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0 Canlor's :Diqqono]iZQ‘}}oﬂ
4

The one purpose of his Jitle note s }o show
that ]Qarmo) Prooﬁs need not he ]eng-“wy at all; on +he
contrary, they are ol ten 'Hwe mos}‘ chPoc)‘ rencler.
in o the ijqmenk Il's o-”wer ‘FurPOSe s }o s]now
'Hﬂe S')’r‘onj L\eurishc 3u‘vclance “'R:J- 15 cnrai]a.b)e
1‘0 e S wlﬂen we deSiﬁﬂ such C&]cu]c.:"ionc.] mo@
in  Sudlicien} SYno-”, EXP\icH‘ S)‘eps' We i”us‘]‘(‘c..‘l'e
our 0)979#00\;{

na‘iZalr:on Gl‘jumeﬂ’}'
‘]fime, i+ creoted o S"EﬁSc\‘I'ion].

on Seor? Ceantor's c]assic diqgo-

Cl'losen bec&use, Ck‘l' "Hne,

ConYor's purpose wos Yo Show 4het any
se} S 1S sl‘ric}(; smeller than ils Powerse}
A ('\.e.> the set OF all subseks o{;‘ S ). Because
o? the 4-1 corresrzonclence between the elements
o? S and i}'.s Siﬂﬁ\e}‘on Su):ase}'s, which are
e\emenl“s of 9)5, S 'S no'}‘ lc.r'gef‘ "H'Jan ?P.S’
and Our’PrOO{) can how bhe ]Qacussecl on the
"S'}ric'l'\l_«j’, e, we have 4o show thot thece is
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no 1-1 corres)oorwc\ence between S and % .
We can con{‘:)ne ourselves 4o non-empb S .

1 '-Proa{) Format and Notation

Even}uon e S\no” J:r‘esen} cur rcop im
a gbrnw.]-, due 4o H.H.J.’Fe:‘jen, n wEich con-
secutive Froof7 s‘-c\jes are SeFar‘cJ'ecl '2_‘7 a

connective and o Jusi—iﬁc_a\}iOn. For ins}once,

=» P{D}

9
= iM

r

would show o T)roof OF) J‘)=br' m w"'oic:]’\ J
\'t\\s]-i?ies the coneclusion ca ]@-om Fo , while

exF)ains uhg cl and T are eqw'vo\lcn}.

Th our ]':roo() we shall use = oangd <&

Hhe later connec Hve ,

loeinj -D-\e con\verse

Q? = | le. (}agc]) = (C,ﬁ?]?) :

In wri'}-mj quqnhﬁed -@r‘mulae, e wuse ‘Hne
angle brqcke)'s <> o delineate the Scope
ofﬁ the dummy,  as in <V><:: }'>><> . Funchion

QFP\ic_g)n'on, s in —H'ue. I)re.ce.din "]':'.x' [
denoted GX]D]iCiH_cj \73 an ;n{)fx dot .
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Besides ”Subsl-iluhnj equals {or equals”’, we use
-I—he, ’I?u\e. OF) Tns}'ar\-}ic\hon, viz. that —ﬁ:r‘ any expr‘ess;on

j m -}}m r’an&e Of '”'le c(umm:j %
<Vx:: P x> = Py

Twice we wi“ use 'rl‘ In iJrs con‘}'rc-)oos‘nlive Qrm
<9x:: c,.x) <= q.ﬂ

LIn the contex} of ‘he ladter rule, exPression
is oﬁen l“'e@:rr‘ec\ lo as “the wikness” ‘@r X ]

Tn what {Dllows, %Y, ¥, g are of he lypes
xS, YPS  T.SoPS, o.95-5

while Jhe constanks id: S>3 and :PS 95
denote the iden‘-ib @nc’rions on S ond on @5’
r‘espec}ive\j. \:\nﬁerw X or Y are usec\ as d.ummies’
-Hne ranae o? -HTE qu\anhﬁco_‘hor\ \S unc\er‘sLood
bo extend over all elementks o? their }type.
JF
[ExamP)es o]() well—}a)oecl boolean e.x)or‘essson.s
are . T:.x=Y 3 3.Y=x, F(SY)::Y,

.(‘F.x}-_—.x,
xe Y, 3.Y€Y) XeFx | S.YET:.X , el'c.]9

2 The :Desi_gm 01(7 the ’Proof

We Frorose to prove the absence ofo‘ 1-1
Correspondence be,-]-we.en S’ ond .(PS’ bj S‘)wow'lfla

-”’lal ar cm(j —11:;3 of ‘”’\e. Q}?Pm}arfu]'e br:cs
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(0) —.I:D 56 ‘F"j

Remark  We hove clready made o choice, since

id7&3°'¥-— would have im’o’iec\ }the cbsence of?a
1-1 Corl'esronc:\ence os well, but the +rouble with

Yhe lotter is thot i+ is not o theorem.

[ﬂn T, SG}ES()’m Fox ={x3 and 3fx} = X ro-
vic\ij C. goun)rergo:?n)o\e.] ( End QF ’\?emar\(,g

Our Proof wil clis]:laj o Sequence of boolean
expressions, s orl-':né with  (0) | ending with  dree,
ond such +ho} eac next exXpression fmT;hes
i*s )’)fEG\ECQSSOf' n -qu sequence. To COns4mc}
the swuccessor 0](7 (0) we )’JroPose o GPPlfj
'}]ne de{)ini}’iom 0{7 {an}"loﬁ (ih)equo‘ib and
record thol (0) s Equivalerr" 1o

(1) (Y. IDY # (Fg).)

Nole 'H'\c.)r -“n'us woxsr”‘ our on\ choice GS

&+ <« h. a 1-\ or any h . but the point
]?S ?"la}] OnPoo»f‘ j}a‘r g;i (O) 40 }L&Lg/ we
have to Sel rid of the conskanlts ID and ©
and we usua]lj eliminate conslants bu «a Pec.]{nj
to  thesr Cle'ﬁn‘mg Fro)r)er']’ies_ Since bot I'S ond
° gre deened N +erm$ OF (Junc}‘ion QPP\icw"ion,
it slood Yo rveason to C']DPIJ both sides o()
(0) }o some Y . Our remaining tosk s
now +o come ur:' Lu'n“\ x sel--—Vo;]uec\ ex)or‘es-
Sion “‘)cJ- Can Serve s & wil'ness -@:r’ Y .
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To begin with we now eliminate ID ama o
]? QPr)!jinj -Hhe?r c\eﬁniliOf\S, i.e.) we record ‘H‘\c}
4

s equivalen}t do

ar\d, doinj Juslice -xo -”\e. 'F;C‘C’I' ‘H\c\"' we care
Comr)o\r':nﬁ Subse}‘s OF S, we (ecord ‘HWQ)' C‘z)

equiva]es
(3) {IY:ddx: xeY g xeF.(gYM)
Remark The last dwo sJ-ePs —elimination o?

I’D,C’ and in}'rockuc]riorw o? X— Commute ond
coula be done in the other order, but
(Zar‘ the soke o() brevily it is belter ‘o
Sim]o\i{j @rsk ( End o /Remo;rLB

The inner _ex_\sl—erﬂ—io\l quqnhﬁcc\hon we Ju.s)-
introduced can immeaiaqzalj be ;[.ané.Feci “B\g”_ -
the in SLanl-ic.l-ion = S‘Y Gnad we record

Yhat (3) s im?oliec\ Ioj
(4) <{IY: B‘YGY 7‘é S.YeT_.(S.Y»

[Note +hot this lash im]o\icalioﬂ depends on
the mono}onic}{j of exis}enl-ia] q“anh-ﬁeals‘on.]
This S‘]‘e)o WG S \Dold —it is our Ff)rs}" S}r‘eng"'l"n—
e.ﬂj‘nj n ’H‘Ie sequence-—_ cmd oIDPOr‘l"ur\iS\-ic: C!)

we chose to inSl-Gn}'io:}e x beocause ot +his
s}~a3e we had no candlidelte w‘n]-ness ﬁ:r Y)
ancl C;i)){é)r‘ beter or (ér worse, we instan biated
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with 3.\( "aeco.use, we did no? “mve rhuc.\’) choice
since S‘Y s the grﬂy_ element o? S we can
iden ]—;f Cand w]ﬁn'c'-' s ‘(nowr\ o e.xis)-) Via dhe

Same insl'anjrio‘lion X:= g f we cGn NoW e\imino1e

9 ond Tecord —H'\al' ﬂogo:'n ”\Gnks -‘ro mono}onic}
o{; 3-——- (4) s 'amF]je& l?j b

(5) < E\Y-.: <VK o XQY = X# T:%(>>
[Tn Possin we have moved the nejc\l-ion Yo
the riﬁh}- -hand  side ]

Note thal we could have Per]pormecl the
Same +rmﬂ$@)r ma lior\ on CQ-)
have \t.jiclded

<3Y:z <V§(:: Y% ’FX>>
but this would not hove helped us in the

Con S ]‘ruc l-'non (o)

; which wou.lo\

o witness {or Y . Wiy (5D

we are in 6. much ]De'”'er Fosi‘,-iovﬁ beCause
'H\omks ‘}'o set -"lneorb -which ena‘o\e.s us lrc:‘

Consl'ruc]' Se}-—\rq\ueo\ exPr‘eSSions— wie <an

now rewrke (5) gs the equ}vo.len-F
(5) | <3Y Y = {Xl X¢ Fx})
Now +the instanbiation Y= {x\xé’{ﬁ

stares ws in the (ace and we o;cc.orclingb

record 4hat (4) s impl}ed ‘37
(7) Ix] x€Tx] = {x|x ¢ Tx}

3
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uhic\w, because op the reﬁex?b o? =, e_c]uivc.)e.s
() }rue

3 QI Summnv of -H'\e. ca]cQ\a]‘-ion

Tn Jrl')e chove we kc\le included ‘he lveuris-
hcs ﬁ;r‘ ecluch'iono.l rrecsons. In Ca documen)-
writlen Fgr* another urpese one would omi}
-Hﬁem. BJ waj of ;EUS‘}'FO\’{"‘OV\ we Fr‘esem"
"H’\e Proo in ’}—eﬁen‘s Q)erJ‘, without the
hEur:sl-fcs andl 'uhCorPor‘o\')";f\\ﬁ Somew})a}-
\c.rjer’ 5)'€P5.__
1D # '\:'93

{defl of #,1D, -}

{3aY: Y=« F. (SY)>
<« { p#gq < h.p#hqj

<3Y: 9YeY ¢ SYG r(sY)>
< -[ insk. x:= 8\(}

(Y . v xe Y = x¢ T:x_»

{ se? '\'Heof_'j: consider {X‘X#T:x} as whlness}
Hrue

i

il

'ﬂ':e ahove }')resen)'s -Hne CQ\Cu\qiion Mo G
deSree op dekail with which we exPec)- most
mothemeticians +o be )Der]@c}b hQPPU most
°¥) }he -\-ime. We did not wmenbon in our hints

the mono}onicib O() 3 because we consider i}
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art o{) the Prea\ica{-e calenlus, which we -Fee]

ree ‘\'o wse here WH)-\owl men‘}ion. We wou}d
like }he. reader 1o c\I:)c»recia)'e thatl we have
combined (;) brevi}-j 5 (ii) COmP)e"'eness —in
the sense +thal the hinks delinecte where +he
Juslriﬁcal-ion 's +o be %uno\—- and (i) the "
construckive Pc&h tho! leads 1o the “invention
{x]| x¢ Fx§ .

X ¥
oF

There are Severq\ reasons »(l.» l;\r'er -H-\e
C&‘cu\q}'iona\ roof sble. jl— Provides }ieurislic
%uic\ance —as s}ﬁowﬂ alpove. La -Hve_ cor\S}'rw:-
lion of the required sSel— and caleulotional
]orooPs tend to be very com act and ot the

Soame l’il"he \maln}:) r‘E&douL.) e N 'H"le Sense

1he} -Hq can be Ltull checkea without en
Omlc\ Farﬁr‘? lMor‘e ‘lmploc\a_?‘}or\ HJ, bhe dessn ZF
Cal Clalo oo

"brco s 15 an o.r)‘ H'lc.]- séems

emingn'}-l\j -]'egc}-; o..la]e-.

:_B;Oc_lrc\ph;CQ} In?:rmahon Dr. Ed53er W.’-Di\i)ts"rc\
e }oPI"D{??‘SSOr Ewmeritus in the iDePo.r}menJ-

Computer Sciences ot +the Un}versi]:j o-f)'r@ms

ot} Quslfn. ":Dr.:]. Misre s ?ro@ssor N -”'re
same cler;c.rlrmenl-.




