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a mo«nu.s:ri!:“' -‘por' the Coohuila shudent c\r'aa?{‘er_
of) the ACM

In this note we s"aa” show o solution Yo «
sfmple Pl"ob]em, and shell use the solution 4o
ilustrate quite a -feuo Poin“‘.s. Here is the
Prob'em.

ﬂbou*‘ G Fosi"]ve number OP couples, -\'wo
'H"\in:js cre 8iven

(0) +the maximum age among Yhe wmen ec‘u.c.\s

the maximum oge among Yhe women .

Nole We did not sou “The oldest man has the
Same cge &S the oldest woman = because "the
oldest man' is oan expression that excluades the
case VPhaot there are two or more wmen a?

Mg Ximum age. (End o](’ Note)

(1) -.[f) two COuP\es ensc.ae N a wlpe swap,
the minimum cge in the one new com-
bihah on equ ols ‘the minimam aﬁe in +the

other new combin oton.

Nole We did not S0y ?.... the minimum age "
¥re one new combination equc\ls Yhat in the
other " Such o ormuletion would have been
clec.r enough in Cor\ver‘sa}-ioﬂ, where 1A case

o? doublt +the other Po.r} con ask ?or‘ C“Qri(-;ica-.
Yion, bub in wri}in‘a } should e aucided. Notice
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et we can not conclude Fom (1) +hat ‘here

are  +two or more cauples; the -ﬁal\owinj ar‘ﬁumen)'
is, indeed, valid 1n the cease o‘?a sinsle

coup\e as well. CEAd oP Note.)
We are now reques~|-ed }o show

(2) TIn each Cou‘)‘e, husband ond w'r{é are
o? the same age.

* X x
We beﬁin b:j Q)f‘ma{izinj +he dete. and the
demonstrandum. We do so ]Qbr' varieus reasons. One
recason is o remove the last Poss'n\:\e. Hreces o]()
ambiauib; onother recson is To moke dala and
demons-}rqndum amenable o Symbolic rmani-~
Fu[a’rion; o pnc.l recson is Yo reduce +hemn Yo
their bare essenticls bb cemoval o-f’ the irrel-

evant noise,

Wemark A maJor csPec+ o? a‘( 'lrﬁ-ellec\-uo\[ acl-i-vib
s the seleclion or creakion o]() the o.ﬂoroFric.i-e

"l&ﬂjuase" o tokk and reason about +he +or>':c
at hand. The ¥ransition ﬁom * matural )amsuaée
+o &'\%rmc\l lanjuaﬁe" can be viewed as o reduc-
Hon of the bandwidih and constitules a major
51‘!’?\?‘1&&{-}01\. (End OP Remark.)

Let ws shart with +he —ﬁ;rmatizghor\ oF) %e
cdemonstrandum (2); it s the SimFles\- of the
-W\r‘ee. be comse QCILAQ“ b 1S 'H‘re On\J FElQH on

on ages }hot iV wses.

L0
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Let variable x  Cand loler also 3) range
over the Couf-l\€$:, the number o‘? COU-PleS
bein g Fosihve, x has o ﬁn&e, nonempb
range. We now introduce o @mc\-‘ucms

& m (OF) \-:j[:e-. COuPle —>a3e) with the
Fz,llowin\a meaning:
(?.x = -Hne G\Se. OP H’ne wiPc in COuI'Jle x
m.x = +he a.ﬁe oF e hushband in cour.v)e. x

Note Here we have used the convention of
bo on

indiceatdin Fuﬂc.-\-ion QFFlica-l-}on e.xP\ich
'm?ix do (w\n}c)n 'S _Q.iven -\'\ne hig]ﬁes‘l‘ S:jn'l-ac—

e bindin cwoer). is dot wes inkroduced

aﬁer‘ -Hoe r‘eo.liz<:\|'ior\ +hat the introcduckion oF)
invisible oPeroJ-ors has very un fortuncte  con-
sequences, such as meiau-ib —@r instance,
whalt about sin(s+i+n) 7 —. An o\dvcmi-aﬁe
o the QPP“caHon dot is thot Hhe role o{)
ow be conﬁnec\ }o Sﬁn*‘oc\‘i_c
grouping , a3 N "sin. (x+B) ", and i5 no longer
Pon‘*‘ 3 -@mcho:n V\O"PO\‘HOI\’ as in the g:rmer-
"sin(cp)". (End o? Note.)

Theat husband and w'a’?e N cou.r;\e x are
o]-P the same age can now be ex?rcssec\ \':j

Fo\ren'ﬂnese s <can n

M. X = Cx N

bu.{‘ (2) 5"‘0\}'65 'H"IO«!“ SLI{CH equgli}b ho\ds &f
all cour:\es. The notckonal device 1o render
Hhis "-?or all” is called “universal quo\nl-iﬁcahon".
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Using i+, we now render <2) @;rmo.ll os
(3)  {Yx: mx=£x) .
usuqlb read as: ”{%r all x , mx equals Cx "

“Wemark Tn the quanﬁged G‘xFr‘QSSiu’Y\ C'S),
varioble x 1s called “Hhe dumm\(j B € P
local Yo the expressiom, and its scope is
delineated b@ the =t Qfangulo\r‘ brackets.
(53h¥~0~¢h¢alb, dummies n quo\nhﬁed exPressions
are s}'ric}-lj anqloaous +o local variables in
Hock—-s}ruc\-u.red ‘Dwsrqmminj \Qnﬁuc\ﬁes.)
Omi-}l-ina these scope delineakors is penny-wise

and Pcu.nc[— @olisl«. (End OF ’R@mar\c)

Tn (3), we did allow ourselves o short-hand.
The spoce between the lwo colons is reserved

{?9’7 an C’XE\iCii- descrir:\-‘non OP +he range JF-Hne .

ad we wonted 1o be more expliCi‘L-,

We could hove written

dumm ‘,

(Vx: X € c«ouP|es: m.x = f"> .

but , as we shall see, such exfblic;i‘ range
descri):hcrn 10 each ua\n}-iﬁed ex]')ress\cm
would moke whal follews very reloe%\-iou:s
and unnecessoril lengﬂ-\tj: since all dummies
in Hhis note rcxnge oveir Cour.)\es . ) Su(ﬁces
lo declare so0o once (c.s we have done>.

Note We should shive {Jor breuil:«j) butb without
in)—roducinﬁ meiau{i\«j or Comfni‘}"‘?nj -Hne sin
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O*? omission. (Endl o? Note.)
Let us now tuen do dakim (1) b equates the

minimum o?cme Fair‘ Lsith -”ng minimum o
another pair, so we need a notation Fsr the
mMinimura o()a Pair. T propese o downward
arrow V" as inﬁx opera\ror, i.e. we shall denote
e wminimum QF A and DB loa “"AVBT . T
has G" 'H'\e Sood Fr‘cjr)er‘“ies, such as

o | s idemPo{-enl‘ , Wiz, AlA = A

'Y \L s sjmme\'ri( , M2, 913 :'B%g

e | s QsSocia\-‘tve, iz, (Q'L’B)-LC = Q-L(kac)

Remork Some FeaPle argue —and nol without
good reasom ~ that the inkroduchion o? ir\ﬁx
cperakors o{) all sorts was o mishtake: infix
cperc\m create dhe need {gsr Paren'i%eses.
T mast can)e.ss ot T am so used to in Fji‘x
upem\'ofs Clike + ,%,~, =, =) that 1 Hhink
T am old QHOMS)'\ }o shick Yo them, butr T
never \ntroduce a new Intix (_yPer‘a)'Of‘ withoant
cansiderable hesitabtion: {&r ome ”""’lfji one
ho,s ‘o ovssian (ol PmPer‘ Saﬁ‘*dc\—ic_ blnc{ir:j
ower to ik 1hﬁx notatiem s very +_e:mra\~ir5
E,w an associative c,rpera\‘of‘; nsFead ofboon-

derfnﬁ where  to ]’)u.‘“ the semo.ﬁ}-icalb irrel-

evant F&renl-heses, one jush omits e and

writes AIBLC . (End o? ’l?emcxr‘—c.)

-.B' s un\i‘teb ‘“’lcﬂ‘ idemPo{*ence.,stme\‘r R
and QSSociaHvib are the cm\:j Prcr‘:serhes off the
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mini Mmurn erator we need; 4he5_., P&il -}o c\l‘shnsuisl\
i (’rcrm all other idem Pol-en", sommehﬁc, oand
asSsocialive c'Pero.\-ors ( sach as , ()crf‘ instance,

+he I"QG\"ES“ Common @iviSof‘). We Hwere@rc record
it+s undamen*‘c\l Pro{:erb

(4) A<sB = A=ALB

Asicle As an exam?\e. c)? e wse QP (4) we
shall prove PL@ ¢ P . o this end we chsere

PLR<™
= {&) wh AB:= PIQ, T

PR = PIOIP

> {Jv S cssociobv  and vame"fiC}]
PLQ =CPIPOLQ -

= {4 s 'cdeml;,o"'en'}‘-}
PVQ = PIQ

= {QC\u.cnlib}

\
e ) ( End OP ﬁs'sde.)

We nowd return o (1) . Comsider hwo
Cauples X  and 3 . Pﬁﬂer the wi% qu,P,

he minimum cge in the new cemnbinclion Con-
513{'“\3 U’F the mon Gcnm x ond +the woman
Qum \tj (% m;xi{?:j ,‘H\G minimum age
in +he other new combinabon  is vaL m.y .
And -Hn% are equal. Since Yhis holds @:r‘

any Fom“ OF COL&P‘QS,"‘}}Q ?ormal Lranslali onm gf

() s
() <vx9fj: x;’.-b: m-x&ﬁb = {D.X~Lm.3> .
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The r‘es}ric\ﬂ‘m x?"‘j (¥a) H'\e r'cmje. r*eﬁecl-s
"Hic..“ -\'he. h&]-uf‘c\‘*lo\nguage Concer;l- "w‘.@ -swa,:"

is Cpresumabbﬁ cml:) cle@necl between two
dishinct Cou.f)les %, oand 3 . Howsever , because

OF) '”’le. S&mme}‘rj QF \L toe can sterl'
<Vx,3: X =Y m.x ¥ {)3 = QXL rn-3> N
wlnicl'\ in Combinc..\'i ;:an with (5) U ields

(6) <Vx,:j:-. m.Xx ~L fﬁj = F).K *lv m.:) >
Nema rle The dervatien o€ (¢) ?)rm-n e
Previous $wo @ra\u\ae 1S s]-cmdord. Pr‘edfc::}e
CQlCu.lL&SJ‘ it relies on x#j s >(=3 = tree .

CE nd OF (l?em c-rL:.)

Let us nowd turn o Yhe F;—r‘ma]lze.‘ﬁan o?
(0}. \/\1}1113 (1) [} Qbm+ o MmMinimam N bd‘f\ic.lﬁ
we denoted wsing a +7, (0) iz about <«
maximam , which Suases}a the wse uF Tt
Bt e d.crn‘" N ees\ "H’)e mc Ximaum o C.
pore, bt dhe maximum of o whole seb
— al least « SInS)e\-m seh. ~ _o? men cnd
S\rmlc_u‘ sel o women. We nesd -as in the
tronslebion o (Y- o qqo.nl-iﬁcc.‘-im\} bt
Hus bime what could be called a “maximal
” , and render (0) b\j

Ctb\o\n"iﬁ':a“im
(?) <?£j' mj> = <15' f3>

w}mere. Hne le@-hand side 5)‘C\nd$ F)or‘ U’ue. YNe Ximum
valuz  thet m.y  may reach when Y s cllowed Yo
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rcmae over the coqu‘S. 'The riﬁh)‘-l’vand side s
Sim;lo.ria deﬁneo\. Note thal maximal quan\-iﬁ-
cabien s me(l-de@ned @,;— nunemfab . Fﬁni\-e

I“G\ﬂc\:‘je\

Similar to Pl <P -cas Froved n the
Aside— wWe hove F;r {&nc\'ion P - P=m'or
P'—'F - <Vx:: P.x $<T3 Pj>>
Tn combijnetion with (4) +his 3ie‘ds

8  (Wxs px = F.xl««b:: Pb»

Final we menkon the imPor‘¥c~n)~ ro er}:j
-“')OJ‘ J, dis)‘ribul‘es over T —and the £H’)€E
woJ round, but we don't need ‘H\Q’r here -,

ne. {ér' anJ q

Note This is close\J related to, @r instance,
Yhe diskeribulion o? diﬂun ction C v N ]oro-
nounced "or”) over wniversal quan}-if)ica}ion:

gf‘ Ff‘ediCo}e QR and Ff‘@diCa“?— velued
@nch ik we have

(End OF No¥e.)

Now we are reodJ Jro Pro\le (3), le
<Vx:: m.x = fx) To this end we observe For

orbi¥rar3 COuPle X
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m. X = .CX

'{(8) !..uuH’s =m  and :={? T'QSFQCHVC‘ }
m.xJ,<Tj:J'-= m:jP) = FX-‘(T‘; ()«D> J

T 0) = Pl <ty mep
m.xl T N . = .X\L Tb:: m.

= {(9 :?d-\w U,P-.z m.x , f ancl q?P:= F.x ,m S
<T3:: m.x Eg) = <T.:j o FX‘L m:j>

= {C&%
true

and this concludes _-H’le. Pr‘ooﬁ

Two commenks are in order. Tn ‘HTIS Pl‘e‘-’:‘en}c\-
hon we have Frepared the F)ir's} s*ep b\'j
men}ionin‘j (8) icsk. In ]')r'c.c_"ice , every bod
f)am'aliaf‘ with  Yhe ‘M caleulas knows that por'-
mula. Bdl, P\ease, note +that angyune that does
not know (8) can conclude 1} ot Somethin
like (8) s needed: our date. () and (35
are in terms 0? +he in ﬁx J and the quan}-iﬁec{ ™
so Yhese have lo be introduced. The next
s\-EP 1S Furel ,OP]’)OT"‘LAT\IISHC: i e)(‘:)loﬂ-s 3
w_ﬂ-)wou.\' des roying the = mmeh:j. Tn the next
| s}ef;_ we use +the diskribubion law an P«‘ac]‘i-
lioner knows | bub, again, note thatl Frem the
f)“‘"d’ bhol we slil have 4o exP\oi}‘ (6) ., we
can conclude that Some”‘ﬂnj like () is

needed.

Sec.onc{':j wé would like o stress that
\n F+he obove 4-s¥e,> cal culabion  we did not
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mcke o single case disknction. The verbal or-
Sumen)'s T have seen have to dishinguish be-
been o single COuPle and Mmore Cou.P\es, anc
lend }o require specical Precau}'.cm }o caler for

MulF’.P\e cou.Ples oF maximum age.

The -Ec.ci- -')-ka}', in the {%rnﬁa\ c.rau.meh*‘, the
need Q»r the case qnqbsis does not arise
conbains an imlsgsr"\‘an\‘ messcaﬁe @Jf‘ Cc-mpu)'inﬁ
science. We all know +the I)rojrammer‘s standard
excuse a@er an error in his Pro:.)mm showed u.f):
“Oh, but that was o very SPecfca\ case! " lnshead
o? H\jmj to coPe n our r-easmmj taith Foss;bb
exFlodmf) case onq\l_\jses, we had beler learn
how Yo aueoid case anabSis.

Auskin, 29 November 1291

roﬁdr. E-dsgcr A% '_'D‘L:)\»cs)rra
’.DePgr‘-men“ o() ComPu¥-er‘ Sciences
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