Problenm
Congider the difierential equations

dx
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Shew that the solutien ::1 - xz = 0 is asymptotically stable (i.e., there exists
a b > 0 guch that for every solution x = z(t) with | z{0) ! < & we have

im, | x(t) =2)
if 5a.°+5b°+az+hz<0
and completely unstable {(i.s., thers exists a 3 >0 sush that for every aolution
x = x(t) with x(0) # @ there exists a T » O such that {x{(t)l >3 fer t » T)
if 530+5b°+32+b2>0.

G.¥. Veltkamp.

Solution
Consider the function

Vixg) = x: + x: + %(a;b))x &(a b, )x - (n b )(x X ¥%, x’) + }(n +b, )(x x,-x x’)

Then along & trajectory x = x(t) we have

. av av
V(t) = %; v(z(t)) = _...l. _l [a°+b°+31(¢2+bz}](x‘:4x;)+um of degree 6.

ax dt lx dt
It is obvious that V is e Lyapunov-function, i.e., ¥V is sontimwusly differentiable,
V(g) = 0, ¥(x) > 0 in an open neighbourhood G(0 < Ixf < 8) ef z = o0 and
V(t) $ 0 for x(t) € G if a, +b ¢ i(;zﬂa) £ 0.
The statements comcerning stability and instability mow fellow from well-known
theorems of Lyapunov (ef., e.g., La Salle and Lefschets, Stability by Liapuncv's
Direct Method, E.Y., 1961).

Note. The basic idea of the proof of Lyapunov's thecreme is the fellowing.
et Q0 < 51 < 52, with sufficiently smll 52. Then the inegualities

a cv(x)-:a

define 5 ologed l.nnuln.r subdomain Q of @ which contains the origin insids

ite inner boundary. If V < Oforx(t)e Q then V « ~c <0 as long as z{t) € 0 .
Hence if x(0) € O  then certainly vix(t)) < b, for t > (az-a')/g. Henos

lim, _V(x(t)} = 0, which implies 1lim, ___;(t) = p. And similarly in the

t -
case of instability.



