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On the ;prob\em o'() the ths«sons

Trn Yhe Rmerican Mo;nﬁemo\\": C.al P'lonn'\:;?
e

(Maa 1989 F42q-4313, arnd under the i
7 he /\'Dr‘c»\o{7

ern ¢? ‘the Calissons : uLJ Dewid
ond Co\r‘\os _romei ?r‘esen'\' “\r\ﬂe -@; ou_)'n:ﬁ

‘“’\Qore,m_

LeJr o ”CQ\IFSSOY'I” be o dicamond -?ormed }DJ o
Ec:lu'-]a‘)'erc-l '}ric«nj\es wa\-}w sides OP lenj'l-\\‘l -})103[*
| chare o side. Le}l o reﬁu]ar' he.xc:.jon with sides

o? len‘gﬂ-\ n be covered 53 (3n%) calissons; in
5uc\n [} c.over'ar\j 'H’\e Cca\iSSon.s occulr 1N —qu,
Mree Possi\o\e or‘aen‘c-c.\-'aons N equa\ numbers.

n :Hne ‘Po”owinj, Q F\QQQC( Cc\hsson S iden)'}_
gec\ with o Pair‘ o—()a ‘acent equilcﬂert-\] '\'ﬁﬁ'ﬁ\es
o? the reju]ar‘ ‘\~rio\n3u or'l'lcn.)‘ion o? -uwe Plane.
Senerql}zinj -H"e )'\exciﬁcn) we call Yhe seb o(?
-\riang}es covered bu a set op calissoms <« “box
Yhat is ”ﬁ”ed ’ l’ij ?\':ose calissons. A cﬁ“}n

o box has « ﬂsPecx'ru.m " e, ‘Yhe 3r TZ of

no..lu.ro.l numbef‘s C.Oun}irg -}-}1@ numlogrj o
CQl'ussons in «n\e —”\r‘ee. or’ler\¥c.\-'aons. “The }—\neorem

Presem)‘ec\ bJ TDavid and TTometr 15 an tmmedicte
Cc'nsequence. of 4\12 mofe 8enera\

Theorem A gl\'ms OF the same box have

Yhe same slpec;v‘um.
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(:Because o() '}}‘le ro%-al-’:ono.\ samme)rv o{) }'}'\e
he.xason, the theorem Hells ws that THhe 5F&}mm

o?o\ he.xo.ﬁon {:“nrﬁ remains unc\nan ed under‘
ton o-F i“-s elemen)‘s%

Cjc\ic. T.)e:"mM¥a

To prove +the theorem we consider an arbitra
box with Ywo chsi\o\a di{@rerﬂ- P:umjs e
Por}ihon the )‘rianﬁles oP the box inte the
Sma“es}' Sub\:oxes -n‘;c)t alfe Cammon ‘}O bo‘”’\
-Fi“inﬁs; -\-he -n'\eor'em 'n')eﬂ ‘?o“ooos —Fom -H')Q {)th}"
4)».(;-1- aac\r\ su\ojoox 3"10;3 -‘-lﬂe Same SPec.)rr‘um n
e.‘.«“wer Gnlrb) o ‘F%u:‘}' we s]"\cnll YIguws demons¥ra¥e.
Tr Yais demonsirabion we shall encounbter o
Case ar\o\\J 215 we S}’IG“ e,ncoun\-e-r‘ }W'o 4:“925
o() suboboxes and %r‘ each } pe o? subbox we
shall argue se aratrele dhot T+ has the same
s,oec}-rum in el her ?R{HB

The one ]oossi):le. {lj?e o? smallest com.rnon
subbox 1S o ’Polil‘ o() ad\)&cen\‘ ')rriomj\es: 1
corres‘oonds ‘o a calisson o©courrin n b oth
i]\i'lfjs' Such a s ubbox Otdmi\:s OV:? one
|n'tr\5,and hence C\“ i!‘S {)c)hn s ‘\'rivfclb have
dhe same s cckrrum. This ée;?s with any '}rianjlc
that bokth Pininas cover \aa the same colisson.

To inveshoate the other possible e of
smallest c°mw?oﬁ subbox, wePCOnsider):jcaP '}‘riongle

-\-}wa"r Nne 4wo G]\ihas cover b:j di}q?ereni‘ co\}ssons,
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For such a 4riom3|e we can ic;\enHG Y wo opi']'s

the) odjacent )rrioma\es “ws i}s ”nei hhours ’ n

the sense +het })-\ej ]De\onj to +the same subhox,
the }r-ianc_c)\e Ee.inj Po(;r‘e-:l to -‘r)ﬂe one neighlaour‘
mn Yhe one ?f“in and Yo the o“‘uef‘ heijkbour
in the other ﬁlr?tﬁ’ and each heiamoour has oﬁQ'm
the FroPerb Yho} the }wo @”'nnﬁs cover it \oza
diﬁjeren* calissons. TThe '}01'0‘ number OP %arﬁles
Be;ng @nﬂ-e, we conclude thaot the other pos-
5(1))3 )-jre of” smallest common subbox s
< c:jclic: T)orun 0{7 4r‘:aﬂj\es such H\a} neijk-
bours on the Fcu\'\'\ are adjacen*‘.

We next observe }hol ~in G\nu\oaj to the
chess board ~ the %ionsles QP ‘he recular
’;‘rionﬁu\gr]ZG}iOﬂ con be coloured ]Oqclt and
w\wﬂe, such thet o\dJo\c.e.n} Jrricms\es di?@r‘
in co\our. This ju‘ves '}ﬁc\ngles in H‘:e same
Orien-\rc\\*uon -Hwe same c_o\ou.r and eack Colissoﬂ
covers -}wo d; er‘en}b c.c\ouf‘ed %r('o\nﬁ\es_ On
the cyclic poth the” colours aliernote, hence
-Hwe. cuelic Fo:.“’l Con)('ains an even nu.m’oer‘ o]

? +wo ﬁ‘”in\Pa: -]-rover‘SirB

“riomcj es und allows l‘preciseanJ
ack ')T'lo\r\ﬁ\e

Yhe cac\ic \oo\-}}\ in seme direckion, each b

s either Fo.‘.red Jo ¥s white Pr‘edecessor or ‘o its

m\'\ﬂ‘e SwCCcessor,

Consider now o qrid line +that cuds  the c:jclic:.

Pou“n. Becouse the Fa%\ is Cjclic. ‘he Sric\ line culs
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the Fa-n\ an even nuwmber o{) Yimes and draversel
o? Yhe Fa’r}w crosses the Sricl Vne as many Yimes
in the one direclon as in e o-nnef‘ clirec.\-ior\,
e, as man Limes {?‘om ):)}ock '-‘-o wki’}ﬁ s
{?am whike %o black ’(’rrianﬁles ot one side QP
the Sﬂal line adiacent 4o i+ Hm;ina He same
orientakion  and hence the same colour ). Asso-

ciuhn w\n’\ each Crossin the CQIiSSQn Yhad

“sits astride’ we now see thak ]’m\\poP them

loelen +o the one i“'m ond hod-P OP \U]Em
be\o% o dhe other Fﬁ}]:?,b As all calissens

asktride the same grid line heove 3the same
orientahon we conclude +hat the oo ‘:.ossilale
@l\]ny OPO\ CJC“C FQH"\ "10.\!6.’. '}‘}'Q Soame

sloec\-rum. And -Hﬂs o\o.ser\m\-':on conc\udes

the proof’

gl

Dovid and Tomei Sive o very unSa}‘.s\Poc}ofb
ireq} men'} oP -\]'\is Fro\o)em. T qacﬂe

“The idea QP -H'\e )’JrOoP s "}O reduce *H’\Q
T:rOblem -)-0 =N Ve:? in\‘ui]ﬂ've f&c} (1o -H—nree dimen-
sions, We do no give com‘:\e\re dekails o]pa
@rma\ Proa() -ﬁ;r Arwo TeGus oNs, T—?rs‘-, we do 1r\o‘}‘
wont Yo ch::‘-\ the simP\ici\~j of -Hne basic in-
luibive ideo . Furthermore, the result is an
exo\mP\e. o{) o PPOOP b\“j ]’Jic‘uf‘e thal does not

dran slote \mmedia%b into Frec‘sse mo\n\emo\}w‘cs."
Eie.
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And then Jrlf\e;j come uith an elaborale non]vroo(.)

Their whole i dea. in']‘er‘rn‘e}in -H':e Flane
ﬁﬁure as ic“uf‘e o G SimP]e g\reeﬁd':mensional
shuchure s, Eowever, mlssuided oS 18 S\ﬁown
when we oeneralize +the heXaﬁon o, {or instance,

the 'Gouow‘;rfj r'm\a-\i‘»\'e struckure:

\\\\ﬁ ///
\AVANAN ////_77

M.C. Escher wodld be deliﬁk'\-e_d.

T am indebled Yo the members o() the Eind-
hoven Tuesd gﬁernoon Clu}% n Po\r)‘icu\ar‘
‘o /R.w.iBH\‘}EFan '@)r drouw‘mﬁ owui, ol'n‘Qn}ion )h:)
+\'1e Pr‘o\o\em ond ‘o :BCS,? von der \/\)Ou.c:le {éf‘
\n‘rod,uc‘mﬂ %he s]oec\ﬂ-um and conJec}urinj

our Yheorem.
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