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Ex;g]oﬁng the lexical COuE\igg

Lel ws )’r:j ‘o —f’orgel- —?or & W oment ever‘-j\-hmj
we know obout the lexical order and stark a?resk.
Then we could consider some%‘m‘j like +he -()cnow'\nj

Pr‘ob)em .

Let x, xl e o{) some ',':er -g)or w\nic.\-\ o binarj
relation has been given; ler Y, Y' be o-? some
-}j};e or which o b’inaf;j reletion has heen Siven;
e} us call these given relations the conshiluent
relotions. Question: how con we mean‘:njf;u)\j
de-ﬁne o \o'mo.tj relation — colled the composite
relation — on the ordered Fair‘s XY and XY in
terms o«F the constituent reladions ?

:Deno¥'1hj all Yhree re\ctons bb the same inP‘:x
4 , we are considering how to de{?‘me XY< X'Y'
in terms of X4 X', X4X, YaY, and YWY
Qememberinj a litHe bt oF) -\-)'Na le"—xicql orcler

T propose to inue.s)rijor)e. the degni}ion
X<4X v (A X<4X A YaY) |

M

@)  XY<xY
Qa c\eﬁnihon which s in*‘eres)rir:j in {B own
r13h)‘ —-.e. independerﬂ' o{) Froper-\-ies o? ‘he con-
stiluent relalions - , &S s hown b:j the f)o“ouoinj
']-'wo \emmo«)‘a.

Duolily lemma  With relotion D deffned by
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(1) Zp2' = 1 247 for ol 2,

-1

> Sa}isﬁes for ol XY, XY
(2) XYoXY = XoX' A (XX v YY) .

’Proof We observe {?:r' any XY, X, Y

XY p X'vY!
{113
12 (XY« X'Y")
= 100}
1(XaX v (XX A YaY'))
= {de P’lcf‘san,"‘wice}
AXe4 X' A (11 X'aX voaY<aYD)
{ (1), thrice §
XpX' A (AX'DX v YDY"D)

(End of) ?roof.)

H

N

Notice that (1) allows us 4o rewrite (0) and (2)

as
WY XY<XY = XaX' v (X'oX A YaY')
(2) XY XVY' = XpX' A (X4X v YY"

Associakivity lemma
() (XY)Z <« (X'Y)2Z'
4y (XYDZ D> (XY Z

XC¢rz)a X'(¢Yy'2)
X (r2) > X'(Y'z2)
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’Pr‘oo&? We shall demonstrcte (3).

(XY)Z ¢ (X'v)Z
{007 with X,Y:= XY,2Z}
XYa X'Y' v (X'Y'>XY A Z<292Z"
{(0')5 (2') with Prim'mg inu&r\-edj
Xae X' v (X'pX A YY) v
(XoX A (X49X' v YDBY) A Za2)
=~ {~A diskributes over v_?;
XaX' v (X'DX A YaY) v
(X'>X A YDPY A 2492 v
(X'eX A XaX' A 2zaZ')
{QBSQr,o’rion with -?irs} and lost d‘asjunc]*}
XaX v (X'pX A YaY") v
(X'sX A Y'dY A 242D
{ A distribules over v §
X4 X' v (X'DX A (YaY'Vv (Y'DY A 24 2
(0 with XY := Y, 2}
XaX' v (X'pX A YZ2aY'2)
(o) with Y= Y2}
Xr2) @ X'(y'2Y

Il

]

i

0

( End o? ?rooﬁ)

Nemark T am wonder—inj whether T am missin

Somel-}winj or have unwi-l-}inj\j ?oolec\ ”‘JSG)F by
some obfuscalion, -Por 1 dont remember hoaving
ever written down such o 5}r‘an3e Proa? about

quOCiq)‘ivi\"j. (End og) “Kemork.)
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The next ‘H'\'mj to inves‘-igo}e is hoga Proper-
bies o? the Ccns}i}'v\en‘}' r‘e\a*ioﬂs are r‘eloﬁ'ed “'O

)orope.rhe.s o? the com‘oosi-)-e relation. With

(5) (B is re?‘exive) = (EZ 232)
(6) (R is irreflexive) = (R2: 1 2R2)

we can {ormulate  the

/Reﬁexivik\ Jermma Tor hon-emp\b domains

(COMPOS”“Q d is irreﬁexive)
( conghituent q's are irre F\exwe)

wnd

1

(ComPo.Si“e D is re@ex‘we)
(consH]‘uen*‘ D's are r‘ef)lex'we)

Proof In view o’ (1),(5), and (), the two
storements chove are equ‘ava\en*. je; su?{’ices

‘o demonsirate say, the last one.

(Com]:osi}e D is r‘ePlexave)
{ (53}
(a XY XY B XY)

= {(2)}
(a X, Y XX A (7 XpX v YD‘Y))

{ \ oo o? comp\emen{'}
(QX,Y:: XDX A Yl>Y)

{Predica’re calewlus
@AX,Y: XoX) A (AX,Y: Yo YD)

{I‘Gﬂge A non-emp“j; range X non-emt&j}
(AX: X>X) A (BY: YY)

I

—
ey
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{ ()}
(the conshluent D's are r‘eﬁexWe)

(End of Proof’)

TFrom now onwords, we restrick ourselves

in view oP the above o non-em)oﬁj domains.

What aboul anli s:)mme}rb? We recal

(7) (13 S Osr\\-'ls:jmme.)‘r‘ic) =
(R2,2': 2R2 AZ2'RZ: 2=2")

Since anl-is:jmme’rra is c\os«e\J connected 1o
T‘Eﬁexivﬂj, we inues\riac&e the cmhsbmme}'rj
o-f > . TTo bej'm with we observe -Pcbf" oany
X, X', N, Y

XMoo X'Y' A X'Y'>XY

{('2.)3 (2) with Priminj inue,r'l-e.d:i
XpX' A (A XX v YoX) A
X'oX A (@ XoX'v YoY)

{ low ofj comFlemen{-, *wice_; r‘earr'anjinjj

(Xe X' A XpX) A (YpY' AY'SY)

i

H

We now observe

( ¥he composite » s on\-isnmme}nc)
= { (), the previcus ohservation;
ngx‘Y' = X=X'A ¥YzY' by definition §
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@X,X Yy (XeX A XX A (Y A YY)
X=X A Y=Y")
= ‘{Fl’edic&‘l'e Ca\cu\usg
EGXLYYE (XX A X'5X) A (YeY'A YY) X=X') A
AXX, Y, Y (XX A XoX) A (YDY A YY) Y=Y")

= {ranges (o YY and for X X' non- emP)-3 see below}
AXX: XpX' A X'eX: X=X') A

(AY,Y: YY" A YoV Y=Y
{ (P
(4he constituent D's are on}is\tjmme\-r‘.,c)

|

The simplest |wo~3' o? ensuring that roanges of
the ‘?orm el N 2D2 ore non- emrz

—Tremem-
\oer -\-\nc.Jr wWe re \‘es)-rsc]tmﬁ Ou.rSe)ves \;0 non- emrﬂj

dom&;nS-—— 'S r‘equarmg D> '¥0 be reﬂex.ve '-nnus

we have derived the

F\h\‘l&qmm&)‘l‘q lemma _I{? +he (COns}'t}uen\‘) D's

ore reﬂexlve

b

(the compos'&e B s omH.sjmme}ric.) =
(¥he conshituent D's are an}-isjmme_}ric)

/\?emgrk Thde]pehd-en-} QP reﬁex]v}b we have
8 Cthe ComFOSI‘I‘C Vv s anti ::jmme'}ric) L —

(Yhe constiluent b's are aﬂHSjmme\-m‘c)

This bhecause o? [(ﬂe PiAa@)e (Ph Pida Q},

mde]oendenﬂj o? range emp“mess (End of’
Remark.)
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Whatl about ‘}r*awsi]-ivi}b? Tn order Yo exP\ore
this, let us work oul Yhe formcdl expression {or the
-}r‘o‘nsihvi\"j o? 'H"le C,Omr.wosi-'e b

(the composite » s Yransitive )
{c\e-ﬁni‘lion o? "\’r“ansi-}-ivi{ji
(A XY, XY X"t XY XY A XY XY
XY X))
{Foir—--f%rminﬁs (293
CA XY, XY X" Y™
XpX' A (XaX v YY) A XX A X9X' v Y'Y
Xo X" A (X"aX v YpY"))

i

o

For reﬁexive B's and, hence, \‘rreﬁexive ',
we obtain bj ins}an}io}inﬁ the above with Y ¥Y": Y, Y

@X,X X" XX A X'pX": XpX")
whereas the instantiation X, X":z X, X Dields
BY,YIYY YoY' A XYoY" YpY") .

Hence we have established hhe

First Yransibivity lemma For reﬁexive D's

(-}he COmFOSi)'e D is transitive ) =>

(Yhe constiluent D's are transitive )
and

(the composilrc 4 is transitive)

(the constituent a's are transitive )

The second holf is Proved simi\o‘r—\b, with (0') instead
o? (A‘Z'), i.e with ALD in\'erchanfjed with v.q .
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‘How can we derive ‘\‘r‘omsﬂ-iv'\\-b op 'H\e. Ccmposﬂ'e
celotions 7 To +this end we observe for ony XY, XY, XY

X\rb XIYI A XlY!D XHYN
= {1

XX A(X'aX v YY) A

XX " A(X9X v YY"
= { :DBkslrra's Laws:

X'aX A X'oX' = X'aX
XepX A X'aX = X'aX}
XoX A (X'aX v YYD A XoX' A (X'aX v YY"
= {rearr'o.nﬁms; v diskribules over A}

and

(XX A X'>X") A (X"'9aX v OrpY' A YY)
= {-wae constitluent D ore 4ransil¢ive}

XX A (X"aX v Yoy
= {29

XY » X'Y"

and s‘lmi\c\r\:j (‘H\Ou\gh not qui}‘e)
XYq X\Y‘ A X‘qu X”Y“
= {00

(Xa X' v (XX A Ya¥Y DA (XaX"v (X"s X'~ YaY™")
= {D'Jksh—c“s Lows and )lr‘oxr\sl\‘lv:]‘ os? <4 on
the X domain )

(XaX" v (XX A Ya¥YD A (XaX" v (X"pX A\ra\r"))
= {V drs¥ribuYes over ~
S Xa X!

f@cn”f“omu N }

v (XpX A XX A YaY A YaY")

{ > dronsitive on X domain, 4 4ransitive on ¥ domam §
XaX" v (X"BpX A YaY")

= ‘{(0')5

XY q X"Y"
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F\\\ this is c‘ud)rc messb_ \d}\en “‘he ATAC read my

ear\':er VErsion —-w\'\‘ncl-\ wWGs \ess mess:j- , Edsc.r \‘\’nc.PP
deLec%‘ed an error jn mj calculations _T had }recled
Ca S-}'I’Ersg‘nf\em as | i were o waox\r(ening I’:eccovi‘—;

skor# herea er, Dosbu\a K. Wae established thel
lejks)—ras Laws '?or‘ e X domain \Prowded Ch ua_\j
out. Thn EWDI038 _ hich wwea written while T worked
on this note~ T hed es*‘&blished Yhat ’I)\a\-cs)fa.'s

Lows holat in a linear order, thal s

2572 (Reflexiviky)
22 A Zb2 = 2:2' (AnYisymmetry)
2 7' A 22" = Zp2" (Tr‘omsi)‘;vil'b)
Zo2 v 202 (Linear';b)

EWD1038 also shows that 10"" reﬂe,xwe 1S
and Iransitive « , b sa}—isﬁes the ]meo.rilj
requiremen" Zv 2 v Z'DZ . Conec]-)nﬁ c.“ o
ohservalions | we had helter ?ormu.\o}e , nsread

O-F & second }r‘c\nsﬂivib ]@mma. the

Linear order lemma

<’)lh2 consh tuent D's are linear orders) =

(¥he com)oosi’re > is a linear order)

The woral o() the s“ob is 'H'\c} in conneclion
\N{H'\ \t’.xic«:‘\ Cour:]ing qure is \H)e Fo:v‘ﬂ' n 5}uddm
'h‘*o‘nsil'iv;}:j in 450\0\"10"\ 5 ancl -Wno} even -\'\’le Par)—no\)
or*cler* -~ i.e, reﬁexave. Qn}ﬂs‘ﬂmme\'nc. o\nd 4rc-ns:¥|ve

bul not ﬂecessarr\J linear— is not o relevant Coné;rﬂ{
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This moral is -ﬁne with me. As will ‘\-romsro':re
in the remainder OF) this no%e, o much more inter.
f‘ean5 link 15 the connechion belween lexical
C°"’]°h”3 ond well~\%undedness and -as WH ) Fegen
hod a)f’Eac\J )’.:oin}ec} out Yo me — -H’ie | ctter nokon
has no‘r\ﬂinj o do with *}Y‘O\ﬂsilr}vib. The wsual term

‘ . \ |
”\exic:m\ order ’ S an over’syoec;ﬁc misnomer,

L *

TFor o set C and a r‘e\o}'\on P de?;necl on Yhal seb
we howve bj cle()iniHOn
(CC,p) is Weu-{)Ounc[e.ci) =
(BS Sq&¢: (EZ':Z'&S: (BZ: Z2eS. Zp2Z'))
where Yhe dummy S ro.‘ﬂses over Yhe sJubsets o() C.
Notice +hal <¢,b) iS '\rivia\b wen-'?oc,mded‘ Turkher
vnore, )33 'msl'an}ic.hnj S = {2"3 —F;r' om'j 2" C,

we derive

(CC,p)s we]\-?o-..mc\ed)

= {dEF)'lni‘ho'n 0? weh——FOuncledhessj

(95:5:#55: (EZ\: Z'eS: (AZ: 2eS: Zn2")))

= { instantiate S:=2 {2"] with 2"€C, hence
{23<C and 1294 &}

(A 2" 2"« C: (E2:2'e{2'}: (A 2Z: 2¢{2"%: Z202)
‘[26{2"—} = 2=2" one.-Po'm]- rule dwice ]

(AZ": 2"eC: Z"p2Z")
{deﬁniHOn o? re?lexim'lj§

(D s reﬂexive)

I

]

Thus we hove established
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Wel\-%undednegs = re@exavib \emmg_:

(CC,») is welLFouncle.d) =>
(> s reflexive)

Le¥ ws now }1-3 o relate the we\\-f?oundec)ness

oF the composi+e > ‘o the wel\-?ounoledness

of the conshituent s, With X ranging over X
ond Y over Y , XY ranges over Yhe Car—}esmn

coduct XxY . Tn the 'E?Ono\mn37 W r‘onBeS over
‘he subsels o? XxY and we shall restrict our-

selves Yo non- empb XxY lLe non- eij X

and non - empb

What coan we conclude {-?”om We“-POuhdeclﬂe.SS

o{-) +the ComPosi}e p 7 Let us exPlore

((XxY,») is well-f?ounded)

G\EFmHon o{) wel\-fOuncledneSS)‘_ff_efvious }emmag
(AW: W# g: (EXY: X Y'eW: (RXY: XYeh: XY eX'YN) A
(ComPosl\'e > is reﬁexwe)
=  {Instanltiake with

W= (SETX: XeU: XY' ) with UK, ¥'e¥  and

= (SETY: Ye V: X'r\(“j with V¥ , X'eX }
(AU: U#d: (EX: XeU: (AX: XeU: XY'b XY A
@BV:V2g: (EY:YeV:(AY:YeV: X'Y o X"Y'M A
Ccomf:osn}e D> is r‘eF]exNe)
£ (2 "‘“C,‘_l,_,ﬁfﬁex“"b lemmc\!{
(AL: Uz g: (EX": X'eU: (AX: XeU:
XpX'A(X'aX v YY" A

It
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(AV: Vg (EX:YeV: (AY: YeV:
X'BX"A (X" X" v YYD A
(dhe constituent \>‘s____o.re. re ?]exive)
= (AU:U#¢:(EX:X'eU: (AX: Xel: Xo X' A
(IBV: V#@: (EY': Y'eN: (8\(: YeV: YoY')))
{ definition of) wen-f%undedneSS}
( (X,») is well-{founded) A
((\?,B) is we\)-founde.d)

H

Thue we have estoblished our

“First we“-@undedness lemmma For non-em)o}:j domains

Cthe com]‘oosi}c B s we“-founc]ecl) =
(+he conshituwent D's are we\l-foundecl)

(Here we Yreat well-{foundedness as a property of?

'H’Ie re]a}-ion, leaviﬂg eOc\n Yime "H’Ie. O\Omoin under-

slood.)

The mext olues‘rion o tockle is -not Su\r‘pn'swb]:j_
how wWe cun conclude Yhatl the COYYIPO5i'l’e >
s well- {’Ounded. We Prcpose o demonstraie
that C ?x?, D) is we\\-?::uﬂded bfj con s\'ruchnj ‘g’or
c)i“,ﬁ’/ﬁc»n.emp\y We XxY o “witness" —?or Yhe existential

—q&_;}{_}_';?i&:o\hon . l.e. we shall construct o XY
such Yhat
(2) X'"Y" eW and

(10) (9_)(,\(: XYeW: XY o X"Y")
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W ith (Q') anc Predic::.}e CQ\CU\\U\S, Wwe con

rewrive  (10) as Yhe conJunc¥ion o{-’

(10a) (B X,Y: XYelW: KXo X") and

(10 b) (A X.Y: XYeW: XaX v ¥pY®

/\?eciuir‘Emen} (100a) 18 « 3ood start, because

it does rnot contain YY" | Le¥ us -Hﬁere?of'e

isolcte dumm:j Y as well .

{(10a)
{neshns and %ro\dmgi

(ﬁX::(ﬁY:: A XYeW v XpuX"))
{ v distributes over A
(AX: (AY :aXYeW) v XpX")

- {%ading}
(BAX: (EY = XYeW): X& X")
= { (1)} o
(AX: XeU: X »X")

Il

I}

Tor nen-emply U such that UsX and
we\\—{)oU.nded ()?5 >) we can Yhus choose an

X" Sa‘ris?}jinj X"el ancl (1Oc~)-, U 1s non-

emp\j and o subsel oP X becouse W is
& non-emp\rj subse} oF) XxY and U s

given \o_:j
(11) Xel = (EY XY e W)

We note that, since X'¢U, (11) implies
(1) (E\(:: X"YeW) .
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We now reshict ourselves Yo wel|~{)0unded
can be chosen. With Yhe

(X, 07, so on X"
(10b) as —)—he ConJunchon

C}I os5en X“ wWe  Fewiri +e

of
(BX,Y: X¥eW A X=X": XaX v YeY") and

(10¢?)
(vod) (BX,\(: XX eW A X?_;.)(“__ X"qaX v YDY") ’

becauwse we Ccon Now e\imino)re dummv X (—Drom

(iOc) -
(1o c)
{one—rzo‘m\' cule]
(AY : X'YeW: X"'aX" v YeN")
£ (X,») well-founded , hence reﬁex‘we}

(AY: X"YeW: YY"

i

Because oF (12), Yhe ronge X'Ye W is non-
We XxY , its solubion set is
(\?, >) . we

X"Y“e \f\’ ond

emply ;, because
o suhsel 0(3 \—I/‘, —Por we”-f)ounded

con Yhus choose a Y SQ)is%anﬁ
We now FE'-S\'I"IC\‘ ourselves o wel\—founded

(10 <.
Notlice

(Y,p) as well and deem Y" chosen.
Yhet L in Yhe meon Fime, (9) has been sabis (ed
(10d), however has shll do be demon-

s well
shratred

(10d)
{Pf‘ec\iCa}e Co\\Cu\\us}

(AXY: XYeW A X#£X": X"aX)
'['}radlnj ; (1)3

(_ﬁ_ XY: XYeW @ A1 X"oX v Xa2X")

<« {02

&«

—
—
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@XY: XYeW: XbX")
{(100.33

}rue

il

wath
(3 (AXX": X X' A X'>X 3 X=X")

Le. on X the conshilueat relalion D s antisymmelric.

Thus we have derived -see (8)-

Second well- {)ounded ness lemme

(Yhe conshituent D's are we\\-€ounc\ed and

0‘“'\'353mme}ric) >
(the ccm]oosi)-e > 15 we\\-?owwded und

oan¥y 53 mme¥ric)

Note We on\b proved it Jfof- ion —em ply Xx\?; .for
Xx? , the Yheorem is ‘)T’iV'IO\“J correct. (End

emp}b
o? Note )

Combin‘rn -Phe \emma-\-a on T‘eﬁexivi\b, anti-

Sbmme‘}‘r:p and well-foundedness , we conclude +the

Lexical Theorem TFor non-emp¥:j domains

(the constituent D are reﬁexive, anh.s(hmme}r}c,

—
—
-4

and We“—?oun ded )

Cthe Composﬁe >
ond w(—:l\--ﬁounded)

(’Re@ex‘w}b,houoeuer, is lmF\ied oy wel\—@:undedness)

is reﬁexive, on\-istjmme)-ric,
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‘Repléxivi)rj op > uSucs!b efoessecl as
ZpZ

can equi\/&\eﬂ&'\j be ex]of'QSSed b:j
2:=22'= 22" A 22

‘5"‘0\}‘35

Since Otr\\“'ls\tjmme"r:j
22"« 2Z2v2' A 2Z'n2

—

(14) (l> is r‘e?\exive ongd Om}'ssjmmel'r‘\c) =
(E—Z;Z‘:: 2:2' = -szl N ZiDZ) ,

which enables us Yo rewrite (0O —Q:r reﬁe,x'uve,

anti s&mmehﬂc >

XY a X'
{ (oD}
XaX' v (X'oX A YaY')
{ Law op ComF’emcn)r}
XaX v (aXaX' A XX A YaY?!)
{ (D}
XaX' v (XpX' A X'>bX A YaY')
{(.'4): D is reﬁex'we and cmHstme'\-r-icg

Xax' v (Xx=X'" A YaY")

]

1)

which 15 Yhe wmore {?am:‘)‘no\r woy in which

Yhe \exical Cou\o\‘\r\j 15 de?‘uned. Note Yhat

Iransitivib and linec\ri}na - j.e. ZDZ' ; Z'bZ-—
st do ) not enter the P‘nc}ure.
* *

*
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For Yhe sake o]p coww)o)e¥eness Wwe menrion
that +he impor+an+ }heorem

((C,») is well-founded ) =
(all decreasing chains n C are Jﬁn'\}e)

is indepen dent OP ?Mﬂher properties o ? =
A decreo«s‘mﬁ ch on iIs o Seguence O‘F
e'e.men}s fK__'_n,_,, g)\" ¥agal C -SLAc\'j +ha}‘

(Bn:nyo: 7}1'.(1’\&-1) 4 Kn)

To establish Yhis theorem . we negor}e both
sides and C\Pr)l‘j the dePini}ion oF’ well-fo\mded-

Ness

(ES 5#‘¢: (E‘Zl: Z'ES: (E Z-2€5:2a2'))) =
( Yhere exisks an 'm@n‘x}e decrec\sinj choin in C)

A S S SN dmm S an

Let S be o wilness {ér the LHS. \We con
choose on mf‘bi}r‘at\j element of’ s* .ro,- K.0 ;
ins\‘an\-ia\-‘mg 2':= Wn , the LHS shates thed
we Can choose an element Z 0?75" as X.(n+1)
such that W.(n+1) 4 Xon

LHS <= TWHS

ey e — e —m TE e o

Ler W be o wilness —()or' the ’RHS, j.e. ek
Kin bhe an in ﬁm}e c\ecreassng chain in C.
Then S = {igfn: Nno: W.n} isS o witnhess ﬁ;r-

the LHS. End o? /Pf‘oop)
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Concluding remarks
[y

There were a vo‘rieb OP reasons -ror wri\-’nn& this
notre,

Tirsl—b, it has been written "-?or Yhe record” in
the sense that T delt dhat Yhe lexical c;:L.P\inj is
o? inferest in its own rigH, while T hoad never seen
o decen¥-%heorﬁ c\eve\oped {%f it. Hence it seemed
worthwhile 1o c\eve\or) such o Yheory ond record

its r‘esun-s, thus Crea}inﬁ G li-me work of r‘ef;érence.

SECOnc“ﬂ, T knew -ﬁr‘om eor lier exyperiences -Perha]:s
as much as ten years ago, when T derived some
isoleted vresulls— thal i} s on\:j oo easy to moke
G mess OP o -(érmo.\ treatment. Lel me describe some

oP the Pi}f&us %r the beHer onreciaHon 0? Yhe
complications T avoided Yhis Yime.

One can start with in‘)‘eger‘ sequences X.,X'
a-? leng-ii-\ N and CJE—ﬁne the lexical order X<X'
bxj :

X<X' 2 (Ej: 05 A j<N: Xj<Xj A

(Qi: ogi SEHRAE X))

T once did thal - a-@-er oll, ¥his was the Woy jn which

T was introduced %o the notion of lexical order .
The neH effect is that one {inds oneself manipula-
’ring qucm]-igecl expressions all the *ime, sp\iHina
I"Qnﬁes » shiﬁin oriﬁins and —)-he w})o)e \of 'Hence,
elimination of the “subscripts © was one of my P:rsl-
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With X, X' skl s}cmc\'mﬁ ‘ﬂbr integer sequences of’
Some \enc_y)\-h . and MY simi]o.r'\‘-j in&-erpre']-ed,"[ {émd

maself considerin9

il

B) Xr< X'yY' = X<X'v (X=X'"A Y<Y") R

but immedia)reb Ywo worning signo\]s stort -ﬁash‘ms.
Tirs\b, Q)r‘ one-character Sequences X, x' one has

to clePine. ‘

X< %X = X<

SQCOr’“\dl:j, \OD the }ime one considers tYhe ossocio.}ivi\b
o? Ve lexical COuP)inj, one has ‘o o\eﬁne ~not wnnak-

Note The second wc.rnian

ur‘e\a_, but f“ - Noke

-s.lsno.\ is o red herr‘inj.

XY= XY = X=X'Ah jii:_Y' L
which is a di{%eren\- Po.-nern OP re\o-l—inj constiluent

relobons with lhe COmTJOSi)fe relotion.

When T started on this note. T knew +that 1 wanlted
Yo —foc.us on the associative lexical couplinﬁ rother
Yhon on the lexical order o? poirs o{) sequences of’
o.r\oi):ro.rj \ensl-l-\_ Tex‘:ec\-ecl order -—in Pc\rhcular
’\’r‘cnnsi\‘ivi\:j—- to Pla o less cenbral rdle Yhan 1
hed Yocitly ossumed; the reason {or Yhis expectation
wos dhe c?ose connection between Yhe \exical cc.up\in3
and wen--?ounc\edness,Jroge'n’ler with Yhe -rolther
recent ~ insight 4hal we\l-?oundedncs's has nothing
o do with -}romsi\-ivi}-b. T‘inc\li:j _;___was annoyed b:j
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the e‘quo\\ﬂ:j siﬁn in (15). You see, i immedia\'e\j

raises Yhe ques)'\cm how to deﬁne < in tTerms

o(-_"_?{ , Vi,zf

X<y =T Y 2X A x4 or X<y = 7 XrY

Without equ.o.‘i)“j, the \o.-Hef‘ deﬁﬂi*ion is -?orcecl
_upon us, Because oF the connotations 0)0 <
and » with Yhe rec! number line - where +}he
obove distinclion is irrelevant, T chose «
and D respec)-‘.ve\f_.), where the 'Fof‘mef‘ would
e reserved ?or' He irreﬁex‘nve T‘B\al-ion, and
Yhe loHer one ffor- Yhe reflexive relction.

I ho.ve GXPerimen‘\‘ed wi)rh diﬁ%rew} S(jmbo]s
‘?or ~H’)e Cons}i}uen'} T"e\o\L'xons anc }he composi}'e
one ; o} one }ime, (o) de?‘med A4l in Yerms o{) <

XyYa XY = XaX' v (aX4aX A YaY)

but this wes o ]()or'saeo-.\:)e —-—}\nouﬁh n ot ?orseen.-.
nolational mistoke: as soon as T had Jo deecl
with G.SSOC.ioJ“nvib . the immer @@ had Yo P)‘:';'j ‘he
réle o? on outer 4 . 1 oJ::olis)necl Yhe SUM‘DO\ %l
atr the Pr'lce OF inlfroducin +he adJec}ives “conshi -
luend” ond "composﬂ—e". (Since these terms are now
in}ro duced righ* ot the be&ihfﬁﬂﬁa You con Coﬂc\ude
ot Ssome work wWas done be@:re T started o Hus
ho‘}e.____—f}l__e frick shows Yhe greo\-er' ahshrackive power
o? wo o\d‘)‘ec}wes versus the obsence or Pf‘esence oP

o verhcal stroke: lhe adJec}ives con be omitted | or,

20
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as the case moy be, imPliec\ \33 the c:on}e.x}.)

Th order not to intecrupt the @ow of the Presen-}ohon,

T have proposed (Q) as an unm}}‘;ga%ed rabbit, but
-“ne Qccurence o? -H‘\e '\‘e,rm 3 X'a)( s no+ Gs Dur-
prising s P+ mish\' seem ot Q‘-r‘s} sijh}. ’T‘TrsHja be-
cause negalion and 'm\-erchomge oP }he arguments
are each ils own inverse, their combination is so
as well Secondly, i? q tois

g‘n f‘eS)’Dec)‘ o its T‘iah*‘-\f\c\nd Grgu-

1s transitive |
"weo..kemnsﬂ Wi
ment and "Sh‘eng%enmj © with r‘es)oeci- Yo its le(3-
hand c\r‘gumen}':

aab A bae = aadac

can he eolu'l\/&lenﬂj expressed as

bac = (adb a3 agc) or as
aab = (adgc & bac)

Both neso»}'!on and [r\l‘er‘c\ﬂomae of the c.rgumen}s

inver‘)' -)-\'\'1.5 sensc< o? rnono)(onici\':j; Hfle':r‘ COmbi-
nation leaves this sense o? morn::.)rr.:mc.‘\:2 intach,
o

Thus the —sweeHU reasonchle~ desire
XYa X'y' (usu\a]lb) o wonatonic Func.\“ron OP
)(4)(' and Y4Y' mokes (0) somewhot less opo.
robbit. AL Yhis s $u3¥&5\3 vague , as hunches
LASMHS are. The Dualiby lemma would have sar
vived the pmission o? bhe negc.l-ion in (0) (ana[
accoa‘oliqjlj n () 5 the PISSO(iGHViI‘J \em ma
would not have done so.

mo.L;e

In {z)r‘mula () T introduced (0 besides <Q

21
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A minor bene@l- is the reduclion OP the number

o? nego\hon signs thatl hove 4o be writen down.
The m&JOf‘ beﬂeﬁ\t is -‘}m-} it enables ws 4o main-
Yan the S\&jmme"r‘j and Yo talk about Yhe poir

OP reloalions 4 and D without Consic\ering the
one more ”—Punc\c\men-\-ol" Yhon the other ENele

thed wikhoot—boha u{? -‘r}m—be#ﬁ—awi-\-e-’sh,—%r—ha—

stance Yhe M—#W%WMW e
b&n_gq—e.s-\-a—ene—ée—%m&c&-e—.}

“The ctrentive reader will have noliced 3hat b&ﬁ
Yhe +time the ]Grs\- pPoge of) this nole had been

written, oll impor¥cm{‘ decisions had leen taken;

the scene having heen set, the rest was -@;rm:ﬂ
routine in the sense +thot the 53mbo|s did the
work.

\,Jri)rina this note was an instruchive experience:
it so h&FPened that T head )ncur"ollj done any {?;;rmo.l
mathematics for about o month and I noticed hhat
T needed several poges OP manir:uio.hon hefore the
necessc«rj homd-ebe. coordination was back. There.
q-@rer, Yhis note was o r‘e\axinj Joa lo write.

RAustin, 16 :)o.nucwb 1489
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