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Value Prediction with FA

As usual: Policy Evaluation (the prediction problem): 
         for a given policy π, estimate the state-value function vπ

In earlier chapters, value functions were stored in lookup tables.

Here, the value function estimate at time t, Vt , depends
on a weight  vector  wt , and only the weight vector
is updated.

e.g., wt  could be the vector of connection weights 
of a neural network.
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Linear Methods

Represent states as feature vectors:
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MSE(w) =

X

s2S

d(s)

h
v⇡(s)� v̂(s,w)

i
2

,

wt+1

= wt �
1

2

rwMSE(wt)

= wt �
1

2

rw

X

s2S

d(s)

⇥
v⇡(s)� v̂(s,wt)

⇤
2

= wt �
1

2

rw

X

s2S

d(s)

⇥
v⇡(s)� v̂(s,wt)

⇤
2

= wt �
X

s2S

d(s)

⇥
v⇡(s)� v̂(s,wt)

⇤
rw[v⇡(s)� v̂(s,wt)

⇤

= wt +

X

s2S

d(s)

⇥
v⇡(s)� v̂(s,wt)

⇤
rwv̂(s,wt)

(sampling)

= wt + ↵

⇥
v⇡(St)� v̂(St,wt)

⇤
rwt v̂(St,wt),

target = sin(in1� 3) cos(in2) +N(0, 0.1)

f(i) = w

1

x

1

(i) + w

2

x

2

(i) + · · ·+ wnxn(i).

wj  wj + ↵(target� f(i))xj , j = 1, . . . , n.

Zt(s, a) =

8
<

:

1 + ��Zt�1

(s, a) if St = s, At = a, and At was greedy;

0 if St = s, At = a, and At was not greedy;

��Zt�1

(s, a) for all other s, a;

8s, a

G

�
t = (1� �)

T�t�1X

n=1

�

n�1

G

(n)
t + �

T�t�1

Gt (1)

G

�
t = (1� 1)

T�t�1X

n=1

1

n�1

G

(n)
t + 1

T�t�1

Gt = Gt (2)

G

�
t = (1� 0)

T�t�1X

n=1

0

n�1

G

(n)
t + 0

T�t�1

Gt = G

(1)

t (3)

R S A(s)

Ea[a]

! = s

0

, a

0

, s

1

, a

1

, . . .

1

9.3. LINEAR METHODS 221

9.3 Linear Methods

One of the most important special cases of gradient-descent function approxi-
mation is that in which the approximate function, v̂, is a linear function of the
parameter vector, w. Corresponding to every state s, there is a vector of fea-
tures x(s) = (x1(s), x2(s), . . . , xn

(s))>, with the same number of components
as w. The features may be constructed from the states in many di↵erent ways;
we cover a few possibilities below. However the features are constructed, the
approximate state-value function is given by

v̂(s,w) = w>x(s) =
nX

i=1

w

i

x

i

(s). (9.8)

In this case the approximate value function is said to be linear in the param-
eters, or simply linear.

It is natural to use gradient-descent updates with linear function approxi-
mation. The gradient of the approximate value function with respect to w in
this case is

rwv̂(s,w) = x(s).

Thus, the general gradient-descent update (9.3) reduces to a particularly sim-
ple form in the linear case. In addition, in the linear case there is only one
optimum w⇤ (or, in degenerate cases, one set of equally good optima). Thus,
any method guaranteed to converge to or near a local optimum is automat-
ically guaranteed to converge to or near the global optimum. Because it is
simple in these ways, the linear, gradient-descent case is one of the most fa-
vorable for mathematical analysis. Almost all useful convergence results for
learning systems of all kinds are for linear (or simpler) function approximation
methods.

In particular, the gradient-descent TD(�) algorithm discussed in the pre-
vious section (Figure 9.1) has been proved to converge in the linear case if
the step-size parameter is reduced over time according to the usual conditions
(2.7). Convergence is not to the minimum-error parameter vector, w⇤, but to
a nearby parameter vector, w1, whose error is bounded according to

RMSE(w1)  1 � ��

1 � �

RMSE(w⇤). (9.9)

That is, the asymptotic error is no more than 1���

1��

times the smallest possible
error. As � approaches 1, the bound approaches the minimum error. An anal-
ogous bound applies to other on-policy bootstrapping methods. For example,
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Nice Properties of Linear FA Methods

❐ The gradient is very simple:
❐ For MSE, the error surface is simple: quadratic surface with 

a single minimum.
❐ Linear gradient descent TD(λ) converges:

! Step size decreases appropriately
! On-line sampling (states sampled from the on-policy 

distribution)
! Converges to weight vector       with property:

best weight vector(Tsitsiklis & Van Roy, 1997)
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Learning and Coarse Coding
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Tile Coding

tiling #1

tiling #2

Shape of tiles !" Generalization

#Tilings !" Resolution of final approximation

2D state
space

❐ Binary feature for each tile
❐ Number of features present at 

any one time is constant
❐ Binary features means weighted 

sum easy to compute
❐ Easy to compute indices of the 

features present



R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction 8

Tile Coding Cont.

one

tile

a) Irregular b) Log stripes c) Diagonal stripes

Irregular tilings

Hashing CMAC
 “Cerebellar model arithmetic computer”
Albus 1971
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Coarse Coding
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Shaping Generalization in Coarse Coding



R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction

Gradient-based TD(λ), backwards view

11

9.2. GRADIENT-DESCENT METHODS 219

For example, suppose the states in the examples are the states generated
by interaction (or simulated interaction) with the environment using policy
⇡. Let G

t

denote the return following each state, S

t

. Because the true value
of a state is the expected value of the return following it, the Monte Carlo
target V

t

= G

t

is by definition an unbiased estimate of v

⇡

(S
t

). With this
choice, the general gradient-descent method (9.3) converges to a locally op-
timal approximation to v

⇡

(S
t

). Thus, the gradient-descent version of Monte
Carlo state-value prediction is guaranteed to find a locally optimal solution.

Similarly, we can use n-step TD returns and their averages for V

t

. For
example, the gradient-descent form of TD(�) uses the �-return, V

t

= G

�

t

, as
its approximation to v
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(S
t

), yielding the forward-view update:
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Unfortunately, for � < 1, G

�

t

is not an unbiased estimate of v

⇡

(S
t

), and thus
this method does not converge to a local optimum. The situation is the same
when DP targets are used such as V

t

= E
⇡

[R
t+1 + �v̂(S

t+1,wt

) | S

t

]. Never-
theless, such bootstrapping methods can be quite e↵ective, and other perfor-
mance guarantees are available for important special cases, as we discuss later
in this chapter. For now we emphasize the relationship of these methods to
the general gradient-descent form (9.3). Although increments as in (9.4) are
not themselves gradients, it is useful to view this method as a gradient-descent
method (9.3) with a bootstrapping approximation in place of the desired out-
put, v

⇡

(S
t

).

As (9.4) provides the forward view of gradient-descent TD(�), so the back-
ward view is provided by

w
t+1 = w

t

+ ↵�

t

z
t

, (9.5)

where �

t

is the usual TD error, now using v̂,

�

t

= R

t+1 + �v̂(S
t+1,wt

) � v̂(S
t

,w
t

), (9.6)

and z
t

= (z
t,1, zt,2, . . . , zt,n)> is a column vector of eligibility traces, one for

each component of w
t

, updated by

z
t

= ��z
t�1 + rwt v̂(S

t

,w
t

), (9.7)

with z0 = 0. A complete algorithm for on-line gradient-descent TD(�) is given
in Figure 9.1.
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Two methods for gradient-based function approximation have been used
widely in reinforcement learning. One is multilayer artificial neural networks
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❐ Learning state-action values

❐ The general gradient-descent rule:

❐ Gradient-descent Sarsa(λ) (backward view):

Control with FA

description of (St ,At ),  Qt{ }
Training examples of the form:

9.4. CONTROL WITH FUNCTION APPROXIMATION 231

The general gradient-descent update for action-value prediction is

w
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For example, the backward view of the action-value method analogous to
TD(�) is

w
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with z0 = 0. We call this method gradient-descent Sarsa(�), particularly
when it is elaborated to form a full control method. For a constant policy,
this method converges in the same way that TD(�) does, with the same kind
of error bound (9.9).

To form control methods, we need to couple such action-value prediction
methods with techniques for policy improvement and action selection. Suitable
techniques applicable to continuous actions, or to actions from large discrete
sets, are a topic of ongoing research with as yet no clear resolution. On the
other hand, if the action set is discrete and not too large, then we can use the
techniques already developed in previous chapters. That is, for each possible
action, a, available in the current state, S

t

, we can compute q̂(S
t

, a,w
t

) and
then find the greedy action a

⇤
t

= arg max
a

q̂(S
t

, a,w
t

). Policy improvement
is done by changing the estimation policy to the greedy policy (in o↵-policy
methods) or to a soft approximation of the greedy policy such as the "-greedy
policy (in on-policy methods). Actions are selected according to this same
policy in on-policy methods, or by an arbitrary policy in o↵-policy methods.

Figures 9.8 and 9.9 show examples of on-policy (Sarsa(�)) and o↵-policy
(Watkins’s Q(�)) control methods using function approximation. Both meth-
ods use linear, gradient-descent function approximation with binary features,
such as in tile coding and Kanerva coding. Both methods use an "-greedy
policy for action selection, and the Sarsa method uses it for GPI as well. Both
compute the sets of present features, F

a

, corresponding to the current state
and all possible actions, a. If the value function for each action is a sepa-
rate linear function of the same features (a common case), then the indices of

9.4. CONTROL WITH FUNCTION APPROXIMATION 231

The general gradient-descent update for action-value prediction is
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For example, the backward view of the action-value method analogous to
TD(�) is
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with z0 = 0. We call this method gradient-descent Sarsa(�), particularly
when it is elaborated to form a full control method. For a constant policy,
this method converges in the same way that TD(�) does, with the same kind
of error bound (9.9).

To form control methods, we need to couple such action-value prediction
methods with techniques for policy improvement and action selection. Suitable
techniques applicable to continuous actions, or to actions from large discrete
sets, are a topic of ongoing research with as yet no clear resolution. On the
other hand, if the action set is discrete and not too large, then we can use the
techniques already developed in previous chapters. That is, for each possible
action, a, available in the current state, S

t

, we can compute q̂(S
t

, a,w
t

) and
then find the greedy action a

⇤
t

= arg max
a

q̂(S
t

, a,w
t

). Policy improvement
is done by changing the estimation policy to the greedy policy (in o↵-policy
methods) or to a soft approximation of the greedy policy such as the "-greedy
policy (in on-policy methods). Actions are selected according to this same
policy in on-policy methods, or by an arbitrary policy in o↵-policy methods.

Figures 9.8 and 9.9 show examples of on-policy (Sarsa(�)) and o↵-policy
(Watkins’s Q(�)) control methods using function approximation. Both meth-
ods use linear, gradient-descent function approximation with binary features,
such as in tile coding and Kanerva coding. Both methods use an "-greedy
policy for action selection, and the Sarsa method uses it for GPI as well. Both
compute the sets of present features, F

a

, corresponding to the current state
and all possible actions, a. If the value function for each action is a sepa-
rate linear function of the same features (a common case), then the indices of

where:
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distance metric than in is used in tile coding and RBFs. For definiteness,
consider a binary state space and the hamming distance, the number of bits
at which two states di↵er. States are considered similar if they agree on enough
dimensions, even if they are totally di↵erent on others.

The strength of Kanerva coding is that the complexity of the functions
that can be learned depends entirely on the number of features, which bears
no necessary relationship to the dimensionality of the task. The number of
features can be more or less than the number of dimensions. Only in the worst
case must it be exponential in the number of dimensions. Dimensionality itself
is thus no longer a problem. Complex functions are still a problem, as they
have to be. To handle more complex tasks, a Kanerva coding approach simply
needs more features. There is not a great deal of experience with such systems,
but what there is suggests that their abilities increase in proportion to their
computational resources. This is an area of current research, and significant
improvements in existing methods can still easily be found.

9.4 Control with Function Approximation

We now extend value prediction methods using function approximation to
control methods, following the pattern of GPI. First we extend the state-
value prediction methods to action-value prediction methods, then we combine
them with policy improvement and action selection techniques. As usual, the
problem of ensuring exploration is solved by pursuing either an on-policy or
an o↵-policy approach.

The extension to action-value prediction is straightforward. In this case
it is the approximate action-value function, q̂ ⇡ q⇡, that is represented as a
parameterized functional form with parameter vector w. Whereas before we
considered random training examples of the form St 7! Vt, now we consider ex-
amples of the form St, At 7! Qt. The target output, Qt, can be any approxima-
tion of q⇡(St, At), including the usual backed-up values such as the full Monte
Carlo return, Gt, or the one-step Sarsa-style return, Gt+1 + �q̂(St+1, At+1,wt).
The general gradient-descent update for action-value prediction is

wt+1 = wt + ↵
h
Qt � q̂(St, At,wt)

i
rwt q̂(St, At,wt).

For example, the backward view of the action-value method analogous to
TD(�) is

wt+1 = wt + ↵�tet,

where

�t = Rt+1 + �q̂(St+1, At+1,wt) � q̂(St, At,wt),
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and

et = ��et�1 + rwt q̂(St, At,wt),

with e0 = 0. We call this method gradient-descent Sarsa(�), particularly
when it is elaborated to form a full control method. For a constant policy,
this method converges in the same way that TD(�) does, with the same kind
of error bound (9.9).

To form control methods, we need to couple such action-value prediction
methods with techniques for policy improvement and action selection. Suitable
techniques applicable to continuous actions, or to actions from large discrete
sets, are a topic of ongoing research with as yet no clear resolution. On the
other hand, if the action set is discrete and not too large, then we can use the
techniques already developed in previous chapters. That is, for each possible
action, a, available in the current state, St, we can compute q̂(St, a,wt) and
then find the greedy action a⇤

t = arg maxa q̂(St, a,wt). Policy improvement
is done by changing the estimation policy to the greedy policy (in o↵-policy
methods) or to a soft approximation of the greedy policy such as the "-greedy
policy (in on-policy methods). Actions are selected according to this same
policy in on-policy methods, or by an arbitrary policy in o↵-policy methods.

Figures 9.8 and 9.9 show examples of on-policy (Sarsa(�)) and o↵-policy
(Watkins’s Q(�)) control methods using function approximation. Both meth-
ods use linear, gradient-descent function approximation with binary features,
such as in tile coding and Kanerva coding. Both methods use an "-greedy
policy for action selection, and the Sarsa method uses it for GPI as well. Both
compute the sets of present features, Fa, corresponding to the current state
and all possible actions, a. If the value function for each action is a sepa-
rate linear function of the same features (a common case), then the indices of
the Fa for each action are essentially the same, simplifying the computation
significantly.

All the methods we have discussed above have used accumulating eligibility
traces. Although replacing traces (Section 7.8) are known to have advantages
in tabular methods, replacing traces do not directly extend to the use of func-
tion approximation. Recall that the idea of replacing traces is to reset a state’s
trace to 1 each time it is visited instead of incrementing it by 1. But with func-
tion approximation there is no single trace corresponding to a state, just a trace
for each component of w, which corresponds to many states. One approach
that seems to work well for linear, gradient-descent function approximation
methods with binary features is to treat the features as if they were states for
the purposes of replacing traces. That is, each time a state is encountered that
has feature i, the trace for feature i is set to 1 rather than being incremented
by 1, as it would be with accumulating traces.
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Approx Value Functions on Mountain-Car Task
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Mountain-Car Results
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Should We Bootstrap?
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Summary

❐ Generalization
❐ Adapting supervised-learning function approximation 

methods
❐ Linear gradient-descent methods

! Tile coding


