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The s%—ange case of The FPigeon-hele ’P\"'m_g’u:a\e

TL? Yo come Yo Yhink obou} i}, The ’?nsecm-\'\o\e
,PT"Y‘ICEF‘E Presen"s o Case 4\'“:]' VS curious in wmore than

one Tres Pec},

'I} has 1~ N l'emar\co.\o\:) \\i‘s\n S*Q‘us: i\' \'\Gs [} SPQC"Q‘
nome |, under w‘\ic\m W s we“—\«nown; '\?o.ss Hms\oerﬁer

even CQ\\S- 'I}' "Q FV\T\AQMQH}'Q‘ '1\001 o? c'am\':ino‘\orics”.

T} i1 surrounded \:::j Some W\:js)ﬁo‘uue. ,ﬂ'oo?s usins
i} are oﬁe.n rejourdec\ cs Sume\-\-ninS spec'uq\, sc:me\-\n'mj
Par\-icu\orl:) inseneous, s fee\'\nj g-? owe s, @:r'
mshance vﬁce\J reﬁe&eé \oD 'Huns‘o%tger‘ when he
cemcludes ome o? Wis examples  with “ (Another

}rium‘a\-; o? Yhe p\aeonko\e pr'mci\ble--)"-

Ths  usuwol Pormu\o)'mm IS -~as we shall see in o
momev\)‘-— Utn?or\'unc&e.. Le\- YMe quo\‘Q Hcms\oenjaer-
once more - there is nothin ‘S‘Peciu\ about me
qwo\-'m\é Hons\oer:)er all e 1;‘nme: one o? his books

o

‘)us\' ppens o Vie em my desk — .

“i€ more Yhon n o\:)')ec\-s are disdriboted

into o sef o? n comPo‘r}hwen\'s , Some

c:nm?o.r\-men\' \mus\‘ yeceive [()or‘ "mus\-

" "

”
receive read receives , EWD] wore thomw

one o? the o\ojeck !

(In stecd o? “wore Yhan N one o{-;-‘eﬁ ercounters
Yhe wnore 'speciﬁc "naea")
M:) gee\'\n:) s ;'\-\c.\- “'\ese \-\r\ree o\oserwa}ims are
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not unreloled.

* *
*

Mo bes‘vm \m“n ’ ‘e‘- me @;rmu)o}e -)-he_ ’?u.r'n?ied
/P"g'zoh—\\o\e /Pr'mci‘a\e CPP™ .

"Yor « non-emphy , ?fﬁi\‘e bcﬁ o() numbers, the

maximum volue 1s at least the averaoe volue . ”

T s o Senero.\i'zos\ion, because in te o\d

€orMu\o\\-\cm, it yould be COW??)
"1(" yore H\om n-k ob;)ed-s are dis\riku}ec\

nYo o se} o? n  compoarkments, some
compqr}‘men\' veceives wnore Yhem k o?

e o b\')ec\s_ "

T Yhink b is "\\umino.}inb Yo omcu\:jze Yhe éi?-
@rences Velween those o formu\o}ims Gin what
T comsider increas’nra order o-? Serious ness -

. PPP Jdoes not mentom n and k exy\‘;ci‘b;
s eases the c\\op\icq\ﬁcm, because the con-
scientious O\}OP\‘ICO\“"CM o? OFYP would re-
cludre ex‘)\lc;}' '|ns\'an}-‘nq)r'nuns OP n ond Kk

e OYPY s very c-]oera}'lmu\; it would have Yeen
less 0. had “are diskributed ' ond receives”
hod Yoeen rep\aced W "“have been dishribuled”
ond  "comYoins res‘:ecq'nve\:). “The me\'a\-;\nor
c\ra.ss & process mYo  the \)ic\ur‘e,w\were cm\\-j

the ?inos\ stote wmotrers . (This s reo.\\:j serious,
%r what ‘:? "Ihe o;)ec:\s ore c.\rtmcl:j in the com.
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]::o.r" ments "7 Well, oF course we could hove \ou“
them there, bul then some Feo?\e ()ee\ c;\o\isec\
o orgue ot we could have dane so in "arbitrory
order: irrelevankio in the Formulo.)r)on o?o.

theorem hove the awkward consequence that

n

the conscientions user o‘? the theorem has Yo
demonstrele their irrelevance.)

e OFPP mentions “obiecke ’ and ncom‘)o\r"men\’s:
‘“ﬁnas "‘\'\o} have ho"‘\ihj s de wath Yhe theorem.
T know }thel some ‘-;eo»f:\e. believe thal Ythe
intfrodwetion o(’\ such \-kmgs "ease the viSuc.\'i-
50“161'\ ", bur T Fhink Yhe Pﬁce x‘Oe \'\env\j Yo
F&D. \AI\'\EV\ dea\in5 w\\-\\ no.\'u.ro\ num\oers,We
S\\ou\c\ loe o.\s\e {o C\ea\ M\'\'\ n'\em n %\neir
own r'la\'\“ and not ke @,ﬂ:eci Yo mlroduce
”g\:\')ec\‘s " counted \::j Yhem! Cﬂ- 1S reo.“:j
“\(e Tepl’es?m"ing ho\\'uro\ numbers in o
nar number SJS\QM’\”:“‘ the wel-known
di Wgu\b oej‘-‘-\ne invisible 'zero”.) Q\so, one
m \.:o\\fe '\‘O invenk ”(:om‘oor\‘ ments v Yot
den t look like Com?@f‘"meﬂ"s or al. The
4 mUs\'iqu.e ) ‘Qe Yhe /Piaecm-\'\o\e. /Priﬂci‘:\e. s
Po\r\l:j due Yhe somelimes sur?ris?né INVen-

bion o? “’oe "O\OJGC"S " and M'\Q "CcmTqu“mem‘s'f

* o
*

Let me now relete Yo yow two shtories aboud
Yre Vigeen-hole /?ﬂhﬁ?\e Yhel beth amozed we;

-

g)c)'r me -]ou“ Perha?s \ om Sensi\“-ve ‘\'0 “ne. ‘)o‘m"
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0(7 O\“er‘sb - -\’\'Wtj Susaes\' 'n'\o."‘ “‘oe *rad'u"icmnl ,Plsem-
ho\e. ’Pr'mc’sp\e. iS o @3:{:\ Po'm\‘ o? how mG“‘\ema."ics
i) (\ou& shoud nor be) \-o.ua\n\n

ﬂ fe.uo wee\r-s Oﬂo 1 wWas ’\‘O\A ﬂ'n'le ’Pro\s\ em oF
e Soccer Toto . (Nok \_cnow'nrb Yre rules o? Yhe
Socker '\-o\'o , 1 30\' %e EKP\Gn G¥IU‘P\ 3 ?c:r‘ :jou.r‘ bene -

@\- T shall r@?ec} Yhem.)

On a 8\ven Su.no\o:j , Y3 Soccer wmactches M\\ be
]o\aaec\. Each molch has one o? Yhree Fossi\:\e

ou“comes, denoted \05 “\" ,"‘2", and '><" res‘;e:\-'-ve\b,
Hence there are 3% \Poss‘:‘o\e Sundoys. For owr

pur pose "Sundow | will be one o€ Yhose 3'3 T:oesi\:le
"co\umna" o? e'nah\' 13 » with in each \\ne onme oF

the Vhree permissi\o\e enlries 1 2, or X .

)

A %\o ()orm c.cms'ns\'s of &G row u? b\omc Cc;\umns
o? \ne‘;ah\r 13, ts user is E‘ree in his cheice o? Yhe
number o? columns he is going Yo ?i“ n. The
ques\-'ncm s Yo devise a 3-0. €9y @,.— ?i\\in "
Jhe m‘mimq\ num\oer‘ o? co\uww\s SO )r\'\o} X
least 1 column coincides with S“ndodj in ot
least B enkries. Here we 90.

'Far*se} obout Yhe 5. what i? at least 1 calumn
shou\d Caincide \An“'\ Sunc\o:) ' at least 4 %"!b?
Two c<olumns  Wornt do , ?cr Sunc\a:) Yhen could
Comlown ?or eoch line G ou\‘come m.'sss’ma n the

Corr@STJcmc\i na \ine o? Yre Yoho @:;rm. With 3 clumns
such Yhal o _ least one row contoins o)l Yhree
Ou\' comes | a‘ \eas\- one Concy dence - n “nc} Tow ~



EwD980-4

15 8mro\n)reecl. Sc,@r we needed 3 columns and
\f\qve rsed cnn‘-'j CNe  Tow | Con we wuse '“ﬂe Yermoin:
12 rows Yo increase +the score? ’B:j ?i“inj Yhose
coch with some Pemu}c.\"lo-n ge the Fhree oul-
Cumes, Wwe ?Cn’ce in eo«:\r\ T oL Precise oane
coincidence \M\\/\ Sundma. MQ\(Q T e co\umn
Ve coum\‘ o? co‘mc;e\emceSz }\neir S uwn \oefnS \3,
their average s 4‘}3' and Yheir maximum (PPP)
s =25 . End o? orjumen\~ (\f\e.ur‘ns\'$cs included).
Nohice thol Meir woas no need or ol do ln}errre\-
-“\Q oTmMm GBS G ‘)N\\D\G.’. de%h'w:cj houws ' ‘mc\eec\, ecch
Q\DJQC (: ‘mc."c\u) was F\qcec\ n one Cmnpo.r\'men\-
(: Coiumnﬁ‘

DBut SuPPose ""/\o} “\Q ques\'ac.m \'\ac\ been di(?ertn}'z
iven o (-)orm in which 4 columns have loeen
E}\ed in such Yot ecch row comluins each o?
e Yhree ssible oulcomes, com Yo shows Hher
ot \eas¥ 1 Cc:.\uvnn coincides n Q\ \eas\- 4 om)rries
with Sunc\o»:j? Now Mre Ydal number o? comei-
devces is 213, -Pne avernroe count i 2 3V .
ond hence “«e maXimurm count is 74 ./P\ease_
ho\-'nce X\r\o} in Mis CQRse '“'\e Yne}cp\nor o? Fu\r}in
o\aL)Gc\'S - ma\c\'\eS) W ro ccrm\oc.r\-men\s (= co\hmn%
crmks Pm\p\ems: Qavy o'\o\;)a\' mo»:j "occwpg“ 'huo
cmn‘nr)rmen\SJ (Tt s u‘r\‘er:) ‘orec\ic‘:c\o\e. how the
a\rera&e Vha)'\ﬂe.mo.\"lcio-n rwi“ S ove ]r\is ce: Sure!
1€ oA 3@nerq\°\’22 -“ne, Pro\s\em .1 don )ro.\fe Yhe
makches Wut Fhe coincidences as m g\ojec}s\. 1
WQL\\A \ﬂove done so r'lah\‘ o} Hne S?Gr‘}‘, would T
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howve \"ﬂow“ %’m\r bou wou\d 9Qnero.\'u e 4-\1@ Pro\p]%_")
So Muc\'\ @Js“ “ne Onfo'tc\c.‘o\e 0\9\; 30,\-'10-.-\ o? ic\en\-}%hﬁ
Jhe "o\{)ec}s

Bul now the sad ?orx' p? He s‘OrS. The Cc;“ec-&ue
4\\‘;\- Poseé me -\-\f\is "sm\o\em \qac\ VLeen c\no\“enaecl
with i+ \o:j one o? his %rao\ua}e stadents. When
we et cgain he was uwiterly oamozed Yo heor thob
$he Fm\b\em could be solved wathout pen and
‘oarcr and when '1 %\d }\im m.j so\u.\'-cm s he \oo\<ec\
so puzzled thal 1 am noet sure he understood i}
"OF wurse T know the /Rﬁedn-»\o\e "Pr'mci‘o\e.,\ou\-

1 never ..... "_, and Yhen wanderin }houej\q\s Preven\--

ed him [(rom COM\O‘Q\"I H\e Sentence Was he_

aHl Vool €Ol" the ob ects ond ‘Yhe com artmenks?
? ) P

“The Wy e had been InYroduced ‘o bhe \orincx?\e

ond Q\\ \-\ne imo.ﬁ'nnahcms \-\na\- went wAth I\» wWasS

o\av'lc:u.s\.a wWas obv‘mu\sl a ‘oqrrier “0 '1\"5 s\'mis‘\‘-. |

ﬁ:rwarc\ o‘op\ico.x'acm. 1 e\\- hat 1 hoa had qs\impe
o{) SOmen‘ﬁnﬁ ?T"j‘wx‘enina.

'The Seconc\ S*ofu cCongerns Yn:j Pf-ePc.ro\\'\oh oPc.«.
lec¥u\'e on the /P'Dcm—\no\e ?\"'mlc’.’:\e.: ‘I Wo.n}ed ‘o
shows my sludents the wmosh SP@Q\'C&CM\(M" Q":P\ico.-
Yian o W+ B had ever encountered. 1 scrakhed
m‘j Me\morD, ond  then T remembered : the lowser
bound for Yhe ‘eﬂg\-\ﬂ o? _*n'\e \cmgt's)r monotonic
sub sequence \. 1 remembered W\U "-\'\r\“ 3 bul had
{glrsolf‘}ev\ \-\'\e orsumen", w\f\ic\w 1 Yhen se)' ou\- %

cgn s\'ruc\-.
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Let wme s\'o.)re. Mhe Fro\o\ew_j ) ﬁrs\‘. We. consider

&  Sequence o? hrum\oer‘s ail  with 05i<N. We
ae} < Su‘osequence o \enj\-\n n \b\‘j 'remov‘mé
Some N-r e\emer\\-s om va_ SQ-C‘ULQV\C'?_ andc

re‘o:ln‘m:j the remoinin cmes 'n Yheir origina\
order. 1t s caled ‘o w secquence ) ?roviclecl

Por ar:j Q.l c_mc\ a.\') in the ‘SLt\DSQo‘\.\%ce we
\'\Qve

1 <&') = G < 0.\') ;
in Yhe case Mol we hove

i<y = i Q.J ,
" . "
s cq\\ed o o\ownsequence X

Let U be the \eng)—\n o? o \cmjes} w-psequence
conYoined ' the Gven Sequence and let D be

Yhe \enj\-\n o? a \ongest downsequence conlained

wn v, Prove Yhal NsgUD helds

{ LQ\- us cemshuct U'D e}
h ow devise a re yme -“'lq &ssians Yo each e\emenl‘
o« dishnct \obel , Yhen N -beins the number o?
\o‘oe\s used — s ot wmwosth UDd - \:eirs the num-
ber o? \cboels available .

How do we comstruct UD different lobels ?
“The sim‘:\es\' woy T can thimk of 15 all the
'm‘-eser Po.?rs Cu, c\} wirh 1 fTug U ond 15d s D,
How do we devise o regime “’\c} assisr\s E)car-

£‘<:) d\??eren“ \G\O?\s }o ai and 0..:) ?

'1»\2 oréumen} I Coame % M“'\ wev} S @“owSc
e

r@n\‘ \Q\ae\53 i? we can
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Th order Yo relale s regime o wp- and doum-

:se.qu.ences, we o\oserve

1<) » aix ay voaiy e

i.e. Q.\.) con be used Yo extend either om wpsequence
or G c,\ownsecluence @Jnci'mj oﬂ' Q. 1\\}5 obser—
VQ\im—\ reveq\s 'n\?_ Yeqime : GSSion )ro Q.

Yhe pour (u.,_d) wAath w end d) the maximum
\%3“'\ o an uPseque\nce_ (omc\ (oY c\ownsequence

'“’\i S ewzr‘ov\}'ees

res Fecx'l vely ) Yhal ends o} av
('l) -“no} i S\"mc\' e.\ Qmev\}s Y 4 s\n nct ) obels
() et each label (u,d ) needed sakis g)ies

1sdsD .

Afusl and
-1 WGS o‘ul"c P‘ec\sec\ wMa #)\e re.ce.rns\“ruc\'i_un (5
""\’IS Qf&qmen} s u,\f\\'l) 'I TQQ\.IZQAI '\'»\G}' \;J\'\OA‘ U\SQC\ *Q
e “a 4rium‘ﬁn 01[7 Yhe /Puaecm-\'uo\e rPr'mci\ole ” no
\cmaer- used ‘the T 3eem-\aq\e /Pf“mc'.\o\e | ab oW\ !

1 Ccm\o\ rem\'roo\u\ce, oy QFPQQ\ % “'\e. ’?bew-

hole ?\‘inci\o\e,bu‘r cm\b oy o Ccn\-cr\'Qd g \\ro\s‘ms.
S ec\s_, e lobels with

[-[dev\\-'ug) the e\eme-n\-s with o
-:‘;Le num\oer o? o\o'ec\-s—-
J

comport ments ; assume N

Y
‘0 exc ee;‘ UD — \-\qe. V\um\'ber‘ a? ComPQf‘" v eﬂ\-s -

then TP q\' \ec\s\~ oNne ccrm,:ar}'men} WCM\cl
contoim  wore thowm one okjech, which combradichs

3c\rto.\- c\'\s\r'mc‘r e\e,men\-s cae\- dlé%hc\- \Qloe\s. ‘Hence_ |
N does not exceed U-D ] ' B

(Remar\« __‘,\- S In }‘l\‘us cownec\'ncm no“e wor}\ab Pl
noe Q'ne 1 o.s\xec\ @rmu\q\‘ed Yhe /Pn&con-\nu\e ’-\)rinc;F‘e




EWD 980-8

GS €o\\ows: “ Wit o\ol')ec\'s dis\'r'-\oux'ecl inyo ccnm-‘oc.r\--

'me'n\'s sSuch -HN::\' e.ac\q ccvn\f;o\r}‘memx' CmWns o.\‘

most one o\'i:e:o\', 'phe number o? oje:\'s s Q\‘

'W\QS\‘ \r\f\e niuwmoer o cw‘oo\r}‘rnen\‘s . _]_\-‘\5 l ice
Qolu'lva.\%\‘ Yo dhe oria'lna\ ?orw\.u\o.\"-vn, bou b \:is ]
olu.i}e c\i{)fzaren\-, And thak ?resumq\o\b, s *Precise\:J
the Yroubl (End o? Remark.)

e.
Witk its ‘;\nsico.‘ X objec“-or'&n*@d ar mulatiom , the

C\oss\cq\ ,Plaeem-\'\o\e. "Prir\ci?\e_ \S verU vivid ’ G\mos\-

CQ\‘C»\:j . And '\'»\ere \ie Preciseb s Yha.\')of‘ ‘s\ﬂor}-

ro\o\em Ccau sen) Vs stch Q\OJEC\~-

comings : be
A2 and ‘\-\ne.

c:r'len)ec\ Form u\\a;’ncm s 4h q\'
\oahq\\:j equ‘tvq\en\- "coun\er- \9031\3\!@. " Y A

\nvile complerel d}%ren\- vi%uo\\isc.\-'mms. The
Le_ S or'j seems \‘o \oe ),-\,-\Q\. we s\nou\c\

\mora\ Q? ¥
S\aar\?}j Q\.‘IS\":\‘\ u.is\n \Oe}we% Socc\ mo}l)e/mo.\'fcs

b\\alic relaFens .
RQustin, 19 Sep\exn\oex \GB 6

Fmv. ar. Eclsaar W. @5\(5\\@
’:De"an’\"men\' 0? Comru*er Sciences
“The Un‘.versib 0? Vexas o Rushn
Aushin, TX 3750 - URE

United Skales o? Amence.



