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Abstract

Numerous problems in machine learning, data mining, databases and statistics involve
pairwise dissimilarities amongst a set of objects. These dissimilarities can be represented as
edge weights in a complete graph with the objects as the vertices. Often one desires the dissim-
ilarities to satisfy the properties of a metriclespecially the tr iangle inequality. Applications
where metric data is important include clustering, metric based i ndexing, classi cation, query
processing, and approximation algorithms. In this paper we present algorithms for solving the
Metric Nearness Problem: Given a non-metric graph (dissimilarity matrix), nd the \nearest"
metric graph whose edge weights satisfy the triangle inequalities. This paper presents algo-
rithms that exploit the innate structure of the problem for solving i t exciently for nearness
in "p norms. Empirically, the algorithms have time and storage requirement s linear in the
number of triangle constraints. The methods are easily parallelizable enabling the solution of
large problems.

1 Introduction

The Metric Nearness (MN) problem, which seeks the \nearest" metric graph to a gien input
graph, was introduced by Dhillon et al. [2003]. The problm can be modeled as a gerarconvex
optimization problem for an important class of nearness measures (thg, norms with 1 <p< 1)),
and as linear programming for'; and ;1 based error measures. Other than resorting to standard
convex optimization softare, Dhillon et al. [2003] did not provide explicit algorithms for solving the
problem, though they conjectured the existence of excient algorithms that could take advatage of
the structure of the problem. In this paper we exploit the structure of the problem to give generic
triangle "xing algorithms * to enforce triangle inequality on the input graph. Our approach, which
makes use of speci ¢ convex programming techniques, is general enough to encompass a wide
variety of nearness measures. We make use miw action methods that proceed by optimizing the
objective function subject to one constraint at a time, with the inclusion of certain correction terms.

1Triangle “xing algorithms proceed by enforcing triangle  equality for each violated triangle in the input graph.
The way equality is enforced is governed by the particular ne arness measure employed.



The beauty of such methods is that, by an appropriate choice of the correction term(determined
by the nearness measure), the method can be shown to converge to the globally optihsolution.

The MN problem is formally described in Section 3 along with the notation and conceps$ neces-
sary for understanding the algorithms that form the subject of Section 4. Prelimnary experimental
results illustrating the performance of our algorithms follow in Section 5 Some discussion about
the problem and the algorithms along with a mention of interesting connections tothe All Pairs
Shortest Paths (APSP) problem can be found in Section 6. Since the MN problem is new and
as yet underexplored, we suggest potential future work in Section 7. Important,out somewhat
ancillary details are pushed into an appendix trailing this report.

2 Background Material

For solving the MN problem we make use of two well known optimization methods (i) Bregman's

method for inequality constrained problems [Censor and Zenios, 1997%6.3], and (ii) Dykstra's

method for [Deutsch, 2001, Chapter 9]. We could have employed Bregman's method ale for
our purpose but to expose other related methods we chose to also include Dykstraimethod.
Both Bregman's and Dykstra's methods are row action methods as they proceed by eaofcing one
constraint (one row) of the constraint matrix at a time. Bregman's method is more general in the
functions that it can minimize subject to linear inequality constraints whereas Dykstra's method
minimizes a quadratic objective allowing the constraint sets to be arbitray convex sets. We
emphasize though that these two methods, used by themselves would be prohibitive, implesnted
as triangle "xing procedures they become viable.

There also exist methods in the literature [Bauschke and Lewis, Bregman et al.1999] that
allow one to generalize either Bregman's algorithm (or Dykstra's algorihm) so that the method is
applicable to a wide range of objective functions along with arbitrary convex castraint sets. We
present procedures that exciently implement Bregman's and Dykstra's methods to takeadvantange
of the structure of the constraint matrix thereby solving the nearness problem ezciertly.

Before we proceed to the problem or the algorithms we need to establish some backgnd.
The material presented herein can be found in much greater detail in the book by Censcand
Zenios [1997]. More details about Dykstra's algorithm and a proof ofts convergence can be found
in the book by Deutsch [2001].

2.1 Bregman Functions and Generalized Projections

Let S be a nonempty, open convex set such that its closuré is contained in the domain of a

strictly convex function ' : &y " . Also assume that' (x) has continuous “rst partial
derivatives for all x 2 S. From such a function' we can construct a functionB: : S£ S!
B (xy)= B (xky):="(x)i "(y)ihr " (y)xi yi: (2.1)

This function B (xky) is called the Bregman divergence betweerx and y [Censor and Zenios,
1997] or the E-function [Hestenes, 1975]. It is nonnegative, convex in the rst ajument and zero if
and only if x = y. Under certain conditions (strictly convexity, twice continuously di®erentiabi lity
and co- niteness when' : "! )" is called a Bregman function [See Censor and Zenios, 1997,
Def. 2.1.1]. For our purposes, we will always work with functions that ale Bregman functions and
following Censor and Zenios [1997] we denote the family of Bregman functiorB (S), where S is
as described above.



Since we aim to solve nearness problems where the measure of nearness is a Bregman gemae,
we must st look at Bregman projections (or simply projections where the distance is measured
by a Bregman divergence).

De nition 2.1 (Bregman projection [Censor and Zenios, 1997, Def 2.1.2]). Given- p ",
' 2B(S)andy 2 S, apoint x® 2 - \ $ for which

P.(y)" min B (zky) = B: (x"ky);
z2-\18
is called the Bregman projection of the pointy onto the set -.

In the absence of a superscript, we adopt the convention thaP. (y) refers to the orthogonal
projection of y onto -.

Lemma 2.2 ([Censor and Zenios, 1997, Lemma 2.1.2]). If ' 2 B(S), then for any closed
convex set p ", such that the intersection of- with the closure ofS is nonempty, i.e., - \ $6 ;,
and for any y 2 S, there exists a unique Bregman projectionx® = P_ (y).

We now state the most important lemma for our algorithms. This lemma shows how to nd
the Bregman projection of a given point onto a hyperplane (or onto a half-pace).

Lemma 2.3 (Projection onto Hyperplane [Censor and Zenios, 1997, Lemma 2.2.1]).
Let' 2 B(S), H = fxjha;xi = bg, and assume that for everyy 2 S, the projection P (y) 2 S.

Then for any giveny 2 S, the system

r'(x®)=r'"(y)+a
( u.) 2 (2.2)
ha;x"i = b;

uniquely determines the pointx® that is the Bregman projection of y onto H. For a "xed H, the
system also determines the parametef.

Note that the KKT optimality conditions mandate,
1(biha;yi)>0; ify62H;
(biha;yi) i (2.3)
1=0; ify2H:
If the point y already satisesa’y - b, then? = 0. This observation allows us to use the same
lemmas for half-spaces as for hyperplanes. As a simple corollary, let us deritbe orthogonal
projection onto a hyperplane.

Corollary 2.4 (Orthogonal Projection). Let ' (x) = %kxoi xk?, wherex 2 ". Let H =
fxjha;xi = byg. Then Py (x) is given by,
1 o
Pu(x)=x+ m[blha,m] a; (2.4)

where[®]* = ®if ®, 0 and 0 otherwise.

Proof. From Lemma 2.3 and (2.3) we know thatx® = Py (x) must satisfy

X% Xo=Xj Xo+'la
ha;x"i = b:

Solving for ! and substituting, we immediately obtain (2.4). O



3 Metric Nearness

Let us begin with some basic de nitions.

De nition 3.1 (Triangle Fixing). The procedure of enforcing triangleequality for one violating
triangle (when an edge in the triangle has weight greater than the sum of the othetwo) is called a
triangle "xing procedure. This procedure involves optimally adjusting the weights of the edges of
the given triangle where the notion of optimality depends upon the measure of nearnesemployed.

De nition 3.2 (Metric Graph). We de ne a metric graph to be a complete graphG° whose
edge weights satisfy the triangle inequality. If G°is a metric graph then ey - & + gk for every
triple of distinct vertices (i;j; k ). We denote the set of alln vertex metric graphs by M .

We useG to denote the input graph that is assumed to be a complete undirected edge weighted
graph on n vertices. Assuming the edge weights represent inter-vertex dissimilarities, wese the
matrix D to encode this information. That is, dj = d; gives the dissimilarity between the
vertices i and j. Further assume that self dissimilarity is zero, i.e.,dj = 0. Thus, D is a
symmetric, nonnegative matrix with zero diagonal. We call the matrix corresponding to a metric
graph a distance matrix and we denote it asM . We associate a vectord corresponding to each
dissimilarity matrix D and we obtain d by stacking the strict upper triangle of D taken row-wise.
Figure 1 illustrates a graph, its corresponding dissimilarity matrix and the dissimilarity vector.

C
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Figure 1: Input Graph and its representations

We use the convention that the triple (i;j; k ) corresponds to the triangle inequality
dij - dik + dai:

Similarly (j;k;i) and (k;i;j ) correspond todj - di + ¢ and dq - dj + dji; thus there are
three ordered triples for each triangle in the graph. The ;5 edges ofG result in 3 g such ordered

triples. The set of all these triples is denoted byT and we de ne
T=1@0k)Gki)(kij):1- i<j<k - ng

Our convention allows us to index the set of triplesT. This indexing proves useful for etcient
implementation of a triangle "xing algorithm. For example, for a 4-vertex complete graph the set
of triples (triangle inequalities) can be listed as

T=1(1,23);(2:31),(3;,1,2);:::;(2:3,4):(3;4,2); (4,2, 3)0: (3.1)

Each triple in set T can also be represented by a vector that describes which inequality is in e®ect.
For the triangle inequality d;j i dix i d« - O we de ne a vectora with entries +1;j 1;i 1 in
positions corresponding to edges ! j,j ! kandk'! i respectively and zeros elsewhere. We



collect all the triangle ingquality vectors and put them in a matrix A. The nugber of rows in A
equals the size ofT (3 g ) and the number of columns equals the size ofl ( '2‘ ). The rows of A
have a 1-1 correspondence with the triples irilf 2 in T, and the columns correspond to the edges
of the graph G. For a complete graph on 4 vertices (Figure 1) the triangle constraint matix A is
given by
Triple, ab
abc 1
bca B j
cab i
abd
bda 2 j
A= dab i
acd
cda
dac
bcd
cdb
dbc i il
In the triangle constraint matrix A above, ab, ac, bc, etc., represent the edges that form the
triangle. The row numbers on the left are used to index the inequalities and correspad to the
triples in an ordered listing of T (see 3.1). It is easy to see that whenever a triangle inequality is
violated, the corresponding component ofAd is greater than 0.

ad bc bd cd3
il

PP ROO0OO0O00O0OO0OFR R

(3.2)
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3.1 The Problem

The metric nearness problem requests a metric grapks® (with distance matrix M ) that is closest
to a given nonmetric graph G (with dissimilarity matrix D) with respect to some measure of
divergence. Speci cally we seek a distance matri so that,

X
B (MkD) B (mkd)= B: (mj kdj ); (3.3)
i
is minimized subject to the restriction that M correspond to a metric graph (i.e., Am - 0),
B (xky) be a Bregman divergence and be a Bregman function.
Remark 3.3. If ' (x) is a Bregman function such thatr ' (x¢) = 0 then

argmin B (xkxg) = argmin ' (x);
X2- X2 -

where - is the domain of ' (x). This fact can be easily proved by using the de nition of a Bregman
divergence.

Bregman's optimization algorithm works for Bregman functions. We “rst explore how to solve
the nearness problem fowvector *, norms (1< p < 1) that are Bregman functions also. For these
norms the problem is to 'nd m to

minimize }km i dkp;
p (3.4)
subject to Am - O

2\We do not need to construct the matrix A in an implementation and we also do not need to construct T. The
triples can be generated in some desired order and the corres ponding constraint vector a determined at runtime.



For simplicity we introduce an auxiliary variable x = m j d that we call the error vector. Then
our problem is to minimize %kx kB, subject to the constraints A(d + x) - 0" Ax -j Ad. Thus

we set' (X) = %kx kp. Trivially ' (x) has global minimizer atm = d, i.e., x =0, hence minimizing
' (x) is the same as minimizingB: (xkO0).

3.2 Handling "; and "

Our approach is not restricted to Bregman functions. The most notable exceptions thatwe can
tackle in our triangle "xing framework are the problems arising from measiring the nearness using
the "1 and "; vector norms. Both these norms are important because the MN problem modeling
their minimization yields linear programs. The Linear Programming (LP) formulation for these
norms was originally presented in the MN Technical Report [Dhillon et al., 2M03].

For the "; and "1 cases, the objective functions are,

min 17 jxj; for “y;
and, minmaxjx;j; for p :
I

Observe that these two measures are not strictly convex, whereby triangle xing basd on Breg-
man's algorithm cannot be applied directly. Using an LP solver turns out to be conputationally

expensive both in time and storage. Fortunately, as is shown in the next seatin, we may model the
linear programs for these two cases by corresponding quadratic programs that&er strict convexity
that we may exploit.

4  Algorithms

This section contains triangle "xing operations that solve the MN problem for a vast assortment
of Bregman divergence measures and also for thg and *; norms. We begin by illustrating the
triangle xing operation for the *, case that is not only the simplest, but also pivotal in solving
the *; and °; cases.

4.1 The *, case

For the “, case we can use either Bregman's algorithm based triangle xing (after approprie
simpli cations of the general procedure given in the next section) or use Dykstra's lorithm
(see Appendix A for details). Here we provide the triangle "xing procedure based on Distra's
algorithm for the ", case. The main di®erence between our implementation of Bregman's algorithm
and Dykstra's algorithm for the *, case is that the former minimizes%kx k? subjectto Ax -j Ad,
whereas the latter minimizes%km i dk? subjectto Am - 0. The correctness and convergence of
our procedures follow from the corresponding properties of Bregman's and Dykstra procedures.
We see in the algorithm that we work by "xing one triangle at a time instead of "xing the entire
graph. This fact is a simple consequence of the structure of the triangle constrainvector a that
is O for all edges of the graph that are not a part of the triangle to which it refers. Consequently,
we call the process of performing a projection onto the half-space de ned by the constirat vector
a to be the process of triangle “xing.
For each triangle inequality in the input graph, Algorithm 4.1 performs the pr ojection as given
by Corollary 2.4. We see thatkak?® = 3, and we are projecting onto the hyperspacea’x - 0.

Therefore we setx A X j kalk2 +" a. For an inequality, say (a; b; 9, that corresponds to a we have




+=[ha;xij 0] = abj bcj ca Since the vectora has a +1 for the edge whose weight (sayb)
could be possibly larger than the sum of the other two edge weights, we subtract=3 from ah.
Also, a hasj 1 in the positions corresponding to the edgescand ca hence we adgt to bcand ca
We observe that there exists a+ for each triangle. Therefore we need to store'; °oating point
numbers.

Algorithm 4.1:  Triangle "xing for “» norm.

L2 _Metric _Nearness (G, T)
Input: G the input graph, T list of triples (inequalities to x)
Output: G after metrizing.

f Initialization g
foreach (i;j;k)2 T
Hx =0 f Correction termsg
while not converged
foreach (a;b;92 T
(oa; ob; o A (ab; bc; ca
f Apply correctiong
abA ab+ #yc; bCA bCj Hape; CAA caj apc
+= abj bcj ca

if (x£>0)
abA abj +=3
bcA bc+ +=3
caA ca+ +3
endif
tapbe = Fanc | @b+ oa
endfor

end.

4.2 General s norms (1<p<’ 1)

Now we present the triangle- xing procedure when the error measure is an arbitrary , norm. This
case becomes immediately computationally more ditcult than the quadratic (2) case because of
the need to solve nonlinear equations to determine the projection parameter (see 2.2).

Coming back to the *, progblem we see that we have to minimizé (x) = %kx kD, wherek ¢l is

the vector p-norm (kxk, = ( ; jx;j?)**P). Using (2.2) we "nd that the projection must satisfy
r'(x%) " sgnx®)jx"jPi 1 =sgn(x)jxjPi 1+ ta: 4.1)
If the Legendre conjugate is well de ned we may write (2.2) as
x°=(r'“)ir'(x)+ 1a¢: 4.2)

Equation (4.2) allows us to solve for the updated vector once the parametet isgknown. Observe
that for a given triangle constraint vector a, if & =0, then X7 =(r ' ®) r ' (Xi) = X;. Thus the
triangle “xing once again becomes evident as we only have to modify the component®rresponding
to the edges of the triangle described bya. This special structure of a is essential for the excient
implementation of Bregman's algorithm. Since we have to consider only three edgesye need



to store at most three numbers per triangle under consideration, leading to decreasedmage
requirements.

Note that x denotes the vector of additive changes tod that are needed to taked to the
nearest metric graph. Consider the triple @;b; ¢ for which which we wish to enforcea™x - b. On
applying (4.2) to (4.1) we obtain,

— 1

a | . pi 1 ¢: ) D 1 —pi 1
Xap = Sgn (Sgn(xab)JXabJ o+ l) _Sgn(xab)lxab] Po+1- (4-33)
. i TN o, Tt
Xpe = SGN (SGN(Xbc)jXbci®' * i 1) SgNXbe)jXpc®' * i 1 (4.3Db)
. i N = i1 T
Xca = Sgn (Sgn(xca)JXcaJ ! | 1) _Sgn(xca)JXcaJ : | 1- (430)
Xopi Xbei Xeai b=0; onusinga™ - b: (4.3d)

Algorithm 4.2:  Bregman Projection for ', norm (1<p< 1).

findMu (Xanc, (a;b; Q)

Input: X apc the correction vector for the triple (a;b;
Output: * as per (4.3).

f Enforces the constrainta™ x - by

begin 3
(ng;xbc;xca) A Xabc
bAj (abj bci ca) fb=ja'dg
*A Xapi Xpci Xeai b f[aTx | b'g
if (+>0)

®A sgn(xap)jXapi” *
A sgn(pc)Xpc” *
° A sgnca)jXca)” *

sA 1=pij 1)
f(*)=sgn(®+ 1)j®+ *j*j sgn(" i *)j i *j®i sgnCi *)j°i *J°
LA fiY®;3°) f Found numericallyg
endif
return 1

We solve the set of equations (4.3) fof (using some nonlinear root "nding method) and then
back substitute into (4.3a){(4.3c) to obtain the values for xz,,, X;. and x¢g,. Algorithm 4.2 computes
1. The equations (4.3) are explicit enough so we do not show the procedurxTriangle that
implements them. Since these equations need to be solved multiple times, if not solvesdtciently
they could easily become a bottleneck of the triangle "xing algorithm.



Algorithm 4.3:  Generic Triangle Fixing For ", (1<p< 1).

Triangle _Fixing (G, T)
Input:  G: Input graph, T set of triples
Output:  G° nearest metric graph in speci ed distortion

foreach (a;b;92 T
Zapc Ao
foreach ab2 G
Xap A ab f Error values for each edgg
while not converged
foreach (a;b;92 T
Xabc A (Xab; Xbe; Xca)
t A findMu (Xanc; (a;b; Q)
HA min(%; Z anc)
(X2hi Xpes X2,) A fixTriangle  (Xanc; (&; b; Q; 1) Fix using (4.3)
Z¢ A Zanc i K
end foreach
end while

At this point we may also remark that solving MN for general Bregman divergences will involve
performing a Bregman projection which could be computationally intensive. Sonetimes one can
use “rst order approximations without performing the projections very accurately and still converge
to the optimum. More information regarding this remark may be found in the paper by Bauschke
and Borwein [1997].

4.3 MN forthe “;and '; norms

The basic triangle xing algorithm succeeds only when the nearness measure used in is istty
convex. Hence, it cannot be applied directly to the; and *; cases. These require a more
sophisticated approach.
First, observe that the problem of minimizing the “; norm of the changes can be written as an
LP:
min 17z
X3z (4.4)
subjectto Ax -j Ad;ixijz- 0;xjz- O:

The auxiliary variable z can be interpreted as the absolute value ok. Similarly, minimizing the
“1 norm of the changes can be accomplished with the LP
min 3
X2 (4.5)
subjectto Ax j Ad;ijxij 31- 0;xj 31- O:

We interpret 3 = kxk; .

Solving these linear programs using standard software is prohibitively expense because of the
large number of constraints. Moreover, the solutions are not unique because thg and *; norms
are not strictly convex. Instead, we replace the LP by a quadratic program (QP)that is strictly
convex and returns the solution of the LP that has minimum “,-norm. For the *; case, we have
the following result.



Theorem 4.1 ( 1 Metric Nearness).  There exists a constant, > 0 such that

argmin k, 1+ zk, = argmin kzks; (4.6)
227 22727
where Z is the feasible set for(4.4) and Z7 is the set of optimal solutions to(4.4). The minimizer
is unique.

Theorem 4.1 follows from an application of a result of Mangasarian [198 Theorem 2.1-a-i]. A
similar theorem may be stated for the™; case.

The QP (4.6) can be solved using an augmented triangle- xing algorithm since the rajority
of the constraints in (4.6) are triangle inequalities. As in the *, case, the triangle constraints are
enforced using (3.4). Each remaining constraint can be enforced by computing an dibgonal pro-
jection. Algorithm 4.4 gives a sample implementation of the augmented triagle "xing procedure
for solving (4.6).

We have found empirically that for the *; case a small value of yields good answers and for
the "1 problem, , must be usually larger than the maximum edge weight in the graph.

Algorithm 4.4: Triangle "xing for ~; norm.

L1 _Metric _Nearness (d, T, ,)
Input:  d input dissimilarity vector, T list of triples
Output: d after metrizing.

parameter

LY

begin
f Initialization g
zAj |1
for i =1 to length(d)
2,(i)=0;2,()=0; f Correction termsg
°x(1)=0; °,(i)=0; f Correction termsg

while not converged
f Perform inner loop triangle "xing as in Algorithm 4.1 g
fNow we enforcej x j z - 0g
for i =1 to length(d)

tX~A di;tZA Zi
A dii 2()i zi 2()
if +>0

di A di +2(i))+0:50+
z A z+2,()+0:50%
2x(i)é\ 2x(i)"' txi d
2z(i) A 2z(i)"' tzi z
fNow we enforcex | z - Og

tx,.,A d|,t2: Z|
tA di+ ()i zii °z()
if £>0

di A d + ox(i)i 050+
z A z+°,()+0:50+
W) A k(i) + i d
2()A )+ tzi 7
end for
end while
end.

10



4.4 \Variations

One can think of numerous variations of the MN problem where new constraints are addedct the
problem or some constraints are removed. A few simple ideas are considered here amgy can all
be easily handled within our current framework. For example,

2 Consider MN with any element-wise monotonic distance measure with the stipulabn that
we allow only decreases in the original dissimilarity values. Plaxton andClement [2003{
2004] brought to our attention the result that for such a decrease only MN problem the
element-wise maximal solution is given by the All Pairs Shortest Path (APSP) solution.
This interesting observation led us to explore the connection between Linear Progmaming
and APSP and we expand a little bit on that in Section 6.1.

2 |n a similar vein, one can also consider the increase only variation of MN, invhich one desires
the nearest metric graph to have edge weights greater than or equal to the input hon-metc
graph.

2 Plaxton and Clement [2003{2004] also suggested a non-strictly polynoral time binary search
procedure for "nding the nearest metric graph where nearness is measured by the norm.
The binary search procedure starts by guessing thé; error, adding that to all edge weights,
and then doing APSP on the graph to see if the reduced edge weights are still within the
guessed range. If so, it decreases its guess and searches again, else it increasesiéssgand
repeats the search. They also seem to have some research on solving the MN problémn
the “1 norm.

2 One could enforce ordering constraints on values, i.e., if in the inpud; < dpq then we also

2 One might also require box constraints on the metric solution, i.e.,| - m - u. Note
that a non-zero | will guarantee a metric instead of a possibly quasi-metric solution (ina
quasi-metric m; = 0 is possible even ifi 6 j).

2 Finding Approximate metrics (where all the triangle constraints need not be sais ed) can
also be tackled.

2 Certain applications that make use, -triangle inequalities also fall under the framework. In
this case a given triangle vectora has +, 1, j , 2, i , 3 instead of the usual +1,j 1 andj 1
components. The problem is still triangle "xing because the structure is determined ly the
presence of the non-zeros.

5 Examples and Experiments

The MN problem has an input of sizeN, and the number of constraints is roughly N =2, We ran
experiments to ascertain the empirical behavior of the algorithm. Figure 2 sows log{log plots of
the running time of our algorithms for solving the "1 and ", Metric Nearness Problems. The time
cost appears to beO(N 372), which is linear in the number of constraints. The results plotted in the
“gure were obtained by executing the algorithms on random dissimilarity matrices. The procedure
was halted when the distance values changed less than 18 from one iteration to the next. For
both problems, the results were obtained with a simpleMatlab implementation. Nevertheless,
this basic version outperformsMatlab 's optimization package by one or two orders of magnitude

11



Log-Log Plot showing runtime behavior of | | MN Log-Log Plot of Running time for | , MN

y=15%-6.1

y=16x-6.3 for the linear fit

Log(Running Time)

4 5 6 7 8 71 72 73 74 75 76 77 78 79
Log(N) -- Where N is the input size Log(N) - N is input size

Figure 2: Running time for *; and ", norm solutions (plots have di®erent scales).

(depending on the problem). A more sophisticated (C or parallel) implementation cald improve
the running time even more, which would allow us to study larger problems.

6 Discussion

Our iterative procedures proceed by “xing triangles one by one. This operation forms e common
core for all metric nearness problems. It would be interesting to see if one canbtain faster
methods for solving the nearness problem at least fof; and “; cases. Because the running
time of APSP (without allowing arithmetic on edge weights) is lower bounded by -( N 37?), the
metric nearness problem is also lower bounded by the same. Since our methods proceed by xing
triangles, it is not evident how one could perform sub-cubic computation and still atieve a low
error of approximation. We make a passing observation that if one requiresd enforce both ordering
and metricity, one can trivially achieve that by (with high error) adding ma x; d; to each edge of
the graph. In this case the error is as high as possible, but the running time is jusO(N ).

6.1 Linear Programming and APSP

As previously noted, if just one sided decreasing changes are allowed to the edge weigltf the
graph, then the graph yielded by APSP solves the problem for anymonotonic error measure. Since
we originally formulated MN as as a linear program, the APSP solution lendsto the curiosity of

the problem because it can be turned around and one can ask: What is the LP interpretatin

of APSP? The LP interpretation of Dijkstra's SSSP (see [Papadimitriou and Steiglitz, 2000]) has
long been known, and to our knowledge there has been a gaping hole for an LP view of thePSP

problem (other than an LP arising out of Multi-commodity network °ows). Since bot h APSP and

the decreasing metric nearness essentially proceed by triangle "Xing operations, we&an build an

explicit connection between an LP solution and an APSP solution. We do not give an eglicit

mapping between the moves made by a primal-dual simplex procedure for solving the decreagi
MN and APSP.
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7 Summary and Future Work

In this paper we presented generic triangle Xing algorithms for solving the metic nearness prob-
lem [Dhillon et al., 2003]. All our algorithms share their structure, di®ering only in the particular
Bregman projection involved to "x a given triangle. We saw that the algorithms are quite excient
and they allow us to obtain fairly accurate approximations.

There are various issues however that would merit further investigation. Some pssibilities are:

2 The decrease only case that performs arithmetic on edge weights, to obtain matity in
O(APSP) time.

2 Decreasing storage requirements for large graphs or even performing out of @metric near-
ness. For example,

1. Since all we need to do is to perform cyclic "xes to the triangles we can "x a large
number of triangles and then swap their data (error vectors) out to disk and "x the
next set and proceed henceforth.

2. Is it possible to recompute the errors instead of storing them? Can one ste O(N) or
lesser information and construct the error vectors for each triangle so that he overall
iteration still remains O(N 3%2). It seems that the storage requirements are -(N 3%2)
because there are -(N 372) constraints and we need to store error values for each con-
straint.

2 Algorithms that seek to explore graphs theoretic procedures for the' ; MN problem based
on a network simplex approach could be investigated.

We plan to further investigate the application of MN to other problems in data mining, machine
learning and database query retrieval.

Acknowledgements

We would like to acknowledge Prof. C. G. Plaxton and his student A. Clementfor exposing the
connection of MN to APSP and also for the binary search procedure for thé; case. This research
was supported by NSF CAREER Award No. 0093404, Texas Advanced Research Bgram Grant

003658-0431-2001 and NSF ITR Award No. 11S-0325116.

References

H. H. Bauschke and J. M. Borwein. Legendre functions and the method of random Bregman
projections. Journal of Convex Analysis 4:27{67, 1997.

H. H. Bauschke and A. S. Lewis. Dykstra's algorithm with Bregman projections: a convergence
proof.

L. M. Bregman, Y. Censor, and S. Reich. Dykstra's Algorithm as the Nonlinear Extension of
Bregman's Optimization Method. Journal of Convex Analysis 6(2):319{333, 1999.

Y. Censor and S. A. Zenios. Parallel Optimization: Theory, Algorithms, and Applicati ons. Nu-
merical Mathematics and Scienti ¢ Computation. Oxford University Press, 1997

13



F. R. Deutsch. Best Approximation in Inner Product Spaces Springer Verlag, rst edition, 2001.
ISBN 0387951563.

I. S. Dhillon, S. Sra, and J. A. Tropp. The Metric Nearness Problems with Applications. Technical
Report TR-03-23, Computer Sciences, University of Texas at Austin, 2003.

M. R. Hestenes. Optimization Theory: The Finite Dimensional Case. Wiley Interscience, New
York, 1975. ISBN 0471374717.

0. L. Mangasarian. Normal solutions of linear programs. Mathematical Programming Study, 22:
206{216, 1984.

C. Papadimitriou and K. Steiglitz.  Combinatorial Optimization: Algorithms and Complexity.
Dover, 2000.

C. G. Plaxton and A. Clement. Personal Communication, 2003{2004.

A Bregman's and Dykstra's Algorithms

A quick summary of the algorithms central to our approach is provided here.

A.1 Bregman's Algorithm for Inequality Constrained Proble ms
Consider the problem,
minimize ' (x)
st. Ax - b (A1)
x28;" 2B(S):

Bregman's algorithm (as described below) cycles through the constraints one bgne perform-
ing an appropriate projection with correction to converge towards the optimd solution. The con-
straints are visited in a cyclic fashion and thus if the number of constrants is r, the [kr] = r;k 2
and [n] = n mod r otherwise.

Algorithm A.5: Bregman's algorithm for Inequality Constrained Problems

Bregman (' , A, b)
Input: ', A,basin (A.1)
Output: argmin' (x) s.t. constraints are satis ed

f Initialization g
x02fx2Sj9z2 T3r ' (x)=jATzgandz®st. r' (x%=;ATz°

f Iterative stepg Given x" and z" perform the following updates
repeat

Cn ;= min( z["n];1 n)

XM= (XM + gy

znh+l = Zn i Chem)

f1, is calculated by solving (2.2) withy = x", a = ap,) and b= by,;.9
until convergence
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A.2 Dykstra's Algorithm

Dykstra's algorithm can be viewed as a special case of Bregman's method ppealing to the
generalization of Bregman's method when the constraint sets are arbitrary covex sets instead of
just half-spaces. The interested reader is pointed to the work by Bauschke and Lewj who describe
a Dysktra style algorithm for a restricted class of strictly convex functions. Bregman et al. [1999]
show how one can consider Dykstra's Algorithm as the non-linear extension of Bregam's cylic
projection procedure.

We describe Dykstra's Algorithm it here for the sake of completeness and sinceendirectly use
it for solving the nearness problem for’';, ", and *; based nearness measures.

Dykstra's algorithm minimizes,

1

“kxoi yk?
> Xl Y (A2)
sty 2\ i, Ci; eachC; is a convex set

For further details and a proof of convergence the interested reader is referred to Deuth [2001].

Algorithm A.6: Projection onto the intersection of convex sets

Dykstra (xg, Cq,...,C;)
Input:  Xxg, C;j convex sets
Output:  argminy kXo i yk? s.t. constraints are satis ed

f Initialization g
x% = xo
f lterative stepg Given x" and z" perform the following updates
repeat
xn+l A P[n](Xn + zNi r)
Zzn A x N i XN+l 4 Znir
f Ppq is the orthogonal projection onto the setCjy9
until convergence
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