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Abstract

A centralproblemfor structuredpeer-to-peernetworks is topology maintenance,that is, how to
properlyupdateneighborvariableswhennodesjoin andleave the network, possiblyconcurrently. In
this paper, we presenta protocolthatmaintainsRanch,a structuredpeer-to-peernetwork topologycon-
sisting of multiple rings. The protocolhandlesboth joins and leavesconcurrentlyand actively (i.e.,
neighborvariablesareupdatedoncea join or a leave occurs). We usean assertionalmethodto prove
thecorrectnessof theprotocol,that is, we �rst comeup with a global invariantandthenshow thatev-
ery actionof theprotocolpreservesthe invariant. Theprotocolis simpleandtheproof is rigorousand
explicit.
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1 Intr oduction

In astructuredpeer-to-peernetwork, members(i.e.,nodes,or interchangeably, processes, thatbelongto the
network) maintainsomeneighborvariables.The neighborvariablesof all the memberscollectively form
a certaintopology(e.g.,a ring). Over time, membershipmaychange:non-membersmaywish to join the
network andmembersmaywish to leave thenetwork, possiblyconcurrently. Whenmembershipchanges,
neighborvariablesshouldbeproperlyupdatedto maintainthedesignatedtopology. This problem,known
astopologymaintenance,is acentralproblemfor structuredpeer-to-peernetworks.

1.1 Existing Work

Therearetwo generalapproachesto topologymaintenance:thepassiveapproachandtheactiveapproach.
In the passive approach,whenmembershipchanges,the neighborvariablesarenot immediatelyupdated.
Instead,arepairprotocolrunsin thebackgroundperiodicallyto restorethetopology. In theactiveapproach,
theneighborvariablesareimmediatelyupdated.Joinsandleavesmaybetreatedusingthesameapproach
or usingdifferentapproaches(e.g.,passive join andpassive leave [13], active join andpassive leave [8, 14],
active join andactive leave [3, 15]).

Existingwork ontopologymaintenancehascertainshortcomings.For thepassiveapproach(e.g., [13]),
sincethe neighborvariablesarenot immediatelyupdated,the network may diverge signi�cantly from its
designatedtopology. And the passive approachis not asresponsive to membershipchangesandrequires
considerablebackgroundtraf�c (i.e., therepairprotocol). On theotherhand,active topologymaintenance
is a rathercomplicatedtask.Someexistingwork givesprotocolswithoutproofs[15], somehandlejoinsac-
tively but leavespassively [8, 14], andsomeusesa protocolthatonly handlesjoinsanda separateprotocol
that only handlesleaves[3]. It is not true, however, that an arbitraryjoin protocolandan arbitraryleave
protocol,if put together, canhandleboth joins andleaves(e.g.,theprotocolsin [3] cannot;seea detailed
discussionin Section6). Finally, existing protocolsarecomplicatedandtheir correctnessproofsareopera-
tionalandsketchedatahigh level. It is well known, however, thatconcurrentprogramsoftencontainsubtle
errorsandoperationalreasoningis unreliablefor proving their correctness.

1.2 Our Contributions

In this paper, we presenta topologymaintenanceprotocol for Ranch,a structuredpeer-to-peernetwork
topologyconsistingof multiple rings.Theprotocolhandlesbothjoinsandleavesconcurrentlyandactively.
The protocolspresentedin this paperaresimple. For example,the join protocol for Ranch,discussedin
Section4, is muchsimplerthanthe join protocolsfor othertopologies(e.g.,[3, 8, 14]). Theprotocolsare
basedonanasynchronouscommunicationmodelwhereonly reliabledelivery is assumed.

We usean assertionalmethodto prove thecorrectnessof the protocols,that is, we �rst comeup with
a global invariant for a protocoland thenshow that every actionof the protocolmaintainsthe invariant.
Weshow that,althougha topologymaybetentatively disruptedduringmembershipchanges,our protocols
eventuallyrestorethetopologyoncemembershipchangessubside.Ourprotocolsin factrestorethetopology
oncethemessagesassociatedwith eachpendingmembershipchangearedelivered,assumingthatno new
changesareinitiated. In practice,it is likely thatmessagedelivery time is muchshorterthanthemeantime
betweenmembershipchanges.Hence,in practice,evenif membershipchangesneversubside,theprotocols
maintainthetopologymostof thetime. A shortcomingof our protocols,however, is thatsomeof themare
not livelock-free;seeadetaileddiscussionin Section5.3.
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Unlike thepassive approach,whichhandlesleavesasfail-stopfaults,wehandleleavesactively (i.e.,we
arguethat leavesandfaultsshouldbehandleddifferently). Althoughtreatingleavesandfaultsin thesame
manneris simpler, in many situations,leavesoccurmorefrequentlythanfaults.In suchsituations,handling
leavesandfaultsin thesamemannermay leadto somedrawbacksin termsof performance(e.g.,delayin
response,substantialbackgroundtraf�c). In peer-to-peernetworks,nodescooperatewith eachotherall the
time by forwardingeachother's messages.Hence,it is reasonableto assumethata leaving nodeinvokesa
leave protocol,but not just leavessilently.

Therestof this paperis organizedasfollows. Section2 providessomepreliminaries.Section3 brie�y
describestheRanchtopology. Section4 discusseshow to handlejoins for unidirectionalRanch.Section5
discusseshow to maintainbidirectionalRanch.Section6 discussesrelatedwork. Section7 providessome
concludingremarks.

2 Preliminaries

We considera �x ed and�nite setof processesdenotedby V . Let V 0 denoteV [ f nil g, wherenil is a
specialprocessthat doesnot belongto V . In what follows, symbolsu; v; w areof type V , andsymbols
x; y; z areof typeV 0. We useu:x to denotevariablex of processu, andwe useu:x:y to standfor (u:x):y.
By de�nition, thenil processdoesnot have any variable(i.e., nil :x is unde�ned). We call a variablex of
typeV 0aneighborvariable. Weassumethattherearetwo reliableandunboundedcommunicationchannels
betweenevery two distinct processesin V , onein eachdirection,thereis onechannelfrom a processto
itself, andthereis nochannelfrom or to processnil . Messagetransmissionin any channeltakesa�nite, but
otherwisearbitrary, amountof time.

A setof processesS form a(unidirectional)ring via their x neighborsif for all u; v 2 S (whichmaybe
equalto eachother),thereis anx-pathof positive lengthfrom u to v andu:x 2 S. Formally,

ring (S;x) = h8u; v : u; v 2 S : u:x 2 S ^ path+ (u; v; x)i ;

where
path+ (u; v; x) = h9i : i > 0 : u:x i = vi

andwhereu:x i meansu:x:x � � � x with x repeatedi times. We usebiring (S;x; y) to meanthat a setof
processesS form abidirectionalring via their x andy neighbors,formally,

biring (S;x; y) = ring (S;x) ^ ring (S;y) ^ h8u : u 2 S : u:x:y = u ^ u:y:x = ui :

Someothernotationsusedin thepaperareasfollows.

m(msg; u; v): Thenumberof messagesof typemsgin thechannelfrom u to v. Wesometimesincludethe
parameterof amessagetype.For example,m(grant (x); u; v) denotesthenumberof grant messages
with parameterx in thechannelfrom u to v).

m+ (msg; u), m � (msg; u): The numberof outgoingandincomingmessagesof type msg of u, respec-
tively. A messagefrom u to itself is consideredbothanoutgoingmessageandanincomingmessage
of u.

# msg: Thetotalnumberof messagesof typemsg in all channels.

" ; #; l : Shorthandsfor “beforethisaction”,“after thisaction”,and“beforeandafterthisaction”.
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In this paper, we write our protocolsas a collection of actions,using a notationsimilar to Gouda's
abstractprotocolnotation[6]. An executionof a protocolconsistsof an in�nite sequenceof actions.We
assumea weakfairnessmodelwhereeachactionis executedin�nitely often;executionof anactionwith a
falseguardhasno effect on thesystem.We assumewithout lossof generalitythateachactionis atomic,
andwe reasonaboutthesystemstatebetweenactions.We now give a brief justi�cation of theassumption
on theatomicityof actions.Mcguire[18] givesa morecompletetreatmentof this issue.

Every action consistsof a numberof steps,which is one of the following threestatements:a local
statement(i.e., an assignmentto a local variable),a sendstatement,anda receivestatement.Note that a
receive statementcanonly bethe�rst stepof anaction.Weassumethatevery stepis atomic.An execution
of a protocol is equivalent to a sequenceof steps. Given an arbitrarysequenceof stepswherethe steps
belongingto different actionsmay be interleaved, our goal is to establishthat this sequence,called an
interleavingexecution, is equivalentto somesequencewherethestepsof everyactionarecontiguous,called
a sequentialexecution. Subsequentresultsof this paperhold for arbitrarysequentialexecutions,andthis
theoremimpliesthatthoseresultsalsohold for any execution,interleaving or sequential.

Theorem 2.1 Everyinterleavingexecutionof theprotocolis equivalentto somesequentialexecutionof the
protocol.

Proof: It suf�ces to show thatthenon�rst stepsof anaction,if separatedby stepsin otheractions,canbe
left movedto beadjacentto the�rst stepof theaction.Considertwo adjacentstepss andt in theinterleaving
execution,wheres andt belongto differentactionsandt is not the �rst stepof its action. First notethat
s andt belongto differentprocessesbecausea processcompletesanactionbeforeexecutinganotherone.
Our goal is to show that st = ts (i.e., executings �rst andt next is equivalent to executingt �rst ands
next). Considerthefollowing cases(notethatt cannotbeareceive statement).If t is a localstatement,then
clearlyst = ts. If t is a sendstatement,then: (1) If s is a sendstatement,sinces andt belongto different
processes,thesetwo sendsaffect differentchannels,andhencest = ts. (2) If s is a local statement,then
clearly st = ts. (3) If s is a receive statement,sincethe receive statementsuccessfullyreceives some
message,puttingt befores doesnotpreventt from receiving thatmessage,andhencest = ts. Theproof is
hencecompleted.

Thereis, however, oneexception.In orderto enablea joining processto �nd anexisting processin the
peer-to-peernetwork, we assumethatan externalmechanismprovidesa contact() function that returnsa
processin thenetwork if thereis one,andreturnsthecalling processotherwise.Supposethat thering has
no process,andif two processesp andq call contact() simultaneously, thencontact() returnsp andq to
them,respectively, causingthecreationof two rings. Hence,we assumethat two actionsdo not interleave
if they bothcall thecontact() function.

3 The RanchTopology

The Ranch(random cyclic hypercube)topology, proposedin [12], is a structuredpeer-to-peernetwork
topologywith a numberof nice properties,including scalability, locality awareness,and fault tolerance.
Thepresentationof Ranchin thispaperis self-contained,althoughmany detailson Ranchareomitted.

In Ranch,every processu hasa binary string, denotedby u:id , as its identi�er. The �rst bit of a
nonemptyidenti�er of u is u:id [1]. We requirethat the �rst bit of every nonemptyidenti�er to be 0.1

Identi�ers neednot beuniqueor have thesamelength.Over time, identi�ers maygrow or shrink. We use

1This assumptionis solelyfor theconvenienceof expressingthepropertiesof Ranch.

3



0

01

01

000

00

01

00

001

Figure1: An Exampleof theRanchtopology.

V� to denotethesetof processespre�xedby � . Everyprocessu usestwo in�nite arraysof typeV 0, u:r [0::]
andu:l [0::], to betheir right neighborsandleft neighbors.2 Werequirethatu:r [0] = u:l [0] = u atall times.
TheRanchtopologyis informally de�ned as:For everynonemptybit string� , all theprocessespre�xedby
� form a ring. The rings in Ranchcanbe eitherunidirectionalor bidirectional. Formally, a topologyis a
unidirectionalRanch if

U = h8� : ring (V� ; r [j� j])i

holds,anda topologyis abidirectionalRanch if

B = h8� : biring (V� ; r [j� j]; l [j� j])i

holds. Hence,the key to maintainingRanchis the joining or leaving of a single ring. We call the ring
consistingof all theprocessesin V� simply the� -ring. Figure1 shows anexampleof theRanchtopology.

In practice,for goodperformance,a processshouldjoin a suf�cient numberof rings,but wedo not im-
posethis requirementhereasit doesnotaffect correctness.To go from oneprocessto another, amessageis
forwardedalongtheringsandprogressively correctthebitsbetweenthecurrentprocessandthedestination.
Wereferthereaderto [12] for moredetailsof theRanchtopology.

At ahighlevel, Ranchandskipgraphs[3] sharesomesimilarities.But asfarastopologymaintenanceis
concerned,they have two key differences:(1) in Ranch,anew processcanbeaddedto anarbitraryposition
in the basering (i.e., the 0-ring), while in skip graphs,a new processhasto be addedto an appropriate
position; (2) in Ranch,the orderin which the processesappearin, say, the � 0-ring neednot be the same
astheorderin which they appearin, say, the � -ring, while in skip graphs,they have to be. For example,
in Figure1, theorderin which theprocessesappearin the00-ring is differentfrom theorderin which they
appearin the 0-ring. Thesetwo �e xibilities allow us to designsimplemaintenanceprotocolsfor Ranch,
while extraeffort hasto bemadein orderto maintainskipgraphs.

4 Joins for Unidir ectional Ranch

A processjoins Ranchring by ring: it �rst calls thecontact() function to join the0-ring, thenafter it has
joinedthe� -ring, for some� , if it intendsto join onemorering, it generatesthenext bit d of its identi�er

2Assumingin�nite arraysof neighborsis solelyfor theconvenienceof expressingtheprotocols.In practice,a suf�ciently long
arraysuf�ces.
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andjoins the�d -ring. But how doestheprocess�nd anexisting processin the �d -ring? Notethatwe can
no longerusethecontact() functionfor thispurpose.

4.1 A BasicJoin Protocol

Theideato overcomethisdif�culty is asfollows. Supposethatprocessu intendsto join the� 0-ring, where
j� 0j = i . Processu sendsa join (u; i; 0) messageto u:r [i � 1]. This join messageis forwardedaroundthe
� -ring. Uponreceiving thejoin message,aprocessp makesoneof thefollowing decisions:

1. If a = p (i.e., thejoin messageoriginatesfrom p andcomesback),thenthe� 0-ring is emptyandp
createsthe� 0-ring by settingp:r[i ] = p.

2. If p is in the� -ring but is not in the� 0-ring, thenp forwardsthejoin messageto p:r[i � 1].

3. If p is not in the� -ring, or p itself is alsotrying to join the� 0-ring, thenp sendsaretry messageto a.

4. If p is in the� 0-ring, thenp sendsagrant messageto a, informinga thatp is its r [i ] neighbor.

Figure2 shows thejoin protocolfor unidirectionalRanch.Here,weassumethatthecontact() function
returnsa processu whereu:k 6= 0 if thereis sucha process,andreturnsthecalling processotherwise.The
proofsof the following two theoremsareomittedbecausethey aresimplerthanthoseof somesubsequent
theorems.

Theorem 4.1 in varian t I .

Proof: Recall that path+ (u; v; x) denotesh9i : i > 0 : u:x i = vi . We let dist(u; v; x) to denotethe
smallestsuchi . Notethatby de�nition, dist(u; v; x) > 0 anddist(u; v; x) is unde�nedif suchani doesnot
exist. We introducethefollowing de�nitions.

f (u) = # join (u; � ; � ) + m � (grant ; u) + m � (retry ; u);

U� = f u : u 2 V� ^ u:r 0[j� j] 6= nil g;

u:r 0[i ] =
�

x if i = u:k ^ m � (grant ; u) = 1 ^ m � (grant (x); u) = 1
u:r [i ] otherwise,

�( u) =

8
>><

>>:

Vu:id \ f w : 0 < dist(u; w; r 0[u:k � 1]) < dist(u; v; r 0[u:k � 1])g
if # join (u; � ; � ) = 1 ^ m � (join (u; � ; � ); v) = 1 ^ path+ (u; v; r 0[u:k � 1])

;
otherwise.

In theabove de�nitions, we use# join (u; � ; � ) to denotethenumberof join messagesin all thechannels
with u asthe�rst parameterandarbitrarysecondandthird parameters(� means“don't care”).And we use
u:r [0::u:k) to meanthearrayfrom u:r [0] to u:r [u:k � 1]. An invariantof thisprotocolis shown in Figure3.

SinceI clearly holdsinitially, it suf�ces to show thatevery actionpreservesevery conjunctof I . We
observe thatthefollowing conjunctsaretrivially preserved:

C1 Theonly actionthatsendsa grant messageis T2, andtheguardimpliesthatr [i ] 6= nil .

5



pro cess p
var s : f in ; jngg; f stateg

id : array [1::] of [0::1]; f identi�er; k = jid j, notexplicitly maintainedg
r : array [0::] of V 0; f right neighborsg
a : V 0; i : integer; d : [0::1] f auxiliaryvariablesg

init k = 0 ^ s = in ^ r [0] = p ^ r [1::] = nil
begin

�

s = in ! f actionT1; initiatea joing
if k = 0 ! a;d := contact() ; 0

�

k 6= 0 ! a;d := r [k]; random � ;
id := grow(id ; d);
if a = p ! r [k] := p

�

a 6= p ! s := jng; send join (p;k; d) to a �
�

rcv join (a; i; d) from q ! f T2g
if a = p ! r [k]; s := p; in

�

a 6= p ^ ((k < i ^ r [k] 6= nil ) _ (k � i ^ id [i ] 6= d)) ! send join (a; i; d) to r [i � 1]
�

a 6= p ^ ((k < i ^ r [k] = nil ) _ (k � i ^ id [i ] = d ^ r [i ] = nil )) ! send retry () to a
�

a 6= p ^ k � i ^ id [i ] = d ^ r [i ] 6= nil ! send grant(r [i ]) to a; r [i ] := a �
�

rcv grant (a) from q ! f T3g
r [k]; s := a; in

�

rcv retry () from q ! f T4g
s; id := in ; shrink(id )

end

Figure2: Thebasicjoin protocolfor unidirectionalRanch.

R1 The�rst branchof thesecondif statementin T1 changesr [k], andthegrowth of id impliesthatk � 1.
The�rst branchof T2 changesr [k], andC2 impliesthatk � 1. Action T3 changesr [k], andA implies
thatk � 1.

R2 Theonly actionthatgrows theid is T1, andthe�rst if statementimpliesthatif k � 1, thenid [1] = 0.

It thenfollows from I thatE : h8u : u:k � 1 : �( u) = ;i , becauseby thede�nition of � , if u:k = 0,
then�( u) = ; , and

u:k = 1
) f R1;2; def. of r 0g

u:id = 0 ^ u:r [0] = u ^ u:r 0[0] = u
) f def. of � g

�( u) = ; :

f I g T1 f I g: Supposethat k = 0 andthena = p. [A] This actionestablishesp:k � 1. [B ] This action
increasesp:k from 0 to 1 andestablishesu:r [1] 6= nil . [C2] This actiondoesnot falsify the consequent
becauseA implies that l # join (p; � ; � ) = 0. [C3] This actiondoesnot falsify theconsequentbecauseit
grows p:id andestablishesp:r 0[1] 6= nil . [D1] By E, this actionpreserves�( p) = ; . [D 2] Thede�nition
of thecontact() functionimpliesthat" h8u :: u:k = 0i andE impliesthat" h8u :: �( u) = ;i . Hence,this
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I = A ^ B ^ C ^ D ^ R

A = h8u :: (u:s = jng � f (u) = 1) ^ f (u) � 1 ^ (f (u) = 0 _ u:k � 1)i

B = h8u :: (u:s = in � u:r [u:k] 6= nil ) ^ u:r [0::u:k) 6= nil ^ u:r (u:k::] = nil i

C = h8u; v; j; e : C1 ^ C2 ^ C3i

C1 = # grant(nil ) = 0

C2 = # join (u; j; e) > 0 ) j � 1 ^ j = u:k ^ e = u:id [u:k]

C3 = m� (join (u; j; � ); v) > 0 ) v:r 0[j � 1] 6= nil ^ u:id [1::j ) = v:id [1::j ) ^ (u 6= v _ u:k � 2)

D = h8u; v :: D1 ^ D2i

D1 = u 62�( v) _ v 62�( u)

D2 = v 2 �( u) ^ v:r 0[u:k] 6= nil ) h9w : w 2 Vu:id ^ w 62�( u) : w:r [u:k] 6= nil i

R = h8u; � : R1 ^ R2 ^ R3i

R1 = u:r [0] = u

R2 = u:k � 1 : u:id [1] = 0

R3 = ring (U� ; r 0[j� j])

Figure3: An invariantof thejoin protocolfor unidirectionalRanch.

actiondoesnot truthify theantecedent.Sincethis actionaddsp to V0 andestablishesp:r[1] 6= nil , it does
not falsify theconsequent.[R3] Weobserve that

" contact() returnsp
) f def. of contact()g

" h8u :: u:k = 0i
) f actiong

# p:id = 0 ^ p:r[1] = p ^ p:s = in ^ h8u : u 6= p : u:k = 0i
) f def. of ring g

# h8� :: ring (U� ; r 0[j� j])i :

f I g T1 f I g: Supposethatk = 0 andthena 6= p. [A] This actionestablishesp:s = jng, f (p) = 1, and
p:k = 1. [B ] Thisactionfalsi�es p:s = in andit increasesp:k from 0 to 1. It followsfrom B thatl p:r [0] 6=
nil ^ p:r [1::] = nil . [C2] This actionestablishes# join (p;1; 0) > 0, aswell asp:k = 1 ^ p:id [1] = 0.
[C3] Thisactionestablishesm � (join (p;1; 0); a) > 0. Thede�nition of thecontact() functionimpliesthat
l a:k � 1. The de�nition of r 0 andR1 imply that l a:r 0[0] 6= nil . The guardimplies that p 6= a. This
actiondoesnot falsify theconsequentbecauseit grows p:id . [D 1] This actionpreserves�( p) = ; . [D 2]
This actiondoesnot truthify theantecedentbecause,by thede�nition of � , l �( p) = ; ^ p 62�( u) for
any u. Thisactiondoesnot falsify theconsequentbecauseit increasesV0 andestablishesp:r[1] 6= nil . [R3]
Unaffected.

f I g T1 f I g: Supposethatk 6= 0 andthena = p. Let � betheold p:id . [A] Thisactionestablishesp:k � 1.
[B ] Thisactionestablishesp:r[j� dj] 6= nil . It follows from B that# p:r[0::j� j] 6= nil . [C2] It follows from
A that l # join (p; � ; � ) = 0. [C3] This actiondoesnot falsify theconsequentbecauseit grows the id and
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establishesp:r0[j� dj] 6= nil . [D1] This actionmayaddp to �( u) for someu, but D 1 is preservedbecause
�( p) remains; . [D2] Sincethis actionpreserves�( p) = ; , it may truthify theantecedentonly if v = p
and" u 2 V� d ^ u:k = j� dj for someu 6= p. But this is impossiblebecause" p:r[j� j] = p ^ p 2 V� , and
R3 impliesthat" u 62V� _ u:r 0[j� j] = nil . Thisactiondoesnot falsify theconsequentbecauseit increases
V� d andestablishesp:r[j� dj] 6= nil . [R3] Weobserve that

" p:r [j� j] = p ^ p:s = in
) f A; def. of r 0g

" p:r0[j� j] = p
) f R3; B ; def. of r 0g

" U� = f pg ^ U� d = ;
) f actiong

# U� d = f pg ^ p:r0[j� dj] = p
) f R3g

# ring (U� d; r 0[j� dj]):

f I g T1 f I g: Supposethatk 6= 0 andthena 6= p. [A] This actionchangesp:s from in to jng, increases
f (p) from 0 to 1, andincrementsp:k by 1. [B ] This actionchangesp:s from in to jng andincreasesp:k
by 1. It follows from A and" p:s = in that # p:r[0::p:k] 6= nil ^ p:r(p:k::] = nil . [C2] This action
establishes# join (p;p:k; d) > 0, as well as # p:k � 1 ^ d = p:id [p:k]. [C3] It follows from B that
a 6= nil (i.e., the join messageis sentto a non-nil process).Let ` be theold p:k. This actionestablishes
m� (join (p; ` + 1; d); a) > 0. Weobserve that

" p:r [`] = a ^ p:s = in
) f def. of r 0g

" p:r0[`] = a
) f R3; action;guardof thesecondif statementg

l a:r 0[`] 6= nil ^ p:id [1::`] = a:id [1::`] ^ a 6= p

This actiondoesnot falsify theconsequentbecauseit grows p:id . [D 1] This actionpreserves�( p) = ; .
Thus,even if this actionfalsi�es p 62�( v) for somev, it preservesv 62�( p). [D 2] Let � betheold p:id .
This actiondoesnot truthify the antecedentbecause# p:r 0[j� dj] = nil . This actiondoesnot falsify the
consequentbecauseit enlargesV� d. [R3] Unaffected.

f I g T2 f I g: SupposeT2 takesthe �rst branch(i.e., self). [A] This actionchangesp:s from jng to in and
decreasesf (p) from 1 to 0. [B ] This actionestablishesbothp:s = in andp:r[p:k] 6= nil . [C2] This action
removesa join messageandpreservesp:id . [C3] This actionremovesa join message.It doesnot falsify
the consequentbecauseit establishesp:r 0[p:k] 6= nil . [D1] This actionestablishes�( p) = ; . [D 2] Let
p:id = � d. Weobserve thatbeforethisaction

# join (p; � ; � ) = 1 ^ m � (join (p; � ; � ); p) = 1
) f B ; def. of r 0; R3g

path+ (p;p; r 0[j� j])
) f def. of � ; B ; def. of r 0g

�( p) = V� d n f pg
) f D1g

h8u : u 2 V� d : p 62�( u)i :
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Therefore,this actiondoesnot truthify the antecedent.This actiondoesnot falsify the consequenteither
becauseit establishesboth�( p) = ; andp:r[p:k] 6= nil . [R3] By thederivationfor D 2 above,wehave

" �( p) = Vp:id n f pg
) f D2; A; def. of r 0g

" h8u : u 2 Vp:id : u:r 0[p:k] = nil i
) f actiong

# ring (Up:id ; r 0[p:k]):

f I g T2 f I g: SupposeT2 takes the secondbranch(i.e., forward). [A; B ; C2] Unaffected. [C3] Let w be
p:r[i � 1]. ThenC3 andB imply that p:k � i � 1 ^ w 6= nil (i.e., the join messageis forwardedto
a non-nil process). This action establishesm � (join (a; i; � ); w) > 0. It follows from C3 and R3 that
w:r 0[i � 1] 6= nil ^ a:id [1::i ) = p:id [1::i ) ^ p:id [1::i ) = w:id [1::i ). It follows from R2 thatu:k � 2. This
actiondoesnot falsify theconsequent.[D 1] Thisactionpreserves�( a), dueto theguardof thisbranchand
thede�nition of � . [D2] This actionpreserves�( a). [R3] Unaffected.

f I g T2 f I g: SupposeT2 takesthe third branch(i.e., retry). [A] This actiondecrements# join (a; � ; � ) by
1 andincrementsm � (retry ; a) by 1, preservingf (a). [B ] Unaffected. [C2;3] This actionremovesa join
message.[D1] Thisactionestablishes�( a) = ; . [D 2] Thisactionestablishes�( a) = ; . [R3] Unaffected.

f I g T2 f I g: Supposethis actiontakesthefourth branch(i.e.,grant).[A] This actiondecrements# join (a)
by 1 andincrementsm � (grant ; a) by 1, preservingf (a). [B ] This actionpreservesp:r[i ] 6= nil , dueto
theguardof this branchandC2, which implies thata 6= nil . [C2;3] This actionremovesa join message,
truthi�es a:r 0[i ] 6= nil , andpreserves p:r0[i ] 6= nil . [D1] This actionestablishes�( a) = ; . [D 2] This
actionestablishesboth�( a) = ; anda:r 0[a:k] 6= nil . Hence,it maytruthify theantecedentonly if v = a
andu:k = a:k, for someu 6= a. If p 62�( u), thenp is thew thatsatis�estheconsequent.If p 2 �( u),
then thereexists somew 6= p that satis�es the consequentbecausep 2 �( u) ^ p:r 0[u:k] 6= nil . This
actiondoesnot falsify the consequentbecauseit establishes�( a) = ; andpreservesp:r[i ] 6= nil . [R3]
This actionchangesa:r 0[a:k] from nil to theold p:r0[a:k] andchangesp:r0[a:k] to a. Hence,it preserves
ring (Ua:id ; r [ja:id j]).

f I gT3 f I g: [A] Thisactionfalsi�es p:s = jng anddecreasesf (p) from1 to0bydecrementingm � (grant ; p)
by 1. [B ] This actionestablishesbothp:s = in andp:r[p:k] 6= nil . [C2;3; D1] Unaffectedbecauseby the
de�nition of r 0, thisactionpreservesp:r0[p:k], which is non-nil . [D 2] Thisactionestablishesp:r[p:k] 6= nil
andpreservesp:r0[p:k] 6= nil . Henceit doesnot truthify theantecedentor falsify theconsequent.[R3] This
actionpreservesp:r0[p:k].

f I gT4 f I g: [A] Thisactionfalsi�es p:s = jng anddecreasesf (p) from1 to0bydecrementingm � (retry ; p)
by 1. [B ] This actionchangesp:s from jng to in andshrinksp:id by onebit. It follows from B andthe
actionthat # p:r[0::p:k] 6= nil . [C2] This actionshrinksu:id , but " m � (retry ; p) > 0 andA imply that
l # join (p; � ; � ) = 0. [C3] This actiondoesnot falsify theconsequentbecause" p:r 0[p:k] = nil . It shrinks
p:id but A and" m � (retry ; p) imply thatl # join (p; � ; � ) = 0. [D 1;2] Unaffected.[R3] Unaffected.

Thereforein varian t I .

Theorem 4.2 If joinseventuallysubside, theneventuallyU holdsandcontinuesto hold.

Proof: Similar to theproofof Theorem5.2.
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4.2 Avoiding Li velocks

The join protocolin Figure2, thoughcorrectlymaintainsthe Ranchtopology, may get into the following
livelocksituation.Supposethatprocessesu andv arein the� -ring andthey bothintendto join the� 0-ring,
which is empty. Thejoin messagefrom u andthatfrom v mayreacheachotherat thesametime andthey
arebothrejected.Thenu andv maytry to join the� 0-ring again.This situationcanrepeatforever. Hence
a livelock. On the otherhand,we cannotforward both of the join messagesbecausethat may causethe
creationof two � 0-rings.

Theaforementionedlivelockproblempartly resultsfrom thesymmetryof u andv: they have thesame
identi�er. To overcomethis problem,we useanideasimilar to leaderelectionon a ring. Weassumea total
orderon theprocesses.Therearemany waysto achieve sucha total order. For example,theprocessescan
generateasuf�ciently largerandomnumber, or they cangeneratein advanceasuf�ciently long identi�er so
thatall identi�ers areunique.We do not concernourselveswith themethodof achieving sucha total order
in this paper.

With thetotal orderin place,uponreceiving a join (a; i; d) messageon the� -ring, if processu is also
trying to join the�d -ring, thenit comparesitself with a basedon thetotal order. If u < a, thenu forwards
the join messageandsetsu:c, a local variable,to a (i.e., u recordsthata processwith higherorderis also
trying to join the�d -ring). If u > a, thenu sendsa retry messageto a. If thejoin (a; i; d) messagecomes
backto processesa, thena �rst comparesa:c with a. If a:c > a, thena withdraws thecurrentattemptto
join. If a:c � a, thena formsasingletonring.

Figure4 shows a join protocol,whichwe referto asthefancy join protocol,thatrealizesthis idea.This
protocolalsocorrectlymaintainstheRanchtopology, but we omit its correctnessproofs. We remarkthat
this leaderelectionalgorithmis not a seriousperformancedrawback: thealgorithmis invoked only when
multiple nodesarecompetingto join an emptyring, which doesnot happenoften,becausein practice,to
achieve goodperformance(i.e., logarithmicnetwork diameter),a processjoins asmany rings aspossible
until thesmallestring to which it belongsconsistsof only a (small)constantnumberof processes.Hence,
only aconstantnumberof processescompeteto join anemptyring.

Theorem 4.3 Thefancyjoin protocolis livelock-free.

Proof idea: We observe thatanattemptto join, say, the� 0-ring mayonly fail dueto oneof thefollowing
two reasons:(1) the� -ring is beingexpanded,or (2) thereis a processwith a higherorderalsoattempting
to join the � 0-ring. Sincethereareonly �nite numberof processesandrings,attemptsto join a ring leads
to theexpansionof somering (althoughmaybeadifferentring). Hence,thesystemis livelock-free.

5 Maintaining Bidir ectional Ranch

Similar to [11], our approachto designinga protocolthatmaintainsbidirectionalRanchis to �rst designa
join protocolanda leave protocol,andthencombinethem.

5.1 Handling Joinsand LeavesSeparately

The join protocol for bidirectionalRanchis a simplecombinationof the ideasin [11] and in Section4.
Figure5 shows theprotocol.Weomit its correctnessproofsasthey aresimplerthanthosein Section5.2.
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pro cess p
var s : f in ; jngg f stateg

id : array [1::] of [0::1]; f identi�er; k = jid j, notexplicitly maintainedg
r : array [0::] of V 0; f right neighborsg
a;c : V 0; i : integer; d : [0::1] f auxiliaryvariablesg

init k = 0 ^ s = in ^ r [0] = p ^ r [1::] = c = nil
begin

�

s = in ! f actionT1; initiatea joing
if k = 0 ! a;d := contact() ; 0

�

k 6= 0 ! a;d := r [k]; random � ;
id := grow(id ; d);
if a = p ! r [k] := p

�

a 6= p ! s; c := jng; p; send join (p;k; d) to a �
�

rcv join (a; i; d) from q ! f T2g
if a = p ^ c = p ! r [k]; s; c := p; in ; nil

�

a = p ^ c 6= p ! s; id ; c := in ; shrink(id ); nil
�

a 6= p ^ ((k < i ^ r [k] 6= nil ) _ (k � i ^ id [i ] 6= d)) ! send join (a; i; d) to r [i � 1]
�

a > p ^ k � i ^ id [i ] = d ^ r [i ] = nil ! send join (a; i; d) to r [i � 1]; c := a
�

(a 6= p ^ k < i ^ r [k] = nil ) _ (a < p ^ k � i ^ id [i ] = d ^ r [i ] = nil ) ! send retry () to a
�

a 6= p ^ k � i ^ id [i ] = d ^ r [i ] 6= nil ! send grant(r [i ]) to a; r [i ] := a �
�

rcv grant (a) from q ! f T3g
r [k]; s; c := a; in ; nil

�

rcv retry () from q ! f T4g
s; id ; c := in ; shrink(id ); nil

end

Figure4: Thefancy join protocolfor unidirectionalRanch.

A processleaves Ranchring by ring, startingfrom the “highest” ring that it participates.The leave
protocolfor bidirectionalRanchis astraightforwardextensionof theleave protocolin [11]. Figure6 shows
theprotocol.Again,we omit its correctnessproofs.

5.2 Handling Both Joinsand Leaves

Designingaprotocolthathandlesbothjoinsandleavesis amuchmorechallengingproblemthandesigning
two thathandlethemrespectively. In particular, therearetwo subtleties.

The �rst subtletyis asfollows. Supposethat thereis a join (a; j� 0j; 0) messagein transmissionfrom
u to v, both of which arein the � -ring. Sincewe only assumereliabledelivery, whenthis join message
is in transmission,v may leave the � -ring, andevenworse,v may join the � -ring again,but at a different
location. If this happens,thenthe join messagemay “skip” part of the � -ring, which may containsome
processesin the � 0-ring. Therefore,if the join messagecomesbackto processa, it causesa to form a
singletonring, resultingin two � 0-rings,whichviolatesthede�nition of Ranch.

The secondsubtletyis asfollows. Supposethat u andv belongto the � -ring andw is the only pro-
cessin the � 0-ring. Then u decidesto join the � 0-ring and sendsout a join (u; j� 0j; 0) message.But
whenthis messagehaspassedv but hasnot reachedw, v alsodecidesto join the � 0-ring andsendsout a
join (v; j� 0j; 0) message.Sincewe only assumereliabledelivery, thejoin (v) messagemayreachw earlier
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pro cess p
var s : array [0::] of f in ; out; jng; busyg f statesg

id : array [1::] of [0::1]; f identi�er; k = jid j, notexplicitly maintainedg
r; l ; t : array [0::] of V 0; f right andleft neighbors;t areauxiliaryvarialesg
a : V 0; i : integer; d : [0::1] f auxiliaryvariablesg

init k = 0 ^ s[0] = in ^ s[1::] = out ^ r [0] = l [0] = p ^ r [1::] = l [1::] = t[0::] = nil
begin

�

s[k] = in ! f actionT1; initiatea joing
if k = 0 ! a;d := contact() ; 0

�

k 6= 0 ! a;d := r [k]; random � ;
id := grow(id ; d);
if a = p ! r [k]; l [k]; s[k] := p;p; in

�

a 6= p ! s[k] := jng; send join (p;k; d) to a �
�

rcv join (a; i; d) from q ! f T2g
if a = p ! r [k]; l [k]; s[k] := p;p; in

�

a 6= p ^ ((k < i ^ r [k] 6= nil ) _ (k � i ^ id [i ] 6= d)) ! send join (a; i; d) to r [i � 1]
�

a 6= p ^ ((k < i ^ r [k] = nil ) _ (k � i ^ id [i ] = d ^ s[i ] 6= in )) ! send retry () to a
�

a 6= p ^ k � i ^ id [i ] = d ^ s[i ] = in ! send grant (a; i ) to r [i ]; r [i ]; s[i ]; t [i ] := a;busy; r [i ] �
�

rcv grant (a; i ) from q ! f T3g
send ack(l [i ]) to a; l [i ] := a

�

rcv ack(a) from q ! f T4g
r [k]; l [k]; s[k] := q; a; in ; send done(k) to l [k]

�

rcv done(i ) from q ! f T5g
s[i ]; t[i ] := in ; nil

�

rcv retry () from q ! f T6g
s[k]; id := out; shrink(id )

end

Figure5: Thejoin protocolfor bidirectionalRanch.

thanthe join (u) messagedoes. Hence,v is grantedinto the � 0-ring, but thenw may leave the � 0-ring.
Therefore,the join (u) messagedoesnot encounterany processin the � 0-ring beforeit comesbackto u,
causingu to createthe� 0-ring. This violatestheRanchde�nition, becausethe� 0-ring alreadyexistsand
consistsof v.

Weusethefollowing ideato overcomethesetwo subtleties.Whenu decidesto join, say, the� 0-ring. It
changesu:s[j� j] (from in ) to wtg (waiting),a new state.Uponreceiving a join (u; i; 0) message,processv
�rst checksif v:s[i � 1] = in . If so,v takesappropriatedecisionasbefore,andif it needsto forwardthejoin
message,v changesv:s[i � 1] to wtg. If not, v sendsa retry messageto u. After u receiveseithera grant
or a retry message,it sendsanend message,which is forwardedon, to changethestateof thoseprocesses
which hasbeensetto wtg by its join messagebackto in . Intuitively, changinga stateto wtg preventsa
processfrom performingcertainjoin or leave operationthatmayjeopardizeanongoingjoin operation.The
combinedprotocolthatrealizesthis ideais shown in Figure7.

Theorem 5.1 in varian t I .
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pro cess p
var s : array [0::] of f in ; out; lvg; busyg f statesg

id : array [1::] of [0::1]; f identi�er; k = jid j, notexplicitly maintainedg
r; l : array [0::] of V 0; f right andleft neighborsg
a : V 0; i : integer f auxiliaryvariablesg

init s[0::k] = in ^ r (k::] = l(k::] = t[0::k] = nil
begin

�

s[k] = in ^ k > 0 ! f T1g
if l [k] = p ! r [k]; l [k]; s[k]; id := nil ; nil ; out; shrink(id )

�

l [k] 6= p ! s[k] := lvg; send leave(r [k]; k) to l [k] �
�

rcv leave(a; i ) from q ! f T2g
if s[i ] = in ^ r [i ] = q ! send grant (q; i ) to a; r [i ]; s[i ]; t [i ] := a;busy; r [i ]

�

s[i ] 6= in _ r [i ] 6= q ! send retry () to q �
�

rcv grant (a; i ) from q ! f T3g
send ack(nil ) to a; l [i ] := q

�

rcv ack(a) from q ! f T4g
send done(k) to l [k]; r [k]; l [k]; s[k]; id := nil ; nil ; out; shrink(id )

�

rcv done(i ) from q ! f T5g
s[i ]; t[i ] := in ; nil

�

rcv retry () from q ! f T6g
s[k] := in

end

Figure6: Theleave protocolfor bidirectionalRanch.

Proof: We introducethefollowing de�nitions to beusedin thisproof.

f (u) = # join (u; � ; � ) + m+ (leave; u) + # grant (u; � ) + m � (ack; u) + m � (retry ; u);

g(u; i ) = m+ (grant (� ; i ); u) + m � (done(i ); u) + h(u; i );

h(u; i ) =
�

m(ack; u:t [i ]; u:r [i ]) + m(ack; u:r [i ]; u:t [i ]) if u:t [i ] 6= nil ^ u:r [i ] 6= nil
0 otherwise,

u:r 0[i ] =

8
>><

>>:

v if u:s[i ] = jng ^ # grant (u; i ) = 1 ^ m � (grant (u; i ); v) = 1
v if u:s[i ] = jng ^ # grant (u; i ) = 0 ^ m � (ack; u) = 1 ^ m(ack; v; u) = 1
nil if u:s[i ] = lvg ^ # grant (u; i ) + m � (ack; u) = 1
u:r [i ] otherwise,

u:l0[i ] =

8
>>>>>>>>>><

>>>>>>>>>>:

v if u:s[i ] = jng ^ # grant (u; i ) = 1 ^ m+ (grant (u; i ); v) = 1
x if u:s[i ] = jng ^ # grant (u; i ) = 0 ^ m � (ack; u) = 1 ^ m � (ack(x); u) = 1
nil if u:s[i ] = lvg ^ # grant(u; i ) + m � (ack; u) = 1
x if # grant(u; i ) + m � (ack; u) = 0 ^ m � (grant (� ; i ); u) = 1 ^

m� (grant (x; i ); u) = 1 ^ x:s[i ] = jng
v if # grant(u; i ) + m � (ack; u) = 0 ^ m � (grant (� ; i ); u) = 1 ^

m(grant (x; i ); v; u) = 1 ^ x:s[i ] = lvg
u:l [i ] otherwise,
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pro cess p
var s : array [0::] of f in ; out; jng; lvg; busy; wtgg; f statesg

id : array [1::] of [0::1]; f identi�er; k = jid j, notexplicitly maintainedg
r; l ; t : array [0::] of V 0; f right andleft neighbors;t areauxiliaryvarialesg
a : V 0; i : integer; d : [0::1] f auxiliaryvariablesg

init k = 0 ^ s[0] = in ^ s[1::] = out ^ r [0] = l [0] = p ^ r [1::] = l [1::] = t[0::] = nil
begin

�

s[k] = in ! f actionT j
1 ; initiatea join; let k0 = k � 1g

if k = 0 ! a;d := contact() ; 0
�

k 6= 0 ! a;d := r [k]; random � ;
id := grow(id ; d);
if a = p ! r [k]; l [k]; s[k] := p;p; in

�

a 6= p ! s[k0]; s[k] := wtg; jng; send join (p;k; d) to a �
�

s[k] = in ^ k > 0 ! f T l
1; initiatea leaveg

if l [k] = p ! r [k]; l [k]; s[k]; id := nil ; nil ; out; shrink(id )
�

l [k] 6= p ! s[k] := lvg; send leave(r [k]; k) to l [k] �
�

rcv join (a; i; d) from q ! f T j
2 ; let i 0 = i � 1g

if a = p ! r [i ]; l [i ]; s[i 0]; s[i ] := p;p; in ; in ; send end(p; i 0) to r [i 0]
�

a 6= p ^ s[i 0] = in ^ (k < i _ (k � i ^ id [i ] 6= d)) ! s[i 0] := wtg; send join (a; i; d) to r [i 0]
�

a 6= p ^ (s[i 0] 6= in _ (s[i 0] = in ^ k � i ^ s[i ] 6= in ^ id [i ] = d)) ! send retry () to a
�

a 6= p ^ s[i 0] = in ^ k � i ^ s[i ] = in ^ id [i ] = d ! send grant (a; i ) to r [i ];
r [i ]; s[i ]; t [i ] := a;busy; r [i ] �

�

rcv leave(a; i ) from q ! f T l
2g

if s[i ] = in ^ r [i ] = q ! send grant (q; i ) to a; r [i ]; s[i ]; t [i ] := a;busy; r [i ]
�

s[i ] 6= in _ r [i ] 6= q ! send retry () to q �
�

rcv grant (a; i ) from q ! f T3g
if l [i ] = q ! send ack(l [i ]) to a; l [i ] := a

�

l [i ] 6= q ! send ack(nil ) to a; l [i ] := q �
�

rcv ack(a) from q ! f T4; let k0 = k � 1g
if s[k] = jng ! r [k]; l [k]; s[k0]; s[k] := q; a; in ; in ; send done(k) to l [k];

if k0 6= 0 ! send end(a;k0) to r [k0] �
�

s[k] = lvg ! send done(k) to l [k]; r [k]; l [k]; s[k]; id := nil ; nil ; out; shrink(id ) �
�

rcv done(i ) from q ! f T5g
s[i ]; t[i ] := in ; nil

�

rcv retry () from q ! f T6; let k0 = k � 1g
if s[k] = jng ! s[k0]; s[k]; id := in ; out; shrink(id ); if k 6= 0 ! send end(q; k) to r [k] �

�

s[k] = lvg ! s[k] := in �
�

rcv end(a; i ) from q ! f T7g
if p 6= a ! s[i ] := in ; send end(a; i ) to r [i ] �

end

Figure7: Thecombinedprotocolfor bidirectionalRanch.
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�( u) =

8
>>>><

>>>>:

X if u:s[u:k] = jng ^ f (u) = 1 ^ m � (join (u; � ; � ); v) = 1 ^ path+ (u; v; r 0[u:k � 1])
X if u:s[u:k] = jng ^ f (u) = 1 ^ m+ (grant (u; � ); v) = 1 ^ path+ (u; v; r 0[u:k � 1])
X if u:s[u:k] = jng ^ f (u) = 1 ^ m � (ack(v); u) = 1 ^ path+ (u; v; r 0[u:k � 1])
X if u:s[u:k] = jng ^ f (u) = 1 ^ m(retry ; v; u) = 1 ^ path+ (u; v; r 0[u:k � 1])
; otherwise,

X = f ug [ f w : 0 < dist(u; w; r 0[u:k � 1]) < dist(u; v; r 0[u:k � 1])g:

We use� and� to denoteinstancesof theend messageand,with a slight abuseof notation,we use�: 1 to
denotethe�rst parameterof � andwe use�: 2 to denotethesecondparameterof � . For every instance� of
theend message,where� is beingsentto u and�: 1 = v, de�ne �( � ) to be:

�( � ) =

8
>><

>>:

f ug [ f w : 0 < dist(u; w; r 0[�: 2]) < dist(u; v; r 0[�: 2])g
if path+ (u; v; r 0[�: 2]) ^ u 6= v

;
otherwise

An invariantof thecombinedprotocolis shown in Figure8. In theinvariant,j 0 denotesj � 1. We remark
that, in orderto make useof theproofsin [11], we do not strive to simplify the invariantin Figure8. For
example,theC andF conjunctscanbecombined,but we do not do so becausetheC conjunctis almost
identicalto theC conjunctof theinvariantfor thecombinedprotocolfor asinglering presentedin [11].

It suf�ces to checkthatevery actionpreservesevery conjunctof I . We observe thatconjunctsD 1, R1,
andR2 aretrivially preserved by every action. Also, by R1 andthe de�nition of � , we have G : h8u :
u:k � 1 : �( u) = ;i .

f I g T j
1 f I g: [A1] If a join messageis sent,thenthisactionestablishesbothp:s[p:k] = jng andf (p) = 1.

If no join messageis sent,thenthis actionpreservesbothp:s[p:k] = in andf (p) = 0. [A 2] This action
preserves p:s[p:k] 6= busy. [A3] This action incrementsp:k by 1 and# p:s[p:k] = in jjng. [B 1] If a
join messageis sent,then # p:s[p:k] = jng ^ p:r[p:k] = p:l[p:k] = nil . If no join messageis sent,
then # p:s[p:k] = in ^ p:r[p:k] = p:l[p:k] = p. [B 2] This action increasesp:k by 1 and preserves
p:s[p:k] 6= busy. [C] Similar to theproof in [11]. [E j

1] Let ` betheold p:k. Supposethata join (p; ` + 1; � )
messageis sent.Thenthis actionclearlyestablishesp:s[`] = wtg ^ p:r[`] = a, andif ` + 1 � 2, it follows
from R3 that l path+ (p;p; r 0[`]), where` is the old p:k. And this actiondoesnot falsify the consequent
becauseit establishesp:s[`] = wtg. Supposethatno join messageis sent.Thenthis actiondoesnot falsify
the consequentbecauseit establishesp:s[`] = wtg ^ p:r[` + 1] 6= nil ^ p:r 0[` + 1] 6= nil . [E l

1] This
actionpreservesm+ (leave; p) = 0. [E2] This actionmay falsify theconsequentonly if x = p. But A 1

implies that l # grant (p; � ) = 0. [E j
3] This actionmay truthify theantecedentor falsify theconsequent

only if v = p. But A1 implies that l m � (ack; p) = 0. [E j
5] This actionmay truthify the antecedentor

falsify the consequentonly if v = p. But A1 implies that l m � (retry ; p) = 0. [E6] This actiondoes
not falsify the consequentbecauseit doesnot falsify path+ (u; v; r 0[j ]) for any u; v; j . [F1] This action
preserves�( p) = ; . [F2] This actiondoesnot generateor remove any end message,it doesnot falsify
path+ (u; v; r 0[j ]) for any u; v; j . [F3] Thisactiondoesnotgenerateor removeany end message,it doesnot
falsify path+ (u; v; r 0[j ]) for any u; v; j , andit preserves�( p) = ; . [F4] This actionpreserves�( p) = ; .
[F5] This actionpreserves�( p) = ; anddoesnot falsify v:s[j ] = wtg for any v:j . [F6] Let ` betheold
p:k. Thisactiondoesnot truthify theantecedentbecause,if a join messageis sent,thenall ther 0valuesare
preserved,andif no join messageis sent,thenafter theaction,p is theonly processwhoser 0[` + 1] value
equalsp. This actiondoesnot falsify u:s[j ] = wtg for any u; j . [R3] If this actiondoesnot senda join
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I = A ^ B ^ C ^ D ^ E ^ F ^ R
A = h8u :: A1 ^ A2 ^ A3i

A1 = (u:s[u:k] = jngjlvg � f (u) = 1) ^ f (u) � 1
A2 = (u:s[j ] = busy � g(u; j ) = 1) ^ g(u; j ) � 1
A3 = u:s[0::u:k) = in jbusyjwtg ^ u:s(u:k::] = out
B = h8u :: B1 ^ B2i

B1 = (u:s[j ] = in jbusyjlvgjwtg � u:r [j ] 6= nil ^ u:l [j ] 6= nil ) ^ (u:r [j ] 6= nil � u:l [j ] 6= nil )
B2 = u:s[j ] = busy � u:t [j ] 6= nil
C = h8u; v; x; j : C l

1 ^ C j
2 ^ C l

2 ^ C j
3 ^ C l

3 ^ C4i
C l

1 = m+ (leave(x; � ); u) > 0 ) u:s[u:k] = lvg ^ u:r [u:k] = x
C j

2 = m(grant (x; j ); u; v) > 0 ^ x:s[j ] = jng ) u:t [j ] = v ^ v:l [j ] = u
C l

2 = m(grant (x; j ); u; v) > 0 ^ x:s[j ] = lvg ) u:t [j ] = x ^ u:r [j ] = v ^ v:l [j ] = x ^ x:l [j ] = u
C j

3 = m(ack(x); u; v) > 0 ^ v:s[v:k] = jng ) x:t [v:k] = u ^ x:r [v:k] = v
C l

3 = m(ack(x); u; v) > 0 ^ v:s[v:k] = lvg ) x = nil ^ v:l [v:k]:t[v:k] = v ^ v:l [v:k]:r [v:k] = u
C4 = m(done(j ); u; v) > 0 ) v:t[j ] 6= nil
D = h8u; j; e : D1 ^ D2i

D1 = # grant (nil ; � ) = 0
D2 = # join (u; j; e) > 0 ) j � 1 ^ j = u:k ^ e = u:id [j ] ^ u:s[j ] = jng ^ u:s[j 0] = wtg
E = h8u; v; w; x; j; e : E j

1 ^ E l
1 ^ E2 ^ E j

3 ^ E j
5 ^ E6i

E j
1 = m(join (w; j; � ); u; v) > 0 ) u:s[j 0] = wtg ^ u:r [j 0] = v ^ (j � 2 ) path+ (w; u; r 0[j 0]))

E l
1 = m+ (leave(x; j ); u) > 0 ) u:k = j

E2 = m(grant (x; j ); u; v) > 0 ) j = x:k ^ (x:s[j ] = jng ^ j � 2 ) path+ (x; u; r 0[j 0]))
E j

3 = m(ack(x); u; v) > 0 ^ v:s[v:k] = jng ^ v:k � 2 ) path+ (v; x; r 0[v:k � 1])
E j

5 = m(retry ; u; v) > 0 ^ v:s[v:k] = jng ^ v:k � 2 ) path+ (v; u; r 0[v:k � 1])
E6 = m� (end(v; j ); u) > 0 ) j � 1 ^ (u 6= v ) path+ (u; v; r 0[j ]))
F = h8u; v; �; � : F1 ^ F2 ^ F3 ^ F4 ^ F5 ^ F6i

F1 = u:k = v:k ) �( u) \ �( v) = ;
F2 = �: 2 = � :2 ) �( � ) \ �( � ) = ;
F3 = �: 2 = u:k � 1 ) �( u) \ �( � ) = ;
F4 = �( u) \ Uu:id � f ug
F5 = v 2 �( u) ) v:s[u:k � 1] = wtg
F6 = u 2 �( � ) ) u:s[�: 2] = wtg
R = h8u; � : R1 ^ R2 ^ R3i

R1 = u:r [0] = u
R2 = u:k � 1 ) u:id [1] = 0
R3 = biring (U� ; r 0[j� j])

Figure8: An invariantof thecombinedprotocolfor bidirectionalRanch.
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message,thenit createsthe� -ring, where� is thenew p:id . If thisactionsendsa join message,thenit does
notaffectR3.

f I g T l
1 f I g: [A1] Similar to the proof in [11]. [A2] Similar to the proof in [11]. [A3] The �rst branch

decreasesp:k by 1 andestablishesp:s[j ] from in to out, wherej is theold p:k. Thesecondbranchchanges
p:s[p:k] from in to lvg. [B1] Similar to theproof in [11]. [B2] Similar to theproof in [11]. [C] Similar to
theproof in [11]. [D2] By A1, l # join (p; � ; � ) = 0. [E j

1] (�rst branch)Let ` betheold p:k. By R3, before
thisaction,p is theonly processwhoser 0[`] valueis p. Hence,thisactionmayfalsify theconsequentonly if
u = p. But " p:s[`] = in . (secondbranch)This actiondoesnot falsify theconsequentbecauseit preserves
p:s[`] 6= wtg. [E l

1] (�rst branch)By A1, l m+ (leave; p) = 0. (secondbranch)This actionestablishes
m+ (leave(p;p:k); p) > 0. [E2] (�rst branch)This actionmay falsify the consequentonly if x = p, but
A1 implies that l # grant (x; � ) = 0. (secondbranch)This actionpreservesp:s[p:k] 6= jng. [E j

3] (�rst
branch)This actionmayfalsify theconsequentonly if x = p. But A 1 impliesthatl # ack(p) = 0. (second
branch)Thisactionpreservesp:s[`] 6= jng. [E j

5] (�rst branch)This actionmayfalsify theconsequentonly
if u = p. But A1 implies that l m � (retry ; p) = 0. (secondbranch)This actionpreservesp:s[`] 6= jng.
[E6] This actionmayfalsify theconsequentonly if u = v = p. [F1] (�rst branch)Let � be theold p:id .
Sincebeforethisaction,p is theonly processon the� -ring, removing p from the� -ring doesnotaffectany
� value.(secondbranch)Unaffected.[F2] (�rst branch)By E6, if p hasany incomingend(u; `) message,
thenu = p. Hence,removing p from the� -ring preservestheemptinessof the� valueof thosemessages.
(secondbranch)Unaffected. [F3] (�rst branch)As reasonedin F2, this actionpreservesall the � and�
values. It may truthify the antecedentonly if u = p, but l �( p) = ; . (secondbranch)Unaffected. [F4]
Thisactionpreserves�( p) = ; andthe�rst branchestablishesU� = ; where� is a theold p:id . [F5] This
actionpreservesall the � valuesandpreservesp:s[`] 6= wtg. [F6] This actionpreservesall the � values
andpreservesp:s[`] 6= wtg. [R3] (�rst branch)This actionremovesp from thesingleton� -ring. (second
branch)Unaffected.

f I g T j
2 f I g: (self) [A1] This actiondecreasesf (p) from 1 to 0 andestablishesp:s[p:k] = in . [A 2] This

actionchangesp:s[p:k] from jng to in andchangesp:s[p:k � 1] from wtg to in . [A 3] This actionchanges
p:s[p:k] from jng to in andchangesp:s[p:k � 1] from wtg to in . [B 1] This actionchangesp:s[p:k] from
jng to in andtruthi�es bothp:r[p:k] 6= nil andp:l[p:k] 6= nil . [B 2] Thisactionpreservesp:s[p:k] 6= busy.
[C l

1] By A1 and " # join (p; � ; � ) > 0, we have l m+ (leave; p) = 0. [C2;3] This action truthi�es
p:r[p:k] 6= nil andp:l[p:k] 6= nil . Henceit doesnot falsify any of theconsequents.[C4] Unaffected.[D2]
This actionremovesa join messageandfalsi�es bothp:s[p:k] = jng andp:s[p:k � 1] = wtg. [E j

1] This
actionremovesa join message.It mayfalsify theconsequentonly if u = p andj = p:k. We observe that
thereis no outgoingjoin (x; p:k; � ) messagefrom p for somex becauseotherwise,by thede�nition of � ,
p 2 �( p) ^ p 2 �( x), contradictingF1. [E l

1] Unaffected.[E2] Thisactiondoesnot falsify theconsequent
becauseit truthi�es bothp:s[p:k] 6= jng andp:r 0[p:k] 6= nil . [E j

3] This actionfalsi�es p:s[p:k] = jng and
truthi�es p:r0[p:k] 6= nil . [E j

5] SameasE j
3. [F1] This actionpreservesp:k andtruthi�es �( p) = ; . [F2]

Let S betheold �( p). Thisactioncreatesanew instance� of theend message,and�( � ) = S nf pg. Thus,
by F3, this actionpreservesF2. [F3] Similar to F2. By F1, this actionpreservesF3. [F4] Let � bep:id .
By R3 andthede�nition of � , " �( p) = Vp:id [1::p:k ) . Hence," U� = ; . This actionputsp into U� but
establishes�( p) = ; . [F5] This actiondoesnot truthify theantecedentbecauseit establishes�( p) = ; .
This actionmayfalsify theconsequentonly if v = p andu:k = p:k. But F1 impliesthatp doesnot belong
to �( u) of any u suchthat u:k = p:k andu 6= p. [F6] This actioncreatesa new instance� of the end
messagesuchthat �( � ) = S n f pg whereS is theold �( p). Hence,by F5, this actionpreservesF6. [R3]
Thisactioncreatesasingleton� -ring.
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f I g T j
2 f I g: (forward) [A1] This action preserves f (a) = 1. [A2] Unaffected. [A3] Unaffected.

[B1] Unaffected. [B2] Unaffected. [C] Unaffectedbecausethis action preserves p:s[i 0] 6= lvg. [D2]
This action forwardsthe join messageand truthi�es p:s[i 0] = wtg. [E j

1] This action establishesboth
m(join (a; i; � ); p;p:r [i 0]) > 0 and p:s[i 0] = wtg. By E j

1, " path+ (a;q; r 0[i0]) ^ q:r 0[i0] = p. Hence,
# path+ (a;p; r 0[i0]). [E l

1] Unaffected.[E2; E j
3; E j

5] Thisactionpreservesp:s[i 0] 6= jng. [E6] Unaffected.
[F1] This actionaddsp to �( a), andF1 is preservedby thisactiondueto F5. [F2] Unaffected.[F3] This
actionaddsp to �( a), andF3 is preservedby thisactiondueto F6. [F4] Thisactionaddsp to �( a), but due
to theguardof this branch,p 62Ua:id . [F5] This actionaddsp to �( a) andtruthi�es p:s[a:k � 1] = wtg.
[F6] Thisactiontruthi�es p:s[i 0] = wtg. [R3] Unaffected.

f I g T j
2 f I g: (retry) [A1] Thisactionpreservesf (a). [A2] Unaffected.[A3] Unaffected.[B1] Unaffected.

[B2] Unaffected.[C] Unaffected.[D 2] This actionremovesa join message.[E j
1] This actionremovesa

join message.[E2; E j
3; E6] Unaffected.[E j

5] Thisactiontruthi�es m(retry ; p;a) > 0, andE j
1 impliesthat

if a:k � 2, thenpath+ (a;p; r 0[a:k � 1]). [F ] Unaffectedbecause�( p) is preserved. [R3] Unaffected.

f I g T j
2 f I g: (grant)[A1] Similar to theproof in [11]. [A2] Similar to theproof in [11]. [A3] This action

changesp:s[i ] from in to busy. [B1] Similar to the proof in [11]. [B2] Similar to the proof in [11].
[C] Similar to the proof in [11]. [D 2] This action removes a join messageandpreserves p:s[i ] 6= jng
andp:s[i ] 6= wtg. [E j

1] This actionremovesa join message.It doesnot falsify the consequentbecause
" p:s[i 0] 6= wtg andthisactiondoesnotfalsifypath+ (w; u; r 0[j 0]) for any w; u; j becauseit changesp:r 0[i ] to
a andchangesa:r 0[a:k] from nil to theold p:r0[i ]. [E l

1] Unaffected.[E2] Let w betheold p:r[i ]; B1 implies
thatw 6= nil . This actionestablishesm(grant (a; i ); p;w) > 0. By D 2, i = a:k ^ a:s[i ] = jng, andby E j

1,
if j � 2, thenpath+ (a;p; r 0[j 0]). This actiondoesnot falsify theconsequentbecauseit preservesp:k and
p:s[i ] 6= jng, andthis actiondoesnot falsify path+ (x; u; r 0[j 0]) for any x; u; j . [E j

3] This actionpreserves
p:s[i ] 6= jng anddoesnotfalsify path+ (v; x; j ) for any v; x; j . [E j

5] SameasE j
3. [E6] Thisactiondoesnot

falsifypath+ (u; v; r 0[j ]) for any u; v; j . [F1] Thisactionpreserves�( a). Since" p:s[i ] = in ^ a:s[i ] = jng,
by F5, neitherof themis in �( w) wherew:k = i + 1. Hence,changingp:r 0[i ] anda:r 0[i ] doesnot affect
any � value. [F2] Since" p:s[i ] = in ^ a:s[i ] = jng, by F6, neitherof themis in �( � ) where�:k = i .
Hence,changingp:r0[i ] anda:r 0[i ] doesnot affect any � value. [F3] Similar to F1. Unaffected. [F4] Let
� be a:id . This actionpreserves �( a). It truthi�es a:r 0[a:k] 6= nil andhenceaddsa to U� . [F5] This
actionpreservesboth�( a) andp:s[i ] 6= wtg. [F6] Similar to F2, all � valuesarepreserved,andthisaction
preservesp:s[i ] 6= wtg. [R3] Similar to theproof in [11].

f I g T l
2 f I g: [A1] Similar to theproof in [11]. [A2] Similar to theproof in [11]. [A3] (�rst branch)This

actionchangesp:s[i ] from in to busy. (secondbranch)This actionpreservesp:s[i ]. [B 1] Similar to the
proofin [11]. [B2] Similarto theproofin [11]. [C] Similarto theproofin [11]. [D 2] Eitherbranchpreserves
p:s[i ] 6= jng andp:s[i ] 6= wtg. [E j

1] (�rst branch)This actionmayfalsify theconsequentonly if u = p or
u = a. But " p:s[i ] 6= wtg and" a:s[i ] 6= wtg. (secondbranch)Unaffected. [E l

1] This actionremovesa
leavemessage.[E2] (�rst branch)Let w betheold p:r[i ]. Thisactionestablishesm(grant (q; i ); p;w) > 0.
By E l

1, we have i = q:k. This actionmay falsify the consequentonly if u = q andj 0 = q:k. But A1

andC l
2 imply that l m+ (grant (� ; q:k + 1); q) = 0. (secondbranch)Unaffected. [E j

3] (�rst branch)This
actionpreserves p:s[i ] 6= jng. It may falsify the consequentonly if x = q. But A 1 andC j

3 imply that
l # ack(q) = 0. (secondbranch)Unaffected. [E j

5] (�rst branch)This actionpreservesp:s[i ] 6= jng. It
may falsify the consequentonly if u = q for someu. But if the antecedentholdsafter this action,then
" p:s[i ] = wtg because" p 2 �( v), contradicting" p:s[i ] = in . (secondbranch)This actionestablishes
m(retry ; p;q) > 0, but q:s[q:k] 6= jng. [E6] (�rst branch)This actionmay falsify the consequentonly
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if v = q andj = q:k. If " m � (end(q; q:k); w) > 0 for somew, thenby F6, " p:s[q:k] = wtg because
" p 2 �( � ) for some� , contradicting" p:s[q:k] = in . (secondbranch)Unaffected. [F1] (�rst branch)
Since" p:s[i ] = in ^ q:s[i ] = lvg, by F5, wehavep 62�( w) andq 62�( w) for any w suchthatw:k = i + 1.
Hence,this actionpreservesall the � values.(secondbranch)Unaffected. [F2] (�rst branch)By F6, we
observe that this actionpreserves all the � values. (secondbranch)Unaffected. [F3] Similar to F1 and
F2. This actionpreservesall the� and� values.[F4] (�rst branch)This actionpreservesall the� values
andremovesq from Uq:id . (secondbranch)Unaffected.[F5] (�rst branch)This actionpreservesall the�
valuesandpreservesbothp:s[i ] 6= wtg andq:s[i ] 6= wtg. (secondbranch)Unaffected.[F6] Similar to F5.
[R3] Similar to theproof in [11].

f I g T3 f I g: [A1] Similar to theproof in [11]. [A2] Similar to theproof in [11]. [A3] Unaffected. [B1]
Similar to the proof in [11]. [B2] Similar to the proof in [11]. [C] Similar to the proof in [11]. [D 2]
Unaffected. [E j

1] Unaffected. [E l
1] Unaffected. [E2] This actionremovesa grant message.[E j

3] (�rst
branch)This actionestablishesm(ack(q); p;a) > 0. By E2, we have " path+ (a;q; r 0[a:k � 1]). (second
branch)We observe that " a:s[i ] = lvg. [E j

5] Unaffected. [E6] Unaffected. [F ] Unaffected. [R3]
Similar to theproof in [11].

f I g T4 f I g: (�rst branch)[A1] Similar to theproof in [11]. [A2] Similar to theproof in [11]. [A3] This
actionchangesp:s[p:k] from jng to in andchangesp:s[p:k � 1] from wtg to in . [B 1] Similar to theproof
in [11]. [B2] Similar to theproof in [11]. [C] Similar to theproof in [11]. [D 2] This actionmay falsify
the consequentonly if u = p. But A1 implies that l # join (p; � ; � ) = 0. [E j

1] This actionmay falsify
the consequentonly if u = p and j = p:k. But p hasno outgoingjoin (w; p:k; � ) messagefor any w
becausethat makesp 2 �( p) andp 2 �( w), violating F1. [E l

1] Unaffected. [E2] This actionfalsi�es
p:s[p:k] = jng. [E j

3] This actionremovesanack messageandfalsi�es p:s[p:k] = jng. [E j
5] This action

falsi�es p:s[p:k] = jng. [E6] Let w bep:r[p:k � 1]. Thisactionestablishesm(end(a;p:k � 1); w) > 0. If
a 6= w, thenby E2 and" p:r0[p:k� 1] = w, wehave# path+ (w; a; r 0[p:k� 1]). [F1] Thisactionestablishes
�( p) = ; . [F2] Let S be the old �( p). This actioncreatesan instance� of the end messagesuchthat
�( � ) = S n f pg. Hence,by F3, this actionpreservesF2. [F3] By F1, this actionpreservesF3. [F4] This
actionestablishes�( p) = ; . [F5] This actionestablishes�( p) = ; andfalsi�es p:s[p:k � 1] = wtg. By
F1, we observe thatp 62�( w) for any w suchthatw:k = p:k. [F6] By F5, this actionpreservesF6. [R3]
Similar to theproof in [11].

f I g T4 f I g: (secondbranch)[A1] Similar to theproof in [11]. [A2] Similar to theproof in [11]. [A3] This
actionchangesp:s[p:k] from lvg to out. [B 1] Similar to theproof in [11]. [B2] Similar to theproof in [11].
[C] Similar to theproof in [11]. [D 2] This actionpreservesp:s[p:k] 6= jng. [E j

1] This actionpreserves
p:s[p:k] 6= wtg. [E l

1] This actiondecreasesp:k by 1, but A1 impliesthat l # grant (p; � ) = 0. [E2] This
actionpreservesp:s[p:k] 6= jng. [E j

3] This actionremovesanack messageandpreservesp:s[p:k] 6= jng
anddecreasesp:k by 1. [E j

5] Thisactionpreservesp:s[p:k] 6= jng. [E6] Unaffected.[F ] Unaffected.Note
thatthisactionpreservesp:s[p:k] 6= wtg. [R3] Similar to theproof in [11].

f I g T5 f I g: [A1] Similar to theproof in [11]. [A2] Similar to theproof in [11]. [A3] This actionchanges
p:s[i ] from busy to in . [B1] Similar to theproof in [11]. [B2] Similar to theproof in [11]. [C] Similar to
theproof in [11]. [D2; E ; F ] Unaffected.[R3] Similar to theproof in [11].

f I g T6 f I g: (�rst branch)[A1] Similar to the proof in [11]. [A2] Similar to the proof in [11]. [A3]
This actionchangesp:s[p:k] from jng to out andp:s[p:k � 1] from wtg to in . [B 1] Similar to theproof
in [11]. [B2] Similar to theproof in [11]. [C] Similar to theproof in [11]. [D 2] Thisactionmayfalsify the
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consequentonly if u = p. But A1 and" m� (retry ; p) > 0 imply thatl # join (p; � ; � ) = 0. [E j
1] Let ` be

theold p:k. This actionfalsi�es p:s[` � 1] = wtg. We observe thatp hasno otheroutgoingjoin (w; `; � )
messagebecauseotherwise" p 2 �( p) ^ p 2 �( w), violatingF1. [E l

1] Thisactiondecreasesp:k by 1. But
A1 impliesthatl m+ (leave; p) = 0. [E2] Thisactionmayfalsify theconsequentonly if x = p. But A 1 and
" m� (retry ; p) > 0 imply that l # grant (p; � ) = 0. [E j

3] This actionfalsi�es p:s[p:k] = jng. [E j
5] This

actionremovesa retry messageandfalsi�es p:s[p:k] = jng. [E 6] Let ` bethenew p:k andlet w bep:r[`].
This actionestablishesm(end(q; `); w) > 0. If q 6= w and` � 1, thenby E j

5, we have path+ (w; q; r 0[`]).
[F1] This actionestablishes�( p) = ; . [F2] Let S betheold �( p). Thenthis actioncreatesan instance
� of theend messagesuchthat �( � ) = S n f pg. Thenby F3, this actionpreservesF2. [F3] By F1, this
actionpreservesF3. [F4] Thisactionestablishes�( p) = ; . [F5] Thisactionfalsi�es p:s[`] = wtg. But F1

impliesthat" p 62�( w) for any w suchthatw:k = ` + 1. [F6] This actionfalsi�es p:s[`] = wtg. But F3

impliesthat" p 62�( � ) for any � suchthat�:k = `. [R3] Similar to theproof in [11].

f I g T6 f I g: (secondbranch)[A1] Similar to theproof in [11]. [A2] Similar to theproof in [11]. [A3] This
actionchangesp:s[`] from lvg to out, where` is theold p:k, andthendecrementsp:k by 1. [B 1] Similar
to theproof in [11]. [B2] Similar to theproof in [11]. [C] Similar to theproof in [11]. [D 2] This action
preservesp:s[p:k] 6= jng andp:s[p:k] 6= wtg. [E j

1] Thisactionpreservesp:s[p:k] 6= wtg. [E l
1] Unaffected.

[E2] This actionpreservesp:s[p:k] 6= jng. [E j
3] This actionpreservesp:s[p:k] 6= jng. [E j

5] This action
preservesp:s[p:k] 6= jng. [E6] Unaffected.[F ] Unaffected.[R3] Similar to theproof in [11].

f I g T7 f I g: If p = a, thenI is trivially preservedbecausethis actiononly removesanend message.Sup-
posethatp 6= a. [A; B ] By F6, thisactionchangesp:s[i ] from wtg to in . [C] By F6, thisactionchanges
p:s[i ] from wtg to in . [D 2] This actionfalsi�es p:s[i ] = wtg. But A1 implies that l # join (p; � ; � ) = 0.
[E j

1] This actionfalsi�es p:s[i ] = wtg. But F3 impliesthatp doesnot have any outgoingjoin (w; i + 1; � )
message.[E l

1] Unaffected. [E2; E j
3; E j

5] This action preserves p:s[i ] 6= jng. [E6] This action es-
tablishesm � (end(a; i ); p:r [i ]) > 0. If a 6= p:r[i ], then E6 implies that # path+ (p:r [i ]; a; r 0[i ]). [F1]
Unaffected. [F2] This actionremovesan instance� , andcreatesan instance� 0, of theend message,such
that�( � ) = �( � 0) [ f pg. [F3] Similar to F2. [F4] Unaffected.[F5] Thisactionfalsi�es p:s[i ] = wtg. But
F3 impliesthatp 62�( w) suchthatw:k = i + 1. [F6] This actionfalsi�es p:s[i ] = wtg. But F2 implies
thatp 62�( � ) suchthat�:k = i . [R3] Unaffected.

Therefore,in varian t I .

Theorem 5.2 If joinsandleaveseventuallysubside, thenB eventuallyholdsandcontinuesto hold.

Proof idea: We usethetechniquesin [19] to prove theprogressproperties.Let Q (quiescent)bea global
booleanvariablecontrolledby theenvironmentbut not theprotocol.WeassumethatQ is initially falseand
Q remainstrueonceit is truthi�ed. We modify theprotocolby adding: Q asanadditionalconjunctto the
guardsof T j

1 andT l
1. Hence,onceQ holds,T j

1 andT l
1 aredisabled.Our goal is to show thatQ 7! B . The

discussionbelow applyto thesystemstateafterQ is truthi�ed.
We �rst observe thateventually# leave = 0 becauseQ preventsnew leave messagesfrom beinggen-

eratedand the existing leave messageswill eventually be either grantedor declined. Similarly, all the
messagesgenerateddueto a leave requestwill eventuallybe delivered. We thenobserve that after those
messagesareall delivered,eventually# join = 0. To seethis,let J bethesetof all thejoin messagesin the
network at thattime. Considera join (u; i; d) message,wherei is thesmallestsecondparameteramongall
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themessagesin J . Theprogramtext andthefactthatall themessagesrelatedto leavesaredeliveredimply
that

# join (u; i; d) = 1 ^ j�( u)j = ` co # join (u; i; d) = 0 _ j�( u)j = ` + 1:

Sincei is thesmallestamongall themessagesin J anda join (� ; j; � ) messagemayonly causea � -ring,
wherej� j = j , to grow, andsince�( u) consistsof processeson a ring of lengthi � 1 andhence�( u)
doesnot grow, eventually# join (u; i; d) = 0. Therefore,by a simpleinductive argumenton i , eventually
# join = 0.

We then observe that, once Q ^ # leave = 0 ^ # join = 0 holds, it follows from the program
text that all the messagesother thanend messageswill eventuallybe delivered. Therefore,Q 7! Q ^
(thereareonly end messages). Whenthisholds,let S bethesetof all theend messages.Let M = jSj and
let N =

P
� 2 S j�( � )j. Whenthereareonly end messages,by theprogramtext, wehave

M = m ^ N = n 7! (M = m � 1 ^ N = n) _ (M = m ^ N = n � 1)

Hence,M = m 7! M = 0 andtherefore,Q 7! Q^ (no messagein thenetwork). If therearenomessages
in thenetwork, thenu:r 0[i ] = u:r [i ] andu:l 0[i ] = u:l [i ], for all u; i , by thede�nitions of r 0; l0. Therefore,
Q 7! B .

5.3 Discussions

A desirablepropertyfor a topologymaintenanceprotocolis thataprocessthathasleft thenetwork doesnot
have any incomingmessagerelatedto thenetwork. This property, however, is notprovidedby theprotocol
in Figure7 if we only assumereliable,but not ordereddelivery. On theotherhand,if we assumereliable
andordereddelivery of messagesandwe extendtheprotocolusinga methodsimilar to theonesuggested
in [11], thentheextendedcombinedprotocolprovidesthis property.

Thiscombinedprotocolin Figure7 is not livelock-free.In fact,aspointedout in [11], theleaveprotocol
for a singlering is not livelock-free.We remarkthat this propertyis not providedby existing work either;
seea detaileddiscussionin Section6 andin [11]. Lynchet al. [15] have pointedout thesimilarity between
this problemandtheclassicaldining philosophersproblem,for which thereis no deterministicsymmetric
solution that avoids starvation [10]. However, one may usea probabilisticalgorithmsimilar to the one
in [10] to provide this property, or, asin the Ethernetprotocol,a processmay delaya randomamountof
timebeforesendingoutanotherleave request.

6 RelatedWork

Peer-to-peernetworks belongin two categories,structuredandunstructured,dependingon whetherthey
have stringentneighborrelationshipsto bemaintainedby their members.Topologymaintenanceis thusa
non-issuefor unstructuredpeer-to-peernetworks. In recentyears,numeroustopologieshavebeenproposed
for structuredpeer-to-peernetworks (e.g.,[3, 7, 12, 16, 17, 20, 23, 21, 22, 24]). Many of them,however,
assumethatconcurrentmembershipchangesonly affectdisjointsetsof theneighborvariables.Clearly, this
assumptiondoesnotalwayshold.

Chord[23] takesthepassiveapproachto topologymaintenance.Liben-Nowell etal. [13] investigatethe
bandwidthconsumedby repairprotocolsandshow thatChordis nearlyoptimal in this regard. Hildrum et
al. [8] focuson choosingnearbyneighborsfor Tapestry[24], a topologybasedon PRR[20]. In addition,
they proposea join protocol for Tapestry, togetherwith a correctnessproof. Furthermore,they describe
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how to handleleaves(bothvoluntaryandinvoluntary) in Tapestry. However, thedescriptionof voluntary
(i.e., active) leaves is high-level andis mainly concernedwith individual leaves. Liu andLam [14] have
alsoproposedanactive join protocolfor a topologybasedonPRR.Their focus,however, is onconstructing
a topologythat satis�es the bit-correctingpropertyof PRR; in contrastwith the work of Hildrum et al.,
proximity considerationsarenot takeninto account.

Thework of AspnesandShah[3] is closelyrelatedto ours. They give a join protocolanda leave pro-
tocol, alongwith two tersecorrectnessarguments.Thecorrectnessargumentsis a steptowardsassertional
proofsbecausethey reasonaboutan invariantthat capturesthede�nition of a skip graph. But their work
hassomeshortcomings.Firstly, theinvariantdoesnot capturethesystemstatewhenmessagesarein trans-
mission.As we have seenin this paper, reasoningaboutthesystemstateduringmessagetransmissionis a
mainpartof theproofs.Also, theargumentsof [3] areoperationalandmainly reasonaboutindividual joins
or leaves,but the reasoningon concurrency is sketchy. Secondly, the join protocolandthe leave protocol
of [3], if put together, cannothandlebothjoins andleaves. (To seethis, considerthescenariowherea join
occursbetweenaleaving processandits right neighbor.) Thirdly, for theleaveprotocol,aprocessmaysend
aleaverequestto aprocessthathasalreadyleft thenetwork. As wepreviouslydiscussed,thisis undesirable.
Theproblempersistsevenif ordereddelivery of messagesis assumed,anda methodlike retry doesnot �x
theproblem.It is assumedin [3] thataprocessdoesnot leave thenetwork if it is waiting for somemessage
associatedwith a leave. This assumptiondoesnot solve theproblem,though,becauseeven if a processu
doesnothaveanincomingmessagefrom v atagivenmoment,processv maylaterforwardamessagefrom
w to u. As a result,a processmaynever know whenit canleave thenetwork. Moreover, in practice,it is
likely to bedif�cult for aprocessto detectif it hasanincomingmessage.Fourthly, theprotocolsrely onthe
searchoperation,thecorrectnessof whichundertopologychangeis notestablished.

Awerbuch andScheideler[4] proposethe hyperring,a low-congestiondeterministicdynamicnetwork
topology. The focusof [4] is on the performancebounds(e.g.,messagebounds)of hyperrings,and the
maintenanceof hyperringsis only brie�y discussed.

In theirpositionpaper, Lynchetal. [15] outlineanapproachto providing atomicdataaccessin peer-to-
peernetworksandgive thepseudocodeof theapproachfor theChordring. Thepseudocode,excludingthe
partfor transferringdata,givesatopologymaintenanceprotocolfor theChordring. However, although[15]
provides someinterestingobservationsand remarks,no proof of correctnessis given, and the proposed
protocolhasseveralshortcomings,someof which aresimilar to thoseof [3] (e.g.,it doesnotwork for both
joinsandleavesandamessagemaybesentto aprocessthathasalreadyleft thenetwork).

Assertionalproofsof distributedalgorithmsappearin, e.g.,Ashcroft [2], Lamport[9], andChandyand
Misra[5]. It is notuncommonfor aconcurrentalgorithmto haveaninvariantconsistingof anumberof con-
juncts.Our work canbedescribedby theclosureandconvergenceframework of Arora andGouda[1]: the
protocolsoperateundertheclosureof theinvariants,andthetopologyconvergesto aring oncemembership
changessubside.

7 Concluding Remarks

We have shown in this papersimpleprotocolsthatactively maintaintheRanchtopologyunderboth joins
andleaves.Numerousissuesmeritfurtherinvestigation.It wouldbeinterestingto developmachine-checked
proofsfor theprotocols;investigateif certaintechniquescanhelpto reducetheproof lengths;designsimple
protocolsthatprovide certainprogressproperties;extendtheprotocolsto faultyenvironments.
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