
CS341 Automata Theory
Mathematical Preliminaries: A Review

11 Sets
A set is a collection of ob jects. F or example, the collection of all studen ts in the CS341

course is a set. The collection of the four letters a , b , c and d is a set, whic h w e ma y call S ;

w e write S = f a; b; c; d g . There are v arious w a ys of describing sets:

� \Explicit" enumer ation of al l the obje cts in the set .

Examples: S = f a; b; c g , T = f 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 9 ; 10 g .

� \Implicit" enumer ation of the obje cts in the set .

Examples: A = f 0 ; 1 ; 2 ; 3 ; : : : g , whic h represen ts the set of all non-negativ e in tegers.

B = f : : : ; � 2 ; � 1 ; 0 ; 1 ; 2 ; : : : g , whic h represen ts the set of a all in tegers.

� F ormal description .

Examples: P = f n : n is ev en g .

Q = f 4 n + 5 : n = 0 ; 1 ; 2 ; : : : g .

S = f n : n � 3 and 8 1 < m < n; n 6� 0 ( mod m ) g .

T = f ( p; q ; r ; s ) : p ! q or r ! s or p $ s g .

� \Pr e cise" verb al description .

Examples: A is the set of all studen ts in CS341.

B is the set of all leap y ears in the second cen tury .

Some sp ecial sym b ols denote sp ecial sets.

� N denotes the set of all the Naturals (1 ; 2 ; 3 ; : : : ).

� Z denotes the set of all the In tegers ( : : : ; � 2 ; � 1 ; 0 ; 1 ; 2 ; : : : ).

� R denotes the set of all the Reals.

� Q denotes the set of all the Rationals.

The ob jects comprising a set are called its elemen ts or mem b ers . F or example, 7 is

a mem b er of R ; in sym b ols, 7 2 R . Sometimes w e simply sa y a is in the set S , or that S

con tains a . On the other hand, if b is not an elemen t of S , w e write b =2 S .

In a set w e do not distinguish rep etitions of the elemen ts. Moreo v er, the elemen ts of a

set are unordered. Th us, f a; a; a g is the same set as f a g , and f a; b; c g is the same set as

f b; a; c g . Two sets A and B ar e e qual if and only if they have the same elements; w e write

A = B .
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The elemen ts of a set need not b e related in an y w a y , and in particular, need not b e of

the same t yp e. F or examples, the set f 10 ; automata; f 1 ; 29 g ; ( x; y ; z ) g con tains four elemen ts:

one is an in teger, one is a string, one is a set and one is a list. A set whic h con tains only one

elemen t is called a singleton . The set that con tains no elemen ts is called the empt y set

and is denoted b y ; . An y set other than the empt y set is said to b e nonempt y .

A set S is a subset of a set T , denoted b y S � T , if ev ery elemen t a of S is also an

elemen t of T , i.e.,

S � T : 8 a 2 S , a 2 T .

F or example, N � Z . Ho w ev er, R 6� N . If S � T and S 6= T , w e sa y that S is a prop er

subset of T , and write S � T .

One w a y of pro ving S = T is b y sho wing that S � T and T � S . The cardinalit y of a

set S , denoted b y j S j , is the n um b er of elemen ts in S . F or example, jf 2 ; 3 ; 9 gj = 3. If the set

has an in�nite n um b er of elemen ts, then its cardinalit y is 1 . Otherwise, the set S is �nite.

j N j = 1 , for example.

1.1 Op erations on sets

� Union : A [ B = f a : a 2 A or a 2 B g .

� Intersection : A \ B = f a : a 2 A and a 2 B g .

� Difference : A � B = f a : a 2 A and b =2 B g .

� Complement : (alw a ys tak en with resp ect to a \univ ersal" set, U )

�

A = U � A .

1.2 Prop erties of set op erations

If A , B , and C are sets, the follo wing la ws hold.

Idemp otency A [ A = A

A \ A = A

Comm utativit y A [ B = B [ A

A \ B = B \ A

Asso ciativit y ( A [ B ) [ C = A [ ( B [ C )

( A \ B ) \ C = A \ ( B \ C )

Distributivit y A [ ( B \ C ) = ( A [ B ) \ ( A [ C )

A \ ( B [ C ) = ( A \ B ) [ ( A \ C )

Absorption A \ ( A [ B ) = A

A [ ( A \ B ) = A

DeMorgan's La ws A � ( B [ C ) = ( A � B ) \ ( A � C )

A � ( B \ C ) = ( A � B ) [ ( A � C )
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Tw o sets are said to b e disjoin t if they ha v e no elemen ts in common, i.e., if their

in tersection is ; .

It is p ossible to form in tersections and unions of more than t w o sets. If S is a collection of

sets, w e write

S
S for the set whose elemen ts are the elemen ts of the sets in S . F or example,

if S = ff n g : n 2 N g , then

S
S = N . In general,S

S = f x : x 2 P for some set P 2 S g .

Similarly , T
S = f x : x 2 P for eac h set P 2 S g .

The collection of all subsets of a set S is itself a set, called the p o w er set of S and

denoted b y 2

S
. F or example,

2

f1 ;2 g
= f; ; f 1 g ; f 2 g ; f 1 ; 2 gg .

A partition of a nonempt y set S is a subset � of 2

S
suc h that ; =2 �, and suc h that

eac h elemen t of S is in one and only one set in �. That is, � is a partition of S if � is a set

of subsets of S suc h that

1. eac h elemen t of � is nonempt y .

2. distinct mem b ers of � are disjoin t.

3.

S
� = A .

F or example, ff 1 ; 2 g ; f 3 ; 4 gg is a partition of S = f 1 ; 2 ; 3 ; 4 g , whereas ff 1 ; 2 g ; f 1 ; 3 ; 4 gg

is not a partition of S .2 Relations and Fun
tions
As men tioned b efore, elemen ts of a set are unordered. T o distinguish b et w een elemen ts of

a set, w e ha v e to \order" them. W e b egin b y in tro ducing ordered pairs . W e write the

ordered pair of t w o ob jects a and b as ( a; b ). The ordered pair ( a; b ) is not the same as the

set f a; b g . First, the order matters: ( a; b ) is di�eren t from ( b; a ), whereas f a; b g = f b; a g .

Second, the t w o comp onen ts of an ordered pair need not b e distinct; (7 ; 7) is a v alid ordered

pair. Note that the t w o ordered pairs ( a; b ) and ( c; d ) are equal only when a = c and b = d .

The Cartesian pro duct of t w o sets A and B , denoted A � B , is the set of all ordered

pairs ( a; b ) with a 2 A and b 2 B , i.e., A � B = f ( a; b ) : a 2 A and b 2 B g .

A binary relation on t w o sets A and B is a subset of A � B . F or example, f ( i; j ) :

i; j 2 N and i < j g is the less-than relation.

More generally , let n b e an y natural n um b er. Then, if a

1

; : : : ; a n are n ob jects, not

necessarily distinct, ( a

1

; : : : ; a n ) is an ordered n -tuple .

A function f from a set A to a set B , denoted b y f : A ! B , is a binary relation R

on A and B with the follo wing sp ecial prop ert y: for eac h elemen t a 2 A , there is exactly
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one ordered pair in R with �rst comp onen t a . W e call A the domain of f , and the set

f f ( a ) : a 2 A g � B the range of f .

A function f : A ! B is one-to-one if for an y t w o distinct elemen ts a; b 2 A , f ( a ) 6=

f ( b ).

A function f : A ! B is on to B if eac h elemen t of B is the image under f of some

elemen t in A .

A function f : A ! B is a bijection b et w een A and B if it is b oth one-to-one and on to.

If Q and R are binary relations, then their comp osition Q � R , or simply QR , is f ( q ; r ) :

for some c , ( q ; c ) 2 Q and ( c; r ) 2 R g .

2.1 Sp ecial t yp es of binary relations

W e can de�ne a binary relation on a single set; for example, R � A � A . Certain prop erties

of suc h relations are:

� R e
exivity : A binary relation R � A � A is re
exiv e if ( a; a ) 2 R for eac h a 2 A .

� Symmetry : A binary relation R � A � A is symmetric if ( b; a ) 2 R whenev er ( a; b ) 2

R .

� A ntisymmetry : A binary relation R � A � A is an tisymmetric if whenev er ( a; b ) 2 R

and a and b are distinct, then ( b; a ) =2 R .

� T r ansitivity : A binary relation R � A � A is transitiv e if whenev er ( a; b ) 2 R and

( b; c ) 2 R , then ( a; c ) 2 R

A binary relation R � A � A that is re
exiv e, symmetric and transitiv e is called an

equiv alence relation .

Example: The binary relation R

5

= f ( a; b ) : a; b ar e nonneg ativ e integ er s and a �

5

b g is

an equiv alence relation:

� R

5

is re
exiv e, since a �

5

a for eac h a , whic h means that ( a; a ) 2 R

5

for eac h a .

� R

5

is symmetric, since a �

5

b implies that b �

5

a (due to comm utativit y of �

5

), whic h

means that if ( a; b ) 2 R

5

then ( b; a ) 2 R

5

.

� R

5

is re
exiv e, since if a �

5

b and b �

5

c then a �

5

c , whic h means that if ( a; b ) 2 R

5

and

( b; c ) 2 R

5

, then ( a; c ) 2 R

5

.

An equiv alence relation R � A � A induces a set of equiv alence classes . Eac h equiv-

alence class con tains all the elemen ts a 2 A that are related to eac h other under R . F rom

eac h equiv alence class, w e c ho ose (randomly) an elemen t a to b e the \represen tativ e" of the

class. F ormally ,

[ a ] = f b 2 A : ( a; b ) 2 R g

Example: The equiv alence classes of the relation R

5

describ ed ab o v e are:

� [0] = f 0 ; 5 ; 10 ; 15 ; : : : g = f 5 n : n = 0 ; 1 ; 2 ; : : : g

� [1] = f 1 ; 6 ; 11 ; 16 ; : : : g = f 5 n + 1 : n = 0 ; 1 ; 2 ; : : : g
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� [2] = f 2 ; 7 ; 12 ; 17 ; : : : g = f 5 n + 2 : n = 0 ; 1 ; 2 ; : : : g

� [3] = f 3 ; 8 ; 13 ; 18 ; : : : g = f 5 n + 3 : n = 0 ; 1 ; 2 ; : : : g

� [4] = f 4 ; 9 ; 14 ; 19 ; : : : g = f 5 n + 4 : n = 0 ; 1 ; 2 ; : : : g

The cardinalit y of an equiv alence relation R , denoted b y j R j , is the n um b er of equiv alence

classes of R . F or example, j R

5

j = 5.

Theorem 1 L et R b e an e quivalenc e r elation on a set A . Then the e quivalenc e classes of R

c onstitute a p artition of A .

A relation R � A � A that is re
exiv e, an tisymmetric, and transitiv e is called a partial

order . F or examples, the relation

R � = f ( a; b ) : a; b 2 Z and a � b g

is a partial order. Pro v e!

A partial order R � A � A is a total order if, for all a; b 2 A , either ( a; b ) 2 R or

( b; a ) 2 R . F or example, the relation R � is a total order. Pro v e!3 Closures
Let D b e a set, let n � 0, and let R � D

n+1

b e an ( n + 1)-ary relation on D . Then

a subset B of D is said to b e closed under R if b n+1

2 B whenev er b

1

; : : : ; b n 2 B and

( b

1

; : : : ; b n+1

) 2 R . An y prop ert y of the form \the set B is closed under relations R

1

; : : : ; R m "

is called a closure prop ert y of B .

Theorem 2 L et P b e a closur e pr op erty de�ne d by r elations R

1

; : : : ; R m on a set D and let

A � D . Then ther e is a unique minimal set B of which A is a subset and which has pr op erty

P .

W e call B the closure of A under the relations R

1

; : : : ; R m . A particular case of Theorem

2 that is of sp ecial imp ortance is the formation of the re
exiv e, transitiv e closure of a

binary relation R � A � A . This relation, denoted b y R

�
, is the closure of R under the

relations

Q = f (( a; b ) ; ( b; c ) ; ( a; c )) : a; b; c 2 A g

S = f (( a; a )) : a 2 A g

In other w ords, R

�
is the minimal re
exiv e transitiv e relation of whic h R is a subset. Exam-

ples of closures:

� The set of all In tegers is closed under addition and subtraction.

� The set of all Reals is closed under division b y a nonzero n um b er.

� The set of all Naturals is not closed under subtraction.
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Example: The re
exiv e transitiv e closure R

�
of the relation

R = f ( a; b ) ; ( a; c ) ; ( a; d ) ; ( d; c ) ; ( d; e ) g

is: R

�
= R [ f ( x; x ) : x 2 f a; b; c; d; e gg [ f ( a; e ) g .4 Finite and in�nite sets: Counting

Tw o sets A and B ha v e the same cardinalit y ( equin umerous ) if there is a bijection f :

A ! B . F or example, the sets A = f 1 ; 2 ; 3 ; 4 ; 5 g and B = f r ed; bl ue; g r een; y el l ow ; g r ey g

ha v e the same cardinalit y , since there is a bijection from A to B (�nd one.)

A set A is �nite if there is a bijection from a set f 1 ; 2 ; : : : ; n g , for some n , to A . A set A

is in�nite if it is not �nite. A set A is said to b e coun tably in�nite if there is a bijection

from N to A . A set A is said to b e coun table if it is �nite or coun tably in�nite. A set that

is not coun table is uncoun table .

The Pigeonhole Principle: If A and B ar e nonempty �nite sets and j A j > j B j , then ther e

is no one-to-one function fr om A to B .

The Diagonalization Principle: L et R b e a binary r elation on a set A , and let D , the

diagonal set for R , b e f a : a 2 A and ( a; a ) =2 R g . F or e ach a 2 A , let R a = f b : b 2

A and ( a; b ) 2 R g . Then D is distinct fr om e ach R a .

Theorem 3 The set 2

N
is unc ountable.

Pr o of . Supp ose that 2

N
is coun tably in�nite, that is, there is a bijection f : N ! 2

N
. Then

2

N
can b e en umerated as

2

N
= f S

0

; S

1

; S

2

; : : : g ,

where S i = f ( i ) for eac h i 2 N . No w consider the set

D = f n 2 N : n =2 S n g .

D is a set of natural n um b ers, and therefore should b e S k for some natural n um b er k . No w

w e ask if k 2 S k .

1. Supp ose the answ er is y es, k 2 S k . Since D = f n : n =2 S n g , it follo ws that k 2 D ; but

D = S k , so k =2 S k , a con tradiction.

2. Supp ose the answ er is no, k =2 S k ; then k 2 D . But D is S k , so k 2 S k , another

con tradiction.

Since neither (1) nor (2) is p ossible, the assumption that D = S k for some k m ust ha v e b een

an error. Hence 2

N
is uncoun table. 2 .
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5 Strings and languages
An alphab et is a nonempt y �nite set of sym b ols, denoted b y �. E.g., �

1

= f 0 ; 1 g , �

2

=

f a; b; c; � � � ; x; y ; z g .

A string w o v er � is a �nite sequence of sym b ols from �. The empt y string is a string:

� that con tains no sym b ols

� of length 0

� denoted b y "

� de�ned o v er an y alphab et.

The length of a string w , denoted b y j w j , is the n um b er of sym b ols in the string. E.g.,

j abc j = 3, j " j = 0.

�

�
denotes the set of all strings o v er �. String concatenation

Giv en t w o strings w

1

= a

1

a

2

� � � a m and w

2

= b

1

b

2

� � � b n , the concatenation of w

1

and w

2

,

denoted b y w

1

w

2

is the string a

1

a

2

� � � a m b

1

� � � b n .

� String concatenation is asso ciativ e: ( w

1

w

2

) w

3

= w

1

( w

2

w

3

).

� String concatenation is not comm utativ e: ab � aa 6= aa � ab .

� 8 w 2 �

�
; w " = "w = w .

� 8 w

1

; w

2

; j w

1

w

2

j = j w

1

j + j w

2

j .

A string v is a substring of string w if and only if there are strings x and y suc h that

w = xv y . Both x and y could b e " , so every string is a substring of itself ; and taking x = w

and v = y = " , w e see that " is a substring of ev ery string. If w = xv for some x , then v is

a su�x of w ; if w = v y for some y , then v is a pre�x of w .

F or eac h string w and eac h natural n um b er i , the string w

i
is de�ned as

w

0

= " ,

w

i+1

= w

i
� w ; 8 i � 0

The rev ersal of a string w , denoted b y w

R
, is de�ned formally as follo ws:

1. If w is a string of length 0, then w

R
= w = " .

2. If w is a string of length n + 1 > 0, then w = ua for some a 2 �, and w

R
= au

R
.

E.g., ( par k )

R
= k r ap , ( aba )

R
= aba .

� ( w x )

R
= x

R
w

R
. (Pro v e it b y induction on the length of x .)

A language L o v er � is a set of strings o v er �, i.e., an y subset of �

�
. Examples of

languages o v er � = f 0 ; 1 g :
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L

1

= f 0 ; 1 g ; L

2

= f "; 00 ; 001 ; 10001 g| {z }finite languages
L

3

= f w j #

0

w = 2 g ; L

4

= f 0

i
1

i
j i 2 N g| {z }Infinite languages

� An in�nite language con tains strings of an y length. Ho w ev er, the length of eac h string is

�nite.

� The language L = f " g is not the same as L = ; .

Languages are sets. Therefore, w e can de�ne the follo wing:

� Union : L

1

[ L

2

= f w j w 2 L

1

or w 2 L

2

g

� Intersection : L

1

\ L

2

= f w j w 2 L

1

and w 2 L

2

g

� Difference : L

1

� L

2

= f w j w 2 L

1

and w =2 L

2

g

� Complement : L = f w 2 �

�
j w =2 L g

� Car tesian Pr oduct : L

1

� L

2

= f ( w

1

; w

2

) j w

1

2 L

1

and w

2

2 L

2

g

� Conca tena tion : L

1

� L

2

= f w

1

w

2

j w

1

2 L

1

and w

2

2 L

2

g

� Kleene St ar :

L

0

= f " g

L

i
= f w

1

� � � w i j w t 2 L; 8 1 � t � i g

L

�
=

1[i=0

L

i
L

+

=

1[i=1

L

i
Notice that L

�
and L

+

are in�nite unless L = ; or L = f " g .

Theorem 4 � = f a; b g . �

�
is c ountably in�nite.

Pr o of: First, sort the strings o v er � in lexicographic order, i.e., "; a; b; aa; ab; ba; bb; aaa; : : :

Notice that this w a y w e can en umerate all the strings o v er �.

De�ne: g ( a ) = 0 and g ( b ) = 1. W e no w de�ne the function f : �

�
! N as follo ws:
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f ( a

1

; a

2

; � � � ; a n ) = 2

n
+ g ( a

1

) � 2

n�1

+ g ( a

2

) � 2

n�2

+ � � � + g ( a n ) � 2

0

E.g., f ( " ) = 1, f ( a ) = 2, f ( b ) = 3, : : :

f is one-to-one and on to ( pr ov e !).

) �

�
is coun tably in�nite. 2

� Ev ery in�nite language L o v er an alphab et � is coun table, since L � �

�
and �

�
is coun t-

able.

� Generalize the pro of of Theorem 4 to alphab ets of arbitrary �nite sizes.

Theorem 5 The set of al l the languages over � is unc ountable.

Pr o of: W e pro v ed that �

�
is coun table.

) w e can en umerate all the strings o v er � in some order: w

1

; w

2

; : : :

Assume that the set of all the languages o v er �, denoted b y 2

�

�

, is coun table.

) W e can en umerate all the languages in 2

�

�

in some order: L

1

; L

2

; : : :

W e sho w that there exists a language L � 2

�

�

that is not included in the men tioned en u-

meration.

Build the follo wing matrix:

w1

w2

w3

w4

w5

L1 L2 L3 L4

0

0

1 1

11

1 0

00

0

0

0

0

0

0
A

Figure 1: "En umeration" of all languages and strings

A is a binary matrix:

a i;j =

�
1 ; if w i 2 L j
0 ; if w i =2 L j (1)

De�ne the language L = f w i j a ii = 0 g .

It is easy to see that:
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8 i : w i 2 L , w i =2 L i (since a ii = 0).

) 8 i : L i 6= L .

) L is not an y of the languages in the giv en en umeration.

) 2

�

�

� the set of all the languages o v er �, is uncoun table. 2
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