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The formal treatment of some small examples.

In this chapter I shall give the formal development of & series of
small programs solving simple problems. This chapter should not be inter-
preled as wy suggestion that these programs must or should be developed
in such a way: such a suggestion would be somewhat ridiculous. 1 expect
most of my readers to be familiar with most of the examples and, if not,
they can probably write down a program, hardly aware of having to think

about it.
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The development, therefore, is given g quite olher reasons. One

reason is. to make ourselves more familiar with the formalism as far as it
has been developed up )édj now. A second reason is to convince curselves

that, in principle at least, the formalism is able to make explicit and

‘quite rigourcus what is often justified with a lot of hand-waving. A third

reason is precisely that most of us are sqﬁ/;amjljar with them that we have

forgotlen how, a long time ago, we have convinced ourselves of their
correctness: in this fespeét this chapter resembles the beginning lessons
in plane geoh&try that are traditionally devoted to proving the obvious.
Fourthly, we may occasionally get a‘iittle surprise and discover that a
little familiar problem is not so familiar after all. finally it may shed
some light on the feasibility, the difficulties and the possibilities of
automatic program composition or mechanical assistance in the programming
procees. This could be of importance even if we do not have the slightest
interest in automstic program composition, for it wmay give us a better

appreciation of the role that our inventive powers may or have to play.
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In my examples I shall state requirements of the form "for fixed

X, Y, -..'"j this is an abreviation for "for any values x0 , yO, ... a

post-condition of the form X = x0 and y = yO angd ... should give rise

to a pre-condition implying x = x0O and y = yO and ... " We shall guarantee

this by treating such quantities as "temporary constants', they will not

occur to the left of an assigment statement.

First example.

Festablish for fixed X and vy the relation R(m):

(m=xorm=y) and m=xandmz2y :
For general values of x and y the relation m = x can only be established

by the assignment mi= X j &8s & consequence (m=xoporm= y) can only be

established by activating either m:= x or mi=y. In flow-chart form

e
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The point j5 that at the entry the good choice wmust be made so as
" to guarantee that upon completion R(m) holds. For this purpose wWe "push

the post-condition through the alternatives":

i, o

L.,

£
o H :
and we have derived the guaxds! As
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R(x) = ((x = X Or x = y) and x > x and x Ejy> = (x Ejy)
and  R(y) = ((y=xpory=y)andy>xaidy<y) =(y2zx)
we arrive at our solution:
il xzy-m=x [y zx wm=y 03
Because (x >y 0r vy E;x) = T , the program will never abort (and in passing

we have glven an existence proof: for any values x and y there exists
an m satisfying R(m) ). Because (x >y and vy ij) £ F , our program

is not necessarily deterministic: if initially x

i

y , it is undeter-
mined which of the two assignments will be selected for execution; this

non-determinacy is fully correct, because we have shown that the chaice

does not matter.

Note. If the function "max"  had been an available primitive, we could

~have coded mi= max(x,‘y) becauéef R(max(x, y)) =T . (End of note.)

The program we have derived is not very impressive; on the other
Hahd we observe that in the prncess or deriving the program from our post-

condition next to nothing has been left to our invention.

‘Second _example.

For a fixed value of n (ni> O) a function f(i) is given for

0 <i<n . Establish the truth of R:

and (A i: 0 <i <n: flk) > 7(4)) .

!/\
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0 =

é&cauwc our program must waork for any positive value of n it is
hard to see how R can be established without a loop; we are therefore
looking for a relation P that is easily established to start with and

~such -that eventually (P and non BB) => R . In search of P we are therefore
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looking for a relation weaker than R , in other words: we want a generali-

zation of our final state. A standarxd way of generalizing a relation is
the replacement of & constant by a variable --~-possibly with a restricted
range~~ and here wmy experience suggests that we replace the constant n

by a new variable, j say, and take for P:

O<k<j<nand (Ai: 0<i<j: flk)>7(i))

where the condition j < n has been added in order to do justice to the
finite domain of the function f . Then, with such a generalization, we

have trivially (P and n = j) => R

In order to verify whether this choice of P can be used, we must

have an easy way of establishing it to start with. Well, because
(k =0and j=1) =P

we venture. the following structure for our program -comments being added

between braces--

k, ji= 0, 1 {F has been established};
do j #n - a step towards j = n under invariance of P : od

{R has been established}

Again my experience suggests to choose as monotonicly decreasing
function -t of the current state t = (m - j) , which, indeed, is such
that P = (t EjO) . In order to ensure this monolonic decrease of ¢

I propose to subject j to an increase by 1 and we can develop

wp("jr= j + 1", P) =

O<k<j+ 1 <nand (Ai: 0<i<i: flk)>e(3)) and flk) >

4 oo

r(3)

The first two terms are implied by 'P'QQQ j # n (for (j <nand j % n) =
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(5 +1 < n) and this is the reason why we decided to increase j only by 1.)

Therefore (P and § £ nand (k) > f(3)) = wp("ji= j + 1%, P)

and we can take the last condition as guaxd. The program

K, ji= 0, 1;

’

do j £ n = if 1(k) >f(j) —~ ji= 3 + 1 fi od

will indeed give the good answer when it terminates properly. Proper ter-
mination, however, is not guaranteed, because the alternative construct
might lead to abortion --and it will certainly do so, if k = O does

not satisfy R . If f(k) Ejf<j> does not hold, we can make it hold

by the assignment k:= j and therefore our next investigation is

wp("k, ji= 3, j+ 1", P) =

0.

IA
A

i+ 1 <nand (Ai: 0<i<j+1: £(35)>()) =

0<j<j+1 <nand (Ai:0

IA

i< j: f(3) > ()

To. our great relief we see that

and the following program will do the job without the danger of abortion:

‘k,'j”: 09 1;

do j A n = if flk) 2 (3) - ji= § + 1

0 #(k) <7(3) =k, je= 3, j+ 1 fi od

A few remarks are in order. The first one is that, as the guards of
- the altermative construct do not necessarily exclude each other, the program
harbours the same kind of internal non-determinacy as the first example.
Extiernally it may display this non-determinacy as well. The function f
could be such that the final value of k is not unique: in that case our

program can deliver any acceptable value!
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The second remark is that having developed a correct program does
not mean that we are through with the problem. Prcgramming is as much a
mathemstical discipline as an engineering discipline, correctress is as
much cuil concern as, say, efficiency. Under the assumption that the
computation of a value of the function f for a given argument is a
Ielativevtimemcomauming operation, s good engineer should ohserve that in
all probability this program will often ask for many re-computations of
(k) for the same value of k . If this is the case the trading of some
storage Spéce against some computation time is indicated. The effort to
make ouxr program more time-efficient, however, should never be an excuse
to make a mess of it. (This is obvious, but I state it explicitly because
so much messiness is so often defended by an appeal to efficiency conside-
rations, while upon closer inspection the defense is always unvalid: it
must be, for a mess is never defensible.) The orderly technique for trading
storage space versus computation time is the introduction of one or more
redundant variables, the value of which cén be used because some relation
is kept invariant. In this example the observation of the possibly frequent
re-computation of f(k) for ihe same value of k suggests the introduction
of a further varisble, wmax say, and to extend the invariant relation

with the further term
max = f(k) .

This relation must be established upon initialization of k and be kept
invariant --by explicit assignment to max -- upon modification of k . We

arrive at the following program

K, i, max:= 0, 1, £(0);

do § # no—= if mex > £(5) — ji= j o+ 1

[ max < 7(j) =k, §, max:= is 5o 1, £(3) £i od :



