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0. EXPFQSS‘-ons versus ’r\r\jﬂ- represen}a\ions
L L

The Po\\owinﬁ dea\s Nih\ O. LUnjverse o? QX?ress‘lons,
the sbn\-c\x o? which will \De jive-n os we 50 c.x\ong.

We shall represen)r expressions \:b Vinear s)rrinss

oF c\wo.r'nﬂers cnncl s\'\o.“ Yno.n‘\Pu\Q\'e express'\ons B

mam'\‘ou\qhns '“12 s}r'm s rePI'QSQn}.IPS ‘H’\em. I\‘ s\nou.\cl
be understood, thal +the expressions, rother than their

linear rePresen}o.}'ncns, g)orm our universe o?c\‘ascourse.

"ﬂne \'\Y’IQO\)“ re?resenxo;lon O? Oy eX?TeSS'IOh 1S TGTe\‘j

Unique, as {)o“ows @-om ceonventions () %rottﬁ\') ('\'ui).
(0 In Yhe case o-?& s:jmme}ric 'mgltx o?er—o}or,

such as + ?rom qri\\wme\f‘nc , +he “meo\r order o
7 " ]
o+ h end  bra
oare e\eemeci -\o r‘ePresen} —l\\e. same ex?ress'\on.

')'}16 '}WO oFeranés 'S 'lrre\evom)r: "

('l'l) Tn \-\'\e. case o? an QS-SOC’:Q)"'IVC, 'm?‘ux c:.?eru\'or,
Suc\ as + @om Gr'ln\me}ic, ”CQ-{-‘D) + ", |
"ot Oo-i-c)", ond ”Q+B+c " are deo:meck ‘\o rePre-
sen} the some exPress'\on.

Gi) In our \ineqr represen\a\ion, we, s\\c\“ ntro-
cluce. [# SO—CQ\\ec\ ”Tom\(in o? \o‘mc\inﬁ Power" as o
means o? reduc'ma Yhe number o? Porerﬂ-\wesis
Fqlrs needed. With x o? Sreo}ef b?nc\‘mg \f:ower
thon + “ar(bxc) and "o+ bxc’ are
deemed Yo rePresen} the some expression.
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Conven\-‘ncms i H’Trmﬁ\n ('\'\D c\eo\ with +rivial equi-

Vo\ences o? T'epresen\'o.;ions o? e.xpress‘ncms-. "“ﬂeb o.]osor\)
-}he Ynos“ )rr'w'm\ C“\cices one }\o.s '}O ma\«e w\r\i\e
choos‘ma o linear re?resenhsﬁon. The a\oove \'\s} o{)
conventions is no} hecessor‘a}j ex\nomshve.; we Can

exPecx- }X '}o be ex)rendec\ as our sbn}ox 5e‘rs ex\endecl.
No*e.—ﬂﬂe. c\is}'mc\'lon \oe\ween exPress‘ucms and 5-\1e';r

(no¥ necessari\:j uniolue)\ineor‘ represen}c}icms is
?urq\a o motter o{; Convenience. 'In N\na‘f ?Q“Ows
we :‘.}m\\ 'm%oo\uce o more sw«‘o}\e no\"\cm o? eqqu-
lence o? expressions. Hod not expressions bul the
\ineor s}rinjs been our Universe g? c\'\scourse, we
would ol have ‘m‘rroduc.ec\ < no}'»on o() equivq\ence
o? linear s}rings. 'nnou:j\n ?ro'm X CcmceP\uq\ Poan\'
OF view i} could be o\r'::)uxecl Hha} this would hove
been S'lm]s\er, e mixhure a? Frivial and subile
yeasons {)or equ.'-vo\ence would \have \Deen =N CQ\cu\q-
Yione) ol‘\SQc\vomsrc\Se. We warn dhe yeader Fho} ocur
choice o? universe o? dishinct ex]:ressions, IoMme

Lo\'lic\n wi\l an ou)r '¥o \oe. equ'.va.\enh 1S so-mew\rm\'
arb]*rar:j. CEnc\ o? N0¥€.>

A, Our woe OE jgresen\-'ma. H‘oe s:-m\'ox
e 4 | S| [ o

9 smo“ num}aer oF expressions w'u\\ e 'm}roduc.ec\

\DD Pos\u\c.xe.. The res\' o }\\e eu?ress\ons Qfe'de?'mcd
as their SO-C&“ec\ "sjn\-ac.\"lc clescendo\n)fs'.

With Q. B, and C S}andinj ?or' expressiuas,
and /P,CQ, oand ’R \'De'ma vc.r'sm\o\es . Q(’B/’P) s\'an\s
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n Yhe ?o“ow‘ms g';r Yhe expression ?ormec\ \5:3 TeP‘Gc'mj
n R\ each occurrence o? P b B ~alse
expressecl as h()ormed b:j Su\os}i]‘u\'ih? B f’or P

m A"~ . “The sSn)-oc)-'nc descendonts o? A
are 8'|V€n \OD

(N For any R onmd Y , 9(’5/?3 [T NN
san\-cxchc descendant o? R

(i) Ssn\-oc\ic descendants o? gbn\nc}ic.
descendants oP A ore sbn\ac;\-ic descendants
of R

(i) Bl san\vc\-‘-c. descendonls c? B are so
on Qccoun')- c() (;3 and ('\‘l) .

No*@ “'\o& {ér‘ om\j ’P '\‘hc} c\oes ’no\‘ accur in

A , expressiens N and Q(’B/'PB are Yhe
soame. } s \oos\u\a&ecl h o} %r any  given A

we can o\wo.:js ‘n‘nfen)‘ (=N "P 'no\ occurriné 11a '\\-,
)’lence eac‘n exPressicm s '1\'5 Clon s:jn)fc\c\-ic

descendant.

Whether the Vinear rePresen\-c\\r'uo-n o? Yhe
Te‘:‘;un‘ DP ‘pne Su\:s}‘nh\-‘mn requires \oo.‘-rs o?
Purew\-\neses or no}, depends on Yhe assoc o.\-'w‘\\b
oF) the oPem}ors ond Yheir relakive B‘mcﬁing
Fowers, as s shown \93 Yhe go“ow'm:) QXO.mP\es‘

(vibh o,h,e,... as variobles X

Were “a + \:.” with ctssoctq\-ﬁve +  on ex?ressm,
" N .
a +a+ b wou\c}« T@‘Df‘esen‘\‘ one QF !\'S Sbn}ac)-ic.
descendonts.

Were "a —\o” w‘\\-\\ hoh—GSSoc‘\c}'N?. - Qn e%-
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Pf‘ess‘mn, ”Q - (Q-J:))” wcu\a reFresen)r one o? i)t's

Sbn %chc c\escenclo.n}s.

Were
»* hov}n‘\c) N 8req}er \Dincl'mg power Hhon  F >
“a+ cxd’ and “(arb) % 4 would re-\oresen}

exFressions.

Note +hot , with “c4d” am expressian,
”O\ + CC +c\) H (C-rc\vw s o sbn}'Qc}\c cie'scenc{on)r
of “a 1+ e » ?"5 3} s alse o s:jn\-oc\ic de -~
scendant o? ” a + € x e”. Ncke —\'\no}, S\nce

S&n}ac»]c c\escenc&o.n\"s afre ormec\ ]”J Y‘Q‘?\GC‘H’\S

" I/

H . /]
o +b ond cxd expressions, with

"

each occurrence oP o variable b\cj Yhe same

ex?ress'\e.n, ol S\tjh}achc descen don’s 0?

oo+ e xe” are of %e arm cO\‘.oqu\q“ c\escﬁ\oeo\
Gs" Gc&c\encle o? m\r\ic [N =-N

as "o, sum _ the

o
SC‘ LG

We leove Yo the reader o comvince him se\?
—n w\ncw;euer- \-Jotj he \'\\(es—- oF) Yhe ?c“ow‘ms.

Voric.\o\a. P oceurs n A <:B/?) i? ¥V
O2CUTS \n \Dc\'\'\ ﬁ ond ’B ond " No o“‘ief‘ case,
Omt\j oYher VQr.'Q\O)e (> occurs in Q(B/’?) |'€

QD occurs wn B . or ‘.? “ occurs n Q and

Q OCCUrg 1N 3, oné T No o'\'\"ne'r‘ case .

2. The 1'_'>efqn'1n'nrtc.\ o? he S:jn"QX

For Hne so\ce o? ComP\e}-ene.ss we, s\'Or)- ol
sbn}'nx with
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Sgnhx D: Qn\j vqrio\\a\c represen\‘s on expression.

With Sbn\'nx O as ouf cm\.:j rule Hhe process o?
\'ok\né sdnlac)-\c descendoants tjie\cls no nNnew expres.
sioms. With QO on expression, So % Ale/?.
within an ex]pr‘essicm, -\-\ne actual c\no'nce o? variables

[ 'lrre\evan\',clis%nc}ness and Sameness \De‘ma

Yherr cm\& r‘e\eVOm‘} Q)r\'r'abu}e.

Mmre 'm*eres}-‘ub S
‘Sgrﬂro\x 1. [’P] re\oreaen\-s an expression

With  [P]) g:r S, AR /P qie\ds Y_i’P]l\,

e, We Can o 8@“@!‘0&\'9 on ‘IV\?\ 2 Y\MM\’DE\" O? new

ex ‘)’Jf’ESS'\CJ‘n S, Viz.

(PY, LLPY), LLLPIDT,
Sbn)'ax 4 Prov‘udes }'\ne Oh\\lj woz_uj o? 'm\rociucins

0 Squore bracker Into on ex?ression , Gnd os o
resu\l- Squo.re ‘orcc\ce\'s OCCUur N exPressicms mn

h'lce\a ‘nes)red ‘Jo\irs, eac\w ma\-c\n'ma PQ'\T‘ surround-

'mS on  ex Press‘\cn .

We Proceed \::j ex\enéirzs our s:jn\-ax w%

Sqnh.x 2 1? represen}s an ex?mss‘aon

w}nc\-\ T)rov'\des -}\12 m\b wob o? 'un)rro c\ucing) *He
umo.r:) o‘oero\\nr = . Th COm)D'lﬁo.\'\Uh w‘M\ Sbﬂ-—
}ox 4 ¥ tj'ue\ds S‘b‘hx‘QC}iC C\escendom\'s Suc\n Qs

LPl, WE’P-_}, A1 TY ek

v
2
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all )’3 '\\'se\€ R Uie\ds Yhe 53n}ac\ic descendonts
—1? 3 '1'1?, —l_l"l’P, ...

3

in w\r\ic\\ the c:cmvenhon Yhal 1 s i k}—assoc;o}'lve
—viz. }hal 11 P could be written as "(P) —
mokes the Imtroduchion o? \oore«n%eses Super-
@uous. Note pﬂc\' '-pne Cc.mveﬁ)"loh o? ria\\\‘— G SS6 -
c‘no\-'\vi\‘j Correspcnc\s o -“\e order o? Yhe sub-

S"'n\u\'\on Proc:ess 'H'uo} Sen-erq)reé ‘\1/\7 0% ex-
press'\on.

Our next ?our oPercAors are s'c:)mme)rr'lc and

associative ‘m?‘:x oFercxors. The f’:rs} Iwo are
'm}rod.uced b\‘j

Sgn\’ox 3: P=Q ond PFEQ Tepresent  ex-
]oressi on'S and 5 hesides \Oeins 53'“ -
melric and associahive , = and %

are a\so mu\-ua\\:) stoc.‘;cﬁ‘we.

The mulual asseciorivily means Yhad
(P=DER |, P=(Q%ER) , ond T=W0FR
ol T‘ePfeSen“' Yhe same expression. “VTogether with
¥eir S:j’!nme\‘rj Phis means thol in such o
\inear rePreseﬂk)noh , the operands Moy be
Free\}j Permultec\ ond ‘H\e oPerc.)tors hno»:j be
?ree\:j Per-mu\ec\ , all withoud any c\womae. T
expression represen-\ec\.. ’B\-j ccmvenhcn, = ond
%  hove Jhe lowesh b‘mc\'ms power whereas 1
has +he \'T‘ﬁ\nes‘} one 1 1 TY=Q and (—fP)EQ
represeny the same expression, TV =Q and

-\CIPE QB re]orese»n'\ C\?g)eren)t QX\PT'QSS'aons_
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Syntax 4: PvQ ond YAQ represent expres-
< P Y
sions | ond Vv oand /A are S:)mmexr'lc

ond associalive.

’BJ convention, VvV and /AN hoave o smoaller
b‘mding Power‘ thom " ond o Sreo)ter \‘J‘mc\'m:)
Power }hon = and * . Ccmsequxer\\'\b, “PAQ
and (P AQ represerﬁ- the same expressian,
whereas 1 (PAQD represents o dié)eren} one;
PV Q=R ond v Q)E’R represent Fhe
Soame express‘ncn,w\'nereas /PVCQ‘-:—.’R Y‘ePﬂesen\‘s
o d'\?eren\‘ one.

Cc;n\‘rorj "}'O Cusx'cm, we do 'ho\' Sive N G
gm\er \Dinc\'mﬁ Power ‘H"lom VoL we s\ng\\ wri}e
(’P/\ QB v R or /P/\(G)\//RB - w'\'\\c.\'\, g%r
lack c,? mutuel Gssoc'nc.}'lv'l\b \’epresen)r e\'»‘:?eren)‘
expressions — oand do not reaord PASO VR
as o \'meo.r re‘JT‘ESE‘n}Q\‘uOn o\? on ex?ress'uon.

Our s:jnhn gives rise Yo Iwo ‘?ro\o\ﬂms. The cme
15 whebher o ?‘mi\‘e s}r'ma o? variakles ond oPem}om
represeﬂ\-s on expressien; Hhis o‘ues\-‘nw\ can be
solved \ab o 3'.mP\e san\nchc check . “The other is:
Sive-n hwro ex?ress‘ucms, 1S he one o s n‘ro.c\-ic.
cdescen dant o? }he other ? “The loMer o‘ues}'\cm s

much horder Yo answer.

(See EWDS8E3-22)
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Dark expressions

We shall }'rb Yo treat the Aeve\opmen* o? Yhe Y)or} o?
mothemotics we are interested in ae the deve\opmen'\‘
o-r (Por} o{’) o subset o? cxpressions, Ye so-ca\\ed

“dark express'\cms". As will be shown in & moment,
Yhe rules of coherence of the dark subset are
more su\oﬂe, 'H’lc Jus}i‘ﬁCQ on o? ane exPress‘ncn‘s

c\o-r\mess dePendinS o -Hne c\ar\‘ness o o"her ex-

Pre ssSioNnS.

Kemork Qaain the rales ?or darkness ore somewhat
orbi\ro.rb. Bt V3, For ‘ms}ance, o‘ui}e Perm‘nss}\o\e Yo
wiroduce such o rich collec}ion {’or darkness Yhot
oll expressions become dark. The ogneral consensus
&Vnon3 mq‘rhemq“icians , however, is Fral this would
spoi] +he {?un. 'nne logicians call o de@ni‘ion OP
dorkness such Yhat a expressigns are dark
“inconsistent” (End o?’l‘?@mqr\ns

There are ‘Primqri:j M ru\es. ’“ﬂe Ers‘ O\nd SimF\e
one could be colled Yre Wile c?Iﬁ erifance:

?u\e o?In)\eri\'OﬂCe: The s:jn\-ac\"ac. c\escenc:\cm\'s 0?

o. dark expression ore dork .

“fhe second ome 15 much more comp\icqued-.—i\r s

Ynown as Leibniz's Rule.

Leibniz's Rule: Tor' exPressions Q,’B, ond C, ond
variable R such thal ['B:—‘.C) 1S do.r'k,
either or neither o(’ ACB/R)Y and AC/R)
is dark.

N'ﬂ-\'x [’R] ?or ﬂ ,» WE Se):
Ledonmiz's Coro“o.ré: For expressions B ond C such that
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[B=c] s daork, @ther or nether c?
[B) ond [C] s dark .

Tn order o e} s%o«-*ed, (=N ?e.uo s:jn\-c\c)ric
deSCenc\an¥s o? [’PT—:Q] are Fos\'u\cﬁed +o be
clo\r\a Yo begin w‘n)r\'\, -\‘he dis\)unc‘!ioh N wi\\
be our on\:) urther oFero\)\-or.

Cur ?irs} expression Fos*u\o\lrec\ o ke dark is

IP=P=QvQ=Q) (o)
Le\‘ us Now QPP\S Le.‘\:n\z‘s (Ru\e whHn

['PE’R-] ?or A \

Y or B, and

T==OvQ=Q -?or C’.
These choices b'ne\cl

[P=P=QvQ=Q) for IB2d)

1 P=7) or ACBR/R), and

[’P:—:’PanIQEQB or R(C/R) .

The ?n-s}- ond Yhe lost one \oe'm3 dork on account

o€ (0), Lebniz's Kue allows ws o conclude Yhe

darkness o?

[P=7)] n €)!

(Norma)l mathematical Par\c.nce re@rs Yo dhe dark-
ness o? €)' bb s\n\-‘urb ‘hot 'Hne ec‘u\‘wq\ence =
. _

s reflexive.)

Le¥ s nNow QPFB Le\\bn'l?.'s Coro“o.r:j wirh

=Y g?or P, ond
SvQ=Q {?or‘ C.
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These c\rnc;'aces die\o\.

[P=P=0+vQ@= Q) (or [B=C)
Fcr [B) , and

[P=7)
feve=Q) for 1<)

The ?‘urs} '5wc \De'm dork on accoun" o (03 ond
) respe&'.ve\:a‘, Leibniz's CO\“O“OI:D alows us o con-

clude the darkness c?
[@vQ=e) D

(Norma) mothema¥rical parlance refers Yo the dork-

ness o 2) \9:) s“a)'iné Hna’r 'Hf\e diSJMﬂC\"IOY‘\ vois
'1demPo ent.) |

From the darkness o? (4) we derive

Theorem O: For any expressions R.,D, ond T such
thot [B=C] s dark , ond ony varioble TR ,

[A(B/R) = AC/R)

s dork.
’Proog. Ley R be o ﬁ'es\'\ voriakle - te. c\i??eren} feam
sSions F\,%,

K ond nol OCCurriﬂé in the expre

ond C —~. Then the choice
[ACB/R)=AR/RY)  Hr &

yields

[ACBR/RY= AGB/RI) Gor N(B/R) | and
RCR/RY=AEC/RYY @ A (/R .

“The ?lrs'} o? Fese ex‘aressac-na,):»ein a

descendant o{-) (1), is dark. Bepluineg Leibniz's
Rule Cunth Q' ?qr A ond W ?or ’d’g ab%\és the con-

< n*o\c}ic
5
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conc\us‘non. (E’nc\ o?’?roo?->
From the dorkness o? (4) we ?ur}-he.r derive

Theorem 1 : IP For any expressions B ond T,
[B] ond [C) are both dark, ['-BEC:) s dork.

"Pruog, [:B =C=B=C) s c\ar\<, being o suntachic
descenclan} o{) (1); on account Leibni2's oro“ob,
either or neither o? [B) ond ‘:C'—';‘. ‘=‘C3 s dark
and , [’B] ‘Oemo dark, we conclude +ho} ECE’.BE‘-_C:)
is dork. Hence . leibnizs Coro\\on;j Agonin ~ either
or neither o? I€) ond Y'B‘-‘-.‘.C] s dark; [C] Beinj
dark , the conclusion lows. (End oe’?roo(?.)

Leibniz's Coro“o::cj ond Thecrem 1  shale ‘\-of.)e)her
that ony expression B such thot [BR] is dark,
octs as the ‘lden\-‘.lj e\emevﬂ Por the QC‘UL\UQ\EnCQ
as Par as darkness is concerned. :[‘} [} Ccmvenien‘
io introduce o cononicq‘ rePresgn)'o.\'icm For 'u\-, "us“
as n ori”\me}-ic W+ is nice Ao hove « 2ero 'ms‘s)eo.d
3€ hcwin& Yo c.\ﬂoose be\-ween 41 , -2, 3-3 ,e\-c,

1o +his end we exdend our s:jn\ronc wh th

St_ajn\osx s, b\o\ck 'S an ex ?ression
an\ Pos\'q\o.\"lc ‘H’\e clo.rlfness o?
l-_ b\o.c.\«] C%)

Note Yhal \:\o.c\« S no§ [N vo.r’no\\o\e-. i} 3s an ex-
\oress'\on i3 2) w\'\ic\f\ no varia\oie O QCLAYrS, '\\ne ‘m‘:ro-
duction otp black is nothin c\eeF, s \us) o
conveénignce .  we Cc:-u\d kqve. WT'I}\'QH ';nskqa\

”?u““t)‘;"?“““ﬂ" u.-nder \'\‘\e ?roviso }"no.} H’ie Vc\ria\rs\z

”?u'nnj is used nowhere else. We would have

cbserved the dorkness o‘?
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[’P = gann:) = ,PE ?\Ahf\a-} »
-}h]s ‘oe‘ms C. s:jn"ogc"ic descendon\' o? (13; we

would hove rewri-\'xen -H\‘;s as
[’FE’?E Ez.unﬂ‘j'i @““3]
ond eveﬁ\mo.“b as

[P=P= Black) 4)

e darkness o? which expresses — with Lebniz's Rule -,
when rarsed [’P E(qEK)\QCL)3' ot Black is
the idenh" e\emen} {)cn" -}-he equlva\ence. When
arsed P(’PE'P)E black ] ', (3) would have
E)Nowec\ g)rcrm C’O,us'ms Leibni?'s Com\\orn.

Obvious\b, Yhe darkness o? (0) con never b’te\c\
¥he darkness o? o Pormu\a mn N\'\ic\n S cu):~
F\'ued Yo Awo di%?eren'\- orﬁumen\‘s. For Fhis we
néed somen'\'\nf) new ;, we Fos*u\qlre Yhe darkness
[(’PEQ)V’R = PvyR=z=QvRY) (=)

CNorma\ ma\'\r\emo\\-icd For\cmce_ re@rs ')ro Yhe
darkness o? (s) \95 s\‘o\}‘m:) -‘r\‘m\‘ disJunc\-ion

distribules over equiva\ence 3

NoYe thot Yhe Pos\ﬁ\g—}ed darkness o(’ (s
s COMTDOA'.I\D\Q w‘\\-\-\ -\—\'\Q T)os\'u\a)red s\cjmmelrr:)

omcl QSSOC'aO\"'lv'i\‘ o = TNno mo&\-er‘ w‘ne\-lner
we varse P=Q= as (P=Q)=S or as
V= QA= SH , N either case repex ed QT)T.)\]CCA'\O?\

o? (’53 3'&\&5 -\-\\e C\o\r\‘t exFress‘tOn
1P=E=QR=S)VR=EPVR=EOVR=SURY) .G
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From (‘53 , we deduce the darkness zg s syn-
*oc\‘ic deSCenth* —Su\bsx‘i}u\‘e A% {-)crr

[(P=P)v R=PVvR=PVvRY
ongl \nence.,u.siné C4) Ywice, qu dorkness o?

—

[ bloek v WK = \D\qc\t-) (6)
or , us‘mg (4) another Yime, the shorter
[ block v /R] . (7)

We shall return Yo these pfoper}ies o? block and
the c\is\‘junc\ion \oter. We re?er‘ Yo drow attention
o o very) diflferen’ consequence oP (s) Firs}n

Theorem 2 . Yor anb expression F\ \'\na\' con\-o.'-ns =
and v as m\j operod-ors, Yhere exists an expression

B such Yhat

G [A=B) s dark

(i) B s black, or o Yerm or o conbinued equiva-
\ence °€ di??eren\- ’}erms, w\\ere each '\'er'm 12 O Vori-

o.\'o\e or o conhnued dii')unc¥'|on QF di%@ren\‘ YQriO\\O‘CS.

/Proog. “The Pr°°P s chs\'mc\-‘»ve n Yhe sense )'\nal we
-s\nouo \nouo o C(‘rns\'ruc‘l‘ a B ?crf‘ o S'leen 9

We sx-or} with ex?ressnm ﬁ . ﬁs \0113 as owuy
expression con}ains on Vv with on equiv&\ence as
one o? s oPerands , we d‘ts}ri‘ou\-e v over =
Yhe vesull s o com¥inued e.clu‘\VO.\ence. o? dislunctions
and varia\olcs or bladk. Here we \nave wused (5‘3_

3:, Msiﬂﬁ (2) we can see 40 ¥ that 2ach OP Yhese

c\isL‘)Uﬂchcms ccrn\‘mns eac‘n vor'uc.\o\e al— most once.

’Bb usins (4) we can sece Yo 3} -‘-\na}-i Yre comtinued
equiva\enoe. contains no c\up\it‘a\-es. (End o? ?roo?)
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B 5u\95}"\\-u\'m i CS) Q gc.u‘ R ond applumn
D m > ?'P
(2) , we derive }h% dor k ness o? "3
[(P=adv@s=TPvas @) , ®
G '?Ofmu\c-. which s o? ‘m)rercs)r on O\C‘.Coun} 0? Phe
%now'mﬁ '\r\neorem

“Theorem 3 For any A . B, and C, such Yhal
[AVB=B) and [BvC=C)\ are dork, [AVCaC])

s dark as well.

/\7roo§. “The dorkness o? [H\IBEfB] olows we Yo re'P\O‘CQ
i the dark TBVC EC] the B by (A VB, yelding
the eqw.llt, dark [(9 vBd)vC=Cl, or equ\va\cn l:j
[Av (BvE)=C). “The darkness of [ BvC=C) allows
us +o rep\o-ce 1 the later (’Bvc) \OJ C, b;e\d'ms
the dark [F\ VC.-_"-'-.C] . (End o? Qroo(?.)
Ng_}g_, Hence, \'\ne dO\T\(hQSS o? Y_QVB E’B} exypresses
o Yransitive relolion belween A onda B ’ read as
ﬂg ‘mplies ,.B” ond wr'l“‘en os T_g ‘-2—\}’83) CQ) }e“s
ws }\not 'nmp\ico.\r'uon 1S re?‘ex‘-ve. (End o() Note. )
Note -‘-\wa\‘ ‘De.ﬁoncl \_e‘.\r)n'l'z's /Ru\e we, usecl no more
“han +he GSSoc'\Q}'IV'Ib o? v . 1In Semero.). eoch
oLSSociQ\w've o];,erc}of‘ ie\ds N n'\‘u.s ?as\ﬂon =N )ﬁronn-
s‘.hve re\o.\‘ion', 1} is,v‘?owever‘, Not Q\WO\LS ‘m\eres"ing.
On cccount 0? (Q) we Ccnnc.\uc\e. H\o}) ‘amP\ico.)rion

s e flexive.
Our nex} Y)os\'u\ ated darkness o?
[PA@=P=QzTPVvO) (@

defines ‘the oPechror N, n’be, Con\)uncx'iors. (B \D&rsinﬁ
]’r €[<’P/\®3 = (’?EQE’PV CQB_B ’ On;wé Yeme;\&)?rina
Yhe Sbmme\‘rj o? =2 oand VvV, wWe see \-\no} Q\So
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/A s samme.\-ric.
Subs}\}u\-‘ms Y Gr @ w (9 yields the dorkness
of LPAP=TP=Y=Tv?P)
hence on account of (4 and (2D
LPAP =P (1o)
le. conjunckon 15 said Yo be \dempo\en\-.
Su\osh\mhnj QAR g:r @ wn ) b‘\e\ds
[’PA((QA’R):—:’PE(QA’RE/PV(CQA'R33 .
ﬁyp\ainj (9) hwice wore bie\c\s

[PA(@aAR=P=QR=R=QVR =
Pv(@zR=zG@v7R)]

which bie\ds with (58) Yhe darkness o?

[PA(@ARY=P=@=R =
RQRVR=Pva=PvR=
’PVCQ AV ’R]

whidh | ‘rose\%er with the symmelry omd o\ss'::.c'.o.hv'.\b
o(.) = ond V a\\ows ws —o Co'nc\ucie "r\no\\- VAN
associarive as we\\.

Nex\‘ we observe -H"e dO.r ness o? Jl‘\rle ?o“ow‘mz) ex-

pressions: on account o? &)
[Block v R}
Hence on accownt of (9D
[(PA@a=P=QR=TPvA) v R)
Hence . eom account o? (s>
[(PA@VR=PVvRz=z@VREPvaAVR)
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Hewce, on accound o? (D
[(PA@)VvR=PVvRE=ZRVR= (PvR) v (Q@vRD]

and | 'mo.\IJ, usinfj CQ) ance Mmore

T(PA@OVR = (PvRY A (QuR)) (+1)

(Normel wothematical \sc.r\o.nce re?ers Yo Yhe darkness

o? () \DD s\'o.)"mg ‘H’\o} the C&'\S\;\th“loﬁ C\‘ls}ﬁ\ou"es

over Pne Con\}b\’ﬂ c.\-'lon)

'Derwmﬁ -)-\no.\-, cmverse\j, 'H)e Cchunc.\"non c\‘ns)r'u\:u\'es

over the dis")unc}'\ﬁn requires ~re renoﬂ_o\j_ o. Yoit more.
’]—0 ’}+ﬁ$ PUT‘POSC we O\Dser\fe- é%e OW‘\(T\QSS O? }h(

Fo“ow‘mj expressigns: on account o? (1)

[ PARD v (@ARI=LPAR) v (QARD)
Hence, on account o(? (9) — hvice ~

TPARI v(QAR) =
P=R=PvR) v (©@=R = @VvRY)

Hence , on accounk o? (5) —~numerous Yimes ~

[(PARIV(QARIE
PVAR=PYVR=TPvAVR =
HvRzRVR=ERvVvAOAVRE
PvR VAR 2 PvRYR =2 PV RvAQvR )

Hence, on occount 0? (2>

[(PARIV@ARY = .
PvR=PVvR=PvAVYRE
RvAOA=R =z @vkR=
PRy =TPTvR = 7Py Rv CQ—X

“ence, on occount o? (43
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[(PARY v (Q AR =
PvR=R=TPvR v R
ond ?mo.\\:j, once more On G.ccoun o? (o

LPARD) v (@ARD= (PVvAIATRY (12)
Qnd Hw.s we \r\o«ve S\’Iown }ho} cc:n\'.)unc.\"\cn dis\-r‘n\ou}es

over c\isJun cHon.

Since Cg) Q\\ows s k:: ex?ress (23%) ex?ressicm
which s a San}ﬁc\’\c descendont o? AQ®Q as
an expression not Ccm\'o\'m'ms N\ ,'—ﬂneorem 2 con
be 3enem\‘\‘zzd as “For any expression o %,:\na\-
comboins = , N, ond A as on\a c?em\crs I
Hhis sense Yhe inroduction c;i he COY\JUY\C}'\OT\
338\&3 us , a@rer we Vowve 30} e = ond Vv ) hc»n'm:)

iew,

The Jdarkness o? 4D expresses ol Wladk s
Yhe, iden\rﬂ\j e\emen} o? r}%z equiva\ence. Bul 3} s
more! Subshlubon o? Hack —?o-r Q n (9)
estoldishes the darkness of

[/P N \o\ac\( = OE \o\o\c\( E/i)\/ \o\o\c,\«-l

which , on accound o? (4) ond (&) b’-e\ds +he
darkness o?

[/P A~ black = ,\D] . (12)

Hence, black is olso }the ‘\den\i element o?
'H'oe. ccm\')unc\-iow ﬁn '\c\en\rﬂa e\emenp ?or )-he_ dis~

\unchion, however, is shill i ssing, and it is here

hal we need Yne nc\aq‘-\o-n, mhoduced \o:j \Dos\u\c\inj
the darkness o?

[Py a=Pv Q=7 (14)
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Su‘bs}ik}'mg f\> %—r CQ N (14) ond 3‘|mpl‘-%'mﬂ
us‘m3 CQ) ond (4) :j]e\ds '}he c\er]-chess o?

[Pv ) G18)
w)\ic‘\ "5 easen}‘-o\“‘:) Ownr ?’!fs“ dorl« ex?ression no\‘

beinﬁ an eqgquivalence,

Su\os}'\\'u}ina \o\ac\\ ?crf &Q »n ('14) bie\c\s Yo
start with

[’P A4 "l‘o\oc\« ?_/P A4 ‘D\G.C\( E’Pl
which , W ith (7) ond C4) 3\e\ds Yhe o\ar\tness o?
[’P v \b\ac\< = ?] N

n o%er words: N ‘O\C\c\& 18 She ‘|c\en3:‘n\-:) element o?

the dlsdunc)ion we were \oe\cina ‘f"" Ca\\in3 vy
while , we 3«*

[wh’a\e = B\oc\] (16)
7 v white = P (19)

Subs}i}'u}ins white S?:;r P C14) b‘uc\ds Yo
be&in wAth 'H'!e dor\chess o()

[ white v 1R = white v Q= w\'\\}e-}
which , thanks Yo (17), 3‘|e\ds Me darkness a{)

["® = Q= whie ) | (18)

Subs\'i\uhnj m (‘13) 1 Q ?cnr‘ © b‘\e\ds the
darkness o?
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L@ =1Q = while)
and\ o.]f;—\er rewri‘r‘mj (18) as
le=z"®= w\ni)re] ’
we deduce the darkness of
[ Q=Q) , (19)

\e, nesa)r‘non 15 s own nverse.

Subshitubin P=@Q {)cr AQ (18) b\e\ds
Yo begm with R\e darkmess o?

[n(P=@) =Pz Q= white)
which, with (418) once more :j‘;e\da the darkness c?
[1P=@) = " 7T=Q]) ; (20)

w\n‘\c\\ n normo\ mo“’\emo.\"tco\ PQ)"‘QY\QQ expresses

that the unary hejo.\-'non and r}-}-.e )D'lnor_tj equ.‘-vo.\ence

are mulually Gssociohve: our decision Yhel neaq‘non
would hove o Sreo\-er b‘mc\'ma power hon equ\vq\ence
S as Vc.r QS dor\(ness 1S concerned irrelevan}.

Tor the sake o? compleleness we degnc i Lj
]Jos}u\o}‘mg the darkness o?

[P =1P=Q) , ' (21)
which ollows us to write down
PE@IAR = PARE QAR) (22)

.-i.e. qujunc.‘ion dis)'rﬂbu"es Qver 'H\e c\‘.?%rence —_ .
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The Proo? o? the darkness o? (22) = \e@ ¢S an
exercise Yo the reoder , s well as  that c;? Yhe darkness o?

[Pv(Pra@d="T) (23)

ITPACPva)=7) (24)

[A(PAD= 7P v @) (25)

[PV @z 7P A @) (26)
) , (See EWDBEZ-22)

.1

We are now 'm o ?os\)'wn Yo senero.\i‘ze theorenm 2. We
ﬁrs" Senem\ize. our nomenclodure . 1n vb:j old d s, O
roduct was a\wa:js a qu\uc.\ o? 2 or wmore 'ae\vrs;
in the mean Yime we know +hal it o@ﬁn \fle\?s Yo
rfsnrd o sm\s\e number as “e roduct comdaining 1
@c%rh and 4o regard +the number 1 ~Jhe '|de-nhj
e\emen} o? Fhe Mu\;‘-F\im)’ucm_. as "}he empb ?roduc}”.

S‘umi\o«r\j we are wi\\ina f)-o Consider T) an <
blo.e\\ Gs S eci?’c ‘ans\amcgs o? ccm}-inuec\ equ,wq\encee.
viz., with 4 ond with 0 }erms TesPec\‘.ve\U. gnd,
S‘;milarl\?ﬁ, we reaqrc\ /P oand \,ﬂni\'e_ as ccm\r‘muec\

disiunc ons. ‘Ihe newd —HnecrremQ s

“Theorem 2. “Tor aney expression 0, canluinin

9 =P 9
only the c?erc.\ors = ,Vv,/~, ond T, Yhere
exiss . uniQuQ Qx?r‘ess':cm 3 suc\-\ 'n’\q\'
('1) [RE’B] s dark
(ii} :B S Qa CO-n)r’mued equ‘.va\ence o? d'\ﬁ)e\'en}
Con’r‘muec\ c\‘\sbunc\-icms c:? diﬁ’eren\‘ var‘ra\o‘es.
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With &k variables , e are precise ok
dis‘)'unc\-'ncms o? c\‘:??eren} Var‘no\\o\es ("w':g'wou* C\U\?\’l.-
cates”, L wmeon ). With k vanables, there are “\ere@ne

cisel
Pre eJ , (2*)

diﬂ%ren} expressions Sc\\-is%inﬁ cons hoink (i'\) o?

“heorem ‘2‘ on

“the demonstrahion thad ?crf‘ Swen A » D s
unique, 1S om'\n‘ecL, 'n'loua)\ '1\'3 unigueness 13 G very Soocl
thing. 'If there were two c:\'.@gcren} B and B
we would deduce @m the darkness o? [QE'B3
ond [QE’B'] the dor\<hess o? ‘:’BE'B'] 5
which ?crr‘ cl‘:ﬂjeren)r B ond B woud lead Yo
the darkness o? T_w\w\*e} , the lader \oe\nﬁ
as doark as q sbnk.c\-ic. descendant o? [B=7').

,_PE_"E Le} us call & combinued Qqu\va\ence withou}
dup\}co}es o? Cmn\"mu«ed d‘t:.k’)unc"vons Wi ot
duP\BCQ}eS in ”equ‘uvq\ence-hor'md g)orm ”. \,J‘,}\,\ ’_B
ond B' in equ‘.vq\ence-normo.‘ g"orm and difkeren},
Y%EB'B s as dork as an ex?r'ess‘acrh ‘g
with C un equ‘uva\ence-normo\ g’orm ond difkerent
?rcrm Ylack . \We S\wo.“ Skcuo e}l  wikh C
N equ.‘uvu\ence_ normaol ?orm ond c\‘ui’?eren} ?“cmn
b\o&k, 1€ hes 'S:jn\roc\*ic. descendont as dark
Qas EN\"li}c] .

“The Proo? [ 53 MQ\"‘\em&}icQ\ 'mduc.\r‘um over
Yhe number o? vcr\o.\o\es OCCUI"“"‘IT\& m C. Ig)

no variables occur in < , Yhe cn\\xj admissable

2
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(orm o? C [ w\ni‘e ’ qnc\ ‘H\e Cuncl Siem \"-o\cis.

1? ¥+1 voriables occur n T > let R be o vorichle
OCCL\I‘)"ihS m C . 'I_g) /R OCCLTS N Q“ Aerms o

the continued equivalence . [CC\.&\'&C/’RY} is dark
EF [C} 1S; on accoun] o? (4?3, W is as dark as
an expressien n equivalence normal (Qrm Yhak
dit¥ers @om B\ch bur contoms oml & vcria\o\es.
TP R does not occur in oll derms o? the conbinued
equ.\va\ence C, conmsider [C (b\ac\«/R)B: W+ous
dark if C s, and on account o? (G) W ois

os dark as an expressian N Qquiva\ence—-norma\

?orm Hhe} O\Eg)ers o }o\c\c\< \r:m\' cc:n%n.ms
o} wmost k veriables —\viz. Yhe continued

quvo.\ence ?crr -)\'le krms in C ho\' ccm}o'm'mj
K - . (EBnd o? ’Proof).)

“Theorem 4 1? [w}\i\'e-] S do\r\<, [Pi-_\ isS
dar\c @rr Q‘n\x.j ex.'?rcssicrn

Proof 1 Tuhile) s dark, so s
Lwhite = black | ;

on account o? (3) we have the darkness o?
1A v black )

with Leibniz's Hule we hove Phe darkness o?
LR v whie ]

and with (19D that of |
[IGN . (End o? /Proo€3
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We could have been much more Qx?\ici} obou} the re-
letion bedween exPress‘\o-ns and Yheir \'meom re?resmlm-
Hons, exp\c\in‘nr:j R %r 'ms\‘omce, how -‘o eac\'\ OCCUTTENCe
of o vor‘uq)o\e N on exPress\on c:orrespcmds an occur-
Yence o -nno& same V&r'ta\b\e in G \iheqf‘ re?resen\a-
Hon o; )r\'\o\‘ e%Pression, or '}wuo Su\os\'i\u\\m—\ curres-

Ponds [y -Hne reo.\m o? re?resen\‘o.\';cns 4:3 Ca s\rma

oni Pu\a)ﬁ on.

We did no} do se becouse we did not want Yo do
so. Such QX‘D\Gna\‘icms can e ?ouné n ol Yexts on

Sﬁmbo\ic lc;aic; »nese \'ex\*s,_houdever, serve o. di?@eren\'
Pur]goso..

—171 the. Seclue\, we \e\' W+ be 'lh'\?\'\c'-\'\ unc\ers)rt:u:&
,ﬂ\o} a lineor represen\o\\rion stonds {)cr he ex?réss\'m
W re‘oresen‘m: we shall write ”\? IB=<C) s dark

'th\‘eod ?? “ ‘1? )—\m'a ex?resﬂcm repr‘esen}ec\ \:b
"[3'5.(‘3’ s dark

EWD 863 -19:

Two ?ur\-\ner dork expressioms should hove Yocen
Ynen Hemed , viz.

1P A whilke = white (27)
[P APz while ) : @&

We should olso hove menliomed Yhol (22) ond
(24) are known o3 +the Lows o? ngQrF\-icm, and thet
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(25) ond (26) are known as $e Laws o? gusus‘-us
de Horf)o.n. ‘n!e re@ec‘- —“12 'no.\ufe o? 'H'»e. s:jmme\l:j

\:e\ween o\‘;sjun:: on oand con;)unc.\'\on.

'—‘Fmo\\:j We summoarize e‘ng)\\‘ di%’eren)r ex?fessicms
?or Yhe '1m?\'|co.\'10ﬁ -~ See CEWD&EZ-AS —

[Paaa) = P v Q)
(P2 =TVv Qz@)
=230 =Y~Aa=a")
[P = (P=@)v@)
(P20 = (P=Q) v 7)
[P @YgE (PEOIAT]
[P @Y (PE@) A @)

[P @ =(a = 7))

We sholl use the '\mP\’n ca\ion s‘oor‘m \ , anal an\
where i+ does mot hart %—\10} Yhe '\m?\i?c:?\cm WS >

he‘tu\er s mme\‘ﬁc or assoc‘.a.\~‘ave: .
) >

C’To be Ccm"mueC\D

/P\O\;oans*mo.‘g 5 13 OQ}Q\'"QT' 1933
5671 AL NUENEN prof- dr. Edsger W. Dglshra
The, Ne\\\er\unds 'Burrou‘ﬁ-.s faeseamk Felow



