written as zyz such that,
under certain conditions, zy¢z € L, for every i > 0. Since there are infinitely many values of 7, student X
claims that the Pumping Lemma applies only to infinite languages. Is the claim of student X correct?

4. CLOSURE
(a) Given two DFA’s, M1 = (K1, %, 01, 51, F1) and My = (K2, X, 02, s2, F2) that accept two languages, L
and Lo, respectively:

i. construct a DFA, M, that accepts the language L U Lo, as a product of M; and M.
ii. construct a DFA, M, that accepts the language L1 N Lo, as a product of M7 and Ms.

(b) For every language L C ¥*, we define the following two languages:
doublel(L) = {ajas - - - asp, inX*|n > 0, and ayasas---an, € L}
double2(L) = {ajaz - - - azp, inX*|n > 0, and ayazas---as, 1 € L}
a. For ¥ = {0,1} and L = 0*, describe in words the two languages double1(L) and double2(L).
b. Which of the following two statements are true and which are false?

S1If L is regular, then so is double1(L).
S2 If L is regular, then so is double2(L).

(c) Fortwo strings z,y € ¥*, we write z#y for the string that alternates letters from z with letters from y:
THe =1z

e#y =y
az#tby = ab(z#y) foralla,b € X.

For example, abc#de fgh = adbec f gh. For two languages L1, Ly C X*, let
Li#Ly = {z#y|x € L1 and y € Lo}.

Given a DFA M, = (K1, X, 61, 81, F1) that accepts Ly, and a DFA Ms = (K5, X, b2, s2, F3) that accepts
Lo, construct a finite automaton (not necessarily deterministic) that accepts L1 # La.

(d) Let L be alanguage over £ = {0}. We define
PLUS(L)= {a™b™ : 0™*" € L}.
MINUS(L)= {a™b™ : 0™ " € L}.

Prove or disprove the following claims.

I. If L is regular, then PLUS(L) is regular.
IL. If L is regular, then MINUS(L) is regular.

(e) (Challenging.) For a set S of natural numbers, define:

o unary(S) ={1":n € S}
e binary(S) = {binary representation of numbers in S} C {0,1}*



For example, if S = 1, 2, 3, then:

e unary(S) ={1,11,111}
e binary(S) ={1,10,11}

Which of the following two statements are true and which are false?

S1 For all S, if unary(S) is regular, then so is binary(9).
S2 For all S, if binary(.S) is regular, then so is unary(S).

(f) (Challenging.) If A is any language, let A 1_ be the set of all first halves of strings in A so that
Ay_ ={=z:forsomey, |z| = |y| and zy € A}.
Show that if A is regular, then so is Aéf-

(g) (Challenging.) If A is any language, let A%_% be the set of all strings in A with their middle thirds
removed so that

Ar 1= {zz : for some y, |z| = |y| = |2| and zyz € A}.

Show that if A is regular then A% _1 is not necessarily regular.

=

5. MISCELLANEOUS
For each of the following statements, state whether it is TRUE or FALSE. Briefly justify your answer.

(a) There are uncountably many regular languages.

(b) 0* =0.

(c) The regular languages are closed under subtraction.

(d) Forevery DFA M, if e € L(M) then s € F (s is the start state of M, and F' is the set of accepting states).
(e) For every NFA M (with g-transitions), if e € L(M) then s € F.

(f) There exists an FA with 4 states that recognizes the language {w € {a,b}* : |w| =¢ 2}.

(g fL =1Ly ULy, and L and L, are both regular, then Lo is regular.

(h) A minimized FA always has one accepting state (i.e., |F'| = 1).

(i) If Ly C Lo and L, is regular, then Lo is regular.

() If Ly C Lo and Ly is regular, then L; is regular.

6. This problem shows that, for certain languages, when converting an NFA to a DFA, we cannot avoid an expo-
nential explosion in the number of state. Consider the following problem:

L ={we€{a,b}": |w| =nand wp_m+1 = a}
where w; denotes the i** symbol of w.

(a) Describe in English the language L.
(b) Describe an NFA with m + 1 states that recognizes L.
(c) Describe a DFA with 2™ states that recognizes L.

(d) (Challenging.) Argue that any DFA for language L would have at least 2™ states, thus showing that 2™ is
the minimum number of states needed for a DFA that recognizes language L.

7. Alanguage L C ¥* is called normal if at least one of the following holds:

o L =90

o L ={¢c}

e L ={a}, wherea € &

e .= L; U Ly, where Ly and Ly are normal languages
e .= L, - Ly, where L; and Ly are normal languages



e L ={ww:w € L}, where L; is a normal language
Prove or disprove:

(a) Every normal language is regular.
(b) Every regular language is normal.

8. MINIMIZATION

(a) Recall the definition of the equivalence relation & ,:
z =~y yifandonlyifforallz € ¥*, zz € L & yz € L.

For each of the following five languages A; over the alphabet {0, 1}, describe the = 4, equivalence classes.
If an =~ 4, equivalence class is regular, describe it using a regular expression; otherwise, describe it in words
(and as an extra exercise for you, do prove that it is not regular). Then determine the index of 4;. When
the index is finite, give a DFA M; that accepts A; and has as many states as the index of A4;.

e A, is the language of all strings that contain the substring 00.

e A, is the language of all strings that contain an odd number of occurrences of the substring 00 (pos-
sibly overlapping; e.g., 0000€ A»).

e Aj is the language of all strings that contain an equal number of 0’s and 1’s.

e A, is the language of all strings that contain more 0’s than 1’s.

e Aj is the language of all strings with a square number of characters.

(b) Using the algorithm that you learned in class, minimize the following FA. Show all your steps.

(c) GivenaDFA M = (K, X, §, s, F'), we define the relation E}, over the set K of states such that (p, q) € Ej,
if and only if for every string z, such that |z| < k, we have

é(p,z) € F iff 6&(q,z) € F.

i. Prove that Ey, is an equivalence relation.
ii. What are the equivalence classes of Ey?
iii. Prove that (p,q) € Ex, = (p,q) € Ey_1,fork > 1.



9. DECISION PROBLEMS
Give a decision procedure for each of the following questions:

Q1
Q2
Q3
Q4
Q5
Q6
Q7
Q8
Q9

Given an FA M and a string w, is w is L(M)?

Given an FA M, is L(M) = (?

Given an FA M, is L(M) = £*?

Given two FA’s My and My, is L(M;) C L(M>)?

Given two FA’s M; and M, is L(M;) = L(M2)?

Given two regular expressions F; and E», is L(E;) = L(E»)?

Given a regular expression E and an FA M, is L(E) = L(M)?

Given an FA M, does M accept an string w where |w| < 2?

Given a regular expression E, does E generate all strings w, where |w| =3 2?

Q10 Given an FA M, is L(M) finite or infinite?

10. NONDETERMINISM

(a) How do DFA’s and NFA’s compare with respect to computational power? If they are equivalent in that

respect, then what are the advantages of one over the other, if any? If they are not equivalent, which is
more computationally powerful?

(b) Let M be the following NFA. Construct a DFA, M’, that accepts the complement of L(M).

11. REGULAR LANGUAGE RECOGNITION
For each of the following regular languages L

e Show a regular expression that describes L.
e Show an FA that accepts L.
e Show a regular grammar that generates L.

a. L = {w € {a,b}* : for every prefix z of w, if || > 0 and |z| is even, then the last character of z is 1}.
b. L = {w € {a,b}* : |w| > 5}.

c. L is the set of all strings over {a, b, ¢} that contain at least one g and at least one b.

d. L is the set of all strings of 0’s and 1’s with at most one pair of consecutive 1’s.

12. CONVERSIONS AMONG MODELS

e For each of the following regular grammars:

(a) Convert the grammar into an NFA.
(b) Convert the NFA you obtained in (a) to a DFA.
(c) Minimize the DFA you obtained in (b).



(d) Convert the DFA you obtained in (c) to a regular expression.

L

II.

I11.

S — 04|0C|1B
A — 0A|1C|0B
B - 0C|1B

C — 0C|1C|e

S — 04|0C
A— 0B
B—e¢
C = 1D
D — 0E|B
E - 1F
F— 0D

S —=0S5|X
X =1Y
Y = 0|S|1X

e For each of the following regular expressions:

(a) Convert the regular expression into an NFA.

(b) Convert the NFA you obtained in (a) to a DFA.

(c) Minimize the DFA you obtained in (b).

(d) Convert the DFA you obtained in (c) to a regular grammar.

I (00U 0)*(00 U 1)*
IL (1 U 01 U 001)*(s U0 U 00)
IIL (00 U 11 U (01 U 10)(00 U 11)*(01 U 10))*

13. THE PUMPING LEMMA STRIKES AGAIN
The language Lgop = {a'd’ : gcd(i, j) = 1} is not regular.

(a) What is wrong with each of the following proofs that Lg¢ p is not regular.

i.

ii.

(b) Since the above two proofs failed, now it’s your turn to give the correct proof (using the Pumping Lemma).
(c¢) Another way of proving that Lgcp is not regular, is by showing that | .., | = oo (Myhill-Nerode

Let N be the constant of the Pumping Lemma. We know that any two consecutive numbers m and n
, which is obviously in L. Choose w = zyz
(Jzy| < N and |y| > 1), where y = a* for k odd. Then, zy°z = a?N+1=Fp2N ¢ [ since both
2N + 1 — k and 2N are even numbers. Hence L is not regular.

Let N be the constant of the Pumping Lemma, and let w = a™b" ¢ L. Choose w = zyz (Jzy| < N
and |y| > 1). We know that y must be of the form a*, 1 < k < N. Then, zyNt1z = oV TENpN ¢ [,

larger than 1, satisfy ged(m,n) = 1. Letw = a?N 152V

since ged(N + kN, N) # 1. Hence, L is not regular.

Theorem). Try this method too.

GoobD Luck



