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F‘\ S\')or\“ \"\o\'e. an sﬂmme;ﬁc cjﬁ’;}ri\ou}ea\ <18 bi)ralim.

This s O'nl:j o Shoert nole. ’-F‘nrs]-]v, ™y 'FFO\D\%
15 cmltﬂ T)or]'l:j solved ; Seccmo“y , O F%dins ho\io\o:j
]orec\uc\es o \cmgex' note mow. TThe resulls ohlained
so Pa.r, however, deserve recorc\ins.

We comsider the classic mulual exclusion problem
o'? N o:)c\ic ‘orocesses , eac)'- wath ik Cri‘-ica.\ Sec-
bien and )o be Qc:jnc)wmhizeol Y suc\w (=Y -Exs)ﬂoh }\-m)-
a)- Ovm:) muvnem.“ a\' ‘moS]' one w-P ')-)':e ]om cesses 1S
emn e in i)‘S C‘ri}*im) sec Fom. ‘fhe equc.“v c\ass;c
50{ i om %pio s ome \Dina:j Se'moc)a})me. 5 }raoli\'iono.“:j
called ”mu\ex omd  inibializeol @} 1 . Each He
processes  Com Phewn be coded as ﬁ"uws:

o_ko }rwz, — ’?(Mu\'cx) 5
Cri\‘ica\ Sec\icm;

V ( Mu\"ecd 5

Yiencri }ica\ Sec:“-cm

od

———

Here Jhe semaphwe mulex is o sbnc\nrcmi 2a tsom
bool equa.\LD occessible Yo ol N processes; %: ,
Yhet  reasem the ahove SoLuL'cm is QG“eo{ ”C"en \i«zeol:
as used , the semaphure nulten o\cccrmp\is\‘:es N~g\ck
O;r))ixrq_\-iqn. Ih “’\is 5\1«\‘ no\-e Lae occupb che.\Vcs
with  Jhe problem achieving  N-fold orbibrakion
whon wofold arbikalion (behueen iden ket partnen)

s the onl-.:) cwa'.\o.\:»‘e Primi‘ive..
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'n'ne c\assic 'Sdlu-»}ion % G3 ?g“ws /P’ace eac-L dP
the )orocesses im o dishinet node .aP-%e, Cmn'}o]e\-e
N—cbrcu)o% , omok associaxe vath e.aue)-» ec\ge, o \:.‘mawa
5%0.')9}106"6. Each "cribical SQC)’\'O'n " S ]orecedeol. bb
the N-1 /P-U]oe,mkms on the binartj Sewmn o/,o)'wrres as.
sociateod tsth  the edoes mee\-ina o} the node m
bo\nicL Hie. 0cess m ques\‘iom 1% ,:‘aced,- the Crf)'ica]

SecL‘tm s “uwe,d. L:j H\e C‘Clm?&n'sa)ina V-— a}amﬁms.

Q“ 'Solu‘\:-ons o-P'pnis pn'm ol:>v-iou3(.:j énswre N-ﬁ)\ok

ar}ai)ra\w’orm , Since no rocesses <Cown \oe s;mu\}anmsb
}r)':e;r* Cr‘ihca\ Sec Homs | 'ﬂne on re/mmn;n3

en oaeol v
T)ro‘?:\\ewn 1S Yo \ore.s::h'\oe. gr‘ eac‘\ node ‘Hne. arder

A m\rvic\n the N-1 /?oo?mtons O0CTLUr M such o

P;.s}\icm that  the d0m6er‘ O‘P O\eoo“oc\? s O)DS%)‘

Na}e. “Pecouse each \o‘maxﬂ Seanaxp\nore_ 7S accesseol
b‘.j oo processes ,l\' blocks al Oruq morn ent at mosh

cne ro C@ss. Qs e resun' the qucs\wn dOQSh'}‘ arise
w\nic\\ .-.v-P -H)e \o‘ockeoL Processes is Q\lcrweol. }o Cam'}')]e)e

ks ())—c'pe;aﬁon w\wm dhe V-o-)oer'oj:icfh on ‘:) s ]oer,?rmed
’g-urn'\ermcme ' Yhe Pac)‘ 'H'\o} eac\'\ Sefmo.‘a}\mre. ‘a\oc\'zs o.)-

most ome \o.—ocess ]oreckudes Yhe domojer mgnle.
o-uer)-a\em@ , omol hence o s kon  tohich 18 Yree oP
the domoer UP deadlock 1% also ee. U'P the d%ec
U'P ihd:violu\a\ S\Wrm}'fm\ C End No\'e)

Q Uu:j simp\e WOU VP avtrid.ing }\’E O\Ome)er op
deodlock s the Q“"‘“"“?}‘ QSSiﬁn }o each edse o
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”Y‘&m\t“r ‘.‘:uc\n Hw.\' no }wo eolse.s '“'Io} \’IGWG Gm %dpoin}
v Common have the Same l"Ovnk’, omd  le} each )omcess

Co-mp}e}e. He Y- O‘Pem\nons v Yhe ovrder aP increasing

rowmk.

Note. . “the im hodushem aP the romks 1S no coms raint
at all. \P ™" euera node +he ovder OP the N1 ¥
o-P&-Q\-ions has been Prescﬁ)bed. " Such o WO Hha
the domger o—? deodlock s absen}, ranks Com be
Qassi 31‘}&){, }'0 er. Gc{ges o SucL a waD ¥ha} in eac]a
node +the /‘P"U'Pm\'»"cns occur m the ovder O'Pe}rsc}\j
\;ncr'eoSins r%k. -nne .lan'cr rec'w;'remen}‘ 'n'n-)goses a
tokel O'f‘d%na on  the romks o-P the N-1 ed gpes
mee}ins al & node; Yhe obsence the dom oyer

Qf) deodlock ilm‘o\ies Yhal these N lola) o*ml?m'nas

U'PSOLSG\'S O'P N-‘i Qo\ses Qe Cam]:xx\-ue (Enol dP
No\‘e.)

This nele s wrong (7

Bl the above e knew Par' a lonﬂ Yime ;i mlﬁ
Serves GS  Om ‘;h}md-uc:\-i% F)ur the g)“mna resun's.
o

T
*

St‘}\o“'mils Ye&u”‘- Tar eac}\ deac“oc\e-{zee aﬁiShm%} UF'“m

edse ranks Jhe num\o&r G-P dif?‘&l'&n)' Co-mp]el'e B]oc\'tinﬁ

S}a"es equc‘s QN-1 . Q Cofmp]e.;-e ):loclema s\-e)»e is

one wm uksc\a e ch Jhe processes is %30. eol m ibs
Cri}icc} Sec)‘mn w\\ilc amcma '}Le ol-\-.m no (%ur}\n-er
Mbi\-ra]'iems owre Poss;\o\e.
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rPfOOE. H CamP\e.‘e E]m\v:ns s\“c}e \s C‘)arac“e-ri'leol \'23
'H’ie ]omcess rm 'a"s Cri)’ica\ Sec)-icm omd Po-r‘ eo«:\w cn‘lef'
Process \on -]-)ne, row.k f}};e eolse @r w)\ic)\ Or)m\-ro.ton
)-ook lace 'u}s disfaveur. B o\ea\in w:})s +he
P y dealing

edges m o PiXec\ order o-F C weak ) ascernc\ina
T‘Gn\? e Com Cms)mc\- Orn:j Ccfm)ole B‘oc\?ma S\‘G\'@
ED the guowins nondelerminishic gcm'ﬂnn.

O variable ¢ s inikalized with the se} d]O a)l
N nodes; we Phen dec:) with dhe eolge,s w the Gxec\
ord er. Nhem we bncown)'ef om edge with bon'\ %droin‘s
sil i ¢, ome v—P the Jwo end Foin]’s 'S rewmoved
QD’" c , otherwsse ¢ s ]e,@‘ unc\wa:.ﬁeo( 5 & node

réewovesl s b&aeo{ with He romk Fhe edge m
ques]-wh.

Because each ste has hwo da{?er%)- Pmcllocrn}*s,
¢ contnins o} leas) 1 node all '}'\'\mah Fhis
exe':‘u.-}'iah dP H\e O.Love a\ 9%')')1m ; ‘oecmse e
process all e edoges a]D the  com Fle\e N- 9ra/ra]n
Yhe execu):-"tm "‘erm;nc.\-es i b a‘- h'tos)" 1 node m
¢ . We comclude ‘H‘\al QXeCutrcm Ferminales with
emc)lﬁ 4 nooke m < ; Hus node idemkifies the

one  owdl On(b )orocess M ks Cril-'CQ) Sechon.

32(:%56 N-1 nodes \'\owe lbeem rYevno ved. Frcm- c,

we howfe \'\ao'» N-1 \Omm:i C-\\o-ices H ]ﬂemce 'H'-m Owe
lo
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Coro“ora . No Sbmme}ric r'Ovn\QinS exis}s or N s a

Y’°“°°" d'P 2 .

‘?moé. \IJl”'\ (% Sjmme}'ﬁc T@nkin‘s -”"e nu'm\:«e.r UPCUM-—
P}e\-e )o\oc\?i'ng s‘a}es w‘\-k the SGme chess v }}s

C‘.ri)‘ica] 320)‘307\ [N '!hcle'}b&nc)%l 'H’le iclbnli)' a]o'“';a;'
loHer process; that case N ‘)E o diviser EP 2 N1
te. N s a PoweraP 2. (End UP ,PV‘OOF)>

* X

»*

>

'DS\?s)m's resol} . A stjmme)n‘c I‘O\'n\'tins exisls or
N 'S ho\‘O- )9000?/" CI‘PQ.

/P"Oo . The o})crue 23 ]omveol ku Ccms)mc)hnb A Sym-

menc 'r‘a'n)?ing v 'n'»e case ';' G)‘ N S a Fovoer
2. WNumber }he nodes {?rom Q ')kmsk N-1.

“The diﬁﬁs rl'? the bimtﬂ r‘eFresm)'a)ioh rrP—Hne rowmk a)o

Yhe edse Connec}'ina nedes X amd vy ore deXined
os ')'%e Sum _‘rp_o_oI_Q fJ'F'H‘ne Ccrrresycmohng di&i)‘s rl‘P
the }o;nar\(j reyprese,,,}a\ions o-F 2¢  Owol Yy - “Thus +he
romks -}hmak N-1  owre assisnea( , omd the N-1
€d3es \mee)-'-rﬁ a\‘ Q St'hs\e node are G‘\“ OP d&??eren}-
r(;mk. /R&numLeﬁnD the Podes )‘JD iﬂn\l&(‘)‘iha 4% )\')12
b‘mo..-:j Y@F@S%\G\F% G'P eoch nede number the R-B,
d13i¥ does not aftect Yhe romks Hus assi an eol .
Hence ; 6"“’% the romks ., Orray hode Com be reacroleol
as node O, omol the rovnk;nf) S """’lmgfe Sym-
mehic. C End o-PrProo?>

Qc\?mmo\edggm&.-.“. \J}H\ lrhe Oamn chinlmMc;nf) )r\ﬂe 0‘)9-
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Purl‘uhi\':j Po-r recursive arsumen\-s, W.P de Koever
Su.scbcs\-ed Yo me Yo ‘rnves)-'nsa)-e Fn-s]- +he s‘-hm\ions
m which N is a power OP 2. ( End oP
ﬂc\?how‘edsem%\‘->

£ w
*

QP«‘W having eXC\nmnaec\ 'Hiese lwo ‘mdepend%nb
Pcrrmed resulls | Schollen omd 1 mvesh 9&‘60( Ahe
worst Case dely Poss.iue with the symmehic ro.m\?zng
.')uS]‘ described. We asked ourselves the ol owing
ques‘-icm. Wha‘ 1S -H':e MG Xi marn hu\m))er' V‘P
crikical Sec)-icm —\-roversa\s \oe)—wee,ﬂ Yhe rncm-.em¥
'H\a}' o ]oroce.ss \"\as Corvn )e)‘eol i}s ncmCri)-ico.\
sechon omd the next Ccrmp\e)icm OF 5)3 Cri]-icc\
Sec}-:mn N In Hhis }\-,ves\-iga\-icn e hnow:le 'n\e weo\kes\"
QSSumP)‘iw Yhat guow'om)-ees ndivi dinal Fmgress:
when a Froc-ess s Hoc\eed becouse wP o arbi“mlm
decided wm Pavou.f' a c'crmpe-)i}or , H'\o.)‘ o\r\ai;ral.‘oh
s mverted when thal com]:el'.}os' | eaves its cribical
Secih‘cm. For N:Qk 'Hm]- maXimum num\o-&r’ U‘P

)Td\f&f"sa]s equm\ s
(Pc:osc<k: Q£+ 1)

.e. @1‘ N = 2,4,8, /6, ... Yhe waximum nuwn ber #'P

Jraversals equals 2, 6,30, 270 ...

Cansw\or-,gr mstomce, the case N=16 . e nodes |
com then be divided mlo two sets R and B oF 8
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nodes each, such thal ‘he e_olSes op romk Y7
Connect Iwo nodes rom dhe fame seb ond +he
edses d]D ran¥® 38 Commech Jwo nodes Pﬂm-. O\'E’
Peren}- Se;-s. No\-e -nmc)- eack U'P -}Le l'wo Se)'s‘ h-,
isolation Presen}s with )s in}&rna) edges Ctur
shoamdard ram]eaas Po-r' the comp\e]-e S-Srov)al-.. “From
o worst case }“S}VU Pcn" set A m ':Sola\'icm — ac-
cordins Yo our in duc kon \'\DPO‘H\QSiS‘ VP \%33)1 % —
We coam conshuch @r the ’6‘5"‘21"]" . )’\33073 U‘j)
length 9« 20< 270 by wsechna ™ [Fom} O:Pco.c“i
Yraversal P-om B the e,;gh} Yroversals com B (ead
Yime wm +he Joroper order ). I} s nol diﬁ?cu”‘ bo
see  that dhe I"e?.u‘)‘o'hﬁ hisYor re)oresenls o. worsh
Case )ﬁs)o-r:j Por the  shomdard ra'n\?;nﬂ a-P“-ne.
Co-m]—;lel-e /6-51"&19)1.

»* o *

Tcrf‘ N:Qk e }‘lwe )"\—;VG-S)'} c\xeo( ‘“‘\e S)‘Grno\onrc\
ramkine, , which s « S}pecial w $ assigning  Sym-
mel-riQQ]:j ‘”)e mnks pvm ! 4)'\1':%"\ N-1 \'0 Pne &iﬂéa
such “’ml‘ nho 'I'WO eolses U'P-#\e, SOwme l"Om)'vZ ]"mve o
eno{Poin}- " Common. Huo s]oecio] is the S)’Gﬂo\QrO‘
rank.'ng)?

Selec} _l'vm disdinc} romks P ond g and
)roxve.l Pcmn on Qr)bilr‘aa:j node \/ a\mb H'\e QASGS

G‘P ram\es P Omok ? a]}erha)-instj
V— W X Y. 2

P g P 9
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IF the rQ‘n\QinS [+ }'o be Samme."'rio. W Yhe hodes,
e vronk c"P VX equ.a\s Prot d’P X2 . Since o'n\:,
ome eolge a'P that rank ends X , nedes V
omd. 2 ove dhe Same nhode | The edqges a-P “\m‘a
ranks ?o-rm Cbc\es I%&Hw < 5 s diasomo.\s ‘
))o.ve. a ‘}kird rOrn)? . Q S aQ f'ESu”' . edse [~} dP o
@w}l, rom \? Cunmn e:}' QLT 4- )-u/’oles )oo:rnwise

ond e-dses w-P')-Lree o)Jner V‘Ovns?s Pa.‘r O Wy 4—)’u};\es
™M ‘H\e SOwne %%SLF%. E‘l"e

’Fro'm 'Hnis ';)' o“uws 'H\a)- s mme)ﬁc rOvn\?in

He nge.s such that no }:c:\tjedges d*PJ}\e Scm-.cz:j
romk  have om Bnclr)om} m Common Mmust be o
permubation  of o shandard romleing  With N=8
1 ifnves\iaaxeal e maximum number U‘P Javersals
1pgr an QSSE.nLlQ“ da exen'} F‘O«m\'?ihg) Ol guncﬂ
32  m shead ﬁ the 30 ﬁr the shomdard roﬂ\?:ng.
ﬂ')- '}he %me wri)ins T olom'\- }?nm bo)\e}};er
dhe stomdarol rom kin

Wworse <ase )De\‘)a'\n'owﬁ.

Sives rise }0 J‘Le \:es\-

Plalaomshaat 5 13 3”’\3 |C'80
5671 AL NUENEN proPde. Edsger W Dgks b
The Nelherlomots ’fnrmuﬂxs Kesearch “Felour



