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A S'lrnplc. ?FOOQ o? H’m“'s Theorem

This note Presen\'s Jr\o“'s Theorerm ond il—s
TJ!'OOF in oan G\MOS‘}' \j'}suol Jrer‘minolagb , w%ose
On‘ﬁ c\e-?ence. s +hal it enabled me -}-odesign
this Proo? withoul P en and Yoper, while
shll in bed on an eorb Suﬁduj mornins.

Toke & modrix oP Os ana 1s with N rows. We s
Yhet o set oP rows cover o certain column 1@7 c\f
\eas¥ one row OF) -“’12 .SE']‘ Con‘)"oins a 1 in 4]'101'. Co\umn.
A matrix s called ]‘\aﬂg; iﬁ?, ef)or' on ﬁ(nsN), any
n- 1rm):\e o? ls rows covers ot \ec\s\‘l n distinet
columns. Hence (i) ‘For N=0 the matrix is ]"C‘PT‘U?
ane o hc\Pri matrix (i) has no row o() Os only,
(ii) has oF least N columns, and remains kc‘PT’,_‘j
}(7 Gv) a row is teken away . (v) an oll-0 column

is taken away , or (vi) a 0 15 turned into c 1.

Holl's Theorem stotes thet in < haPPU
modrix the columns can be ordered in
such o Woy theat conditon H s met, Viz.
-Fér coch row index ¢ , the (th row has
a 1 in  +he ¢ +h CQ\umn.

TRemark RAbove skralement o? lhe dheorem

I

refers ‘o 7 the ith rew’, which is uﬁ!j be-
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cause overspeci(’{c: Jhe order oF’ lhe rows
18 ‘1rr‘e\evom}" in Hne sense ‘de‘ Sulb‘e.cjring
the rows and the equc.] nium bher o? leﬂ—_
mos“‘ COIMM"WS ‘\‘O ‘H’]e Some Per'n'\u"}‘o\-hon
“-Pans?orms Ca ma’\‘rix mee)-in c.oncli]-ion
H in‘}-o . Matrrix 'Hno.‘]‘ s+ill So\}isf)ie-s H .
Yeccavi . (Eﬂcl o? /Remo.rk)

We prove Hall's Theorem Cwhich is an
exisl-ence 'H’ne.orem) b& diSP]anng on a\-—
9ori4\wm that, given o BGPPJ matrix of
N rows, rearranges its rows and columns
in such o wa ﬂ\o“- condition H is meh
Pecause fVOr— N=0 condition H is met, we

<an conﬁne Qur 944-604]0n 4-0 hc.praj ma -
‘rices with N>O

Since swch o mgirix contains al least
one 1, we can select a 1 anc remove ik
- Le. r‘e.P\CAce. il‘ b:j Ca (T.')lr\k.) 0 - i? the
res\.AH-irB wiotri X is s+l hC‘IPPU’ We clo so
re’PeQJl‘edl:j unbl —and that moment comes!/-
we have selected o« 1 whose removal
woulcl +r-oms-€orm o thPD metrix  into
an un\'\appv one. More s ciﬁc&“\xj this
means +hat the selecled element X oc-
cuUurs in Some \(-4-ur.>|e OP rows such

Prot with x=1, *he k-tuple covers o
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\80-.5’:' k co\umns _’w}ﬂ‘e VJ\’”"\ X=0 -‘HWCJ’
k—\-uP\e cowvers \ess -}'Iﬂan \-( Colu.mr\s_

Since. ‘H"\& "‘V‘Qﬁs'l""'lor\ gom X=J\ 4-0 K= 0

reduces covergges l‘DU c.l‘ mos)' one , WE
conclude

(D) the number of columns covered lo&
-\-hc—; k-'\'u]:le equc.\s k '1? X=1 , ond
equa\s k-1 if X = 0

We now dis-]—'mﬁuis}-\ -l'wo cases.

k=N :‘B:j Per‘Mu'}'inﬁ YOWws Qﬂd columns’
we move x 40 '\']ne, -}OP-\eﬁ- corner:

A B N-1

Because r‘emo\Jc.\ OF ‘H1e 1 ot x would
reduwce the coveracge c:? Yhe wlno)e motrix,
Yhe }runcoted CoOluumn o COﬁS')S‘)’S op
Qs OH\U' _rhcre@re, the set og) columns

covered by an n-tuple o? rows ?rom A%
remains -\— e Some  wWwhen Hwe yows ore

extended with their element from A ;
consec‘uen“& -\']ne ]no.r:]oiness O 'Hr\e w]":ole
matrix im‘ohes Yha} B is \"nappb- “The
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legor'i-}l'\m 1S cc[)raliec\ recurs}ve? o
-1

metrix B which has c::'n\\kj

k<N B Fraamtin rows ocnd colums,
we mouéj E\ie r‘ow\z OF) k-}—uf)\e_ Yo the

}o ond the k columns the cover ‘o

rTows.,

s
1 -
L ] i
= N-k
R
Elevnent % occurs in C . Since (0O)

states +thot the k JroF rows cover +the
k leﬁ columns ond nothin more, sub-
motrix D congists o? 05 only. We can
how conclude +he \naPP‘meSS o C and
E as {)ol\ows.

Because the whole waktrix is hor)}o:j,
so is the -\—OP Pc.r‘]‘ gzr‘med b,fj C and D,
bul since D, Consis)rinj OP Os onlb,
does n}:)'}- COh‘}‘rib{,\“‘e Yo “the c.overo:ﬁe,
C is ha all by itsell

Yo es*‘af))or'l,‘?sh -Hwe:j E&P {i?ness o{ £, we

~om +the
lower Fo.rl‘ '@ered B-j T and & , and
extend this n—)‘up\e with the Yk rows
o? Yhe l—oF }oo.r}—. Because

consicder an ﬁ—}uple. of rows
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-Hve. w\wo\e mo.)-r'ux is kq)q

PY- ”\c—:'se, ﬁ-i'k
rows <cover a"‘ \ec\.si- Y‘\-}-{ c:;\umr\s,,

ot \easi' \a! o? which lie in Hae r]gh\'-\‘\ond
szr-}~ v{%rmecl b D and E . Since D
consists oF) Os on\g , Ythese n or wmore
c_otumﬂs oure c:over‘ecl via '\S in 'Hne E-}oar)‘
oF) the ﬂ-+u]>\c cF rows, hence E is
\r\aFPJ. The o.lﬁar‘if\'}\m S Now QPEliec\

recurs}veLJ Yo metrices C and

both of “which have fewer than N rows.
And +his concludes \m\(j Taroof O]P ‘Ha“'s
*

Theorem. *

*.

T thank cyeders Misro 'QDT‘ drawimnag m
G\'H‘en}-ion +O e.tj Mneor‘e.m ancl {g)f‘ Sugges}‘;%j
later Fhet m\j {)ir-sjr Taroof Cin which +he
two above Pc.rl-iHons o? the wmeatrix were
cambined) could he Sim]:vli@'ed.
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