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We present a new class of methods for high-dimensional non-
parametric regression and classification called sparse additive models
(SpAM). Our methods combine ideas from sparse linear modeling
and additive nonparametric regression. We derive an algorithm for
fitting the models that is practical and effective even when the num-
ber of covariates is larger than the sample size. SpAM is essentially
a functional version of the grouped lasso of Yuan and Lin (2006).
SpAM is also closely related to the COSSO model of Lin and Zhang
(2006), but decouples smoothing and sparsity, enabling the use of
arbitrary nonparametric smoothers. We give an analysis of the the-
oretical properties of sparse additive models, and present empirical
results on synthetic and real data, showing that SpAM can be ef-
fective in fitting sparse nonparametric models in high dimensional
data.

1. Introduction. Substantial progress has been made recently on the
problem of fitting high dimensional linear regression models of the form
Y, = XZ-Tﬂ + ¢, for i = 1,...,n. Here Y; is a real-valued response, X; is a
predictor and ¢; is a mean zero error term. Finding an estimate of 5 when
p > n that is both statistically well-behaved and computationally efficient
has proved challenging; however, under the assumption that the vector g
is sparse, the lasso estimator (Tibshirani (1996)) has been remarkably suc-
cessful. The lasso estimator B minimizes the ¢;-penalized sum of squares
SV — XIB)? + AYE_, 1B)| with the £1 penalty [|]|1 encouraging sparse
solutions, where many components Bj are zero. The good empirical success
of this estimator has been recently backed up by results confirming that it
has strong theoretical properties; see (Bunea et al., 2007; Greenshtein and
Ritov, 2004; Meinshausen and Yu, 2006; Wainwright, 2006; Zhao and Yu,
2007).
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The nonparametric regression model Y; = m(X;)+¢;, where m is a general
smooth function, relaxes the strong assumptions made by a linear model,
but is much more challenging in high dimensions. Hastie and Tibshirani
(1999) introduced the class of additive models of the form

(1) Y = fi(Xij) + €.
j=1

This additive combination of univariate functions—one for each covariate
Xj—is less general than joint multivariate nonparametric models, but can
be more interpretable and easier to fit; in particular, an additive model
can be estimated using a coordinate descent Gauss-Seidel procedure, called
backfitting. Unfortunately, additive models only have good statistical and
computational behavior when the number of variables p is not large relative
to the sample size n, so their usefulness is limited in the high dimensional
setting.

In this paper we investigate sparse additive models (SpAM), which ex-
tend the advantages of sparse linear models to the additive, nonparametric
setting. The underlying model is the same as in (1), but we impose a spar-
sity constraint on the index set {j : f; # 0} of functions f; that are not
identically zero. Lin and Zhang (2006) have proposed COSSO, an extension
of lasso to this setting, for the case where the component functions f; be-
long to a reproducing kernel Hilbert space (RKHS). They penalize the sum
of the RKHS norms of the component functions. Yuan (2007) proposed an
extension of the non-negative garrote to this setting. As with the paramet-
ric non-negative garrote, the success of this method depends on the initial
estimates of component functions f;.

In Section 3, we formulate an optimization problem in the population
setting that induces sparsity. Then we derive a sample version of the solution.
The SpAM estimation procedure we introduce allows the use of arbitrary
nonparametric smoothing techniques, effectively resulting in a combination
of the lasso and backfitting. The algorithm extends to classification problems
using generalized additive models. As we explain later, SpAM can also be
thought of as a functional version of the grouped lasso (Antoniadis and Fan,
2001; Yuan and Lin, 2006).

The main results of this paper include the formulation of a convex opti-
mization problem for estimating a sparse additive model, an efficient back-
fitting algorithm for constructing the estimator, and theoretical results that
analyze the effectiveness of the estimator in the high dimensional setting.
Our theoretical results are of two different types. First, we show that, under
suitable choices of the design parameters, the SpAM backfitting algorithm
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recovers the correct sparsity pattern asymptotically; this is a property we
call sparsistency, as a shorthand for “sparsity pattern consistency.” Second,
we show that that the estimator is persistent, in the sense of Greenshtein
and Ritov (2004), which is a form of risk consistency.

In the following section we establish notation and assumptions. In Sec-
tion 3 we formulate SpAM as an optimization problem and derive a scalable
backfitting algorithm. Examples showing the use of our sparse backfitting
estimator on high dimensional data are included in Section 5. In Section 6.1
we formulate the sparsistency result, when orthogonal function regression
is used for smoothing. In Section 6.2 we give the persistence result. Sec-
tion 7 contains a discussion of the results and possible extensions. Proofs
are contained in Section 8.

The statements of the Theorems in this paper were given, without proof,
in Ravikumar et al. (2008). The backfitting algorithm was also presented
there. Related results were obtained independently in Meier et al. (2008)
and Koltchinskii and Yuan (2008).

2. Notation and Assumptions. We assume that we are given inde-
pendent data (X1,Y1),...,(X,,Y,) where X; = (X;1,..., Xij,..., Xip)T €
[0, 1]P and

(2) Yi =m(X;) + ¢

with €; ~ N(0,0?) independent of X; and
P
(3) m(z) = fj(z).
j=1

Let p denote the distribution of X, and let u; denote the marginal distribu-
tion of X; for each j =1,...,p. For a function f; on [0, 1] denote its Lo (1)
norm by

(@) I£5ll, = \/ [ 7@ dnito) = VB OGP,

When the variable X; is clear from the context, we remove the dependence
on p; in the notation | - ||, and simply write || f;]|.

For j € {1,...,p}, let H; denote the Hilbert subspace La(p;) of mea-
surable functions f;(z;) of the single scalar variable z; with zero mean,
E(fj(X;)) = 0. Thus, H; has the inner product

(5) (i 17) =E(£(X)f(X))
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and || f;|| = \/E(f;(X;)?) < co. Let H = H1 & Ha & ... ® H, denote the
Hilbert space of functions of (z1,. .., zp) that have the additive form: m(x) =
Zj fj(mj), with f; € Hj,j=1,...,p.

Let {¢ji,k = 0,1,...} denote a uniformly bounded, orthonormal basis
with respect to L2[0,1]. Unless stated otherwise, we assume that fieT;
where

o0 [ee]
6) 7T;= {fj EH;: filwy) = Bintju(x;), > Brk™ < CQ}

k=0 k=0
for some 0 < C' < co. We shall take v; = 2 although the extension to other
levels of smoothness is straightforward. It is also possible to adapt to v;
although we do not pursue that direction here.

Let Amin(A) and Apax(A) denote the minimum and maximum eigenvalues

of a square matrix A. If v = (vq,...,vx)7 is a vector, we use the norms

k k
dovi vl =) vl [[vllec = max fuy.
j=1 j=1 J

3. Sparse Backfitting. The outline of the derivation of our algorithm
is as follows. We first formulate a population level optimization problem, and
show that the minimizing functions can be obtained by iterating through a
series of soft-thresholded univariate conditional expectations. We then plug
in smoothed estimates of these univariate conditional expectations, to derive
our sparse backfitting algorithm.

Population SpAM. For simplicity, assume that E(Y;) = 0. The standard
additive model optimization problem in Ly(x) (the population setting) is

2
8 i E(Y —>P . fi(X;
® fjeHrgr'lvllnﬁjép ( Zj*l fj( ]))

where the expectation is taken with respect to X and the noise e. Now
consider the following modification of this problem that introduces a scaling
parameter for each function, and that imposes additional constraints:

2
) ﬂERIg};?eHj E (Y 2 j=1559; (X]))
p
(10) subject to: Z 18] < L,
j=1

(11) E(g})=1,j=1,...p.
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noting that g; is a function while g = (f1,. .. ,3p)1 is a vector. The con-
straint that 3 lies in the ¢;-ball {3 : ||8]|1 < L} encourages sparsity of the
estimated 3, just as for the parametric lasso (Tibshirani, 1996). It is conve-
nient to absorb the scaling constants 3; into the functions f;, and re-express
the minimization in the following equivalent Lagrangian form:

1 p
(12) LN = 5B (Y - S0 H05)) +A D EGRX)).
j=1
THEOREM 3.1. The minimizers f; € H; of (12) satisfy

(13) fi= [1 N
E

(P?)

P; a.s.

+

where [+ denotes the positive part, and P; = E[R;| X;| denotes the projec-
tion of the residual Rj =Y — 37 . fr.(Xy) onto H;.

An outline of the proof of this theorem appears in Ravikumar et al. (2008).
A formal proof is given in Section 8. At the population level, the f;’s can be
found by a coordinate descent procedure that fixes (f; : k # j) and fits f;
by equation (13), then iterates over j.

Data version of SpAM. To obtain a sample version of the population
solution, we insert sample estimates into the population algorithm, as in
standard backfitting (Hastie and Tibshirani, 1999). Thus, we estimate the
projection P; = E(R; | X;) by smoothing the residuals:

(14) Pj = Sjk;

where §; is a linear smoother, such as a local linear or kernel smoother. Let

mean(P?)

(15) 55 ;

1 ~

= ﬁHPJH =
be the estimate of / E(sz). Using these plug-in estimates in the coordinate
descent procedure yields the SpAM backfitting algorithm given in Figure 1.

This algorithm can be seen as a functional version of the coordinate de-
scent algorithm for solving the lasso. In particular, if we solve the lasso
by iteratively minimizing with respect to a single coordinate, each itera-
tion is given by soft thresholding; see Figure 2. Convergence properties of
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SPAM BACKFITTING ALGORITHM

Input: Data (X;,Y;), regularization parameter .
Initialize fj =0,forj=1,...,p.
Iterate until convergence:
For each j=1,...,p
1) Compute the residual: B; =Y — 37 . Fr(X0);
2) Estimate P; = E[R;| X;]| by smoothing: P; = S;R;;
3) Estimate norm: 5% = - 37, ]3]-2(1');
4) Soft-threshold: f; = [1 — \/3;], Pj;
(5) Center: fj — fj - mean(fj)

(
(
(
(

Output: Component functions f] and estimator m(X;) = >, f]( )

Fic 1. The SpAM backfitting algorithm. The first two steps in the iterative algorithm are
the usual backfitting procedure; the remaining steps carry out functional soft thresholding.

variants of this simple algorithm have been recently treated by Daubechies
et al. (2004, 2007). Our sparse backfitting algorithm is a direct generaliza-
tion of this algorithm, and it reduces to it in case where the smoothers are
local linear smoothers with large bandwidths. That is, as the bandwidth
approaches infinity, the local linear smoother approaches a global linear fit,
yielding the estimator P; (1) = ﬁ]X,] When the variables are standardized,

5 =/iyn, BJZXZQJ = |Bj\ so that the soft thresholding in step (4) of the

SpAM backfitting algorithm is the same as the soft thresholding in step (3)
in the coordinate descent lasso algorithm.

Basis Functions. It is useful to express the model in terms of basis func-
tions. Recall that B; = (vj; : k =1,2,...) is an orthonormal basis for 7;
and that sup,, |¢;,(x)| < B for some B. Then

(16) filwg) = > Birtbik())
k=1
where ﬁjk = ffj(arj)wjk(xj)dxj.

Let us also define

d
(17) Fi@s) =" Bintoju(x))

k=1



SPARSE ADDITIVE MODELS 7

COORDINATE DESCENT LASSO

Input: Data (X;,Y;), regularization parameter .
Initialize 35 = 0, for j =1,...,p.
Iterate until convergence:
For each j=1,...,p:
(1) Compute the residual: R; =Y — 37, B X
(2) Project residual onto X;: Pj = X R;
(3) Soft-threshold: 3; = [1 — MBI, Py

Output: Estimator m(X;) =37, @-Xij.

F1G 2. The SpAM backfitting algorithm is a functional version of the coordinate descent
algorithm for the lasso, which computes 3 = arg min £||Y — X813 + B

where d = d,, is a truncation parameter. For the Sobolev space 7; of order
~12
two we have that Hfj - fjH = O0(1/d"). Let S = {j : f; # 0}. Assum-
ing the sparsity condition |S| = O(1) it follows that |[m — m|? = 0(1/d")
where m = >_; fj. The usual choice is d = n'/> yielding truncation bias
~ 112 _
lm —m|* = O(n=/5).

In this setting, the smoother can be taken to be the least squares pro-
jection onto the truncated set of basis functions {;1,...,1;q}; this is also
called orthogonal series smoothing. Let ¥; denote the n x d,, matrix given
by W;(i,4) = v;¢(X;;). The smoothing matrix is the projection matrix
S; = \Ifj(\IJJT\IJj)_l\IIJT. In this case, the backfitting algorithm in Figure 1
is a coordinate descent algorithm for minimizing

1 2 P
Y = D3 W, + AT T
=

which is the sample version of (12). This is the Lagrangian of a second-order
cone program (SOCP), and standard convexity theory implies existence of a
minimizer. In Section 6.1 we prove theoretical properties of SpAM assuming
that this particular smoother is being used.

Connection with the Grouped Lasso. The SpAM model can be thought
of as a functional version of the grouped lasso (Yuan and Lin, 2006) as we
now explain. Consider the following linear regression model with multiple
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factors,
P

(18) Y=Y X;Bi+e=XB+e,
j=1

where Y is an n x 1 response vector, € is an n X 1 vector of iid mean zero
noise, X; is an n x d; matrix corresponding to the j-th factor, and 3; is
the corresponding d; x 1 coefficient vector. Assume for convenience (in this
subsection only) that each X is orthogonal, so that XjTX j = la;, where Iy,
is the d; x d; identity matrix. We use X = (Xi,...,X,,,) to denote the full
design matrix and use 8 = (51, ... ,ﬁ;;Fn)T to denote the parameter.

The grouped lasso estimator is defined as the solution of the following
convex optimization problem:

. Pn
(19) Bldn) = argmin [ = XBI3 + A 3 Vilig;]
j=1

where /d; scales the jth term to compensate for different group sizes.

It is obvious that when d; = 1 for j = 1,..., p,, the grouped lasso becomes
the standard lasso. From the KKT optimality conditions, a necessary and
sufficient condition for B = (B{, cee Bg )™ to be the grouped lasso solution
is

(20) -Xj (Y—XBHAHV?H@ = 0, Vj+#0,
J
IXT(y - XB)| < A\/dj, V5;=0.

Based on this stationary condition, an iterative blockwise coordinate descent
algorithm can be derived; as shown by Yuan and Lin (2006), a solution to
(20) satisfies

Sy A\/dj 4
(21) ﬂ] - |} ”SJH ‘|+ SJ

where Sj = X[ (Y = X,;), with 8y; = (81 ,..., 6]_,,0",8]\1,....6},)- By
iteratively applying (21), the grouped lasso solution can be obtained.

As discussed in the introduction, the COSSO model of Lin and Zhang
(2006) replaces the lasso constraint on - [3;| with a RKHS constraint. The
advantage of our formulation is that it decouples smoothness (g; € 7;) and
sparsity (3, |8 < L). This leads to a simple algorithm that can be carried

out with any nonparametric smoother and scales easily to high dimensions.



SPARSE ADDITIVE MODELS 9

4. Choosing the Regularization Parameter. We choose A\ by min-
imizing an estimate of the risk. Let v; be the effective degrees of freedom
for the smoother on the j* variable, that is, vj = trace(S;) where S; is the
smoothing matrix for the j-th dimension. Also let 52 be an estimate of the
variance. Define the total effective degrees of freedom as

(22) df(N) = > vl (HEH #0).

Two estimates of risk are

2
n N 52
(23) Cp = %Z (Yz - fj(Xj)) + 27 df(A)

and

Lsn oy, - F(Xa))?
(24) Gov(a) = ™ Zﬁlﬁfdfg;/fff”)) |

The first is C}, and the second is generalized cross validation but with degrees
of freedom defined by df(\). A proof that these are valid estimates of risk is
not currently available; thus, these should be regarded as heuristics.

Based on the results in Wasserman and Roeder (2007) about the lasso, it
seems likely that choosing A\ by risk estimation can lead to overfitting. One
can further clean the estimate by testing Hp : f; = 0 for all j such that
fj # 0. For example, the tests in Fan and Jiang (2005) could be used.

5. Examples. To illustrate the method, we consider a few examples.

Synthetic Data. We generated n = 100 observations for an additive model
with p = 100 and four relevant variables,

4
Vi =Y fi(Xi) + e
=1

where €; ~ N(0,1) and the relevant component functions are given by

fi(z) = 2exp(—2z) + 4 cos(x) + 222 + 32°
fo(z) = 2(x — 1) + ¢(x) + sin(2nz) + cos(27wz?)

£5(2) sin(27x)

= ——————+5 Bet 2,3
2—sin(27rw)+ eta(z,2,3)

fa(z) =@ (0.1 sin(27z) 4+ 0.2 cos(2mx) 4 0.2sin?(27z) + 0.4 cos® (2mz) + 0.5 sin3(27mc))

-1
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where ¢ and ® are pdf and cdf for the standard Gaussian and Beta(3, 2)
is the pdf function for a Beta distribution with parameters 3 and 2. These
data therefore have 96 irrelevant dimensions. The covariates are generated
as

Xj=(W;+tU)/(1+1t),5=1,...,100

where Wy, ..., Wigg and U are i.i.d. sampled from Uniform(—2.5,2.5). Thus,
the correlation between X; and X/ is t2/(1 + t2) for j # j'. In the illustra-
tions below, we set t = 1.

The results of applying SpAM with the plug-in bandwidths are summa-
rized in Figure 3. The top-left plot in Figure 3 shows regularization paths
as the parameter \ varies; each curve is a plot of || f](/\)H versus

L IR
maxy Y v_q |Vl

for a particular variable X ;. The estimates are generated efficiently over a se-

(25)

quence of A values by “warm starting” fj()\t) at the previous value ]?j()\t_l).
The top-right plot shows the C), statistic as a function of regularization level.

Functional Sparse Coding. Olshausen and Field (1996) propose a method
of obtaining sparse representations of data such as natural images; the mo-
tivation comes from trying to understand principles of neural coding. In this
example we suggest a nonparametric form of sparse coding.

Let {yi}izl,...7N be the data to be represented with respect to some learned
basis, where each instance y* € R" is an n-dimensional vector. The linear
sparse coding optimization problem is

N

- Loy i||? i
(26) i ;{Qn v - x|+ a ], }
(27) such that | X5 <1

Here X is an n X p matrix with columns X, representing the “dictionary”
entries or basis vectors to be learned. It is not required that the basis vectors
are orthogonal. The ¢; penalty on the coefficients 3¢ encourages sparsity, so
that each data vector y* is represented by only a small number of dictionary
elements. Sparsity allows the features to specialize, and to capture salient
properties of the data.

This optimization problem is not jointly convex in #* and X. However, for
fixed X, each weight vector 3’ is computed by running the lasso. For fixed 3,
the optimization is similar to ridge regression, and can be solved efficiently.
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Fic 3. (Simulated data) Upper left: The empirical €2 norm of the estimated components
as plotted against the regularization parameter A; the value on the x-azis is proportional
to Zj I f51l- Upper right: The Cp scores against the amount of regularization; the dashed
vertical line corresponds to the value of A\ which has the smallest C, score. Lower two
rows: Estimated (solid lines) versus true additive component functions (dashed lines) for
the first four relevant dimensions, and the first four irrelevant dimensions; the remaining
components are zero.
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Lasso SpAM
Original patch RSS = 0.0561 Original patch RSS = 0.0206
B

F1c 4. Comparison of sparse reconstruction using the lasso (left) and SpAM (right).

Thus, an iterative procedure for (approximately) solving this optimization
problem is easy to derive.

In the case of sparse coding of natural images, as in Olshausen and Field
(1996), the basis vectors X; encode basic edge features at different scales
and spatial orientations. In the functional version, we no longer assume a
linear, parametric fit between the dictionary X and the data y. Instead, we
model the relationship using an additive model. This leads to the following
optimization problem for functional sparse coding:

N

1y, , 2 P
(28) min 2} ol (i lef}(Xj)H +/\Zl‘
i= 1=

(29) such that X1 <1,j=1,...,p.

5

Figure 4 illustrates the reconstruction of different image patches using the
sparse linear model compared with the sparse additive model. Local linear
smoothing was used with a Gaussian kernel having fixed bandwidth h = 0.05
for all patches and all codewords. The codewords X, are those obtained
using the Olshausen-Field procedure; these become the design points in the
regression estimators. Thus, a codeword for a 16 x 16 patch corresponds to
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a vector X; of dimension 256, with each Xj;; the gray level for a particular
pixel.

6. Theoretical Properties.

6.1. Sparsistency. In the case of linear regression, with f;(X;) = ﬂjTXj,
several authors have shown that, under certain conditions on n, p, the num-
ber of relevant variables s = |[supp(3*)|, and the design matrix X, the lasso
recovers the sparsity pattern asymptotically; that is, the lasso estimator Bn
is sparsistent:

(30) P (SUPp(ﬁ*) = Supp(ﬁn)) — 1.

Here, supp(8) = {j : 5; # 0}. References include Wainwright (2006), Mein-
shausen and Biithlmann (2006), Zou (2005), Fan and Li (2001), and Zhao
and Yu (2007). We show a similar result for sparse additive models under
orthogonal function regression.

In terms of an orthogonal basis 1, we can write

o

P
(31) YZ:ZZ i (Xig) + €.
j=1k=1

To simplify notation, let ; be the d, dimensional vector {3, k
1,...,dy} and let ¥; be the n x d,, matrix V;[i,k] = 1;(X;;). If A C
{1,...,p}, we denote by W4 the n x d|A| matrix where for each j € A, ¥;
appears as a submatrix in the natural way.

We now analyze the sparse backfitting algorithm of Figure 1 assuming an
orthogonal series smoother is used to estimate the conditional expectation in
its Step (2). As noted earlier, an orthogonal series smoother for a predictor
X is the least squares projection onto a truncated set of basis functions
{#j1,-..,%ja}. Our optimization problem in this setting is

1 2 P
N P > AL RS S
j:

Combined with the soft-thresholding step, the update for f; in algorithm of
Figure 1 can thus be seen to solve the following problem,

1 ) i
min 5| Ry — U6l + Anyf 07 V556
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where ||v||3 denotes 371 v? and R; =Y — > 12 Vi is the residual for f;.
The sparse backfitting algorithm thus solves

(33) m[}n{Rn(ﬁ)Jr)\nQ(ﬁ)} = mi

Z q’]ﬂ]

2
p

Ay

J=1

ﬁwj )

where R, denotes the squared error term and €2 denotes the regularization
term, and each (3; is a d,-dimensional vector. Let S denote the true set of
variables {j : Ji # 0}, with s = ||, and let S¢ denote its complement.
Let Sn ={j: ﬁ] # 0} denote the estimated set of variables from the mini-
mizer (3,, with corresponding function estimates fj (xj) = Zk 0 ﬁjk%k(w])
For the results in this section, we will treat the covariates as fixed. A prelim-

inary version of the following result is stated, without proof, in Ravikumar
et al. (2008).

THEOREM 6.1. Suppose that the following conditions hold on the design
matriz X in the orthogonal basis 1:

1
(34) Amax (n\p?;xps) < Chax < 0
1
(35) Amin (nq’gq/s) Z C’min >0
(36)
max (l\I’T\Ps) (l\IIT\I'S)_l < Cmm 1- for some 0 < 0 < 1.
JjeSse nod nos - Crmax \/>7 -

Assume that the truncation dimension d,, satisfies d, — oo and d, = o(n).
Furthermore, suppose the following conditions, which relate the requlariza-
tion parameter A, to the design parameters n,p, the number of relevant
variables s, and the truncation size d,:

s
(37) W — 0
dy log (dn(p — s))
38 0
(38) n\2

1 83/2

(39) ( log(sdn) | - +An@)

P, n n
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where p;, = minjes ||3} |loo- Then the solution By to (32) is unique and sat-

isfies S, = S with probability approaching one.

This result parallels the theorem of Wainwright (2006) on model selection
consistency of the lasso; however, technical subtleties arise because of the
truncation dimension d,, which is increasing with sample size, and the matrix
\IJ;‘F\II which appears in the regularization of ;. As a result, the operator
norm rather than the oo-norm appears in the incoherence condition (36).
Note, however, that condition (36) implies that

—1 -1
40 UL g (UL = Uy (0Iw
(40) ‘SS<SS>OO E%%}C(]S(Ss)oo
o d
(41) <y Sindn g )
Cmax

since ﬁHAHOO < Al € vVm||A||eo for an m x n matrix A. This relates
it to the more standard incoherence conditions that have been used for
sparsistency in the case of the lasso.

The following corollary, which imposes the additional condition that the
number of relevant variables is bounded, follows directly. It makes explicit
how to choose the design parameters d,, and \,,, and implies a condition on

the fastest rate at which the minimum norm p}, can approach zero.

COROLLARY 6.2.  Suppose that s = O(1), and assume the design condi-
tions (34), (35) and (36) hold. If the truncation dimension d,,, reqularization
parameter Ay, and minimum norm p;, satisfy

(42) dp = n'/3

_ lognp

(43) A xS
1/6
(44) LI o(” )
or, lognp

then P <§n = S) — 1.

The following proposition clarifies the implications of condition (44), by
relating the sup-norm ||3j||oc to the function norm || f;||2.

PROPOSITION 6.3. Suppose that f(x) = Y1 Brr(x) is in the Sobolev
space of order v > 1/2, so that 352, 32i?¥ < C? for some constant C. Then

(45) 171l = 182 < cllBIZ™
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for some constant c.

For instance, the result of Corollary 6.2 allows the norms of the coefficients
B; to decrease as [|Bj]|cc = log®(np)/n'/6. In the case v = 2, this would
allow the norms || f;||2 of the relevant functions to approach zero at the rate
10g8/5(np)/n2/15.

6.2. Persistence. The previous assumptions are very strong. They can
be weakened at the expense of getting weaker results. In particular, in the
section we do not assume that the true regression function is additive. We
use arguments like those in Juditsky and Nemirovski (2000) and Green-
shtein and Ritov (2004) in the context of linear models. In this section we
treat X as random and we use triangular array asymptotics, that is, the
joint distribution for the data can change with n. Let (X,Y’) denote a new
pair (independent of the observed data) and define the predictive risk when
predicting Y with v(X) by

(46) R(v) = E(Y —v(X))%

When v(x) = 37;Bjgj(r;) we also write the risk as R(8,g) where 8 =
(B1,...,0p) and g = (g1,--.,gp). Following Greenshtein and Ritov (2004)
we say that an estimator m,, is persistent (risk consistent) relative to a class
of functions M,,, if

(47) R(my) — R(m;,) — 0

where

(48) m,, = argmin R(v)
’UEMn

is the predictive oracle. Greenshtein and Ritov (2004) show that the lasso is
persistent for M,, = {{(z) = 273 : ||8|l; < Ln} and L, = o((n/logn)'/*).
Note that m} is the best linear approximation (in prediction risk) in M,,
but the true regression function is not assumed to be linear. Here we show
a similar result for SpAM.

In this section, we assume that the SpAM estimator m, is chosen to
minimize

(19) S (% = 3 Bigs (X))

i=1
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subject to ||f]l; < L, and g; € 7;. We make no assumptions about the
design matrix. Let M,, = M,,(L,,) be defined by
(50)

M, = {TTL : m(a:) = zn:ﬁjgj(‘rj) : E(gj) =0, E(g?) =1, Z ’ﬂj| < Ln}
Jj=1 J

and let m;, = argmin ¢\, R(v).

THEOREM 6.4. Suppose that p, < en® for some € < 1. Then,
L2
(51) R(mn) — R(my) = Op <n(1—§)/z>

and hence , if L, = o(n(!=8/%) then SpAM is persistent.

7. Discussion. The results presented here show how many of the re-
cently established theoretical properties of /1 regularization for linear models
extend to sparse additive models. The sparse backfitting algorithm we have
derived is attractive because it decouples smoothing and sparsity, and can be
used with any nonparametric smoother. It thus inherits the nice properties
of the original backfitting procedure. However, our theoretical analyses have
made use of a particular form of smoothing, using a truncated orthogonal ba-
sis. An important problem is thus to extend the theory to cover more general
classes of smoothing operators. Convergence properties of the SpAM back-
fitting algorithm should also be investigated; convergence of special cases of
standard backfitting is studied by Buja et al. (1989).

An additional direction for future work is to develop procedures for auto-
matic bandwidth selection in each dimension. We have used plug-in band-
widths and truncation dimensions d, in our experiments and theory. It is
of particular interest to develop procedures that are adaptive to different
levels of smoothness in different dimensions. It would also be of interest is
to consider more general penalties of the form py(]|f;]|), as in Fan and Li
(2001).

Finally, we note that while we have considered basic additive models that
allow functions of individual variables, it is natural to consider interactions,
as in the functional ANOVA model. One challenge is to formulate suitable
incoherence conditions on the functions that enable regularization based
procedures or greedy algorithms to recover the correct interaction graph.
In the parametric setting, one result in this direction is Wainwright et al.
(2007).
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8. Proofs.

Proof of THEOREM 3.1. Consider the minimization of the Lagrangian

62)  min £(FN) = 0B (Y - X0 506) A VE(G(G)?)
j=1

{fier;}

with respect to f; € H;, holding the other components {f;, k # j} fixed.
The stationary condition is obtained by setting the Fréchet derivative to
zero. Denote by 0;L(f, \;n;) the directional derivative with respect to f;
in the direction 7;(X;) € H; (E(n;) =0, E(UJQ) < 00). Then the stationary
condition can be formulated as

(53) OIL(f,Nim) = GEI(f — Ry + hug) 1] =0

where R; =Y — 37, fi is the residual for f;, and v; € H; is an element

of the subgradient 9 E(ff), satisfying v; = fj/,/E(ij) if IE(fJQ) # 0 and
vj € {u; € Hj| E(u?) <1} otherwise.
Using iterated expectations, the above condition can be rewritten as

(54) E[(f; + Av; — E(R;|X;)) n;] = 0.

But since f; — E(R;|X;) + Av; € H;, we can compute the derivative in the
direction n; = f; — E(R;|X;) + Av; € H;, implying that

(55) E[(fi(2)) — E(R;|X; = ;) + vy(2;))?] = 0
that is,
(56) fj + )\Uj = E(RﬂXj) a.e.

Denote the conditional expectation E(R;|X;)—also the projection of the
residual R; onto H;—by P;. Now if E(ff) # 0, then v; = Ji_ which

VEGD’

from condition (56) implies

(57) E(P?) - \/E[(fjJrAfj/\/E(ff))z]
A

58 . B(f2

(58) ( E(ﬁ) 2

(59) = JEGDH +A

(60) Y
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If E(f7) =0, then f; = 0 a.e., and |/E(v}) < 1. Equation (56) then implies
that

(61) E(P?) < A

J

We thus obtain the equivalence
(62) E(P?) <X & f;=0 ae
Rewriting equation (56) in light of (62), we obtain

(1 + A) fi="P; if \JE(P?) >\

E(f?)

fi=0 otherwise.

Using (59), we thus arrive at the soft thresholding update for f;:

(63) 5= [1 B S
E

(P?) "

where [-]; denotes the positive part and P; = E[R; | X;]. O

Proof of THEOREM 6.1. A vector 3 € R¥? is an optimum of the objec-

tive function in (33) if and only if there exists a subgradient g € 9§2(3), such
that

1 .
(64) T (Z U3 — Y) + Mg = 0.
j

The subdifferential 9Q(f3) is the set of vectors g € RP% satisfying

LyTy. 3.
0 0

g5 =
N AT
r(lorg \ " .
gj E‘I]j \I/j gy <1 if ﬁj =0.

Our argument is based on the technique of a primal-dual witness, used
previously in the analysis of the Lasso (WaiAnwright, 2006). In particular,
we construct a coefficient-subgradient pair (/3,g) which satisfies supp(3) =
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supp(4*), and in addition satisfies the optimality conditions for the objec-
tive (33) with high probability. Thus, when the procedure succeeds, the
constructed coefficient vector B is equal to the solution of the convex objec-
tive (33), and g is an optimal solution to its dual. From its construction, the
support of B is equal to the true support supp(3*), from which we can con-
clude that the solution of the objective (33) is sparsistent. The construction
of the primal-dual witness proceeds as follows:

(a) Set Bge = 0.

(b) Set gs = 00(5)s. X

(c) With these settings of Sse and gg, obtain g and gge from the station-
ary conditions in (64).

For the witness procedure to succeed, we have to show that (B, g) is
optimal for the objective (33), meaning that

(65a) B, # 0 forjes.

1 —1
(65b) 95 <\11JT\1/J-) g; < 1 forjese
n

For uniqueness of the solution, we require strict dual feasibility, meaning
strict inequality in (65b). In what follows, we show these two conditions
hold with high probability.

1\I/T\I/jﬂj

Condition (65a). Setting Bge = 0 and gj = —=—L—3_ for j €9, the
N

stationary condition for Bg is given by,
1~ ~ N
(66) 0§ (WsBs = V) + Mafis = 0.

Let V =Y — VUgB5 — W denote the error due to finite truncation of the or-
thogonal basis, where W = (ey, ..., €,)”. Then the stationary condition (66)
can be simplified as,

Lwkwg (Bs - B5) - 20EW - LULV 4 A5 =0, so that,
~ —1
(67) Bs — A5 = (L0fws)  (20Fw + LV — \5s),

where we have used the assumption that %\IIEIIIS is nonsingular. Recalling
our definition of the minimum function norm p;, = minjes [|3}|lc > 0, it

suffices to show that ||3s — 5%/ < %, in order to ensure that

supp(5) = supp(Bs) = {j 1Bl # 0},
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so that condition (65a) would be satisfied. Using Ygg = %(\I’E‘Ps) to sim-
plify notation, we have the ¢, bound,

(68)
s~ il = [mst (29)]+ [t (2oav) L one [t

T Ts 15

We now proceed to bound the quantities T, 75, T5.
Bounding Ts. Note that for j € S,

—1 1
1=g] (L0TV0;) g, > —1Igjl?
() g2 gl
and thus ||g;|| < v/Cax. Noting further that,
(69) lgslec = max|lgjlloc < maxlig;llz < vCiax,
it follows that,

(70) Ts = HEgéﬁsHm < VCrax

et
SS 0
Bounding T>. We proceed in two steps; we first bound ||V||, and use this

to bound H%\IIEVH . Note that, as we are working over the Sobolev spaces
(o]
§; of order two,

oo oo
Vil = 2 > Bva(Xyg)| < BY X |G
J€S k=dp+1 JES k=dy+1
00 ;k k2 00 00 1
— *2
= B > —Ta— sBY | X B X o
JES k=dn+1 jes \ k=dn+1 k=dp+1
<1 sB’
< sBC Z g < W’
k=dn+1 n
for some constant B’ > 0. It follows that,
1 1 Ds
M) SV < [ ST 0 Ve < 5
where D denotes a generic constant. Thus,
(72) 7= o5k (o) < 5.
: ss\n¥sV )|, = ||*#ss

o PP



22 RAVIKUMAR, LAFFERTY, LIU, AND WASSERMAN

Bounding Ty. Let Z = T) = X5k (%\Ifgw). Note that W ~ N (0, 02]),
so that Z is Gaussian as well, with mean zero. Consider its [-th component,
Zy=¢€] Z. Then E[Z}] =0, and

o2 2
Var(Z)) = —e] Ygse; <
n

Crinn

By Gaussian comparison results (Ledoux and Talagrand, 1991), we have
then that

log(sd,,)
(73) E[|Z]se] < 3y/log(sdn) [Var(2)]|, < 30 o

Substituting the bounds for 75,73 from equations (72),(70) respectively
into equation (68), and using the bound for the expected value of T} from
(73), it follows from an application of Markov’s inequality that,

P (15 - Bl > %)
< P (12l + 258 (D532 + 0y Cor) > 2)

pz;; (E1Z)e) + 255 (D3 4+ Auv/Conee)}

;{30 ) ] (2 oo }

n NCmin

IN

IN

which converges to zero under the condition that

(74) 1{ log(sdn) +‘ (}L\I;f;q/s)lHoo <38/2 +An)} —0.

*
Pn, n

Noting that

l T -1 Sdn
(75) ‘ (n‘I’S‘I’S> _ < o
it follows that condition (74) holds when
1 [ [log(sd,) = 2
(76) p*( Og(s ) 4 Sd +)\n\/sdn) S}

But this is satisfied by assumption (39) in the theorem. We have thus shown
that condition (65a) is satisfied with probability converging to one.
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Condition (65b). We now have to consider the dual variables gse. Recall

that we have set Bgc = 5. = 0. The stationary condition for j € ¢ is thus
given by

1 ~ X ~
E\P]T (\1’565 — \I]Sﬁs -W - V) + )\ngj =0.

It then follows from equation (67) that

11 P 1.
1 (1 1 -1 1 1
= —{ZULU \I/T\I/> <)\nA —\I/TW—\IJTV>
/\n{n S(n §ES 95 n % n %

1
bR (W 4 V)} ,
so that,

(77)
o A U TR T

n

Condition (65b) requires that

1 —1
(78) ng <n\1/]T\1/j) g < 1,

for all j € S¢. Since

1 -1 1
79 T(xﬂ@) < |2
(79) g\ ;YY) 9 =< Cmm”gJ”

it suffices to show that maxjege ||g;|| < v/Cmin. From (77), we see that g; is
Gaussian, with mean p; as

_ . 171 1 /1
i =E(G)) = TjsTgs <QS bW (n‘l’g‘/» bW (n‘I’JTV> :

This can be bounded as

sl < |[25s53] (H%”*iHi‘I’g‘/H) +A1nHTlL\p§,FVH
B = s (VaCha 5 [R9EV]) + 529V
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Using the bound H\IJJTVHOO <D s/ds’/Q from equation (71), we have,

ﬁ D
H%lprH S dn”%\pfv"oo S de) and hence,
n
D83/2
BV < VSRV < S
n
Substituting in the bound (80) on the mean p;,
_ Ds?/? Ds
(81) luil < [[Sis254| { VoCmax + + =
Andp, Andn

Assumptions (36) and (37) of the theorem can be rewritten as,

Chin 1 =96
. —1 min
(82) HEJsZSSH < co 7\/5 for some § > 0
s
83 0.
(83) N

Thus the bound on the mean becomes
2Ds
Andy,

<V Cmina

for sufficiently large n. It therefore suffices in order for condition (65b) to
be satisfied, to show that

Il < VCmin(1 = 0) +

1)

84 P gi — [ > — 0,
(84) (a3 = sl > 552 ) —
since this implies that

195 < Ml + 1195 — w4l
< gl + Vdallgs — oo
1)
< VCpin(1 = 98) + = + o(1),

2

with probability approaching one. To show (84), we again appeal to Gaussian
comparison results. Define

_ w
(85) Z; = v (1 - ws(whws)~'wh) -,

for j € S¢. Then Z; are zero mean Gaussian random variables, and we need
to show that

1 Zl 0o ) )
> — Q.
(86) P (?é%x N, — 2V,
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A calculation shows that E(ZJQ,C) < 02/n. Therefore, we have by Markov’s
inequality and Gaussian comparison that

< E Z;
S N T 2dd,) T oA (“}%X' J’“')

< 2(;{\‘? (3, log((p — s)dy) I’I}%X \E (ka)>
< 60 [dylog((p— s)dy,)

S\ n ’
which converges to zero given the assumption (38) of the theorem that

A2n
—_—
dnlog((p — 5)dy)

Thus condition (65b) is also satisfied with probability converging to one,
which completes the proof. O

Proof of PROPOSITION 6.3. For any index k we have that

(87) I = S
i=1
(88) < 8l > 18l
i=1
k )
(89) = Bllos D161 + 18llc > 154l
i=1 i=k+1
— "] 0;
(90) < MBI + e Y 2
i=kt1
(91) < k\lﬁllioJrllﬂI!oo\lZﬁ?ﬂ”\l > o
i=1 i=k+1
9 kl—?y
< -
(92 < KIBIZ + 1BloeCy 5o —
where the last inequality uses the bound
oo 9 o0 9 kl—?l/
s—l < —alV — .
(93) Z i _/k x Y dx 5 1

i=k+1
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Let k* be the index that minimizes (92). Some calculus shows that k* satisfies
(94) | B P Y < k< e B B

for some constants ¢; and co. Using the above in (92) then yields

(95)  [IFIE < 11Blloo (callBIZ /@41 4 o |3 21/ 41
(96) = c||ll/ @+

for some constant ¢, and the result follows. O

Proof of THEOREM 6.4. We begin with some notation. If M is a class
of functions then the Lo bracketing number Njj(e, M) is defined as the
smallest number of pairs B = {({1,u1), ..., ({x, us)} such that [Ju; — £;]| <
€, 1 < j <k, and such that for every m € M there exists (¢,u) € B such
that £ < m < w. For the Sobolev space 7},

1 1/2
(97) log Njj(e, T;) < K ()

for some K > 0. The bracketing integral is defined to be

1)
(98) Ji(6, M) = /0 Jog Ny (u, M)du

From Corollary 19.35 of van der Vaart (1998),

(99) E(gs;}; lg) - u(g)l) < CJH(”%O M)

for some C' > 0, where F(z) = sup e |9(2)], plg) = E(9(X)) and fi(g) =
n~! i 9(X).
Set Z = (Zo,...,Zp) = (Y, X1,...,X,) and note that

M=
M=

(100) R(B,9) = B BeE(9;(Z;)9k(Z))
3=0 k=0
where we define go(z9) = z0 and fy = —1. Also define
1 n p p
(101) Ezzzﬁyﬁk% i)k (Zik)-

i=13j=0 k=0
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Hence ., is the minimizer of E(ﬂ, g) subject to the constraint >°; 3;g;(z;) €
My (Ly) and g; € 7;. For all (3, 9),

(102)  |R(B,9) — R(B.9)| <8I} max  sup  |fjn(g) — pix(9)]
Jk 95,€S;,9k €Sk

where 7ijr(g) = n~" Y0y Yk 95(Zij) gk (Zi) and pii(g) = E(g;(Z;)9x(Zk)).
From (97) it follows that

1/2
(103) log Njj(e, M) < 2logp, + K (1) :

Hence, Jj(C, M;) = O(ylogp,) and it follows from (99) and Markov’s
inequality that
(104)

~ log pn ( 1 )
H}%nge;?ggesk Hjk(9) — wik(g)l = Op (\/T) P\ n=972

We conclude that

. Ly
(105) sup, [R(g) — R(g)| = Op <W> :
Therefore,
R(m*) < R(mn,) < R(Mmy,) + Op <n<1—5>/2>

D * n * L%L
< R(m )JFOP <n(1_§)/2> SR(m )+0P (71(1_5)/2)

and the conclusion follows. O
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