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On o class of \c)ro.}pks with modest diameler

The dtameter o? o 3mpk 'S de,?mec\ ‘os the mini-

mum T:c% \ens}\n, measured in number o? ederes,
that sultices Yo connect any Iwo nodes; we cweﬂe
}3—»53 in which Jhere is o}
mos} 4 edae belween on o nodes. The de&rea
o?a node is deﬁ'neo\ as the numboer o? edﬁes
meehnb at )r\'\c." node; '|" equq\s the numer oP
“direct he':sh\oc)ursh o? el node. Note that

Summinqa -H'ue deﬂrees o? C«“ hodes U'lE\C\S \"Wice.

ourselves Yo undirected Sra

the num er oP ec\Ses. |

“The coh—\\o\e}'e gra?\n heas o diameler ectu.c.] Yo 1
the dicmelter oF o stor equal‘a 2 . Their maximum
desree, however, is almost equo.\ Yo Yhe numdber o?
nodes. \We are interesled n 8ro\lo\ns with oo much
smaller decree and 3e‘r & modest diameter., 0
well- known €MM‘:\G OP such o 9ro~\o\r\ s Yhe n-
dimensiongl  Cude " Yhe degrez o€ ecch oP Ys 2"
nodes e.quxa\s N, and so does its diameter,
(l.c.‘oe\ tYhe nodes with n-bit \o'mcxrtd numbers
ond connect an Ywo nodes whose \okels c\iﬂ%r
in 1 Yy, TThen, irs\-\s, each node has exacHly n
direct ‘ne'la\n\oours, and , hence, has cdegree n ond,
%cmo\la, the \enann OF e shorYest PQ“" belween
Yo nodes éo‘u.ctls e numder _ojr? bt posidioms

in which Yheir \abels diff2r, ond , hence, the dia-
meYer equals wn ) |
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n 1ol i} was shown how Yhe d-cube could
be 'moo\iﬁed so as 10 reduce the diameler Yo 2

withoutr increase __ac\-uo\\:): with ol C\"\O\nse—- o?

Omb o? the degrees-, with o} ?rao? & owas fneﬁ}';onec\
that , without c\'\o\nfﬁ}n Yhe degrees, Yhe n-cube
conld be )trans'?orme into o Sra?\ﬂ with o dic-
meter equc.\ Yo Ch div 2+ 1) . Loo\fclnb ?or &
Ccms}ruc\‘ave. \Proo? 0? H\c.} S}o}emen\-, T gound
Q. class o? 8\'&?%5 {é;r which  Ythe diomeler s Ye-

duced b‘j Ca actor o? Q]MOS)‘ 2 and in w\nic\-\
he number o edses is reduced \o:j cdmosY '/'5-,

Yheir  maximum debr‘ee, however, i3 i .(6&2,_
\nowexrer, "\’le dlecuss‘\cm & C\“erna\ive CGY\S\"YLAC.}IO'Y\S

o} Yhe end o? this ho}e) More Preci_seL3:

?or n o? »1@_?. ?cafm '5-\( ¥ we Censirael
G 31’0\‘:,\'\ with 27 riodes suwch Haat
e Yhe Aiameter is K +3

. \nm\? Ythe nodes hove deaﬁ’e N+
* \ﬂa\? '\'\ne. nodes \ncwe deSree Ycaa

'Thé com ‘s)i T c_\"\cm

We ic\en\"\?v our rnodes \o:j str ngs o? Y41
dis’n\'s , Ynore ypre cise\a . \93 1 tetral G 4 -Vc\\uedv
i 31\‘ ?0“.0 wed \o:j w ocral (ie 8 ~valued) Cli&'a\-s )

Trm—n Viow orm we 5\'\0\“ Cc\“ our 'hodes us}r'nngsn.

We introduce ec\ges cm:j Voekw een S}r'mss
e} diﬁ%r in T)recise\:j e digit. A Po}\\ Mus

cemsists o G Sequence o? 5\717\35, each next
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s}r'ma obtainahble ?rom s Prec\ecessor in the sequence
bi’) o one-c\igi\— \moc\i?icc.}ion,

Tn contreast Yo the n-cube, however, not every
Pcdr‘ of) s-\'r'inss Yhot di??er' in one digi" will be
F‘Ormed-ed ‘D:j on edge’: Hms»:mu\c\ xa‘;e\d a
diemeter of ¥kr1 boub | since the tebral digits
can e Yno_d‘»?iec\ inYo 3 other values ond each
ockel) 0\281'\' into 7 other va\ues, suwch g’eedm
wou\o\ \mp\b Pcn"eac\n s\'r’mf) & c\ef‘jr‘ee Q ?)-}'-]-\«
cnd would Faus de?ea\- SuUr purpose © \,(ee}mn(j
Ye degrees small. We shall vnow detail which
strings we comnect by on edge. Shings ohif-
Ferinf) in H\e '}Q‘H"C\\ C\\S\\' ana S‘:}r'mg)s C\.iﬁ%r'm?
in on octal difji\‘ will Ve deall with Se]ooa'c}e:j.

— e e e e mm o e

On\t} in their Yekral c\igi}s Gre Connec}-ec\ \0\3
can edge depemds so]e\j on these o Yelre)
Vq\ues. We c\noose some wo-:j o? C«ssigmn‘f)

e 4 Yehal values Ao Yhe corners o? Yhe
F::\Low'mg "'}e)rrcx\ COY\ﬂE‘.C"iVi"':) diaSro.m "

7

and 'm)rroc\uce an edge. bE)"Ween ’}WO S}r‘inss H‘la\-
start with Yelral volues connected in the cbove
ond oare oltherwise ec,ua\.

The Yelral Aigit \A\ne’r\ﬂer hwo s}r'ma's c\iF?er‘mﬁ

A C

'ﬂﬂe \e}}ers 0;)-. }\ne Cormers Serve G \o.\e»r- Puf‘-
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pose o\? c\&ssi?ainj s}r'mas accorc\‘m(rj Yo Yheir
Yetrel c\ic&)_i\-s; a s\r‘me) 1S on Q-s}ﬁns, a%-s}\'in&
or o C- S\'r'lna C«.CCCJ\'C\ihS -‘0 Hne ]elr)rer‘ 0? e
corner Yo whidh its Yelral value is assigned.

The '\mPor\'cm\- ProPer\- o? the tebral connect-
'lvi\-:j diagrom s that ec‘cq corner can be reached
499 e&3\ ~not hecessar'n\j c\'uﬁ)er"en'\'- corner
vien & Pc.a'\'\'\ o lans}\'\ 3 Hhat _C.On}air\s R .
D , and ot east one C corner. C"ﬂne. speci@c
c\iafjram 8iV€n 1S \’)ri\rno\ri\q o6 existence

C

Proo? Qor o connechvit i.aar‘am with he

iﬂug _o_c\_c-\_ g\-ﬁgﬁ_s .N\r\epner‘ two s}r'm\cj\: C\iFFerir:j cm\:j
in one ochal dlgl\' are connectred Y on ec\Se
depends on ‘he Comblna}ioh o? +the \’Jo\ir- OF
di%’er;nj oc\-a\ d'ts'u\-s and the common '}e\'rq\

disi)-.

FJor H\e \ourpose o? )»\'1';3 descﬁp\"rcm we write
Or o::‘ra\ i i)‘s in \:ﬁno‘r‘j (‘..e_ T‘uﬂs'mf) Frcm
000 )r\f\rou‘j\n 11). B ‘Oo\ir oF) o\]??er'inj Oc\‘a\
disi\s 1S on Q-Pc\‘.r , & ’B-T)odr ,or o C-poir
according }o the bitowise sum (ranging P-m
001 Hﬂrou h 111 ) o (}he_ \Dinon:j rertesen}q\ims
o?) Yhe ;’WO oc\-c.\ 133\'5 o? }%e'\oo\ir: g?or' 3
\ra\ues OP }\we \oi\'wise Sum i} is an B-poir, Yor
3 o}\wer values '\‘- s o @-T)odr, and For Yhe
last value i} is < C—-,Po\ir,
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The spe.ci?ic Weiy in which Yhe 7 values o(?)fhe
bil-wise sum hove been Po.rh\'-o-neci in 34+341 s
irrelevent. The ‘|mpor‘\-0m\' Proper)*t) is  Yhot \ceeping
one ocral digit F’nxed and \_e}\-lns the other ome
ro;nge ocver ﬁwe_ 7 re.mc\‘m':ns vu\ues xd'te\ds 3
Pi-]:a':rs s 3 B-Pmirs and 1 C—-?odr. (The sPec'\F)ic.
C.ons\*ruckon in derms og) -nqeir b':xwwlse. sSum IS
\or’:mari\ an EXiS)‘ence Pr‘oo{? o{? such a c\&ss%?icc.-
Yion oﬁPair‘i) ,

Two s\rr‘mas dif?erina N cm\:j cne ockal Aigik
have Yhe same “tedral digit , ond are Yhus both
X-s\'rinas Cw'\\'\f\ X=zA , DB orC ); we Cconrech
them \o:j an edge i? and cm\:j '\F Yhe Ywo
c\i?g)er'mﬁ OC"OJ 0\133\'5 Orm Oan X-\Po\ir‘.

F\nc\ Mﬂis Com‘o]e\'es -hne desc.'r'\\o‘ioh o? w]PN g
construckion oF the 3rap\x, o? which we shal)
now demwnstrate thatl i} en\)ons the s\'c}ed

T:or‘o‘oer‘): ies,

/Proo@. o? )r\ne 8!"&\'9)’) A;Jr‘oxlper}ies

j‘l’lsh _éjgvpg)igf \'Je S\'\ow \f\ouo jl'::) COns\n‘uc\l‘ C. Dequence
o sArings 5 s\'o;r}’m with a iven Source 5)”"‘“5:
eidins 21\-\-\ O S’lve;) ’\c‘rse)r s?r‘$n5, omad Such —\—\na\-

each peair @ Successive s\'r‘mg)s ‘n the sequence

s Ccmﬂecxed \03 GnNn ?.c.\se o? -\-he SrOvF\w,

1o Yhis end we ﬁrs\' compare in Yhe k Fos‘;\icms
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Hhe Oc"c.\ diai\-s G‘U\ﬂn Hne Saurce s"r'ms ond the
*Qrse\‘ s}rinhc). In Qac\-\ o? Ye k Pos\\"tcms, we
encounter 1 out 0F4 situatioms :  the two ochal
disﬂrs are equc] ~in which case e octel d}s;\'
a} Yhat Pcsi‘r}on remains cemstant — or Yhe }wo
c\iﬁi\'s Fo\-m an f—\-*’:onr , O ’B-‘)'xx?r- L or o C-Pc«ir
—in which case }the octa) c\igﬂ' in Pheat Y:»osﬂ-'acm
will c\ncmﬁe cMce (i.e. ﬁ'om 'mi\'}c.\ value Yo @na\

value ),

So Yhe Po\'\n contains ot most k edges whose
draversal Corresponds o ‘he mc‘sc\i?{cc:}ion og an
octal diail. Butr if source and 4'O.r3e} di{gi’r of such
& moc\iff:iaccﬁr‘:on ?orm on  X-poir , the corresPond'mS
edge 1s available '|F and onl i? te Yronsition is
belween X-s\*rinas, Tor}unaxea , +he Yerral c\igi}' can
a\woﬁs e '\'roms?orme.d 'F!"Om source value Yo '\urﬁel-
value in of most 3 steps so that all the s\-r‘ms
l—«j};ue.s need ed ?or the ocal modi?scc\\"sans incdeed
occur in the Sequence. So we never need Yo
draverse more thom k43  edges; Cor Wy2,

Mol number meny c\c\'ua\\j e needed.

‘\’he clegregf \/Je O\exerm'me '\'\’\e desree, OP& s]'r'mﬁ

— A —

55 Ccau.n\ﬁn:) ‘I}‘S direc\' Y'le'lgl'\\c»ouf‘S.
HCA\? Jr\ma S)rr’mgs are - or ’B-s}-r'mss‘ From the

'\-e\-ro\ c.onnec\-'uvi"xj c\iaerc\m we read Hwo.\- we can

reoch 3 hei‘c_:)\n\oours \D:j moc\'n%]nﬁ -\-\ne. ‘}'e\-ro.\
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disi\-. Since in on R~ or ’B-s}rinj cach octal
d’lg'} con loe c\'\c\nﬁec\ mYo 3 other v'a\ues, we

com recch 3-k heifj\'\\’bours b:) MOdi?Uin\cj an
octal digh. Since <l these weiﬁhbours are
di?—?eren‘r, A- ond B- s\-r'mas hewve c\earée S +3=
n+t . H similar analjsis S\’]ows Mt e C-
s\-rings have c\earee k+2

Discussion o? oMernctives

F\ s\ig\'\\' mod\ﬁcc‘\‘ion \orihss ‘H\Q TMGXimun
cdeoree lack —?ruw\ N+t Yo n . We mainktain
e delinidiem o? X-S}T'IT\SS , ]ou}' moo\]? e
classs icc}'lcm o? Phe X-Fcﬁrs: {or 27 wvalues oP
he Ioib-sum it is an Q-Tso.ir , For L oYher volues
2 T 'B-Fo\ir- , and .{?or Yhe last 3 values it
15 & C~‘Pq'nr- This does nod aF’?ec\- the d'uo\me}-er;
i" ﬂ',e\d's ?0!‘ B- and ’B’-ﬁ%’f'\ng—? a o\egree 2% 43
ond Yor C- S‘rr'mﬁs a deSree 3k+2 = n . The
price o e pod ?or Phis reduchiom is an increase
i Yhe Yolel number o? edﬁes (-Hnouj}\ or W32
the number is less Yhomn in the n-cube ).

Cther variations are \’)ossﬂo\e. Tor o 3ro-j>\'\
With  5-16"° mnodes . we coan charackerize each
node ‘03 o Yben}a\ cLiS',} , ?o\lowed \:U k hexa-
decimeal omes. This s nice Yecause 16-1 s divisible.
TH s “rwus ‘oossikle \-o achieve G diamerer a? Y15
und ?or sl hodes o de:jree o? 3k a2 ?onc,\ Since

\{fxn/4 . Yhis 15 as:jmp¥o\'acc.uj beHer TThe above
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can be cachieved with the Egﬁ}a\ CfC}_hﬂQC\"'lVi"‘D“ d‘|a5ram

3.\/ \ >

A T E
Teths OBIDEAN | ABCDE , and ABRCDED demon.
S}ra}e Yhat H‘!e Peﬂ\'a\ c\'lgi}‘ neEid ho\‘ \oe SU\Q")ec\'ec\

Yo more Yhan S mOc\}ﬁco}?ms. EXF\ora\\on .oP

other variatiems - 'Q.s. others Hran Pcwers UP’?.

Pe VLase 0? e Xth pPower- is \e@- Yo dhe recder

Qc\chow\edaemen‘rs 1 am indebled Yo JLA van de

SV\QTJSC\f\Qu" {)Ur drawin my oPrention Yo the ]OI‘O\DlQn-\
ond Yo the members oV Yhe QATAC (= Austin ‘ruescio:j
D%erhuuﬂ ClWh) < ‘)c.r\'iu»\c-r Yo Noamilton NRichards
Dr, and  Bimir Pnueli- ?or Ve,r:j Me\\o@‘\ Comments on

an €C—u‘\i€f" @ﬂjor\‘ 0? ex]b\aining MU -CC/TIS)‘ruc\"acrh_

Lol D.L.ﬁ.von de Snepsc\r\eu\',’?ﬁvc}e Communi cotion,

Austin, 22 Octoker 1484
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