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Estimating the frequency of a clustered signal
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—— Abstract

We consider the problem of locating a signal whose frequencies are clustered in a narrow band. Given
noisy sample access to a function g(¢) with Fourier spectrum in a narrow range [fo — A, fo + A], how
accurately is it possible to identify fo? We present generic conditions on g that allow for efficient,
accurate estimates of the frequency. We then show bounds on these conditions for k-Fourier-sparse
signals that imply recovery of fo to within A —+ O(k3) from samples on [—1,1]. This improves upon
the best previous bound of O(A + O(k5)) . We also show that no algorithm can do better than
A+ O(K?).

In the process we provide a new 5(k3) bound on the ratio between the maximum and average
value of continuous k-Fourier-sparse signals, which has independent application.
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1 Introduction

A natural question, dating at least to the work of Prony in 1795, is to estimate a signal from
samples, assuming the signal has a k-sparse Fourier representation, i.e., that the signal is
a sum of k complex exponentials: g(t) = Zle vje%ifjt for some set of frequencies f; and
coefficients v;.

If the frequencies are located on a discrete grid (giving a sparse discrete Fourier transform),
then a long line of work has studied efficient algorithms for recovering the signal (e.g.,
[11, 7, 1, 8,9, 10]). If the frequencies are not on a grid, then Prony’s method from 1795 [14]
or matrix pencil [3] can still identify them in the absence of noise. With noise, however, one
cannot robustly recover frequencies that are too close together: if one listens to a signal
for the interval [—T,T] then any two frequencies 6 and 6 + /T will be O(e)-close to each
other, and so cannot be distinguished with noise. As shown in [12], this nonrobustness grows
exponentially in k. On the other hand, [12] also showed that recovery with polynomially
small noise is possible if all the frequencies have separation 1/2T', and [13] showed that a
constant fraction of noise is tolerable with separation log® ™ (FT)/T.

So what s possible for arbitrary Fourier-sparse signals, without any assumption of
frequency separation? One cannot hope to identify the frequencies exactly, but one can still
estimate the signal itself. If two frequencies are similar enough to be indistinguishable over
the sampled interval, we don’t need to distinguish them. In [4], this led to an algorithm for
an arbitrary k-Fourier-sparse signal that used poly(k,log(FT)) samples to estimate it with
only a constant factor increase in the noise. However, this polynomial is fairly poor.

Since prior work could handle the case of well-separated frequencies, a key challenge in [4]
is the setting with all the frequencies in a narrow cluster. Formally, consider the following
subproblem: if all the frequencies f; of the signal lie in a narrow band [fy — A, fo + A], how
? Xue Chen and Eric. Price; .
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Estimating the frequency of a clustered signal

accurately can we estimate fy?7 Note that while we would like an efficient algorithm that
takes a small number of samples, the key question is information theoretic. And we can ask
this question more generally: if the signal isn’t k-sparse, but still has all its frequencies in a
narrow band, can we locate that band?

> Question 1. Let g(¢) be a signal with Fourier transform supported on [fo — A, fo + A], for
some fy € [—F, F]. Suppose that we can sample from y(t) = g(t) + n(t) at points in [-T, T,
where

[In()P] < e [lg(t)I?]

te[— TT] te[— TT

for a small constant €. Under what conditions on g can we estimate fy, and how accurately?

One might expect to be able to estimate fo to (A + O(%)) for all functions g; after all,
g is just a combination of individual frequencies, each of which points to some frequency in
the right range, and each individual frequency in isolation can be estimated to within +O(#)
in the presence of noise. Unfortunately, this intuition is false.

To see this, consider the family of k-sparse Fourier functions with f; = €7, i.e.,

span(e2™9)t | 5 < [k]).

By sending € — 0 and taking a Taylor expansion, this family can get arbitrarily close to any
degree k — 1 polynomial, on any interval [—7”,T’]. Thus, to solve the question, one would
also need to solve it when ¢(t) is a polynomial even for arbitrarily small A.

There are two ways in which g(¢) being a degree d polynomial can lead to trouble. The first
is that g(t) could itself be a Taylor expansion of e™/*. If d > fT, this Taylor approximation
will be quite accurate on [T, T]; with the noise 7, the observed signal can equal e™*. Thus
the algorithm has to output f, which can be ©(d/T) far from the “true” answer fy = 0.

The second way in which g(¢) can lead to trouble is by removing most of the signal energy.
If g(t) is the (slightly scaled) Chebyshev polynomial g(t) = T;((1 + O(log d))t/T) then
g(t)] < 1for t < (1 — O(X59))T, while g(t) > d for ¢ > (1 O(X8.9))T. That is to say,
the majority of the ¢> energy of g can lie in the final O(log ) fraction of the interval. In
such a case, a small constant noise level 7 can make samples outside that T - O(1/d?) size
region equal to zero, and hence completely uninformative; and samples in that region still
have to tolerate noise. This leads to an “effective” interval size of T/ =T - 5(%), leading to
accuracy O(1/T") = O(d?)/T.

Our main result is that, in a sense, these two types of difficulties are the only ones that
arise. We can measure the second type of difficulty by looking at how much larger the
maximum value of ¢ is than its average:

SUP¢e[—T,T) lg(t)]?

R = .
Eie—r,17 19(t)[?

We can measure the former by observing that while a polynomial may approximate a complex
exponential on a bounded region, as ¢ — oo the polynomial will blow up. In particular, we
take the S such that
t
t)> <poly(R)- E O] - 1=1°
9@ <poly(R)- _E [lg®)F] - |7l

for all |t| > T. We show that if R and S are bounded, one can estimate fy to within
A+ O(R+S)/T, which is almost tight from the above discussion of polynomials. Moreover,
the time and number of samples required are fairly efficient:
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> Theorem 2. Given any 7' > 0,F > 0,A > 0, R, and S > 0, let g(t) be a signal with the
following properties:

1. supp(9) C [fo — A fo—l—A] where fy € [-F, F].

2. sup [[g()P] <R [lg(®)I?].

te[—T,T] te[— TT]
3. |g(t)|* grows as at most poly(R) - [ET T][\g(t)P] | &% for t ¢ [T, T}.
te[-T,
Let y(t) = g(t) + n(t) be the observable signal on [—T,T|, where [ [|n( )] < e
te

R+S)

[l9(t)]?] for a sufficiently small constant e. For A’ = A + , there exists

te[— TT]
an efficient algorithm that takes O(Rlog <r—) samples from y(t) and outputs f satisfying
|fo — f] < O(A") with probability at least 1 — 4.

Application to sparse Fourier transforms Specializing to k-Fourier-sparse signals, we give
bounds on R and S for this family. Since (as described above) this family can approximate
degree-(k — 1) polynomials, we know that R > k2 and S > k; we show that R < k®log? k and
S < k?log k. Thus, whatever R is between k? and 5(k3), we can identify k-Fourier-sparse

signals to within A + O(R)/T. This is an improvement over the results in [4] in several ways.

Formally, for a given sparsity level k, we consider signals in

k
Fi=1g(t) =Y ve™t f; € [-F, F]
j=1
> Theorem 3. For any k and 7T,
Sup lg()[?
R = sup % = O(k3 10g2 k)
9EF eI

It was previously known that R < k*log® k [4], and this fact was used in [2]. (Thus,

our improved bound on R immediately implies an improvement in Theorem 8 of [2], from
5278 log3 Spe to sﬁya log2 Spe-) N
Next we bound the growth S = O(k?) for any |t| > T.

> Theorem 4. There exists S = O(k%logk) such that for any [t| > T and g(t) = Zj:l v -

27t fjt 12 < Iv(k) - E Q.LS.
A g0 < poly() - _E llg()]- 4

This is analogous to Theorem 5.5 of [4], which proves a bound of (kt)* rather than $00),

These bounds are incomparable, but the ta(kz) bound is actually more useful for this problem:

what really matters is showing that g(¢) isn’t too large just outside the interval. Theorem 4
gives the “correct” polynomial dependence at t =T + 1/k?.

We can now apply Theorem 2 to get an efficient algorithm to recover the center of a
cluster of k frequencies within accuracy O(R).

> Theorem 5. Given T and A, let g(t) be a k-Fourier-sparse signal centered around fj:

9(t) = Yieq vi - e2mifit where f; € [fo — A, fo + A] and y(t) = g(t) + n(t) be the observable
ignal on [T, T], wh E t)?] <
signal on [T, T, where te[_T’T]Uﬂ( Pl <e

€.

el TT [|g(t)|?] for a sufficiently small constant

There exist A’ = A + % and an efficient algorithm that takes O(k log? klog Al,w.é)

samples from y(t) and outputs ~satis in. 0— ~§ with probability at least 1 — 9.
ples from y(t) and outputs f fying |fo — f| < O(A’) with probability at least 1 — ¢
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Estimating the frequency of a clustered signal

Note that the sample complexity here is O(k) not O(R). This is because, based on the
structure of the problem, we can use a nonuniform sampling procedure that performs better.
Otherwise this theorem is just Theorem 2 applied to the R and S from Theorems 3 and 4.

Theorem 5 is a direct improvement on Theorem 7.5 of [4], which for T = 1 could estimate

to within O (A + 5(195))1.5 accuracy and used poly(k) samples. In particular, in addition
to improving the additive poly(k) term, our result avoids a multiplicative increase in the
bandwidth A of g.

The main technical lemma in proving Theorem 2 is a filter function H with a compact
support H that simulates a box function on [—1,1] for any g satisfying the conditions in
Theorem 2.

> Lemma 6. Givenany 7', S, and R, there exists a filter function H with ’supp(ﬁ)‘ < O(R;S)

such that for any g(t) satisfying the second and third conditions in Theorem 2,
. . T T
1. H is close to a box function on [T, T]: [~ |g(t) - H(t)[*dt > 0.9 [~ |g(t)|*dt.

2. The tail of H(t) - g(t) is small: ffT lg(t) - H(t)|*dt > 0.95 [*_|g(t) - H(t)|*dt.

Organization We introduce some notation and tools in Section ??. Then we provide
a technical overview in Section ??. We show our filter function and prove Lemma 6 in
Section 4. Next we present the algorithm about frequency estimation of Theorem 2 in
Section 5. Finally we prove the results about sparse Fourier transform — Theorem 3 and
Theorem 4 in Section 6.

2 Preliminaries

In the rest of this work, we fix the observation interval to be [—1,1] and define ||g||2 =

( [El 1]|g(ar;)|2)1/2, because we could rescale [-T,T] to [—1,1] and [—F, F] to [-FT, FT].

We first review several facts about the Fourier transform. The Fourier transform g(f) of
an integrable function g : R — C is

+oo
9(f) = / g(t)e 2™t d¢ for any real f.

— 00

We use g - h to denote the pointwise dot product g(t) - h(t) and g* to denote g(t)--- g(t).

—_———
k

Similarly, we use g*h to denote the convolution of g and h: fj;o g(x)-h(t—z)dz. In this work,
we always set g** as the convolution g(t) * - - - * g(t). Notice that supp(g-h) = supp(g)Nsupp(h)
—_—

and supp(g * h) = supp(g) + supp(h).

We define the box function and its Fourier transform sinc function as follows. Given
a width s > 0, the box function rects(t) = 1/s iff |t| < s/2; and its Fourier transform is
sinc(sf) = % for any f.

We state the Chernoff bound for random sampling [6].

» Lemma 7. Let X1, X5, -+, X, be independent random variables in [0, R] with expectation

"y
1. For anye <1/2 andn 2, E%, X = E% with expectation 1 satisfies

2
Pr|X — 1 > ¢] < 2exp(~ 5 - ).
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3 Proof Overview

We first outline the proofs of Lemma 6 and Theorem 2 here. Then we show the proof sketch
of R =O(k%) and S = O(k?) of k-Fourier-sparse signals.

The filter functions (H, ﬁ) in Lemma 6. Ideally, to satisfy the two claims in Lemma 6,
we could set H(t) to be the box function 2rects(t) on [—1,1]. However, by the uncertainty

principle, it is impossible to make its Fourier transform H compact using such an H ().

Hence our construction of (H, H) is in the inverse direction: we build H (f) by box functions
and H(t) by the Fourier transform of box functions — the sinc function. In the rest of this
discussion, we focus on using the sinc function to prove Lemma 6 given the properties of ¢ in
Theorem 2.

We first notice that any H with the following two properties is effective in Lemma 6 for
g satisfying [[g(t)]? < R - [|g]3 for any [t < 1 and |[g(t)]” < poly(R)[g[3 - [t]% for [t > 1:

1. H(t)=140.01 for any t € [-1+ &'5,1 — &) of a large constant C. This shows
1 -
/ (1) - g(t) Pt > 0,997 / o(t) 2.
-1 -1+

Because |g(t)]* < R - ||g||3 for any t € [-1,1] \ [-1 4+ &5, 1 — &#5], the constant on the
R.H.S. is at least 0.99% - (1 — &) > 0.9, which implies the first claim of Lemma 6.

2. H(t) declines to W for any [¢t| > 1. This shows

1

/1 T IH@®) - g2t < 0.01 / QORE

which implies the second claim.

For ease of exposition, we start with S = 0. We plan to design a filter Hy(¢) with compact
Hy dropping from 0.99 at t =1 — & to m at t =1 in a small range &5 using the sinc
function. To apply the sinc function, we notice that

sin(mCR - t) Olog )
TCR -t

sinc(CR - t)9(os ) — (

decays from 1 at t =0 to 1/poly(R) at t = z5, which matches the dropping of Ho(t) from
t=1— 55 tot =1
Then, to make H(t) ~ 1 for any [t| < 1— 5, let us consider a convolution of rect, (t) and

sinc(CR - t)©U°e B). Because most of the mass of the latter is in [~ 5, =5), this convolution
1

keeps almost the same value in [—1 + &5, + — 53] and drops down to 1/poly(R) at t = § + #5.

At the same time, it will not break the compact of I/{\O since it becomes the dot product on
the Fourier domain. By normalizing and scaling, this gives the desired (Hy, I/{\o) for S = 0.

Next we describe the construction of S > 0. The high level idea is to consider the decays
of H(t) in log, S + O(1) segments rather than one segment of S = 0:

1 1 2 27 27 +1 S/2
171+7]7(1—’_571—’_5]7"'7(1—’_?71—’_ S ]7“'7(1"_?7

(1- 5

1
D 1 2 5 2, 0).
a1 ] (2, 400)
For each segment, we build a power of sinc functions matching its decay in H (¢) like the
construction of Hy on (1— &5, 1]. The final construction is the convolution of the dot product
of all sinc powers and a box function, which appears in Section 4.
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Estimating the frequency of a clustered signal

Algorithm of Theorem 2. Now we show how to estimate fy given observation of y = g+ 17
where supp(g) C [fo — A, fo + A] and ||n]|3 < ¢||g]|3 (with f5 norm taken over [—T,T]). We
instead consider y(t) = y(t) - H(t) with the filter function (H, H) from Lemma 6 and the
corresponding dot products gy = ¢g- H and ng = n- H. The starting point is that for a
sufficiently small 3, we expect

yr(t+p) = Nl yp(t)

because y has Fourier spectrum concentrated around fy. This does not hold for all ¢, but it
does hold on average:

1 1
[ lunt5) = @m0 e < [ untoP, (1)
-1 1

This is because we can use Parseval’s identity to replace these integrals by an integral over
Fourier domain—Parseval’s identity would apply if the integrals were from —oo to oo, but
because of the filter function H, relatively little mass in yg lies outside [—1, 1]. Then, the
Fourier transform of the term inside the left square is e2™*/ 8.4 (f) —e?™4o8 .y (f). Note that
Ul = g1 +75 has most of its £y mass in supp(gp) C [fo— A/, fo+A'] for A = A+|supp(H)|,
and every such frequency shrinks in the left by a factor e?7*(f/=f0)8 = O(BA’). Thus, for
B8 < 1/A’ (1) holds.
Then we design a sampling procedure to output « satisfying

lyr (o + B) — 2oy (a)| < 0.3 - yg(a) with probability more than half.

Even though the above discussion shows the left hand side is smaller than the R.H.S.
on average, a uniformly random « ~ [—1,1] may not satisfy it with good probability:
|y ()| > ||ym|l2 may be only true for a 1/R fraction of a € [—1,1], while the corruption
by adversarial noise 1 have have ||n||3 2 ¢||yu||3 for a constant € > 1/R. At the same time,

even for many points ag,...,a, where some of them satisfies the above inequality, it is
infeasible to verify such an «; given fj is unknown. We provide a solution by adopting the
importance sampling: for m = O(R) random samples oy, ..., a, [—1,1], we output « with

probability proportional to the weight |yg (c;)|?.

We prove the correctness of this sampling procedure in Lemma 11 in Section 5.

Finally, learning e27/0% is not enough to learn fy: because of the noise, we only learn
e2™ifoB o within a constant e, which gives fy to within +£0(e/3); and because of the different
branches, this is only up to integer multiples of 1/3. Therefore to fully learn fy, we repeat
the sampling procedure at logarithmically many different scales of g, from g = 1/2F to

R CIE))
ﬂ - A’

k-sparse signals. Finally, we show R = O(k3) and S = O(k?) such that for any g(t) =
Z?Zl v - e?mfit — not necessarily one with the f; not clustered together—

sup |g(t)[”
te[—1,1]

lg

We first review the previous argument of R = O(k*) [4]. The key point is to show for
some d = O(k?) that g(1) is a linear combination of g(1 —#@),...,g(1 — d - §) using bounded
integer coefficients ¢y, ...,cq = O(1) for any 6 < %. Then

g(1) = > ¢j-g(1 —j-0) implies [g(1)]> < (Y [es[*)- (D 191 =4 -0)). (2)

J€[d] j€ld] JjEld]

< R and |g(t)[* < poly(R) - [|g[I3 - [¢|°.

I3
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If we think ¢g(1) as the supremum and the average g(1—j-6) as the average ||g||o—which we can
formally do up to logarithmic factors by averaging over —this shows [g(1)|2 < O(d?)|g]|3.
One natural idea to improve it is to use smaller d and shorter linear combination [5].
However, d = Q(kQ) for such an combination when g is approximately the degree k — 1
Chebyshev polynomial. In this work, we use a geometric sequence to control c; such that
> lcj|* = O(d/k) instead of O(d), which provides a improvement of a factor k on R.

Then we bound S = O(k?2) for g(t) at |¢| > 1. The intuition is that given (2) holds for any
g(t) in terms of g(t—0),...,g(t—d-0) with 6 = 2. it implies [g(t)|> < poly(k)-||g||3 et =10
for ¢t > 1. Combining this with an alternate bound |g(t)|? < poly(k) - ||lg||3 - (k - 1)) for
t > 1+ 1/k, it completes the proof of Theorem 4 about S.

Finally we notice that we could improve the sample complexity in Theorem 5 to 6(k) log %
using a biased distribution [5] to generate a. These results about k-Fourier-sparse signals
appear in Section 6.

4 Filter Function

The main result is an explicit filter function H with compact support H that is close to the
box function on [—1,1] for any g satisfying the conditions in Theorem 2.
We show our filter function as follows.

» Definition 8. Given R, the growth rate S and a constant C, we define the filter function
as

H(t) = so- (Sinc(CR -t)¢1le B gine (Cc-S- t)c - sinc (C 5 t)zc ++-sinc (C - t)c-s) srects (t)

2
where so € R is a parameter to normalize H(0) = 1. On the other hand, its Fourier
transform is

~

H(f)=s0- (rectCR(f)*ClogR * rectc.s(f)*c * rect%(f)ﬂc Kok rectc(f)*cs) - sinc(2t),

whose support size is O(CR-ClogR+CS-C+---+C-C-S)=0(RlogR+ SlogS).

We prove Lemma 6 using H(«x) with a large constant C' and a scale parameter o =

% + Trlc‘QR. For convenience, we restate Lemma 6 for 7' =1 as follows.

» Theorem 9. Let C be a large constant and o = (% + ﬁ) For any R and S, the filter
function H(am) guarantees that for any g with
L sup |g(®)* < R-gl3

te[—1,1]
2. and |g(t)* < poly(R) - [|g|l3 - [t|* fort ¢ [-1,1],
H(ax) - g(z) satisfies

1. fil lg(z) - H(az)|*dz > 0.9 fil lg(x)|>dx.

2. fil lg(x) - H(ax)|*dz > 0.95 [%_|g(x) - H (ax)|*dz.

—~

For completeness, we show a few properties of H and finish the proof of Theorem 9 in
Appendix A.

5 Frequency Estimation

We show the algorithm for frequency estimation and prove Theorem 2 in this section. We fix
T=1and ||h]]3 = [E ][|h(x)\2] to restate the theorem.
x~[—1,1
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Estimating the frequency of a clustered signal

» Theorem 10. Given any F > 0,A > 0, R, and S > 0, let g(t) be a signal with the following
properties:

1. supp(9) C [fo — A, fo + A] where fy € [-F, F].

2. sup [Ig( )] < R-lgll3.

te[—1,1
3. |g(t )|2 grows as at most poly(R) - ||g||3 - |t|° fort ¢ [—1,1].
Lety(t) = g(t)+n(t) be the observable signal on [—1,1], where Inll2 < e-llgll3 for a sufficiently

small constant . For A" = A+ O(R+S5), there exists an efficient algorithm that takes
O(Rlog ﬁ) samples from y(t) and outputs f satisfying | fo — f| < O(A') with probability
at least 1 — 4.

For convenience, we set hy(t) = h(t) - H(at) for any signal h(¢) with the filter function
H defined in Theorem 9 such that yg(t) = y(t) - H(at).

Given the observation y(t) with most Fourier mass concentrated around fy, the main
technical result in this section is an estimation of e2™fo0 through y (a)e?™/08 ~ yy (o + B).

» Lemma 11. Given parameters F, R, S, and A, let g be a signal satisfying the three
conditions in Theorem 2 for some fo € [-F,F] and A’ = A+ O(Rlogk + Slog S).

Let y(t) = g(t) +n(t) be the observable signal on [—1,1] where the noise ||n||3 < €|lgl|3 for
a suﬁﬁciently small constant €. There exist a constant v and an algorithm such that for any
B < 3, it takes O(R) samples to output o satisfying |ym ()™ 0P —yy (a+B)| < 0.3|ym ()]
with probability at least 0.6.

We show our algorithm in Algorithm 1. We finish the proof of Theorem 5 here and defer
the proof of Lemma 11 to Section 5.1.

Algorithm 1 Obtain one good «

1. procedure OBTAINONEGOODSAMPLE(k, y(t))

2: Let m = C - R for a large constant C'.

3: Take m random samples x1, - - , &, uniform in [—1, 1].

4: Set a distribution D,,, proportional to |yg(z;)|?, i.e., Dy, (2;) = S
5: Output a ~ D,,.

6: end procedure

Proof of Theorem 10.  From Lemma 11, y(oz+)6) gives a good estimation of e?7*/of with
probability 0.6 for any 3 < 7. We use the frequency search algorithm of Lemma 7.3 in [4]
with the sampling procedure in Lemma 11. Because the algorithm in [4] uses the sampling
procedure O(log <& Ar5) times to return a frequency f satisfying |f fo| < A’ with prob. at
least 1 — §, the sample complexity is O(R - log +-- A5 )- <

5.1 Proof of Lemma 11
For yp (z) = g (x) +np(x), we have the following concentration lemma for estimation gg (z).

> Claim 12. Given any g satisfying the three conditions in Theorem 2 and any ¢ and 4,
there exists m = O(Rlog 1 /?) such that for m random samples 1, ..., z,, ~ [-1,1], with
probability 1 — 6,

W cli-eite E lon(@))
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sup [lgn (2)]%]

Proof. Notice that ‘M[;’”[W < 2R. From the Chernoff bound Lemma 7, m =
x~[—1,1]
O(Rlog 3 /<?) suffice to estimate ||gx||3. <

Next we consider the effect of noise ngy(z;) and yg(z;).
> Claim 13.  With probability 0.9 over m samples from D, Y7, |ym(x;)|?/m > 0.8]|g]|3.
Proof. From Theorem 9, |gg||3 > 0.95¢||3. Thus Claim 12 implies Y /", |gu (2:)|*/m >

0.95 - 0.98||g]|3 for m = O(R) with probability 0.99.

At the same time, because E[3 " [np (w4)|/m] = lIna 13, 3272 [0 (@) /m < 14|y |3
with probability at least 1 — ﬁ from the Markov inequality. This is also less than 14 -
1.02%[In|3 < 15¢]|g]l3.

We have

m

=S Ty 2 > (gl = 2lgrn @l b + () ).

i=1

By the Cauchy-Schwartz inequality, the cross term S g (z:)|-[na (z:)] < (S0, g (2:)[2)Y/2
(0 Ina(x:)[*)Y2. From all discussion above, we have S0 [yy(z;)[>/m > (0.93 —
21/0.93 - 15¢) [|g||3 when € is a small constant. <

We set z(t) = yg (t) - €208 — yp(t + B) for convenience and bound it as follows.

> Claim 14. Given any small constant v, A’ = A + supp(H), and z(t) = yg(t) - e2™Hof —
yu(t+B) for B < 27, [12l13 < (v* + o)llgll3.

Proof. Notice that yg = gg + ng where supp(gr) € [fo — A, fo + A] such that

/ G)PAf < /
felfo—A, fo+A’] —co

We bound ||2]|3 through

1 00 00 fo+A'
t)[2dt < t)[dt = Pd HIPdf+ 2(f)|?df.
[ e [ jewra= [ Eorar= [ P ) o BT

Therefore we write

oo

oo 1
T (F)Pdf = / s (1) 2t < 1.02%€ / o)

fo+d’ 2 fo+&’ 2 271 2 fo+d’ 2 |27 271 2
/ [2(f)I7df = (97 (f)-€*T 7 —gg (f)-*TP2d f S/ |97 (f)[?-]e?7H0P —e2T P 24 .
0—A fo—A 0—A

Because f € [fo — A/, fo+ A'] and B < 1, [2™8/of — e2™/B| < 47y, So
fot+A! ) ) +o00 ) ) +o0 ) ) 1 )
/ MEGRES / 75 (F)2df =~ / s (B)Pdt <221+ 2e>/ g(t)[2at,
0— A/ -1

— 00 — 00

On the other hand,

/ 3PS = T (F) - 27908 () - 2By
félfo—A, fo+A] fElfo—A, fo+A]

<4 / 7 ()P
félfo—A', fo+A']

+oo +oo
<4 / T (F)Pdf =4 / 175 (8) 2t

—0o0 — 00

ICALP 2019



XX:10

294

295

296

297

298

299

300

301

302

303

304

305
306

307

308
309
310
311

312

313
314
315

316

317
318
319

320

321
322
323

3

]
i

Estimating the frequency of a clustered signal

which is less than 5ef lg(t)|2dt.
From all discussion above, f_ll |2(0)]?dt < (72 +€) f_ll lg(t)|dt. <

» Corollary 15. For sufficiently small constants v and €, with probability 0.9 over m samples
from D, 377 wi - [2(x)* < 0.01lg]3.

Finally we finish the proof of Theorem 5.

Proof of Theorem 5. We assume Claim 13 and Corollary 15 hold in this proof, i.e.,

Y lym(@)*/m = 0.9]g]3 and Y |z(x:)|*/m < 0.01]g]j3.

=1 i=1

For a random sample o ~ D,,,, we bound

lym ()e*™ 08 — yp (o + ﬁ)lq [ } EED] lym (x:)]?
E = E § :
aNDm[ lyn (@) a~Dm | [yn (@ < ym (i \2 Ty ()P

This is Zz:;ﬂ ;(Zjl)l)lz < 00081 Thus with probability 0.8, ‘yH(a)ezﬂ‘;g)i;ﬁz)H(aerl is less than
m(z;

0.05/0.8 < 0.09. From all discussion above, |yH(a)827|r;$?(;rH(a+ﬁ)‘ < 0.3 with probability

0.6. |

6 Sparse Fourier transform

We consider ¢(t) = Z§:1 v;€2™4it where each f; € [fo — A, fo + A] in this section. The
main result is to prove R = O(k®) and S = O(k?). We restate Theorem 5 after fixing T' = 1
and finish its proof in Appendix B.1.

» Theorem 16. Given A and k, let g(t) be a k-Fourier-sparse signal centered around fo:
gt) =2 vi- e?™ifit ywhere f; € [fo — A, fo + A] and y(t) = g(t) + n(t) be the observable
signal on [—1,1], where |n||3 < € ||g||3 for a sufficiently small constant e.

There exist A = A + O(R) and an efficient algorithm that takes O(klog? klog AI,T,(S)

samples from y(t) and outputs f satisfying |fo— f| < O(A") with probability at least 1 — 4.

The main improvement is a biased distribution that saves the sample complexity from
O(R) - log A#,é to 6(k) -log A{?.(s-

We provide the main technical lemma here and defer the proofs of Theorem 3 and 4 to
Appendix B.

» Theorem 17. Given zy,- -,z with |z1| = |22| = -+ = |zk| = 1, there exists a degree
d = O(k?logk) polynomial P(z) = Z?:o c(j) - 27 satisfying

1. P(z) =0 for each i € [k].

2. Coefficients c(0) = (1), ¢(j) = O(1) and |¢(0)]?> = O(k) - (Z?Zl le(5)]?).

» Corollary 18. Given any g(t) = 2521 v;e?™it and § > 0, there exist d = O(k*logk) and
a sequence of coefficients (a1, -+ ,aq) such that

1. a; =0(1) foranyj=1,--- ,d.

2. for any = (not necessarily in [—1,1]), g(z) = Z?:l a; - g(x — jb).
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Proof. Given 6, we set z; = e~27#/i% and apply Theorem 17 to obtain coefficients ¢(0), . . ., c(d).
Then we set a;j = —c(j)/c(0). It is straightforward to verify the second property because of

627\"l:fj Za 27T’Lf] T— JG) O

<

We use the following bound on the coefficients of residual polynomials, which is stated as
Lemma 5.3 in [4].

» Lemma 19. Given z1,--- , 2, for any integer n, let ry 1 (z) = Zf Olrff)k 2% denote the
residual polynomial of vy, , = 2" mod Hle(z—zj). Then each coefficient in 1y, i, is bounded:

|7”n k| < ("7 (1) forn >k and |T£Z)k| < ("7 (ln‘lsikfl) forn <0.

7

We finish the proof of Theorem 17 here.

Proof. Let Cy be a large constant and d = 5 - k? logk. We use P to denote the following
subset of polynomials with bounded coefficients:

d
Za] . 2_j/k . z]
Jj=0

g, ...,0q € [_CO,CO]HZ

For each polynomial P(z) € P, we rewrite P(z) mod Hle(z —zj) as

s

k—1 d

k
Z 2279k 27 mod H(zfzj) = Z DL i’k 2t

7=0 J=1 i=0 \ j=0

The coefficient Z?:o o - 2-i/k. rﬁi)k is bounded by

d
> Co-279F okl < d -Gy 2F - dh < dPF
j=0

Then we apply the pigeon hole theorem on the (2Cy + 1) polynomials in P after module
H?Zl(z—zj): there exists m > (2C+1)%°¢ polynomials Py, - - - , P,, such that each coefficient
of (P; — P;) mod H?:1(z — 2;) is d=2* small from the counting

(2CH + 1)d

0.9d
7(d2k/d_2k)2k > (200 + 1) .

Because m > (2Cq + 1)%94 there exists j; € [m] and jo € [m]\ {j1} such that the lowest
monomial z! with different coefficients in P;, and P, satisfies | < 0.1d. Eventually we set

P(2) :z_l-(le(z)—Pj2(z))—<z_l mod H iz ) ( P, (2)—P;,(2) mod f[l(z—zj)>

to satisfy the first property P(z1) = P(22) = --- = P(zx) = 0. We prove the second property
in the rest of this proof.

We bound every coefficient in (2~ mod H?Zl(z —2;)) (P}, (2) — Pj,(z) mod Hle (2 —
zj)) by k- 2' (1 + k)F=1 - d=2F < d- 29"~ . d=*F < d70-5%_ On the other hand, the constant

ICALP 2019
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coefficient in 27!+ (P}, (z) — Pj,(2)) is at least 27!/F > 270-1d/k — =05k hecause 2! is the
smallest monomial with different coefficients in P;, and P;, from P. Thus the constant
coefficient |C'(0)|? of P(2) is at least 0.5-272/%,

Next we upper bound the sum of the rest coefficients 2?21 |IC(5)]? by

d d d
Z(QCO 9= (+5)/k + d—0.5k)2 <2. 403 Z 9—2(l+35)/k +2. Zd—o.5k~2 <k- 2—21/k,
j=1 j=1 j=1
which demonstrates the second property. |
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w A.1 Properties of H

s We use two bounds on the sinc function:
% 1. For any |z| > L2 sinc(z) < —L-.
s 7| x|

w 2. For any |z| < 22 sinc(z) € [1— %,1 — #(9)0\2]

389 Without loss of generality, we assume C' is an even positive integer and R > S (otherwise
w0 set R = 9) that both are powers of 2. We use ¢(t) to denote the product of sinc functions in
s H(t) for convenience:

o) = (e e (€5:0)° sine (

S 9% sine (c.t)C'S>

We fix | = log,(5) in this section and rewrite g(t) as

! .
sinc(CR - )¢ e . H sinc (277-C - S~ t)2 <.
§=0
32 Before we show the properties of H, we consider the tail of g(t).
. _ 1.2
Claim 20. 1. g(¢t) = ©(1) for |t| < R CTRT

_ ,—O(|CR-t|*log R) 1.2 1.2
gt) =e for [t| € [—— Clos k' R
9(t) < (agp) '8 for [t] € [, 765

. For any i € [I], g(¢t) < (ﬁM)CIOgR .1.2-@F=1C g1 any |t] € [1.22“1 1.2.21'].
1.

7C-S  nC-S
l j . 2l
9t) < o) oo Gamross)” € for [t > 12%

ao
s Proof. We first bound sinc(CR - ¢)©1°8 ® then bound Hé‘:o sinc (277-C- St

\Y

393

394

395

396

@R W

2
397

>29’ -C
1. For [t| < -2, from the second property of sinc functions,

1.2

TCR-+/ClogR

3 72|CRt|? 1 72|CRt|?

inc(CR-t 1
sinc( )€ e 10

= sinc(CR-t)¢ 18 = ©(1) for |t| <

and
1.2 1.2
7CR-/ClogR’ mCR

s 2. For [t| > %, from the first property of sinc functions,

sinc(CR - t)CIOgR — ¢OUCRHlog R) g4, ¢ ¢ [

].

1
SinC(CR . t)ClogR < (m)ClogR_

w0 Then we bound the tail of the product of sinc functions.

1. For |t| < nlé?s’

B 7T2-|2_j-C~S't|2)2j-C (1- 772-|2_j-C’-S-t|2)2J'-C
6 ’ 10 '

sinc (277 -C-S-t)?'c € [(1
Notice that 72 - [2779 - C'- S - ¢|? is less than 1.2% - 272/, Thus sinc (277 -C - S - t)2]'c =
(1- @(2‘j))c and their products over j is

c

) l
)27.0 - li1—e Z 9—J =0(1)¢ =(1).
§=0

l
Hsinc(Q_j-C-S~t
§=0
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2. Let us fix i <! and consider sinc (277 -C- S - t) < for [t] € [173521 , %] By the first

property of sinc function, for j < ¢,

: - o~ oa.pn2C 1 2.C 1 2i.C —2i.¢
sinc (277 -C - S - t) g(ﬂ. —j-C-S-|t|) §(1.2,2—j+i) <12 .

For 5 > i, we use the same analysis with the second property of the sinc function:

) J. 2.01977.C .8 % 9. 2.0977.C.8 -2 9.
sinc(2_3-0-5~t)206 (l—ﬂ- | ‘)2 C,(l—ﬂ- | |)20
6 10
where 72 - [277 - C'- S - t|? is at least 1.22 - 2720~9), Hence the product is

l . l 27.C
. . SN g 1.22.27206-9)
[[sinc (279-C-54)> 7 <127 2= ] <1 - 6) <1.27@7-ne,
§=0 j=it+1
s We get thg tail bounds by combining the above discussion of sinc(C R-t)¢1°8 £ and szo sinc (2‘j~
w C-5- t) 7 together. <
t+1/2

403 Since H(t) = so - g(t) * recta(t) = so - [, 1/2 g(z)dz, we have the following bounds on
we  H(t) based on Claim 20.

ws  » Lemma 21. For any constant C > 4,

w 1. g =0O(rCR-+/ClogR).

407 2. (t)_1i001f0T|t|<7—%12
w 3. H(t) S %R cre f0r|t|€[ +‘ITCR’2+7TC§]1
w4 H(t) <sq-RC/*. 1.272°C for |t| € +122 , 1, L2 of a positive integer ¢ < [].
~ 7C- S 2 7wC-S
1 Clog R 1 1.2
410 5. H(t) <SO (m) i, (m) fOT’tZ 54’07
a1 Proof. We bound the integration of different intervals of g(t) as follows:
1.2
Her wCR-\/Clog I =R —O(|CR-z|?log R) 1. — 1
" 1 f 1 2 g f‘rrCRil.CzlogR g(x)dx+2 fﬂ'CR 1.z‘logR N dx B @(FCR ClogR)'
a2, fwcs dx<f7rCS WC}RI)Clongx< CS 1.2—ClogR'
w 3. Fora positive mteger i <1 =logy(9),
1%»2; 1,%-2;' 1
. e < |7 ClogR 1 9—(2"'-1)C
r [,2-21'*1 g(x)dx - /1.2«21'*1 (71' -CR- £L') dz
wC-S wC-S
1.2'27; S ClogR _(9it+1_
. i o .1.2 (2 1HC
" <rc-s GaaR)
1.2.2¢ c i
<2 Z . RTC/M.127%C
p Srcs
a0 4. For |t| > C"n"
o o 1 ClogR l 1 27.C
dz < —— )Cles R TT(————— )%
" /t 9() x_/t o) jll[o(wﬁ-c-s-x) v
1 ClogR 1 2l.c
© (WCR t) (7TC~t)
1 1
4 < (——_ \ClogR cs
< Gerd G
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Next we prove all claims in this lemma.
For sg, notice that

/1/2 (z)d </CR (z)d +/ g(x)dz = ©( )+0( 1.2 1.27Clos R)
g(x)dr < g(x)dx r)dr = -1. ,
—1/2 —1.2 |x|€(ch’1/2] mCR - \/C’log -5

wCR

which also indicates sp € [1,1+1073] -1/ (f "fi? g(x )da:)

. When [t] < 1= 22 H(t) = s0- (fﬂfg g(z dx—i—f[t Loy ok2 e 9(@)de ), which

WCR

is in so - [1,1+1073] - [Z7F g(x)da C [1 - 0.01, 1+ 0.01].

wCR
. When |t| € [§ — 224 2 + WCR], H(t) € [0,1].
. When |t| € [% ch2R, 5+ QS],

1.2 1.2 1.2
Sl 7G5

7C-5 7C-S
H(t) < so- / x)dx —l—/ g(x)dz | < 280-/ g(x)da.
1.2 1.2.27—1 1.2 1.2
*CR *C-S ™ *CR

i—1
. When [t| € [§ + 122 — 1+ ;(2125] of a positive integer i < I,

KN 1.2 -
) < sp - x)dz —l—/ g(z)dz | < 2s¢- O— SR 12770,
m

1.2

1221 1
T rC-S ™

. When t > % + %, we use the bound in the last item of the above discussion.

A.2 Proof of Theorem 9

We finish the proof of Theorem 9 using Lemma 21 for a = % + %. Without loss of
generality, we assume R > S in this proof (otherwise set R = 5).

We first show )

' xX) - 041'21' . xzx.
(KJM) H(oz)[2d 209/ lo()[2d

1.2

1_
From the second property of H in Lemma 21, H(ax) >1—0.01 for any |z| < 2—=2C¢E =

1—

[e3%

#%'4 such that
- oraTis ) ) - oriraTis )
/ l9(z) - H(az)|2dz > 0.99 / () da.
~l+erreTs ~1l+sermraTs
At the same time, |g(t)|> < R [lg(z)]?] = R/2 - f x)|?dz for any t € [-1,1].

~[11

This indicates

l-cetiza R/2-2.4 1
2dz > 1—7'/ 2dx.
[ abae > - =220 [ g

71+7rC’R+2.4

The first property follows from these two inequalities.

In the rest of this proof, we apply Lemma 21 to prove:

1

/_ lg(z) - H(am)|2dx + /1Oo lg(x) - H(aw)|2dm < 0.04/ lg(z)2da.

oo -1
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We split [ |g(z) - H(ax)|?dz into several intervals:

log, S

(3+5e%)/
/ lg()-H ()| da:—i-z /
1

In the first two terms, we rewrite |g(t)| < poly(R) - ||g|l2 - t° as poly(R) - ||g||2 - e*~DS. By
the third and fourth properties of H(t) in Lemma 21, their summations is less than 0.01||g]|3.
For the last term, given the last property of H(t) in Lemma 21 and a large constant C, we

o0

(x)-H(ax) |2dx+/ lg(z)-H (az) |*dz.

(3+58)/

1221 1
+

have

1 1.2

1
H(at) < sg- (m)clogR ) (E)S when t > (2 + —C)/ )

as It is straightforward to verify that [ |g(z) - H (az)[*dz < 0.02- ||g|3.

= B Omitted Proofs in Section 6

sr We first prove Theorem 5 then finish the proof of Theorem 3 and 4 in Appendix B.2 and B.3
w8 separately.

» B.1 Proof of Theorem 5

a0 We finish the proof of Theorem 5 in this section. The only difference compared to Theorem 2
a1 i8S to use a biased distribution D such that we could improve the sample complexity to
442 O(k log AF"e ) .

How to Generate Samples. We will use a distribution D not uniform on [—1, 1] to generate
the random samples. For m samples z1,--- ,z,, ~ D, we assign a weight w; = m for
each sample x; such that for any function h,

m m m
1 1
E i\ h(x)|? | = E | ——|h(z)]?| = E —|n(z) | = [|hl]3-
B [Zw )P >, Pk > E [ ine) ] = 1o
443 [5] presented an explicit distribution D such that O(k) samples could guarantee >, w;|g(x;)|?
wa is close to ||g||3 with high probability. For completenss, we show it with our improved bound

445 R .

ws  » Lemma 22. Given the sparsity k, there exist a constant ¢ such that a distribution

B 1
o Dt - { T S
2 1
asg c-k*logk,  for|z| > 1~ oy
we  gquarantees for any k-Fourier-sparse signal g, sup #(m) . \g”(gmH)P O(klog ).
z€[—1,1]

klog? klog 1 . . 1
Moreover, m = 0(672“) samples x1,- -+ , Xy from D with weights w; = D)

for i € [m] guarantee that, with probability at least 1 — 4,

sz z)l? € L= gl

w0 Proof. Given D and the k-Fourier-sparse signal g, let z(z) denote |éqg()x|)2 for z € [-1,1].
s We have E,p[z(x)] = ||g|3 and  sup Z(iw = O(klog? k). We apply the Chernoff

Exn
z€supp(D) plz(@)]

s2 bound Lemma 7 on the random variables z(x1),- - , 2(z,,) to obtain the statement. <
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Similar to Lemma 11, we state the following version for Fourier-sparse signals.

» Lemma 23. Given the sparsity k, fo and A, let g be a k-Fourier-sparse signal g(t) =
Siep Vi - € with £ C [fo— A, fo+ A] and A = A O(Floakti loe k)

Let y(t) = g(t) +n(t) be the observable signal on [—1,1] where the noise ||n||3 < €||g||3 for
a suﬁ?cz’ently small constant €. There exist a constant v and an algorithm such that for any
B < 7, it takes O(k log? k) samples to output o satisfying |yw (o)™ o8 — yp(a + B)| <
0.3|yg (a)| with probability at least 0.6.

We show our algorithm in Algorithm 2. We finish the proof of Theorem 5.

Algorithm 2 Obtain one good «

1: procedure OBTAINONEGOODSAMPLE(k, y(t))

2 Let m = C - klog? k for a large constant C'.

3: Take m samples x4, - - -, z,, from the distribution D in Lemma 22.
4

Assign a weight w; = for each sample z;.

1
2m-D(z;)
) = wi-|lyn (i)

5: Set a distribution D,, proportional to w; - |yg (z;)]?, i.e., Dy (;
j=1

6: Output a ~ D,,
7: end procedure

Proof of Theorem 16.  From Lemma 23, ”(Q(Jr)ﬂ) gives a good estimation of e?7*/of with
probability 0.6 for any 3 < 2. We use the frequency search algorithm of Lemma 7.3 in [4]
with the sampling procedure in Lemma 23. Because the algorithm in [4] uses the sampling
procedure O(log <& ~r5) times to return a frequency f Satlsfymg | f fo| < A’ with prob. at
least 1 — 4, the sample complexity is O(klog k - log & x5)- <

B.2 Proof of Theorem 3

We bound R of k-sparse-Fourier signals in this section. We first state the technical result to
prove the upper bound R.

» Theorem 24. Given any k > 0, there exists d = O(k*logk) such that for any g(z) =

Zf Lv; - €T any t € R, and any 0 > 0,

d
l9(t)]* < O(k Z t+3-0)
Proof of Theorem 24.  Given k frequencies fi,--- , fr and 6, we set z; = e2™8/1°0 ... 2 —
e?™ 0 Let C(0),--- ,C(d) be the coefficients of the degree d polynomial P(z) in Theorem 17.
We have
d d
Y CU) - glt+i-0)=) C) Y vy iy tH0
j=0 j=0 j'€[k]
d
= ZC’ Z vy - e2mifyt | ,d Z vy e2mf; ’tZC'
7=0 J'€lk] J'ElK]

wjlyn ()12

XX:17
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XX:18 Estimating the frequency of a clustered signal

w5 Hence for every i € [k],

wo —C(0)-g(t)=) C()-glt+j-0). (3)

sr - By Cauchy-Schwartz inequality, we have

d
a7 ICO)-1g ZIC D lat+i-0)7 |- (4)
j=1
a From the second property of C(0),---,C(d) in Theorem 17, |g(t)|> < O(k) - (Z?zl lg(t+7 -
480 9|2) <
a81 We finish the proof of Theorem 3 bounding R by the above relation. For convenience, we

w2 restate it for T = 1.

@ » Theorem 25. For any g(t) = Zf v et

s[ulf ]|9(517)|2
1— 31002 k).
484 Hg( )| } O(k 1 g ki)

e[ 1,1]

s Proof. Given any f (= ]:, we prove that
1
486 lg(t)|> = O(k® log? k)/ lg(x)|*dx for any t < 0,
t

w  which indicates |g(t)|> = O(k®log® k) - [E1 . [lg(x)[*]. By symmetry, it also implies that
x| — 1,

w |g(t)]? = O(k*log? k) - [El | [lg(x)[?] for any t > 0.
489 We use Theorem 24 on g(t)
1t ) s
w = |g(t)* < O(k)- > lg(t+ jo)[*de
=0 jeld
1—t

—a
/ gt + 628
60=0

491

A
B

€]

<.
&

a-t)j

1 d
L / gt + 0o’
‘el J '=0

1 1 )
k) = lg(@)["dx
j r=—1

JE[

N

(]

k

492

<

A

493

&

1
40 < klogk - / |g(x)|2d:c.
xr

495 =—1

w6 From all discussion above, we have |g(t)|> < dklogk - [IE1 1][|g(x)\2]. <
xe|—1,

o« B.3 Growth outside of the observation

ws  We prove Theorem 4 which bounds S = O(k?) in this section. We divide the proof into two
w0 parts for |x] <14 1/k and |z| > 1+ 1/k separately after fixing T = 1.
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s0 B Lemma 26. For any g(t) = E?:l v - e2m4 it there exists a constant Cy such that for any
—1)-k* log k

o @21, |g(@)] S poly(k) - [lgllz - 17" .

sz » Remark 27. The growth of Chebyshev polynomial at > 1 is eFvV*#~1,

s Proof. Let d = O(k?logk) denote the length of the linear combination in Corollary 18
s and 0 = %. Given g(t) and 0, we use ay,---,aq to denote the coefficients of the linear
sos  combination of g(t) and 6 in Corollary 18. For convenience, we use Cy to denote the upper
ss  bound on the coefficients o;.

507 We use induction to prove that for some C = O(1), for any I,
21
08 for any z € (1,1+ =], |g(z)| < C- dk*®logk - ||g]l2 - (2Co)". (5)

For base case | = 1, from Corollary 18, g(z) = Z?Zl a; - g(xz — j0) where z — j6 € [-1,1].
Because each |g(z — j#)| < C - k'®logk - [|g|2 from Theorem 3, we have

d
lg(@)| < oyl - |g(z = j8)| < C - Co-d- k" logk - ||gl2.
j=1
509 Suppose (5) is true for any 2 € (1,1+ 2] Let us consider z € (1+ %, 1+ 2(%1)] We still
s have g(z) = Z?:l o - g(x — jO) where each z — j0 € (1+ z(l;j), 1+ 2(l+dl*j)]. This indicates
d
s l9(2)| <D leyl - gz — j6)|
j=1
d
512 SCOZ{Q(-T_JQM
j=1
l d
513 §C’02|g(5€—j0)’+00 Z |g($—j9)|
J=1 j=l+1
!
< Co Y C-dk"*logk-|glla- (2Co)"™ 7 + Co(d — j) - C - k' logk - ||g]2.
j=1
l .
<Gyt C-dkMPlogk - gl - > 2 4 Cod - C - kM log? k- g2
j=1
516 <O - C-dkM logk - ||gll2(2 = 2) 4+ Cod - C - kP logk - ||glla < CETY-C - dkM P logk - g2 - 21T
518 <
519 For completeness, we bound the growth rate of |t| > 14 1/k here, which is a reformulation

s0 of Lemma 5.5 in [4].

s Lemma 28. For any g(t) = ke ifit gnd any [t| > 1,
g=1"J]

522 9> S K- Bk -1)* - [lgll3.

s Proof. We fix ¢ > 1 in this proof. Let § = 1/k and n = [(t + 1/2)/6] such that t — nf €
sa [—1/2,—1/246) and t — (n— k)8 € [1/2,1/2+6]. We first show the coefficients Cy, -+ - , Cr—1

525 m

k-1 k
526 g C;-2) =2" mod H(z — 2mifi0)
i=0 =1
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XX:20 Estimating the frequency of a clustered signal

s satisfying g(t) = Zf;ol Cj- f(t—(n—1)0). Let z; = 2™/i% such that 2 = Zf;é Cj- 2.

k if o
ss For g(t) =35, v;e? it we rewrite it as

k k
52 Z Uje27r'i,fj (t—n0) | eZﬂ'ifjn@ _ Zvje27rifj (t—n0) | Z]n
j=1 j=1
k k—1
w0 _ Zvj€27rifj(t—n9) . Z C - zé
j=1 1=0
k—1 k
531 = Z Cl . Z Uj627rifj(tin6)zé
=0 j=1
k-1
532 :ch-g(t—n9+l9).
533 =0

s Thus |g(6)[? < (X520 1C512) - (1 lg(t — no +10)[2).

535 Since g(t —nb +10) € [-2/3,2/3], |g(t —nb +10)]*> < k [El 1][|g(ac)|2] [5]. On the other
xe[—1,

s hand, |C)] < (kzl)( ") < (2n)*~! from Lemma 19.

k—1
537 From all discussion above,
53 9O Sk-(20)* -k E [lg(@)] SEBR) - E - [lg(=)[?].
ze[-1,1] z€[—1,1]
539 <

2
so  Proof of Theorem 4. We combine Lemma 26 and 28: For z < 1+ 1/k, C\* "Dk legk _

s e(r—Dk logklogCy — ;O logk)  For g > 14 1/k, (3kx)* is still less than zO* logk), <
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