
Methods of Proof
Re
all: A statement or proposition is a senten
e that is eithertrue or false.De�nition: A proof is a 
onvin
ing argument that a statement istrue.Note: We still use rules of inferen
e and previously proved resultswhen we 
onstru
t proofs.A proof must 
ontain enough details to 
onvin
e another personthat ea
h assertion in the proof follows from:1. previously proved theorems2. de�nitions3. hypotheses/premises4. rules of logi
 applied to the above
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Proving an Impli
ation P ! QWe �rst look at ways to prove a statement of this form:If P, then Q, or: P ! QThe following proof types 
an also be used to prove statements ofthe form8x(P (x) ! Q(x)) by applying the rule of universal general-ization. To prove the following statement, for example:Theorem: For all integers n, if n is even, then n2 is even.So P(x): x is even, Q(x): x2 is even, and the statement's form is8n; P (n)! Q(n) where the domain is Z.Proof Form:Let k be an arbitrarily 
hosen integer.[... put the proof that if k is even, then k2 is even, ie the proof thatP (k)! Q(k) is true, here...℄Therefore the square of any even integer is even. �
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Proving Impli
ationsRe
all the truth table for P ! Q:P Q P ! QT T TT F FF T TF F TTo prove P ! Q is true, we have to prove that Q is true wheneverP is.
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Dire
t ProofFirst Approa
h to proving P ! Q: Dire
t ProofAssume P is true, and show Q is true.Example Theorem: Let n be an integer. If n is even, then n2 iseven.How to atta
k the proof:1. Do s
rat
h work to �gure out the logi
 of your proof before youdo your �nal write-up.2. Write down what is given, or what you 
an assume, and whatyour goal is.3. You 
an work forward from the givens, or ba
kwards from thegoal(s), or more 
ommonly, a 
ombination of these approa
hes.This ba
k-and-forth approa
h is not in
luded in our proof write-up. The �nal proof is more 
on
ise and may not indi
ate howwe 
ame up with the proof.4. Think about applying appropriate de�nition(s) to the givens towork forward. Or applying a de�nition to the goal to work ba
k-wards.5. In the �nal proof, it should be obvious that every assertion inour proof 
ame from previous assertions, hypotheses, de�nitionsand known theorems!
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Theorem: Let n be an integer. If n is even, then n2 is even.Givens: n is evenGoal: n2 is evenS
rat
h Work: We start by working ba
kwards from the goal. Insteps 1 and 2, we make our goal more spe
i�
. In steps 3-5, we workforward from the given by applying the de�nition of even to n.3. n is even4. n = 2k for some integer k (applying def of even)5. n2 = (2k)2 = 4k2 = 2(2k2) and 2k2 2 Z2. Must show: n2 = 2m for some integer m1. Goal: n2 is evenProof: Assume n is an even integer. Then by de�nition of evennumbers, n = 2k for some integer k. So n2 = (2k)2 = 4k2 = 2(2k2),and 2k2 2 Z sin
e k 2 Z. By de�nition of even, n2 is even. �
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Another Dire
t Proof ExampleTheorem: If m and n are even integers, then m+n is even.S
rat
h Work: exer
iseProof: exer
iseAlternate statement of theorem:The sum of two even integers is even.Translation: 8m8n[(m is even) ^ (n is even)! (m + n is even)℄Proof: Suppose m and n are arbitrarily 
hosen even integers. Wemust show that m+n is even. ... (proof is the same as before).Note: To show a statement of the form 8x8y(P (x; y) ! Q(x; y))is true, pi
k arbitrary elements r and z from the universe, assumeP(r, z) is true and show Q(r, z) is true.
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More Comments on ProofsWhen you are writing a proof:1. Write in 
omplete English senten
es. Use 
orre
t grammar.2. Do NOT write that 2 quantities are equal unless you have provedit!3. Give reasons for ea
h assertion.4. Do not use a single example to prove a general statement. Forexample, you 
annot prove that the sum of two even integers is evenby showing that the sum 4 + 16 = 20 is even.5. Do not use the same variable name to represent two di�erentthings.6. Do not assume what you are trying to prove. For example, don'tdo this:Assume m and n are even. Whenever we add two even integers, weget an even integer, so m+n is even.Example: Every 
onne
ted graph has a spanning tree.Rewritten more formally: 8 graphs G, if G is 
onne
ted, then G hasa spanning tree.U = all graphs, P(G): G is 
onne
ted, Q(G): G has a spanning tree.Start the proof with: Assume G is an arbitrarily 
hosen graph thatis 
onne
ted. That is, start with an arbitrary element of the universethat satis�es the hypothesis. Then show that Q(G) is true, ie thatQ is true for that arbitrarily 
hosen element.
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More Dire
t Proof ExamplesTheorem: The produ
t of any two odd integers is odd.S
rat
h Work and Proof: exer
ise
We need a de�nition for the following theorem:Def: For integers x and y, we say that x divides y if 9k 2 Z su
hthat kx = y. Notation: xjy.Example: 2j16 sin
e 16 = 8 � 2.
Theorem: For all integers a, b, and 
, if ajb and bj
, then aj
.Proof: Let a; b and 
 be arbitrarily 
hosen integers. Assume thatajb and bj
. We must prove that aj
.Sin
e ajb, b = ja for some integer j. Likewise, sin
e bj
, 
 = kb forsome integer k. So 
 = kb = k(ja) = (kj)a, and kj is an integersin
e k and j are both integers. Therefore aj
. �
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Indire
t Proof of an Impli
ationRe
all: An impli
ation P ! Q and its 
ontrapositive statement:Q ! :P are logi
ally equivalent. An indire
t proof of P ! Q isa dire
t proof of the 
ontrapositive :Q! :P .Indire
t Proof of P ! Q:Assume that Q is false, and prove that P is false also.Note: In an indire
t proof, we prove the 
ontrapositive statement.That is, assume :Q is true, and show :P is true.Theorem: If n2 is odd, then n is odd.Contrapositive: If n is even, then n2 is even. (We already provedthis).
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More on Indire
t ProofTheorem: A perfe
t number is not prime.Def: A perfe
t number is an integer whi
h is equal to the sumof all its proper divisors (ie, all divisors other than itself).Example: 6 is perfe
t: 6 = 1+2+3.28 is also perfe
t. Che
k!Def: An integer greater than 1 is prime if it is only divisible by 1and itself.Contrapositive statement: If an integer is prime, then it is notperfe
t.Proof: Let n be an arbitrarily 
hosen integer. Assume n is prime.We must show that n is not perfe
t.Sin
e n is prime, n > 1, and n's only divisors are 1 and n. So thesum of n's proper divisors is 1. So n is greater than the sum of itsproper divisors, and thus n is not perfe
t. �
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Note about Indire
t ProofSuppose the theorem has many premises:(P1 ^ P2 ^ ::: ^ Pn)! Q.The 
ontrapositive is:Q! (:P1 _ :P2 _ ::: _ Pn).So to do an indire
t proof, we assume Q is false, and show that onehypothesis is false (ie, Pj is false for some j).
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Proof by Contradi
tionTo prove proposition P by 
ontradi
tion:Assume P is false and rea
h a 
on
lusion we know is false (a 
ontra-di
tion).We need a de�nition for the next example.De�nition: Every integer larger than one 
an be written as a prod-u
t of primes.Theorem: There is no largest prime number.Proof: (by 
ontradi
tion)Assume by way of 
ontradi
tion (BWOC) that there is a largestprime, and 
all this largest prime p. Sin
e p is the largest prime, theset of primes is �nite. De�ne x = (2)(3):::(p � 1)p + 1. So x > p.Note that x is not evenly divisible by any integer between 2 andx� 1. Therefore the only divisors of x are 1 and x itself. Thereforex is prime. Contradi
tion, sin
e x > p and p is the largest prime.Therefore our original assumption must be in
orre
t, and there is nolargest prime number. �To prove P ! Q by 
ontradi
tion:1. Assume P is true and Q is false.2. Rea
h a 
ontradi
tion.Proof by 
ontradi
tion is parti
ularly useful when Q is of the form\not (something)". 12



More Proof by Contradi
tionTheorem: Assume n is an integer. If n2 is even, then n is even.Proof: Let n be an integer. Assume BWOC that the 
laim is false,i.e., n2 is even and n is odd. Sin
e n is odd, n = 2k + 1 for someinteger k. So n2 = (2k+ 1)2 = 4k2+2k+1 = 2(2k2+ k) + 1. Sin
e2k2 + k is an integer, n2 is odd. Contradi
tion, sin
e n2 is even.Therefore the 
laim is true. �We need a de�nition for our next theorem.De�nition: A real number r is rational if it 
an be expressed asp=q where p and q are integers, and q 6= 0.Note: You may assume that rational number r is pq where p and qhave no 
ommon divisors.Theorem: If r is a real number su
h that r2 = 2, then r is notrational.Proof: exer
iseTheorem: There are no positive integer solutions to the equationx2 � y2 = 1.Proof: Exer
ise - by 
ontradi
tion
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