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Abstract

Delauna y triangulation (DT) is a useful geometric structure for applications suc h as routing,

clustering, broadcast, distributed virtual realit y systems, and m ultipla y er on-line games. In this pap er

w e in v estigate the design of join, lea v e, and main tenance proto cols for a set of no des to construct and

main tain a distributed DT dynamically . (Conceptually no des are p oin ts in a Euclidean space.) W e

de�ne a distributed DT and presen t a necessary and su�cien t condition for a distributed DT to b e

correct. This condition is used as a guide for proto col design. W e presen t join and lea v e proto cols

as w ell as correctness pro ofs for serial joins and lea v es. In addition, to handle concurren t joins and

lea v es as w ell as no de failures, w e presen t a main tenance proto col. An accuracy metric is de�ned

for a distributed DT. Exp erimen tal results sho w that our join, lea v e and main tenance proto cols are

scalable, and they ac hiev e high accuracy for systems under c h urn and with no de failures. T o supp ort

applications of distributed DT, w e presen t proto cols for greedy routing, clustering, broadcast, and

m ulticast within a radius. Eac h no de in our greedy routing, broadcast and m ulticast proto cols

do es not main tain an y p er-session state. W e also discuss and pro v e correctness for the application

proto cols.

1 In tro duction

With almost a h undred y ears of history , DT [1] and V oronoi diagram [2] ha v e b een widely used in man y

applications in di�eren t �elds of science and engineering, including computer science. A triangulation in

2D space means, for a giv en set of no des, constructing edges b et w een pairs of no des suc h that the edges
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form a non-o v erlapping set of triangles that co v er the con v ex h ull of the no des. DT in 2D space is usually

de�ned as a triangulation suc h that the circumcircle of eac h triangle do es not include an y no de other

than the v ertexes of the triangle. DT can b e similarly generalized for higher dimensions.

An in teresting prop ert y of DT is that it connects a no de to other no des that surround the no de. This

prop ert y ma y b e useful in sim ulation-t yp e applications, including distributed virtual realit y systems and

m ultipla y er on-line games, since an en tit y in a sim ulation usually in teracts with other en tities around

it. F or example, a molecule in teracts with other molecules around it, and a c haracter in on-line games

mostly in teracts with other c haracters around it. F urthermore, w e also design a proto col to m ulticast

a message within a giv en radius from the source no de, whic h will b e useful for man y sim ulation-t yp e

applications suc h as m ultipla y er on-line games.

Another prop ert y of DT in net w orking con text is that greedy routing alw a ys succeeds on a DT [3 ].

In greedy routing, a no de forw ards a message to one of its neigh b ors that is closest to a giv en destination

no de. Note that greedy routing on an arbitrary graph is prone to the risk of b eing trapp ed at a lo cal

optim um, i.e., routing stops at a non-destination no de that is closer to the destination than an y of its

neigh b ors. Ho w ev er, on a DT it is guaran teed that greedy routing alw a ys succeeds to �nd the destination

no de. Note that greedy routing do es not alw a ys �nd a shortest route. Ho w ev er, the qualit y of the greedy

route is often v ery go o d, since the length of an optimal route b et w een a pair of no des on a DT is within

a constan t time of the direct distance [4, 5 , 6].

While our approac h is more system-orien ted compared to previous w ork, our proto cols are also based

on a rigorous theoretical foundation. In a distributed DT, eac h no de in a system k eeps a set of its

neigh b or no des. W e sp ecify a distributed DT b y the neighb or sets of all no des. A distributed DT is

correct when it is equiv alen t to its corresp onding cen tralized DT. That is, a distributed DT is correct

when eac h no de has the same set of neigh b ors as on the corresp onding cen tralized DT.

1

In section 3, w e

iden tify a ne c essary and su�cient c ondition to ac hiev e correctness. W e use this condition as a guide for

designing join, lea v e, and main tenance proto cols for constructing and main taining a distributed DT. Our

join and lea v e proto cols are pro v ed to b e correct in the follo wing sense: If a distributed DT is correct

when a new no de joins or an existing no de lea v es and there is no other concurren t join, lea v e or failure

then, at the end of proto col execution, the resulting distributed DT is correct. Th us if a sequence of joins

and lea v es o ccur serially (i.e., one �nishes b efore another starts), the distributed DT is correct whenev er

proto col execution �nishes.

1
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In practice, no des ma y join and lea v e concurren tly . F urthermore, no des ma y fail at an y time, im-

mediately breaking correctness of the distributed DT. Our main tenance proto col has b een designed to

address suc h scenarios. W e do not ha v e a con v ergence pro of for the main tenance proto col. Ho w ev er, in

ev ery one of a large n um b er of exp erimen ts conducted to date, our main tenance proto col con v erged to a

correct DT some time after a long p erio d of system c h urn during whic h no des join and lea v e (also fail)

concurren tly and frequen tly .

Note that ev en in the case of serial joins and lea v es, correctness of a distributed DT is, strictly

sp eaking, brok en as so on as a no de joins or lea v es, and it is reco v ered only at the end of proto col

execution. Therefore a correct distributed DT is imp ossible to achieve c ontinual ly . W e observ e that some

applications can b ene�t from an incorrect distributed DT as long as it is su�cien tly \accurate." Th us

the accuracy of a distributed DT o v er a long duration of time is a more useful metric in practice than

the notion of con v ergence to correctness. W e will de�ne an accuracy metric for a distributed DT, and

sho w that our proto cols ac hiev e high accuracy under di�eren t scenarios of system c h urn.

In addition to proto cols to construct and main tain a distributed DT, w e presen t sev eral application

proto cols, including greedy routing, clustering, broadcast, and m ulticast within a radius. As w e discussed

earlier, it is kno wn that greedy routing from a no de to another no de on a DT alw a ys succeeds. Then

w e pro v e that greedy routing can also b e used to lo cate an existing no de that is closest to a giv en p oin t

(or a no de that is not in the system y et). As an application of the proto col to �nd the closest existing

no de, w e presen t a no de clustering proto col. Giv en a set of no des and an upp er b ound on the radius of a

cluster, the clustering proto col partitions no des in to clusters of radii within the giv en upp er b ound. In the

proto col, eac h cluster has a cen ter no de and the cen ter no des form a distributed DT. Similar approac hes

to clustering are found in prior w ork, based on a random graph of clusters [13 ] or a complete graph of

clusters [14 ]. Note that greedy routing on a random graph is not guaran teed to succeed and a complete

graph ma y result in limited scalabilit y .

Our broadcast proto col is based on the rev erse path of greedy routing, and is named GRPB (greedy

rev erse path broadcast). GRPB do es not require an y kno wledge of global triangulation or p er-session

state. A no de determines its next-hop no des to forw ard a broadcast message solely using lo cal information,

namely the co ordinates of its neigh b or no des and the source no de.

W e observ e that the distance from a source no de monotonically increases in GRPB, since the distance

to a destination no de decreases in greedy routing. Therefore our proto col to m ulticast within a giv en

radius easily follo ws. RadGRPM (radius greedy rev erse path m ulticast) is basically the same as GRPB,
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except that it additionally c hec ks to mak e sure that the next-hop no des are within the radius from

the source no de. RadGRPM also k eeps the adv an tage of GRPB that it do es not require an y global

information or p er-session state. RadGRPM is simple and it is useful for sim ulation-t yp e applications.

F or example, an explosion of a b om b in a battle�eld sim ulation will a�ect en tities within some range and

will b e observ ed within a longer range.

Exp erimen tal results sho w that our proto cols are scalable, and w ork v ery w ell under system c h urn, i.e.,

when concurren t joins and lea v es o ccur frequen tly . Ev en with ungraceful no de failures, whic h inevitably

result in an incorrect distributed DT, the main tenance proto col reco v ers a correct distributed DT some

time after c h urn and failures stop.

The organization of this pap er is as follo ws. In section 2, w e in tro duce concepts and de�n tions of

distributed DT and also presen t application proto cols. In section 3, w e presen t a necessary and su�cien t

correctness condition for a distributed DT, whic h w as used as a guide to design our proto cols. The

join and lea v e proto cols are presen ted and pro v ed correct for serial joins and lea v es. Our main tenance

proto col is then presen ted as w ell as an accuracy metric for ev aluating proto col p erformance. In section

4, exp erimen tal results are presen ted to demonstrate scalabilit y of our proto cols and their p erformance

for systems under c h urn and with no de failures. W e discuss related w ork in section 5 and conclude in

section 6.

2 Distributed Delauna y T riangulation

In this section w e in tro duce DT, V oronoi diagram and distributed DT. Consider a set of no des. Conceptu-

ally , no des are p oin ts in a Euclidean space. (The results and proto cols in this pap er are for d -dimensional

spaces, where d � 2. Most previous results on distributed DT in the literature are limited to 2D[7 , 10 , 11 ]

and 3D[8] spaces.)

W e �rst de�ne V oronoi diagram of a set of giv en no des and then de�ne DT as the dual of the V oronoi

diagram. Note that there is another w a y of directly de�ning DT using circumcircles of triangles (or

circum-h yp erspheres of simplexes in higher dimensions), as w as brie
y in tro duced in the in tro duction.

Since the prop erties of DT of in terest to us come from V oronoi diagram, w e b eliev e that this approac h is

appropriate in our con text. Lastly , w e de�ne distributed DT. In a distributed DT, eac h no de main tains

a set of its neigh b or no des. W e de�ne a distributed DT b y the neigh b or sets of all no des.

In the second part of this section, applications of DT are discussed. An imp ortan t and w ell-kno wn

4



prop ert y of DT is that a simple greedy routing algorithm is guaran teed to succeed on DT, without b eing

stuc k at a lo cal optim um [3]. W e pro v e a similar prop ert y that greedy routing can also �nd the closest

no de to a giv en p oin t. Clustering of net w ork no des is an example for whic h this prop ert y can b e utilized.

W e also presen t proto cols for broadcast and for m ulticast within a radius, and pro v e correctness for the

proto cols.

2.1 Concepts and de�nitions

W e �rst de�ne a V oronoi diagram.

De�nition 1. Consider a set of no des S in a Euclide an sp ac e. The V oronoi diagram of S is a

p artitioning of the sp ac e into c el ls such that a no de u 2 S is the closest no de to al l p oints within its

V or onoi c el l V C

S

( u ) .

That is,

V C

S

( u ) = f p j D ( p; u ) � D ( p; w ) ; for an y w 2 S g

where D ( x; y ) denote the distance b et w een x and y . Note that a V oronoi cell in a d -dimensional space is

a con v ex d -dimensional p olytop e enclosed b y ( d � 1)-dimensional facets. W e sa y that t w o V oronoi cells

are neigh b ors of eac h other if they share a common facet.

De�nition 2. Consider a set of no des S in a Euclide an sp ac e. V C

S

( u ) and V C

S

( v ) ar e neighb oring

V or onoi c el ls, or neigh b ors of e ach other, if and only if V C

S

( u ) and V C

S

( v ) shar e a fac et.

Figure 1(a) sho ws a V oronoi diagram in a 2-dimensional space. Note that V C

S

( v ) and V C

S

( w ) are

neigh b ors of V C

S

( u ) but V C

S

( x ) is not, since V C

S

( u ) and V C

S

( x ) shares only a p oin t. Similarly , in a

3-dimensional space, V oronoi cells that share only an edge or a p oin t are not neigh b ors.

Then w e de�ne DT as follo ws.

De�nition 3. Consider a set of no des S in a Euclide an sp ac e. The Delauna y triangulation of S is a

gr aph on S wher e two no des u and v in S have an e dge b etwe en them if and only if V C

S

( u ) and V C

S

( v )

ar e neighb ors of e ach other.

W e also sa y that u and v are neigh b ors of eac h other when V C

S

( u ) and V C

S

( v ) are neigh b ors of

eac h other. Figure 1(b) sho ws the DT of no des in Figure 1(a). Note that facets of a V oronoi cell
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u

v

w

x

(a) V oronoi diagram

u

v

w

x

(b) Delauna y triangulation

Figure 1: A V oronoi diagram and the corresp onding DT in a 2-dimensional space.

p erp endicularly bisect edges of a DT. Therefore, a DT is the dual of a V oronoi diagram.

2

Let us denote

the V oronoi diagram of S as V D ( S ), and the DT of S as D T ( S ).

By a distributed DT, w e mean that eac h no de u 2 S main tains a set N

u

of its neigh b or no des.

De�nition 4. A distributed Delauna y triangulation of a set of no de S is sp e ci�e d by f < u; N

u

> j

u 2 S g , wher e N

u

r epr esents the set of u 's neighb or no des, which is lo c al ly determine d by u .

De�nition 5. A distribute d Delaunay triangulation of a set of no des S is correct if and only if b oth of

the fol lowing c onditions hold for every p air of no des u; v 2 S :

� if ther e exists an e dge b etwe en u and v on the glob al DT of S , v 2 N

u

and u 2 N

v

,

� if ther e do es not exist an e dge b etwe en u and v on the glob al DT of S , v 62 N

u

and u 62 N

v

.

That is, a distributed DT is correct when for ev ery no de u , N

u

is the same as the neigh b ors of u on

D T ( S ). Since u do es not ha v e global kno wledge, it is not straigh tforw ard to ac hiev e correctness. W e will

iden tify the condition to ac hiev e correctness for a distributed DT in section 3.

2.2 Applications of distributed Delauna y triangulation

In this section w e presen t sev eral proto cols to illustrate the usefulness of distributed DT for net w orking

applications. W e assume for no w that a set of no des S form a distributed DT. Our proto cols to construct

2

In geometry , p olyhedra are asso ciated in to pairs called duals, where the v ertices of one corresp ond to the faces of the

other.
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and main tain a distributed DT are deferred to section 3. W e also assume that no des are asso ciated with

their co ordinates. When a no de \kno ws" other no des, it also kno ws their co ordinates. That is, a no de

kno ws its o wn co ordinates, its neigh b or's co ordinates, and the co ordinates of other no des that it kno ws

suc h as the destination no de in routing and the source no de in broadcasting. The distance b et w een an y

t w o no des can b e calculated from their co ordinates.

Greedy routing

A w ell-kno wn prop ert y of DT is that greedy routing alw a ys succeeds on DT [3 ]. In greedy routing,

a no de forw ards a message to the closest no de to the destination among its neigh b ors. As with man y

greedy approac hes, the greedy routing algorithm is prone to risk of b eing stuc k at a lo cal optim um.

That is, on an arbitrary graph, a non-destination no de ma y b e closer than an y of its neigh b ors to the

destination, th us stopping greedy routing at the no de. Ho w ev er, on a DT, it is guaran teed that greedy

routing succeeds to deliv er a message to the destination no de. F urthermore, the qualit y of the greedy

route is often v ery go o d, since the length of an optimal route b et w een a pair of no des on a DT is within

a constan t time of the direct distance [4, 5 , 6].

Finding the closest existing no de.

Similar to the previous application of greedy routing, a DT ma y b e utilized in �nding the closest

existing no de to a giv en p oin t. (Note that the giv en p oin t ma y not b e a no de in the DT.) Finding the

closest existing no de is a common op eration in man y In ternet applications, including serv er selection,

no de clustering, and p eer-to-p eer o v erla y net w orks.

Consider the problem of �nding the closest existing no de (destination) d 2 S to a giv en p oin t n 62 S ,

starting from a giv en no de s 2 S . If there are more than one closest no des to n , the destination ma y b e

an y one of them. Let v

0

b e s . A t v

i

, the greedy routing algorithm selects the next-hop no de v

i +1

whic h

is closest to n among the neigh b or no des of v

i

. If v

i +1

is closer to n than v

i

, greedy routing is rep eated

at v

i +1

. Otherwise, routing stops at v

i

, whic h is denoted as v

k

. If v

k

is the closest no de or one of the

closest no des to n , w e sa y the routing succeeds; otherwise w e sa y it fails. In other w ords, the routing

succeeds if n 2 V C

S

( v

k

).

The follo wing theorem sho ws that the greedy routing algorithm alw a ys succeeds as long as it is run on

a DT. Bose and Morin [3] pro v ed a similar theorem that greedy routing b et w een no des alw a ys succeeds

on DT. W e use an approac h similar to theirs to pro v e the follo wing theorem.

Theorem 1. Finding a closest no de d 2 S to a given p oint n 62 S using gr e e dy r outing always suc c e e ds

on a DT of S .
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Pr o of. W e pro v e b y sho wing that ev ery no de v 6= d in Delauna y triangulation has a neigh b or that is

closer to n . Supp ose that v 6= d . Dra w a straigh t line L from v to n , and let P the �rst V oronoi facet

whic h L crosses. Let u b e the no de in the adjacen t V oronoi cell whic h shares P with v . Therefore there

is an edge b et w een v and u in the Delauna y triangulation. Note that P divides the space in to t w o regions

S

p

u

and S

p

v

; p oin ts in S

p

u

is closer to u than to v . Since n b elongs to S

p

u

, n is closer to u than v . Therefore

if v 6= d , v has a neigh b or that is closer to n . On the other hand, if v = d , the routing stops at v . Since

there are a �nite n um b er of no des, ev en tually a closest no de d is found in a �nite n um b er of steps.

Clustering of net w ork no des

T o illustrate an application of �nding the closest existing no de to a giv en p oin t, w e presen t a simple

clustering proto col of net w ork no des. The proto col is a distributed v ersion of a clustering algorithm

adopted from [12 ]. The upp er b ound R of the radius of a cluster is giv en as a parameter. No des are

considered sequen tially whether they should join an existing cluster or create a new cluster. The �rst

no de considered creates a new cluster and b ecomes the cen ter of it, since there is no existing cluster.

F rom the second no de on, the considered no de is tested whether its distance to the cen ter of the closest

existing cluster is within R or not. If so, the considered no de joins the cluster; otherwise it creates its

o wn cluster and b ecomes the cen ter of it. The algorithm stops when all no des are considered. Note that

the result of clustering ma y b e di�eren t dep ending on the order in whic h no des are considered [12 ].

Our clustering proto col is a distributed v ersion of this cen tralized algorithm. The main c hallenge in

con v erting it in to a distributed v ersion is to �nd the closest existing cluster without global kno wledge.

W e solv e this problem b y utilizing greedy routing on a DT. Recall that eac h cluster has a cen ter no de. In

our proto col, existing cen ter no des form a distributed DT. A non-cen ter no de do es not participate in the

distributed DT. When a no de u joins the system, it �rst �nds the closest existing cen ter no de b y using

greedy routing on the distributed DT of the cen ter no des. Supp ose that the cen ter no de s

u

is found. If

the distance from u to s

u

is within the upp er b ound R , u b ecomes a mem b er of the cluster cen tered at s

u

;

otherwise u creates its o wn cluster, b ecomes the cen ter no de of the new cluster, and joins the distributed

DT.

Other distributed approac hes to clustering are found in prior w ork. In [13], clusters form a random

graph and a joining no de ma y fail to �nd the closest existing cluster. In [14 ], ev ery no de main tains links

to ev ery other clusters, limiting scalabilit y . The scalabilit y issue is addressed in [14 ] b y in tro ducing a

hierarc h y of clusters. Our proto col �nds the closest cluster for a joining no de and is scalable.

Broadcast using rev erse path
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As w as discussed earlier, the greedy routing algorithm �nds a path from a source no de to a destination.

Consider suc h paths from all no des in S to a no de s . The union of the paths is a tree ro oted at s . Therefore

b y rev ersing the direction of eac h path, w e get a broadcast tree from a source no de s to ev ery other no de

in S . Figure 2(a) illustrates an example of a rev erse path. In forw ard greedy routing, v selects u as the

next hop, since u is its closest neigh b or to the destination s . Th us in rev erse path broadcast from the

source no de s , u should forw ard a message to v ,, b elo w line revised if u kno ws that u is the next hop of v

in the forw ard route. Note that s is the destination in forw ard greedy routing and the source in rev erse

path broadcast.

s
Destination

Source

Forward greedy routing to S

Reverse path broadcast from S

uv

(a) F orw ard path and rev erse path

s

u

v

w

x

s

u

v

w

(b) Am biguous situation due to limited kno wledge

Figure 2: F orw arding in GRPB

W e in tro duce a simple broadcast proto col whic h utilizes the rev erse path tree. Note that our proto col

do es not require kno wledge of the global triangulation o v er S . Eac h no de u is assumed only to kno w its

set of neigh b or no des, and determines to whic h no de(s) it should forw ard a message based on its lo cal

kno wledge. Sp eci�cally , no de u in the previous example ma y not kno w all the neigh b ors of v . u only

kno ws the neigh b ors of u , but still has to determine whether u is the closest no de to s among v 's neigh b or

no des.

The idea of using rev erse path for broadcast go es bac k to as early as 1978 [15 ]. In the con text of DT,

Hyp ercast [7] is the �rst system to in tro duce the idea. Our proto col is di�eren t in that it is based on

greedy routing in an arbitrary dimension while Hyp ercast is based on compass routing in 2D space. The

ma jor adv an tage of b oth approac hes is that a broadcast tree do es not need to b e explicitly main tained.

A no de can immediately determine next-hop no des based on the co ordinates of its neigh b ors and the

destination no de, without main taining an y p er-session routing information.
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W e name our broadcast proto col as GRPB (greedy rev erse path broadcast). In GRPB, a no de u

main tains a lo c al DT for u and u 's neigh b ors. F or eac h neigh b or v , u forw ards a message from a source

no de s to v if b oth of the follo wing t w o conditions hold:

C1 u is closer to s than v is;

C2 in the lo cal DT for u and u 's neigh b or no des, there do es not exist a no de w 6= u suc h that

C2.1 w is closer to s than u is, and

C2.2 u , v and w are included in the same triangle (or simplex in d -dimensional space).

Condition C1 is easy to understand. Supp ose C1 is true. Then u do es not forw ard to v if u is sure

that another no de, sa y w , is the next hop of v in the forw ard greedy routing. The conditions for suc h w

are:

C2.1 w is closer to s than u

C2.2 u , v , and w are included in the same triangle (or simplex) in u 's lo cal DT

C2.3 w is a neigh b or of v on the global DT

Note that C2.1 and 2.3 are necessary and su�cien t. Ho w ev er, u do es not ha v e global information and

cannot c hec k C2.3. Hence w e sp eci�y condition C2.2 whic h includes C2.3. C2.1 and C2.2 are necessary

but not su�cien t.

Note that in case of a tie b et w een w and u in C2.1, u m ust forw ard to v at the cost of p ossible

duplication, since v ma y or ma y not c ho ose u as the next hop in the forw ard greedy routing. Note also

that ev en if no de w app ears to b e v 's neigh b or in u 's lo cal DT, w ma y not actually b e v 's neigh b or in

the global DT. Figure 2(b) illustrates an example in 2D space. The left graph sho ws u 's lo cal DT, in

whic h v and w are neigh b ors. Ho w ev er, as sho wn in the righ t graph, there ma y exist a no de x outside

u 's lo cal kno wledge and th us w ma y not actually b e a neigh b or of v . Without including C2.2 in C2, u

migh t erroneously conclude that it do es not need to forw ard to v , since w app ears to b e the closest no de

to s among v 's neigh b ors. C2.2 detects suc h am biguous situations and requires that u forw ards to v at

the cost of p ossible duplication. The proto col pseudo co de is giv en in Figure 3.

The follo wing theorem guaran tees the correctness of GRPB, namely it deliv ers a message to all no des in

the system. As explained b efore, the t w o conditions of GRPB are necessary , but not su�cien t. Therefore

some duplicate messages ma y b e forw arded. W e p erformed exp erimen ts to broadcast a message using
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Start broadcast( msg ) of no de u

; u is a source no de

for all v 2 N

u

do

Send( v , BR O ADCAST( msg , u ))

end for

On u 's receiving BR O ADCAST( msg , s )

; u is a recipien t of a BR O ADCAST message

Deliv er( msg )

for all v 2 N

u

do

if v satis�es conditions C1 and C2 from s then

Send( v , BR O ADCAST( msg , s ))

end if

end for

Figure 3: Greedy rev erse path broadcast (GRPB) proto col at a no de u .

GRPB on a distributed DT of 200 randomly placed no des in v arious dimensions. Ideally the n um b er of

messages for eac h broadcast should b e the n um b er of no des min us 1 when there is no duplication. In our

exp erimen ts, the n um b er of duplicate messages w as from 3% to 10% of the n um b er of no des.

Theorem 2. L et a set of no des S form a c orr e ct distribute d DT. The GRPB pr oto c ol delivers a message

fr om a sour c e no de s 2 S to al l the other no des in S .

Pr o of. W e pro v e the theorem b y sho wing that if there exists an edge from u to v in the global rev erse

path tree, the GRPB proto col also forw ards a message from u to v .

Assume that the theorem is not true. Supp ose that a no de u fails to forw ard to its neigh b or v when

there exists an edge from u to v in the global rev erse path tree, that is when u is the closest no de from s

among the neigh b ors of v . Note that v is a neigh b or of u on the lo cal Delauna y triangulation of u . Then

there exists a no de w whic h is a m utual neigh b or of u and v on the lo cal Delauna y triangulation of u ,

and the distance b et w een w and s is shorter than the distance b et w een u and s , but w is not a neigh b or

of v on the global Delauna y triangulation. (If w is a neigh b or of v , the next hop of v in the forw ard path

should not b e u since u is not the closest to s among v 's neigh b ors.) On the lo cal Delauna y triangulation

of u , remem b er that there exists a simplex whic h includes u , v and w . Let the simplex p . Note that p

do es not exist on the global Delauna y triangulation, since w is not a neigh b or of v . and then the space of

p is o ccupied b y other simplexes. Let x one of the simplexes and whic h includes u and v . Let x

1

:::x

k

the

other no des of x other than u or v . Then x

1

:::x

k

are neigh b ors of u in the global Delauna y triangulation

and in the lo cal Delauna y triangulation of u . Then on the lo cal Delauna y triangulation of u , since v and

11



x

1

:::x

k

are neigh b ors of u , there exists the same simplex x . It is imp ossible that x and p co-exist on the

lo cal Delauna y triangulation of u , since they o v erlap.

Multicast within a radius

In a distributed virtual realit y system or a m ultipla y er on-line game, an en tit y or a pla y er in teracts

with other en tities or pla y ers that are lo cated around it in the virtual space. Supp ose that en tities or

c haracters in a distributed virtual realit y system or a m ultipla y er on-line game are represen ted as no des.

Then the DT of the no des is a go o d in terconnection top ology since neigh b ors of a no de in DT are no des

that surround the no de in the virtual space.

In addition to in teraction b et w een neigh b oring no des, m ulticast within a giv en radius from a p oin t

is another common op eration, since an ev en t ma y a�ect no des within some distance. F or example, in a

w ar sim ulation, an explosion of a b om b will b e seen only b y soldiers within some distance, and will a�ect

those within a shorter distance. W e observ e that in the GRPB proto col the distance from the source

monotonically increases, since the distance to the destination monotonically decreases in the forw ard

greedy routing. W e utilize this observ ation in our m ulticast proto col within a giv en radius.

In our radius greedy rev erse path m ulticast (RadGRPM) proto col from a source no de s to all the

other no des within a radius r , s �rst sends the message to all its neigh b ors within the radius r . Then for

eac h neigh b or no de v , a no de u forw ards a message to v if the follo wing condition holds as w ell as C1

and C2 in GRPB:

C3 the distance from s to v do es not exceed the radius r .

Essen tially the proto col is the same as the original GRPB proto col, except that forw arding stops

when the distance from the source exceeds the giv en radius in C3. Pseudo co de of the proto col is giv en in

Figure 4. Theorem 3 guaran tees that RadGRPM deliv ers the message to all no des within a giv en radius.

The pro of is straigh tforw ard since the distance from the source no de monotonically increases whenev er

the message is forw arded b y GRPB.

Theorem 3. L et a set of no des S form a c orr e ct distribute d DT. The R adGRPM pr oto c ol delivers a

message fr om a sour c e no de s 2 S to al l no des within a r adius r fr om s .

Pr o of. By Theorem 2, the original GRPB proto col deliv ers a message to all the other no des in S . Since

the distance from s monotonically increases whenev er a message is forw arded and the forw arding stops

when the distance from s exceeds r , all the no des along the original m ulticast path after stopping ha v e

12



Start radius broadcast( msg , r ad ) of no de u

; u is a source no de

for all v 2 N

u

within r ad from u do

Send( v , BR O ADCAST( msg , r ad , u ))

end for

On u 's receiving BR O ADCAST( msg , r ad , s )

; u is a recipien t of a BR O ADCAST message

Deliv er( msg )

for all v 2 N

u

do

if v satis�es conditions C1, C2 and C3 from s then

Send( v , BR O ADCAST( msg , r ad , s ))

end if

end for

Figure 4: The radius greedy rev erse path m ulticast(RadGRPM) proto col at a no de u .

distances longer than r from s . Therefore the RadGRPM proto col deliv ers the message to all the no des

within the radius r .

3 Proto col Design

Our distributed DT proto cols consist of a join, a lea v e, and a main tenance proto col. Our join proto col

ensures that a joining no de obtains enough information to iden tify its correct neigh b ors and that the

joining of the new no de is noti�ed to all existing no des a�ected b y the joining no de, so that the resulting

distributed DT is correct after proto col execution. Similarly , our lea v e proto col noti�es the deletion of a

lea ving no de to all a�ected no des so that the resulting distributed DT is correct after proto col execution.

Our join and lea v e proto cols are pro v ed to b e correct only for serial joins and lea v es.

W e assume that no des ma y join, lea v e or fail at an y time. In addition to no de failures, whic h

inevitably result in an incorrect distributed DT, concurren t joins and lea v es of m ultiple no des ma y result

in an incorrect distributed DT as w ell. T o address suc h scenarios, w e in tro duce a main tenance proto col

whic h is run p erio dically to detect and repair an y errors in the system state. (When the distributed

DT of a set of no des is incorrect, for con v enience, w e sa y \the system state is incorrect" or \the system

state has errors.") Lastly , to simplify our proto col descriptions, w e assume reliable deliv ery of proto col

messages. In a real implemen tation, additional mec hanisms suc h as AR Q or simply TCP can b e used to

ensure reliable message deliv ery .

3

3

Due to the o v erhead of op ening and closing connections, TCP ma y not b e a practical c hoice.
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3.1 System mo del

Our approac h to construct a distributed DT is as follo ws. W e assume that eac h no de is asso ciated with its

co ordinates in a d -dimen tional Euclidean space. Eac h no de has prior kno wledge of its o wn co ordinates,

as is assumed in previous w ork [7 , 8, 9 , 10 , 11 ]. The mec hanism to obtain co ordinates is b ey ond the

scop e of this study . Co ordinates ma y b e giv en b y an application, a GPS device[18 ], or top ology-a w are

virtual co ordinates[19 ].

4

Also when w e sa y a no de u kno ws another no de v , w e assume that u kno ws v 's

co ordinates as w ell.

Let S b e a set of no des to construct a distributed DT. W e will presen t proto cols to enable eac h no de

u 2 S to get to kno w a set of its nearb y no des including u itself, denoted as C

u

, to b e referred to as u 's

c andidate set . Then u determines the set of its neigh b or no des N

u

based on C

u

. Sp eci�cally , u determines

N

u

b y calculating a lo cal DT of C

u

, denoted b y D T ( C

u

). That is, v 2 N

u

if and only if there exists an

edge b et w een u and v on D T ( C

u

).

3.2 Correctness condition for a distributed Delauna y triangulation

Recall that a distributed DT is correct when for ev ery no de u , N

u

is the same as the neigh b ors of u

on D T ( S ). Since N

u

is the set of u 's neigh b or no des on D T ( C

u

) in our mo del, to ac hiev e a correct

distributed DT, the neigh b ors of u on D T ( C

u

) m ust b e the same as the neigh b ors of u on D T ( S ). Note

that C

u

is lo cal information of u while S is global kno wledge. Therefore in designing our proto cols, w e

need to ensure that C

u

is \enough" for u to correctly iden tify its global neigh b ors. If C

u

is to o limited,

u cannot iden tify its global neigh b ors. F or the extreme case of C

u

= S , u can iden tify its neigh b ors on

the global DT since D T ( C

u

) = D T ( S ); ho w ev er, the comm unication o v erhead for eac h no de to acquire

global kno wledge w ould b e extremely high. Before w e presen t Theorem 4, whic h iden ti�es a necessary

and su�cien t condition for a distributed DT is correct, w e presen t sev eral lemmas for con v enience of

pro of.

Lemma 1. L et S b e a set of no des. L et v 2 S b e a neighb or no de of u 2 S on D T ( S ) . Then ther e exists

a p oint p in V C

S

( u ) such that D ( p; u ) < D ( p; v ) < D ( p; w ) for any other no de w 2 S; w 6= u; w 6= v .

Pr o of. Consider a p oin t p

0

on the shared facet of V C

S

( u ) and V C

S

( v ). Then D ( p

0

; u ) = D ( p

0

; v ) <

D ( p

0

; w ) for an y other no de w 2 S; w 6= u; w 6= v . Let w

1

b e the third closest no de from p

0

in S and let

� = D ( p

0

; w

1

) � D ( p

0

; v ). Let p b e the p oin t that is

�

4

a w a y from p

0

to w ard u . Then D ( p; u ) < D ( p; v ) <

4

Application p erformance on a DT ma y b e a�ected b y the accuracy of virtual co ordinates.
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D ( p; w ) for an y other no de w 2 S; w 6= u; w 6= v .

Lemma 2. L et S b e a set of no des. If ther e exists a p oint p in V C

S

( u ) such that D ( p; u ) < D ( p; v ) <

D ( p; w ) for any other no de w 2 S; w 6= u; w 6= v , Then u; v 2 S ar e neighb ors of e ach other on D T ( S ) .

Pr o of. Consider a line from p to w ard v . As a p oin t p

0

mo v es along the line, D ( p

0

; v ) will decrease to w ard

0 while D ( p

0

; u ) � 0. In addition, D ( p

0

; v ) decreases faster than D ( p

0

; w ) decreases for an y other no de

w 2 S; w 6= u; w 6= v . Therefore there m ust b e a p oin t where D ( p

0

; u ) = D ( p

0

; v ) < D ( p

0

; w ) for an y other

no de w 2 S; w 6= u; w 6= v , whic h means that p

0

b elongs to exactly t w o V oronoi cells V C

S

( u ) and V C

S

( v ),

but not other V oronoi cells. By Observ ation ?? , p

0

is on the shared facet of V C

S

( u ) and V C

S

( v ).

Lemma 3. L et S b e a set of no des. L et u 2 C , v 2 C , and C � S . If v is a neighb or of u on D T ( S ) , v

is also a neighb or of u on D T ( C ) .

Pr o of. By Lemma 1, there exists a p oin t p where D ( p; u ) < D ( p; v ) < D ( p; w ) for an y other no de

w 2 S; w 6= u; w 6= v . Since C � S , D ( p; u ) < D ( p; v ) < D ( p; w ) for an y other no de w 2 C ; w 6= u; w 6= v .

Therefore b y Lemma 2, v is a neigh b or of u on D T ( C ).

Lemma 4. L et S b e a set of no des. L et u 2 S and C

u

� S include al l the neighb or no des of u on D T ( S ) .

If v 2 C

u

is a neighb or of u on D T ( C

u

) , then v is also a neighb or of u on D T ( S ) .

Pr o of. When v 2 S is a neigh b or of u on D T ( C

u

), b y Lemma 1, there exists a p oin t p in V C

C

u

( u )

suc h that D ( p; u ) < D ( p; v ) < D ( p; w ) for an y other no de w 2 C

u

; w 6= u; w 6= v . No w, supp ose

that v is not a neigh b or of u on D T ( S ). Then there m ust b e a no de x 2 S; x 62 C

u

; x 6= u; x 6= v

that satis�es D ( p; v ) � D ( p; x ). Let x

1

; :::; x

k

b e those no des whic h satisfy suc h condition. That is,

D ( p; u ) ; D ( p; x

1

) ; :::; D ( p; x

k

) < D ( p; w ) for an y other no de w 2 S; w 6= u; w 6= x

i

; 1 � i � k . W e sho w

b elo w that there exists a no de x

i

; 1 � i � k whic h is a neigh b or of u on D T ( S ). Since x

i

62 C

u

, it is

con tradictory to the assumption that C

u

includes all the neigh b or no des of u on D T ( S ). Therefore v is

a neigh b or of u on D T ( S ).

Case A-1. Supp ose that D ( p; u ) < D ( p; x

1

) < D ( p; w ) for an y other no de w 2 S; w 6= u; w 6= x

1

.

Then b y Lemma 2, x

1

is a neigh b or of u on D T ( S ).

Case A-2. Supp ose that D ( p; u ) < D ( p; x

1

) = ::: = D ( p; x

h

) < D ( p; w

1

) � D ( p; w ) for an y other no de

w 2 S; w 6= u; w 6= w

1

; w 6= x

i

; 1 � i � h . Let � = D ( p; w

1

) � D ( p; x

1

). Consider a p oin t p

0

whic h is

� = 4 a w a y from p to w ard x

1

. Then D ( p

0

; u ) < D ( p; x

1

) < D ( p; w ), where w 2 S; w 6= u; w 6= x

1

. Then b y

Lemma 2, x

1

is a neigh b or of u on D T ( S ).
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Case B. Supp ose that D ( p; u ) = D ( p; x

1

) = ::: = D ( p; x

h

) < D ( p; w

1

) � D ( p; w ) for an y other no de

w 2 S; w 6= u; w 6= w

1

; w 6= x

i

; 1 � i � h . Let � = D ( p; w

1

) � D ( p; x

1

). Consider a p oin t p

0

whic h is � = 4

a w a y from p to w ard u . Then D ( p

0

; u ) < D ( p; x

i

) < D ( p; w ) ; 1 � i � h , where w 2 S; w 6= u; w 6= x

i

; 1 �

i � h . Let x

0

b e x

i

with smallest D ( p; x

i

) ; 1 � i � h . Then x

0

is a neigh b or of u on D T ( S ), similarly to

in the cases A-1 or A-2.

Case C. Supp ose that D ( p; x

1

) ; :::; D ( p; x

h

) < D ( p; u ) � D ( p; w ) for an y other no de w 2 S; w 6= u; w 6=

x

i

; 1 � i � h . Consider a p oin t p

0

whic h mo v es from p to w ard u . Since D ( p

0

; u ) decreases the fastest,

D ( p

0

; u ) � D ( p

0

; w ) for an y other no des w 2 S; w 6= u; w 6= x

i

; 1 � i � h is preserv ed. Moreo v er, there

m ust b e a p oin t where D ( p

0

; x

0

) < D ( p

0

; u ) � D ( p

0

; w ) for an y other no de w 2 S; w 6= u; w 6= x

0

, where x

0

is one of x

i

; 1 � i � h . Then x

0

is a neigh b or of u on D T ( S ), similarly to in the cases A-1 or A-2.

Theorem 4 (Correctness Condition). L et S b e a set of no des and for e ach no de u 2 S , u 2 C

u

and

C

u

� S . L et N

u

, u 2 S b e the set of u 's neighb or no des on D T ( C

u

) . A distribute d DT of S is c orr e ct if

and only if, for every u 2 S , C

u

includes al l the neighb or no des of u on D T ( S ) .

Pr o of. (only if ) Supp ose that C

u

do es not include a no de v that is a neigh b or no de of u on D T ( S ).

Clearly , N

u

cannot include v and the distributed Delauna y triangulation is not correct.

(if ) Supp ose that for ev ery u 2 S , C

u

includes all the neigh b or no des of u on D T ( S ). W e sho w that

v 2 S is a neigh b or of u on D T ( C

u

) if and only if v is a neigh b or of u on D T ( S ). i) Consider a neigh b or

v of u on D T ( S ). Since C

u

� S , b y Lemma 3, v is a neigh b or of u on D T ( C

u

). ii) Consider a neigh b or

v of u on D T ( C

u

). By Lemma 4, v is a neigh b or of u of D T ( S ).

Theorem 4 iden ti�es a necessary and su�cien t condition for a distributed DT is correct, namely: the

candidate set of eac h no de m ust con tain all of its global neigh b ors. In the follo wing subsections, w e use

the ab o v e correctness condition as a guide to design our proto cols.

3.3 Join proto col

In our join proto col, w e assume that a joining no de n is �rst led to the nearest existing no de u , whic h

is guaran teed to b e found using greedy routing b y Theorem 1. C

n

is initialized as f n g , and n sends a

NEIGHBOR SET REQUEST messages to u . When u receiv es NEIGHBOR SET REQUEST from n , u

puts n in to C

u

, up dates N

u

b y recalculating D T ( C

u

), computes N

u

n

whic h is the set of the neigh b or

no des of n on D T ( C

u

), and replies N

u

n

to n . When n receiv es the reply , C

n

is up dated to include all

no des in the reply , and n determines its neigh b or no des again using the up dated C

n

. If n �nds an y new
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neigh b or no des, n sends NEIGHBOR SET REQUEST messages to them. This pro cess is rep eated un til

n do es not �nd an y new neigh b or no de. The proto col pseudo co de is giv en in Figure 5.

Join( v ) of no de u

; Input: u is the joining no de, if u is the only no de in the system, v = N U LL ;

otherwise v is the closest existing no de to u .

C

u

 f u g

N

u

 ;

if v 6= N U LL then

Send( v , NEIGHBOR SET REQUEST)

end if

On u 's receiving NEIGHBOR SET REQUEST from w

if w 62 C

u

then

C

u

 C

u

[ f w g

Up date Neigh b ors( C

u

, N

u

)

end if

N

u

w

 f x j x is a neigh b or of w on D T ( C

u

) g

Send( w , NEIGHBOR SET REPL Y( N

u

w

))

On u 's receiving NEIGHBOR SET REPL Y( N

w

u

) from w

C

u

 C

u

[ N

w

u

Up date Neigh b ors( C

u

, N

u

)

Up date Neigh b ors( C

u

, N

u

) of no de u

N

old

u

 N

u

N

u

 neigh b or no des of u on D T ( C

u

)

N

new

u

 N

u

� N

old

u

for all v 2 N

new

u

do

Send( v , NEIGHBOR SET REQUEST)

end for

Figure 5: Join proto col at a no de u

Theorem 5 guaran tees that the join proto col, if run on a correct distributed DT, results in a correct

distributed DT for a single join. The main ideas of the pro of are the follo wing: i) the closest existing

no de will b e a neigh b or of a joining no de (Lemma 5), ii) all neigh b or no des of the joining no de are

connected b y existing neigh b or relations, th us it is p ossible to �nd them all b y follo wing the neigh b or

relations (Lemma 8), and iii) the neigh b or no des of the joining no de are also noti�ed of the joining no de's

addition in the pro cess. Note that this pro of is based on Theorem 4, whic h determines the condition

when a distributed DT is correct.

Lemma 5. L et S

0

= S

S

f n g and u b e the closest no de to n in S . Then u is a neighb or of n on D T ( S

0

) .

Pr o of. Consider n , whic h is in V C

S

0

( n ). D ( n; n ) < D ( n; u ) < D ( n; w ), for an y other no de w 2 S

0

; w 6=
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n; w 6= u . Therefore, b y Lemma 2, u is a neigh b or of n on D T ( S

0

).

Lemma 6. L et u

0

and v

0

b e two p oints on an n -dimensional c onvex p olytop e P

n

, n � 2 . Then ther e

exists a p ath fr om u

0

to v

0

on the surfac e of P

n

, which go es thr ough adjac ent fac ets of P

n

.

Pr o of. On 2-dimensional con v ex p olygon, there exists a path from u

0

to v

0

whic h go es along the edges of

the p olygon. Supp ose that the lemma holds for k -dimensional con v ex p olytop e, k � 2, and consider t w o

p oin ts u

0

and v

0

on an ( k + 1)-dimensional con v ex p olytop e P

k +1

. Consider a cross section of the P

k +1

whic h con tains u

0

and v

0

. The cross section is an k -dimensional con v ex p olytop e and there exists a path

from u

0

to v

0

on the surface of the p olytop e, whic h go es through adjacen t facets. Note that eac h facet of

the cross section is a part of a corresp onding facet of P

k +1

, and t w o adjacen t facets of the cross section

corresp ond to adjacen t facets of P

k +1

. Therefore the path is also on the surface of P

k +1

, going through

its adjacen t facets. By induction, the lemma holds for n -dimensional p olytop es, n � 2.

Lemma 7. L et S

0

= S

S

f n g . If u 2 S and v 2 S ar e two neighb or no des of n on D T ( S

0

) and V F

S

0

( n; u )

and V F

S

0

( n; v ) ar e adjac ent, u and v ar e neighb ors on D T ( S ) .

Pr o of. Let p

0

b e a p oin t where V F

S

0

( n; u ) and V F

S

0

( n; v ) meet. That is, D ( p

0

; n ) = D ( p

0

; u ) = D ( p

0

; v ).

Let w

1

2 S b e the closest no de to p

0

except for n , u and v , and � = D ( p

0

; w

1

) � D ( p

0

; n ). Consider

a p oin t p whic h is

�

4

a w a y from p

0

to w ard u . Then D ( p; u ) < D ( p; v ) < D ( p; w ), for an y other no de

w 2 S; w 6= u; w 6= v . By Lemma 2, v is a neigh b or no de of u on D T ( S ).

Lemma 8. L et S

0

= S

S

f n g and u b e a neighb or no de of n of D T ( S

0

) . Then for any neighb or v of n on

on D T ( S

0

) , ther e exists a series of no des < p

0

= u; :::; p

k

= v > , wher e p

i

; 0 � i � k , is a neighb or of n

on D T ( S

0

) , and p

i

and p

i +1

, 0 � i � k � 1 , ar e neighb ors on D T ( S ) .

Pr o of. Note that V C

S

0

( n ) is a con v ex p olytop e enclosed b y facets and eac h facet corresp onds to a neigh b or

no de of n . Also note that t w o neigh b ors of n are de�ned adjacen t when their corresp onding facets are

adjacen t on V C

S

0

( n ). Let u

0

b e a p oin t on the facet whic h corresp onds to u and v

0

b e a p oin t on the

facet whic h corresp onds to v . By Lemma 6, there exists a path from u

0

to v

0

whic h go es through adjacen t

facets of V C

S

0

( n ). That is, there exists a series of no des < p

0

= u; :::; p

k

= v > , where p

i

; 0 � i � k ,

is a neigh b or of n on D T ( S

0

) and V F

S

0

( n; p

i

) and V F

S

0

( n; p

i +1

), 0 � i � k � 1, are adjacen t. And b y

Lemma 7, p

i

and p

i +1

are neigh b ors on D T ( S ).
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Lemma 9. L et n denote a new ly joining no de, S b e the set of existing no de, and S

0

= S

S

f n g . Supp ose

that the existing distribute d Delaunay triangulation for S is c orr e ct. Then when the join pr oto c ol �nishes,

C

n

includes al l the neighb or no des of n on D T ( S

0

) .

Pr o of. By Lemma 5, u is a neigh b or no de of n on D T ( S

0

). F or an y neigh b or no de v of n on D T ( S

0

),

b y Lemma 8, there exists a series of no des < p

0

= u; :::; p

k

= v > , where p

i

; 0 � i � k , are neigh b ors

of n on D T ( S

0

) and p

i

and p

i +1

, 0 � i � k � 1, are neigh b ors on D T ( S ). First u receiv es NEIGH-

BOR SET REQUEST from n . Since p

1

is a neigh b or of u on D T ( S ), C

u

includes p

1

, and p

1

is also

included in N

u

n

b y Lemma 3 since p

1

is also a neigh b or of n on D T ( S

0

). After n receiv es N

u

n

from u , C

n

includes p

1

.

Supp ose that p

i

is included in C

n

. By Lemma 3, p

i

is also included in N

n

, and n sends NEIGH-

BOR SET REQUEST to p

i

. Since p

i +1

is a neigh b or of p

i

on D T ( S ), C

p

i

includes p

i +1

, and p

i +1

is also

included N

p

i

n

b y Lemma 3, since p

i +1

is also a neigh b or of n on D T ( S

0

). After n receiv es N

p

i

n

from p

i

,

C

n

includes p

i +1

.

Therefore, within k iterations, C

n

will include p

k

= v .

Theorem 5. L et S b e a set of existing no des and the distribute d DT of S b e c orr e ct. L et a no de n 62 S

join to the distribute d DT using our join pr oto c ol. Assume that ther e is no other join, le ave, or failur e.

After the join pr oto c ol �nishes, the up date d distribute d DT is c orr e ct.

Pr o of. Lemma 9 sho ws that when the join pro cess �nishes, C

n

will include all of its neigh b or no des on

D T ( S

0

). Also, whenev er n disco v ers a neigh b or no de v of itself during the pro cess, n sends NEIGH-

BOR SET REQUEST to v so that v includes n in to C

v

. Therefore the candidate sets of all no des are

prop erly up dated, and the up dated distributed Delauna y triangulation is correct.

Though the join proto col ac hiev es a correct distributed DT after it �nishes, the transien t states are

not correct, whic h ma y result in malfunction of upp er-la y er applications. F or example, a new no de in

an early stage of the joining pro cess ma y not ha v e a complete set of neigh b ors and ma y not b e able to

prop erly forw ard a message for greedy routing. T o address suc h situations, w e in tro duce a mec hanism

for a joining no de to defer to b e a part of the system un til it establishes its complete set of neigh b or

no des. When an existing no de receiv es NEIGHBOR SET REQUEST, it do es not immediately up date its

neigh b or set. When the joining no de n �nishes its joining pro cess, it then noti�es all its neigh b ors that

it is safe to up date their candidate sets and their neigh b or sets to include n . Due to dela y of noti�cation
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message deliv ery , some transien t states ma y still b e incorrect. Ho w ev er, greedy routing will w ork w ell

ev en with imp erfect states, as to b e sho wn in section 4.

Also note that the join proto col is pro v ed to b e correct only for serial joins. In case of concurren t

joins, the proto col ma y not result in a correct distributed DT. Suc h imp erfection is addressed b y the

main tenance proto col to b e presen ted in section 3.5.

3.4 Lea v e proto col

W e �rst address the case of graceful lea v es. The case of ungraceful lea v es or failures is addressed b y our

main tenance proto col in section 3.5.

A straigh tforw ard approac h to address graceful lea v e w ould b e that a lea ving no de, b efore it lea v es,

noti�es all of its neigh b ors that it is ab out to lea v e. This simple noti�cation is, ho w ev er, not enough to

main tain a correct distributed DT.

Supp ose that a no de u lea v es and it noti�es a neigh b or no de v that it is lea ving. Then v should

remo v e u from C

v

and up date N

v

. The problem is that in some cases v ma y ha v e a new neigh b or w that

w as not previously a neigh b or of v and ma y not b e in C

v

. In suc h cases, the straigh tforw ard approac h

ma y resulting in an incorrect distributed DT. Ho w ev er, w e observ e that suc h w is alw a ys a neigh b or of u .

Therefore it is p ossible for u to notify v that u is lea ving and also in tro duce w to v , resulting in a correct

distributed DT.

When a no de u lea v es, u calculates a lo cal DT of its neigh b or no des, but not including itself. Then

u noti�es eac h of its neigh b ors, sa y v , that u is lea ving as w ell as a list of the neigh b ors of v on the lo cal

DT of u . Up on receiving suc h noti�cation, v up dates its candidate set and neigh b or set. In addition,

a DELETE message that u is lea ving is propagated using GRPB. Note that ev en if u is not a neigh b or

no de of another no de x , x ma y ha v e u in C

x

. The DELETE message ensures that u is remo v ed from

suc h C

x

, if an y . The proto col pseudo co de is giv en in Figure 6.

The follo wing theorem assures that the lea v e proto col is correct for serial lea v es. The theorem is

based on the previous observ ation that if a no de w b ecomes a new neigh b or of v after u lea v es, w w as a

neigh b or of u b efore u lea v es.

Lemma 10. L et S

0

= S � f u g . L et v b e a neighb or no de of u on D T ( S ) . If w is a neighb or no de of v

on D T ( S

0

) , then w is a neighb or no de of u on D T ( S ) or w is a neighb or no de of v on D T ( S ) .

Pr o of. Since w is a neigh b or of v on D T ( S

0

), b y Lemma 1, there exists a p oin t p suc h that D ( p; v ) <
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Lea v e() of no de u

Calculate D T ( N

u

) ; Note: u 62 N

u

for all v 2 N

u

do

N

u

v

 f w j w is a neigh b or of v on D T ( N

u

) g

Send( v , LEA VE( N

u

v

))

end for

On u 's receiving LEA VE( N

v

u

) from v

C

u

 C

u

� f v g [ N

v

u

N

u

 neigh b or no des of u on D T ( C

u

)

for all w 2 N

u

do

if w satis�es conditions C1 and C2 from v then

Send( w , DELETE( v ))

end if

end for

On u 's receiving DELETE( w ) from v

C

u

 C

u

� f w g

for all x 2 N

u

do

if x satis�es conditions C1 and C2 from w then

Send( x , DELETE( w ))

end if

end for

Figure 6: Lea v e proto col at a no de u

D ( p; w ) < D ( p; x ), for an y other no de x 2 S

0

; x 6= v ; x 6= w .

Case A) D ( p; w ) < D ( p; u ). Since S = S

0

[ f u g , D ( p; v ) < D ( p; w ) < D ( p; x ), for an y other no de

x 2 S . Then b y Lemma 2, v and w are neigh b ors on D T ( S ).

case B) D ( p; u ) � D ( p; w ). Then consider a p oin t p

0

whic h mo v es from p to w ard w . Since D ( p

0

; w )

decreases faster than D ( p

0

; x ), x 2 S; x 6= u; x 6= v ; x 6= w , as p

0

mo v es and D ( p

0

; u ) � 0 and D ( p

0

; v ) � 0,

there m ust b e a p oin t where D ( p

0

; v ) < D ( p

0

; w ) < D ( p

0

; u ) < D ( p

0

; x ) or D ( p

0

; u ) < D ( p

0

; w ) < D ( p

0

; v ) <

D ( p

0

; x ), for an y other no de x . Then b y Lemma 2, v and w are neigh b ors on D T ( S ) or u and w are

neigh b ors on D T ( S ).

Theorem 6. L et S b e a set of no des and the distribute d DT of S b e c orr e ct. L et a no de u 2 S le ave the

distribute d DT using our le ave pr oto c ol. Assume that ther e is no other join, le ave, or failur e. After the

le ave pr oto c ol �nishes, the up date d distribute d DT is c orr e ct.

Pr o of. Let S

0

= S � f u g . Consider a no de v 2 S

0

. First, u is remo v ed from C

v

b y propagation of LEA VE

and DELETE messages. Therefore C

v

� S

0

.
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Case A) Supp ose that v is not a neigh b or of u on D T ( S ). Consider a no de w 2 S

0

; w 6= v . If w is a

neigh b or of v on D T ( S

0

), w is also a neigh b or of v on D T ( S ) b y Lemma 3. If w is a neigh b or of v on

D T ( S ), w is also a neigh b or of v on D T ( S

0

) b y Lemma 4. Therefore the neigh b ors of v on D T ( S ) are

the same as the neigh b ors of v on D T ( S

0

) and v is not a�ected b y lea v e of u .

Case B) Supp ose that v is a neigh b or of u on D T ( S ). Consider a no de w 2 S

0

; w 6= v . If w is a

neigh b or of v on D T ( S

0

), b y Lemma 10, either w is already in C

v

or v is noti�ed of w b y u . Therefore

C

v

will include all the neigh b or no des of v on D T ( S

0

).

Note that the lea v e proto col is correct only for serial lea v es. Similar to the case of concurren t joins,

concurren t lea v es ma y result in an incorrect distributed DT. Suc h cases are addressed b y our main tenance

proto col, to b e discussed in the next subsection. In our implemen tation, propagation of a DELETE

message is stopp ed when the message arriv es at a no de that do es not ha v e the lea ving no de in its

candidate set. This mo di�cation greatly reduces comm unication cost, without a�ecting correctness of

the lea v e proto col in almost all cases. A v ery rare case where a left no de remains in a candidate set and

causes incorrectness can b e addressed b y the main tenance proto col.

Also, similar to the case of a join, transien t incorrect states during a lea v e ma y result in malfunction

of upp er-la y er application. In the case of a lea v e, it is desirable for a lea ving no de to defer lea ving after

making sure that eac h of its neigh b ors has up dated its neigh b or set. This ma y b e ac hiev ed b y requiring

an ac kno wledgemen t of a LEA VE message.

3.5 Main tenance proto col

The join and lea v e proto cols are pro v ed correct only for serial joins and lea v es, assuming that there is no

other concurren t join, lea v e, or failure. In practice, ho w ev er, no des ma y join and lea v e concurren tly , or

ev en fail at an y time, causing errors in the system state. Therefore an additional mec hanism is needed

to repair errors in the system state. T o address system c h urn and failures, w e presen t a main tenance

proto col, whic h is run p erio dically to detect and repair errors, if an y , in the system state.

F rom De�nition 5, for a distributed DT to b e correct, t w o conditions m ust b e satis�ed: i) Eac h no de

u m ust include in its neigh b or set N

u

all of its neigh b ors on the global DT, and ii) N

u

m ust not con tain

an y no de that is not in the system.

T o satisfy the �rst condition, a no de p erio dically exc hanges information with eac h of its neigh b ors.

Sp eci�cally , a no de u informs its neigh b or no de v the neigh b ors of v on u 's lo cal DT. Note that the
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pro cess is essen tially the same as what is done when a no de joins, since the goals of the t w o proto cols are

same i.e. eac h no de learns its neigh b ors on the global DT.

T o satisfy the second condition, a no de prob es its neigh b ors b y sending ping messages p erio dically .

If a prob ed no de do es not reply , the no de is considered to b e not in the system and remo v ed from the

candidate set. This mec hanism also addresses the case of ungraceful no de failures. Note that this probing

can b e easily in tegrated with the exc hange of information for the �rst condition.

The main tenance proto col is as follo ws. A no de u sends out NEIGHBOR SET REQUEST to its

neigh b or no de v . When v receiv es the request, it replies with N

v

u

, whic h is the set of neigh b ors of u

on D T ( C

v

). That is, N

v

u

is the set of u 's neigh b ors in v 's lo cal view. v also c hec ks whether u is in its

candidate set C

v

. If u 62 C

v

, v puts u in C

v

. When u receiv es the reply N

v

u

, u c hec ks whether N

v

u

� C

u

. If

there exists an y no de in N

v

u

that is not in C

u

, it is added to C

u

. In case u do es not receiv e a reply from v

b efore TIMEOUT, v is considered to ha v e failed and remo v ed from C

u

. u also propagates the deletion of v

similarly as in the lea v e proto col. Once C

u

is up dated, u recalculates the lo cal DT and determines its set

of neigh b or no des N

u

. If there are an y new neigh b or no des in N

u

, u sends NEIGHBOR SET REQUEST

to them. The proto col pseudo co de is giv en in Figure 7.

F rom a large n um b er of sim ulation exp erimen ts, w e found that the main tenance proto col con v erged to

a correct distributed DT in ev ery exp erimen t, for di�eren t dimensionalities (2D to 6D), n um b ers of no des

(200 to 800), scenarios (random initial graph, sev ere c h urn with no de failures) as long as the system is

not partitioned. Note that it is extremely di�cult to pro v e correctness of the main tenance proto col for

an y com binations of concurren t joins, lea v es and failures. F urthermore, in an en vironmen t where system

c h urn o ccurs con tin ually , another join or lea v e ma y o ccur b efore the system con v erges to a correct state.

As a result, con v ergence to a correct system state ma y b e imp ossible during system c h urn. F ortunately ,

some applications can still b ene�t from an imp erfect DT as long as it is \accurate" enough. Therefore

the accuracy of a distributed DT o v er time is more imp ortan t in practice than ev en tual con v ergence to

a correct distributed DT for systems under c h urn.

W e found that our main tenance proto col con v erged to a correct distributed DT some time after c h urn

and failure ha v e stopp ed in ev ery one of our exp erimen ts. Ho w ev er this do es not mean that our join and

lea v e proto cols are no longer needed. Note that it tak es time for the main tenance proto col to detect and

repair errors, resulting in a lo w er a v erage accuracy . F urthermore, the main tenance proto col requires a

m uc h higher comm unication o v erhead than those of the join and lea v e proto cols, and th us should b e run

only p erio dically , with the p erio d b eing a design parameter to b e tuned.
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On u 's expiration of P E R I O D T I M E R

for all v 2 N

u

do

Send( v , NEIGHBOR SET REQUEST)

Set T I M E O U T T I M E R

v

as T + T O

; T is curren t time. T O is the timeout v alue.

end for

Set P E R I O D T I M E R as T + P

; T is curren t time. P is the p erio d of main tenance proto col.

On u 's expiration of T I M E O U T T I M E R

v

C

u

 C

u

� f v g

Up date Neigh b ors( C

u

, N

u

)

for all w 2 N

u

do

Send( w , DELETE( v ))

end for

On u 's receiving NEIGHBOR SET REQUEST from v

if v 62 C

u

then

C

u

 C

u

[ f v g

Up date Neigh b ors( C

u

, N

u

)

end if

N

u

v

 f w j w is a neigh b or of v on D T ( C

u

) g

Send( v , NEIGHBOR SET REPL Y( N

u

v

))

On u 's receiving NEIGHBOR SET REPL Y( N

v

u

) from v

C

u

 C

u

[ N

v

u

Up date Neigh b ors( C

u

, N

u

)

Figure 7: Main tenance proto col at a no de u . Up date Neigh b ors( C

u

, N

u

) is the same as the one sp eci�ed

in Figure 5.

W e de�ne an accuracy metric of a distributed DT as follo ws, whic h is used for all of our exp erimen ts.

Let D D T

S

b e a distributed DT of a set of in-system no des S . W e consider a no de to b e in-system from

when it �nishes joining to when it starts lea ving. (Note that some no des ma y b e in the pro cess of joing

or lea ving and not included.) Let N

cor r ect

( D D T

S

) b e the n um b er of correct neigh b or en tries of all no des

and N

w r ong

( D D T

S

) b e the n um b er of wrong neigh b or en tries of all no des on D D T

S

. A neigh b or en try v

of a no de u is correct when v is a neigh b or of u on the global DT (namely , D T ( S )), and wrong when u

and v are not neigh b ors on the global DT. Let N ( D T ( S )) b e the n um b er of edges on D T ( S ). Note that

edges on a global Distributed triangulation are undirectional and th us are coun ted t wice to b e compared
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with neigh b or en tries. The accuracy of D D T

S

is de�ned as follo ws:

accuracy( D D T

S

) =

N

cor r ect

( D D T

S

) � N

w r ong

( D D T

S

)

2 � N ( D T ( S ))

:

A distributed DT is correct if and only if its accuracy is 1.

T o demonstrate accuracy and e�ectiv eness of the main tenance proto col, w e designed a \ring" scenario

b eginning with a barely connected graph in whic h eac h no de initially kno ws only one other no de. That

is, no de p

i

, i � 1, has only p

i � 1

in its candidate set and its neigh b or set. Figure 8 sho ws accuracy of

the distributed DT v ersus time as the main tenance proto col runs. Note that the main tenance proto col

ac hiev ed a correct distributed DT within a few rounds of proto col execution. The con v ergence is faster

in a higher dimension space, since no des ha v e more neigh b ors and information is exc hanged faster.
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Figure 8: Accuracy of the main tenance proto col in a \ring" scenario, where eac h no de initially kno ws

only one other no de. The n um b er of no des is 200.

3.6 Timestamp

In a dynamic en vironmen t, it is p ossible that a no de receiv es messages with con
icting information. F or

example, some no des ma y k eep in their candidate set a no de that has already left or failed, and disp erse

the information later. Then other no des ma y consider the no de as new, adding it to their candidate

sets. Although the main tenance proto col will later detect that the no de do es not exist and delete it,

suc h wrong information ma y again b e forw arded to other no des b efore the detection. In this w a y , wrong

information ma y linger in the system unless the wrong information is detected and discarded as so on as

it is receiv ed.

25



T o address this issue, w e in tro duce a clo c k T

u

at eac h no de u . The clo c k v alue is incremen ted whenev er

u sends out a message. An y information regarding a no de is timestamp ed with its clo c k. In addition,

a no de u main tains the latest timestamp T

u

v

of the information regarding another no de v it kno ws of.

When a no de u receiv es an y information regarding a no de v from another no de w , the timestamp of the

information T

w

v

is compared with the latest timestamp T

u

v

at no de u . If T

w

v

< T

u

v

(that is, the receiv ed

information is older), the information is discarded; otherwise it is accepted and the latest timestamp is

up dated ( T

u

v

= T

w

v

).

4 Exp erimen tal results

4.1 Scalabilit y

The p er-no de comm unication cost of our distributed DT proto cols largely dep ends on the a v erage n um b er

of neigh b ors p er no de. Since the n um b er of neigh b ors of a no de on a DT is indep enden t of the n um b er of

no des in the system, the scalabilit y of our distributed DT proto cols is generally v ery go o d. Ho w ev er, there

are t w o minor factors that a�ect the p er-no de cost as the system size increases. First, greedy routing to

lo cate the closest existing no de in the join pro cess will tak e O (

d

p

n ) steps, where d is the dimensionalit y of

the space and n is the n um b er of no des in the system. In addition, no des on the b oundary of a DT ha v e

few er neigh b ors than those in the middle. When the net w ork size is smaller, the fraction of b oundary

no des is larger, making the a v erage n um b er of neigh b ors smaller. Figure 9(a) and Figure 9(b) sho w the

n um b er of messages and the amoun t of messages (in Kb ytes) v ersus system size in 3D. The join and lea v e

curv es represen t the costs of 100 joins and 100 lea v es resp ectiv ely , and are more or less indep enden t of

system size sho wing v ery go o d scalabilit y . The p er-round cost of the main tenance proto col for al l no des

increases linearly with system size; th us the a v erage cost p er no de is constan t v ersus system size.

4.2 P erformance under c h urn

Figure 10(a) sho ws accuracy of a distributed DT as a function of time for a system under c h urn, more

sp eci�cally , when no des are joining and lea ving concurren tly but not failing. Initially , the sytem has 200,

400, or 800 no des with a correct distributed DT. Then 1 no de joins and 1 no de gracefully lea v es once

ev ery second on the a v erage un til time 110 second, using our join and lea v e proto cols. Our main tenance
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Figure 9: The comm unication cost of proto cols v ersus n um b er of no des in 3D. The join and lea v e curv es

represen t the total costs of 100 serial joins and 100 serial lea v es, resp ectiv ely . The main tenance curv e

represen ts the p er-round cost for all no des to run the main tenance proto col.

proto col is run once ev ery 10 seconds.

5

In spite of the c h urn, accuracy of the distributed DT remains

v ery high. The small error is due to concurren t joins and lea v es, and is repaired b y our main tenance

proto col p erio dically . Figure 10(b) sho ws the success rate of a greedy routing proto col for a system under

c h urn while running our join, lea v e and main tenance proto cols. Note that the success rate is m uc h higher

than the accuracy v alue, due to careful design of our join and lea v e proto cols. In our join proto col, the

neigh b or no des of a joining no de defer adding the joining no de to their neigh b or sets un til the joining

no de �nishes its joining pro cess and is ready to function prop erly . Similarly , in our lea v e proto col, a

lea ving no de con tin ues service un til all of its neigh b ors are noti�ed.

4.3 P erformance with no de failures

Figure 11(a) and Figure 11(b) sho w accuracy of distributed DT and greedy routing success rate for

a system in whic h no des join and fail concurren tly . Except for no des failing instead of lea ving, the

sim ulation parameters are the same as in the previous set of system c h urn exp erimen ts. Initially , the

system has 200, 400, or 800 no des with a correct distributed DT. Then, 1 no de joins and 1 no de fails

once ev ery second on the a v erage un til time 110 second, and our main tenance proto col is run once ev ery

10 seconds.

Both accuracy and greedy routing success rate are m uc h w orse than in the previous case of system

5

By Little's La w, for an initial system size of 200, the a v erage lifetime of a no de is 200 seconds. F or P2P systems, this

is a v ery high c h urn rate[16]. Note that accuracy in Figure 10(a) impro v es as the system size increases.
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Figure 10: P erformance of a system in 3D under c h urn v ersus time. 1 no de joins and 1 no de lea v es p er

second on the a v erage un til 110 second. The main tenance proto col is run ev ery 10 seconds.

c h urn with graceful lea v es instead of failures. Since an y error caused b y a failed no de cannot b e reco v ered

un til the main tenance proto col detects it b y a message timeout, the lo w er accuracy and routing success

rate are to b e exp ected considering the high failure rate.

Lastly , note that in all sim ulations the main tenance proto col con v erged to a correct system state in a

few rounds after c h urning stopp ed.
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Figure 11: P erformance of a system in 3D with concurren t joins and failures v ersus time. 1 no de joins

and 1 no de fails p er second on the a v erage un til 110 second. The main tenance proto col is run ev ery 10

seconds.
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5 Related w ork

The �rst proto col to construct DT w as prop osed b y Lieb eherr and Nahas [7]. The proto col utilizes

the lo cally equiangular prop ert y of DT in 2D space. No des are assumed to ha v e pre-assigned logical

co ordinates in 2D space. Eac h no de c hec ks whether the equiangular prop ert y holds among itself and

its neigh b or no des. Whenev er a violation is detected, the no de 
ips triangles to main tain a correct DT.

Their application w as application-la y er m ulticast, called Hyp erCast. Since compass routing on DT is

guaran teed to succeed, a m ulticast tree can b e implicitly determined for a giv en source using rev erse

path.

Steiner and Biersac k [8 ] prop osed a distributed approac h to construct DT in 3D space. In their w ork,

the tetrahedron whic h includes a joining no de is determined and split. Then the new tetrahedra are

c hec k ed whether they include an y no des in their circumspheres and 
ipp ed if necessary .

Simon et al. [9] prop osed a similar approac h in d -dimensional space. They also addressed the case of

no de departures as w ell as arriv als. They assume that no d + 1 no des are on the same h yp erplane and

no d + 2 no des are on the same h yp ersphere. It is also assumed that a new no de is in the in terior of the

con v ex h ull of existing no des.

While DT has b een extensiv ely studied in computational geometry , most w ork in the �eld fo cuses on

cen tralized algorithms. Ohnishi et al. [10 ] prop osed an incremen tal algorithm to construct a distributed

DT in 2D space. Y o o et al. [11 ] prop osed a distributed algorithm to main tain DT for mo ving no des in

2D space.

Lo cating the closest no de to a giv en p oin t is a common problem in man y applications. W ong et al.

[17 ] prop osed a solution called Meridian, whic h uses m ulti-resolutio n rings. While Meridian is e�cien t

since it requires O (log N ) steps, where N is n um b er of no des in the system, it do es not guaran tee to �nd

the closest no de.

6 Conclusions

While DT has b een kno wn and used for a long time, the design of proto cols for constructing and main-

taining a DT for a dynamic system has not receiv ed m uc h atten tion. In this pap er, w e in v estigate the

design of join, lea v e and main tenance proto cols for a set of no des to construct and main tain a distributed

DT dynamically , as w ell as some application-lev el proto cols to supp ort DT applications.

W e de�ne a distributed DT and presen t a necessary and su�cien t condition for a distributed DT to
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b e correct. This condition w as used as a guide to design our join, lea v e, and main tenance proto cols. Our

join and lea v e proto cols are pro v ed correct for serial joins and lea v es. F or a system under c h urn and with

no de failures, w e de�ne an accuracy metric for a distributed DT. Exp erimen tal results sho w that our

proto cols are scalable and they ac hiev e high accuracy for systems under c h urn and with no de failures. In

ev ery one of our exp erimen ts conducted to date, the system con v erged to a correct distributed DT some

time after c h urn and failures stopp ed. T ypically con v ergence w as ac hiev ed after running the main tenance

proto col for a few rounds.

T o supp ort applications of distributed DT, w e presen t application-lev el proto cols for greedy routing,

net w ork no de clustering, broadcast, and m ulticast within a radius. Eac h no de in our greedy routing,

broadcast and m ulticast proto cols do es not main tain an y p er-session state. W e also discuss and pro v e

correctness for the application proto cols.
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