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The everywhere operotor once more,

Let X,Y,Z be boolean -Q.mc]-ions de]pmecl on
some space; led ™M.N be 'm}e::)er' {Lﬁchorws de-
Qmed on “thet same quce; le} that same
space be the understood range o?%e olumn:j S .
“Then, @r instance, the GCJ‘-*G‘W:; o? the -F)Anc)-ions
X and Y would be expressed }:’\‘j

(ES:: X.S = \(-S)

Simi’qrb, M ana N \'De.ing the same -Fahc}ion
would be ex?)“essecl b:j

(Bs: Mis= Ns) ;
™ \De’mj @ergukere (eSs ‘)‘an N wOLllCi be

8’1\1eﬂ |

(Bs: Ms< N.s )

Resides {&nc)ﬁorﬁs denoted }Zj '\c\enHFiers,
we allow @nc}ions cdenoted b expressions;
w\’\en C\PF\iec\ Oro S), 'H'Iese qunc)rion EXTM‘GS-
sions are enclosed bj )oc‘r-en*]-%eses ’“ﬁe{:j are
deﬁnec\ as one would exFec}, e.g.

(Rsx (AX)s = N
Ca%?r (XVY).S =
(As: (XaAY) s = X.s A Ys)
(As: (X&Ydls =
(ESP. (X EY).S =
(Rse (M+NDs = M.s+ N.s)
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(Bs: (M<NJs = Ms< N.s )

Note 'H\of]' e c\\So Qnow CchS‘]‘O\n}s in ﬁnc}ion

exF ressSions s e.ﬁ.

GER (Arued.s = Yrue )
Cas:: CX —Evc\\se)S =
(ES:: (N_+ '2).5 = WN.s + 2 )

Funchion exFressions enohle us +o reduce

‘}he. number‘ OQ ‘QAY?C}'IOV'I C\P}D]IQC\)“}OV\S, 6.3.
instead C.‘)P render‘mj +he s&mme)rr:j o() +the

(‘_on\']unc}-'l on b:j

(As: Xs A Xs = Ysa X.s )

we Ccoun wr}}e

(As: (XaYls = (XA XD.s )

off eJvewn

(«x—) (95:: <></\\(E YAXB.S)
Wv“n o} SL«ﬁ?Cien}lcj rich re/raer'&)ir‘e. 01(7 (ch}ion

E‘xpr‘ess'sons the number o? QPFlicc\}—ions con be
feduced to 1 . We nrow propose Yo render
in a {%rmda ke (%) 4he inital “(Bs::(” )'J:j
“L> and +he an‘\ ”).5),-> b:j “]”, erlc\raﬁ

?or‘ C%) [XAYEYAX]

S)milarb, M and N )Oeinj Hﬁe seame Func}iOﬂ
would bhe ex}t)j‘esse.cl \o:j [M"‘NJ
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Nokice ‘H‘\&*‘ N ’H'wc '}rcmsi)riom {?om He L,m‘rver:SQ\
qua1ﬂ)‘iﬁca}'pon ‘)“0 4}‘.@_ square brac\«e\‘s, all H\o.}'
has been lost is 4he irrelevant name o? the
durnm:}.
¥ *
X

Above, we have mrroduced the square lorockets
s an abbreviakon , as & ‘mere” nototional device.
Hoving done so, however, we have cchieved wore:
the clumm\-j =4 be'mj no ]Onﬁzf‘ visible | we don'}
need 4o remember any more el once i was
there! We dorn't neea Yo remember Hhatl XY,
Z,M,N_started os {dnctions: we can ireat
‘H\em Qs variab}éé" OP new { Pes. —ﬂnc—: or\\\j lr]r\'m
we need 4-@ remem\oer‘ )s that )rl"le lry-)oe o
X Y. 2 has boolean connolalons —in the sense
that  tree  and {é\se are ?st‘.b)e volues and
ﬂ':e \o ‘\c*c«} oPer‘cAors are depflnead on them ~ andl
thot  Fhe }j})e o]P M.N  has ‘m’reﬁef‘ connotabions
—in the sense thet O,1,ancﬂ,5a3, 7 are os-
sikle values cnd thel the arithmehe oFem)isns

are detined on them.

For lock oyc\ ]De}}er Nname , we Coned *H’}em
\OOO\G.’.oﬁ armd ]h)le‘(jef“ {{S%‘ruc}uf‘e‘s » T&SFQC)‘}Veb.
(Hod I hove Yo nome them nowo, I miﬁ}ﬁ- hove

“chosen “profiles”.) More important thon Jhew
P P
nomes is 4%0} we Con I}oos\-b\ko\)re_ __*Hne O\]qe)oro\ic

)orc:?erhes o? the opercs

ors nirodauced ?ur Frem.
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Th this exercise Yhe boolean struchkures ana

the square brackels }')\cn:) &j?*ﬂc\amen}o-’ ’ré\e-

The square brockels now dencre an operator

~called "dhe eueraw‘nere, u}?erc.'}‘or‘l'— r.{) the bype
bool eon S)rrqc}ures - {%‘b\e)@\se-&

or, C.c\“'mj "\'rue and —(g\‘se -Hr\e ’l‘WO ”boo)mn

scalars, o{) Hhe \-:j]fue

boo]eo\r\ s)'r‘u.c)-ufES‘ - \ooo\ean 'Sco.\c.rs

'ﬂne “Q\v’\damen4a\ Pl"'O)'D@l’"}'IES OF JFL\E @—UGCD wh@f‘e

oPer‘o}o r oare

() trice and &]se are the 2 soluyions

0? ‘W’ne e.qu.os}‘;cnq _
X [x]=X

i) [@X. X)) = (AX:Ix])

Trom (1) we deduce

° LLX1] = tX] , L.e, ‘he euew where ovjaert;}or
is iO\EV’Y\?O‘}‘Er\‘)‘;

L beco.u.se %\se is d‘.sJuncHOn]s unik e\emerﬁ-

and  Yue s zero elemend
v XD = D) v [X]) ,

oncl Simi\o\J

[OX]=Y] = IX] > [Y)
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\r\-)‘ulr}\ -}rad’mﬁ ond -]—]ne. c.bova Loe derwve ?mm CIE)
o (@ [rx): X]) = (BX:.[rX].[X1D)

where we have wrtten [n X] with & P o]()
square brackers to express exP\‘J < Hj thar  the
romge of X s 5'\ven \:)D N ex'F}'—eSS}Dﬂ o? b]:e

hoolean scalar. 8 SPeczc.l \nstoance 'S
o IXANYJd= X1 AlY]

Q\r\ ')W\mad.’nca)re Coﬂseq\/\eﬁce. 8 Mﬂe moho}‘oﬁ]c;b

o{) 4*1"6 eoegj where oPero}or‘, i.e.
e [X=av] = (IX)=1vD

¥*
¥ ¥

I mcﬂor odvan‘\‘aae o? the cbove clg)ebmic inhro-
duckon oC boolean shructures 15 thor i} crecdes
c. universe 0(7 discourse more o\\os)‘r‘c\c}- ’H‘\an ser
'}')'120?5. The comFarison with  set “neor;j S sug -
estedd because, in the »gmc}ional view  with
Lwhich we started, X and Y can be viewed
as fhe choracteristic -@mchons o{) subsels —Yo
Puncl'iov;u}( COFFC-’SPor\dS -nwe Se”' {S}X.SE—-,‘
{)unc.}"'lon XAY s then the charackerishic .@mc}icm
O]P their in%—erseclrion, ete. . Since sets are degned
as composed QP elements | i+ s hard 4o talk
coout sets without mentioning the elements as
well, With  Yhe ‘}t‘o\ns'rl'ion QOm the boolean ?unc_
-]—jons +O -}he bOo\eo\h sl—ruc\rures %e durnm S
d‘nsaPPeO\Feo\ gmﬁ O %rmulc\e, but nﬁ onlb
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that: we have So:l‘ rid o? the u.nderbirzj s]'ac.ce. with
s individual Fom‘rs?

We can miroduce dhe Foinl-s o() the spoce o
the world o? '\'L}e ]ooo]eaf\ sl-ruc}ures bj? FOSI‘M\QHB

dhe existence o() sPecial boolean structures

called ”ﬂao‘m]‘ Predim*es". Qﬁs derivakons o() chanr
QC“‘QT‘]SMC @nchms 'Hne wou\\d be derived G‘om
the charadlenshc -()ur\c?ions o() the Sing\e}on Se}s.)
\nJiH-\ % rangirzj over -qu Poin’}‘ _Pf‘edico’]‘es s M’\e.
noton o? ?om} Prfao[’nccﬂés_c:o.n now be co.P"rua“ed

BD ””’Pos buladin 9
Giid L(Ex:x0]
Giv) Ix=X) = 1[><=>>q %" all . X

C Se)u'iheore};cc.]lj (ji1) states Hhat the wnion cs?c.ll
Sing\e}on setrs is the un'nverse) ancl Civ) Jr\nc}o

8‘1\/6«\ e sek and « Sinﬁ)e}uﬁ Seh Hhe \Cruer‘ 18

o subsel of either Yhe ’(c);rmer or +the —@rmer‘s
COMFlQm@ﬂ\‘-)

“The Sr'eo-*' -Hn'mfj chout (A1) and Civ) is that
we con abstoin 'ﬁ‘om Fos}u\a}in them, ')r)fler‘e.loj
crea>rinj [N %rmc\\ S(js}'em 'ﬁc} S '\ﬁ}riﬂSiCc‘lb
Sim?)er‘ o work with, (For a discussion o}?
the same sim?liﬁcqhon '~ connec Hon with the

r‘ekohona\ Co\]Co\\us, see ]:0] )

_n'le U-SULOJ noeme ar bOOIean s\’ruc}'ur‘es is



EWD1o84- 4

“predicates”; this the name that will ke used in the

Sec}u. el.
X * >

| eibniz's /Princi)ole Stotes thet o {()AY\C‘.};OF\ QFF\ied
o equu:xl argum@n’& Uie\ds equ&] \fczl&-»\es, @rMo\\b

u.su.o.lltj exPressec\ as
or, Equ‘:vo\len}\j )

P=q A fp=k = prq Afiqsk

il

Recause the arﬂumen}‘s \’D and 9 could be

shuchkires —in which case P9 wauwld e o«

Pr‘ed}cd‘e and  nNot necesso.r"fl . bac\eo\n Sca\ar_
oncl because Cou\\d ]oe S)-ruc]-u\r*e-vc\\u;ed, wie

F€7%FMM\Q'S‘Q Le.i\:an'nz's /Pr‘mc;r)le s
(v) Lp=ql = [?P"']@‘?]

or, equival en}\a .

IP:C) A gpzk] = [F':ci A -Eel=\<]

Formula (W) holds ?ur o.“ P,c’,? o() the ap~

TDI’Q"DHOAQ PFes_ There are wunchons 5 knowh Qs
'unc)":oﬁs R ‘Vcn" w\nic\q the S%Ser Qi)

:Q_J;%éﬁgal
holds:
@ Tpeq = fp-iq]

or , equivo\\en\‘\:j,
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[p=g ~ fpok = p=a A fq=¥]

The \OSicQ] connectives —1.e. = AV = <« 1 —

are QH Punc)-u.o\\ 11a GH -Hnerr* &rﬁu\men}s, 6.8.
[(pzqd = (par= gard)

)

this 1a centrast o the re)c\hcrnql U-Percﬁors;

«@)r‘ comT)osi;}‘:or\ we bhave g-ﬂ\:j Seneml Leibbniz (V)
(p=ql =» Lpir = gsrl

Remark  Malrix calculus rovides an environment
n which Funchtalﬂj can be ‘\den}iﬁed. Nega}ﬁm
\s P‘runc}_ua\ — (-—-ﬁ)é‘) =—-(Qg) —_, the 4ro~nsy>ose
— (A )D=QJ;_ is nor.  TThe rmabrix Sum 15

Tvunc\ma\, the ?mduc} is nohr. This s not —\-oo

Sur‘i')rising, since +the relationa) calemlus can  be
modelled a5 o boolean matrix calealus  with

)?csr (ac\di}Icrn, mun“;Plica.}im, o rrix  malB P\\I'QO.}ic;n)
the )rrilole_ Cdisjunc}im, Ccn"\‘junc‘}ion, com‘:osihm). Clend
OE/\?Emc«rL:.B

o ¥ *

There is a wide-sprea.d 'mc:\ino}ior\ 1o render
the c-.j)?\iccu)rioh oP the e\Jer\\jw\nere oFerb.)ror lo:J
sPeciq\ 'm()'fx oFervof‘s , e.g.

X ==Y {301" [—XEY]
X s Y for [X=Y] ,
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bud this waj a? e\immo.}in;j Square brackekrs leads to
nototional Conﬁic\“s. ?(’{-@rminj He @.l'imihO\)r]on on
Jhe golc\en Kule
[X/\\\’ = X = (= Xv\r]
destroys the associclivity ond leads -see U] -
Yo © di(?ereﬁJ\“ /('-l-}\eo(‘ems a-? set ’\%QQD_ A &th
Gorm  would be
XAY 2 X = 3 =2 Xu¥Y == brue
o device Hhot can be used 1o render fc_rr 'nsyance
Y_leX] \oJ Kv 1X ==Yrue
but the device i not recommended. 1 would
lead Yo f‘enderir\3 Gi) ]D}_j
(@AX: XY == tue) = (AXs X=zdue) |
but this has now become q ue:j SPQCIQ\ ]‘DRD‘PEH‘:)
og the constant true | .@-r n Senern\

(CEX‘X) == Y) and, (Sx X:-:: \r)

ore  unrelated.

Besides Senero}irg the need @r‘ more and
more SUM]DO\S’ the convention OP SPeCiQ\ 'mf)ix
oTaer‘o}ors 3enerc&es Yhe need {’or rmore Yeorems.
Tn the case o? the < infroduced chowe we

would need

EX:X)sY = (AX: XsY)
X s(AY. YD) = (AY: XsY)

“The Bi‘ec}‘ notational ac\uoﬁ+a3e OF the square

brockets 1s Yhot ) onceﬁml}\ed hove WbLeen acce})}ec{ o
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-Hne:j ﬁ‘ee s g‘om Yhe dilemme  whether Yo inkrocluce

el sFec.‘a\ operotor like == oF £ . wing ws all the
combinatorial {?eedom we need, the square brackels
sole  these Pro\oiems once and '@‘Jf‘ all.
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