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Preface

For a first readlng, may we suggest the following.

1) Read the Introduction for a general view of the subject
matter,

2) Follow carefully the example at the beginning of Chapter 1
for a basfic ldea of what resolutlon is.

3) Read Chapter 2 (whlch ﬁarks the beginning of the material
original to this thesis) for an explanation of the locking
restriction on resolution.

k) Muse over a few of the examples of locking proofs in
Chaptér 6.,

5) Read Chapters 3 and 4, the core of the thesis, after a
cursory reading of the-definitions in Chapter 1. Refer to these

definitions (by means of the Index) when necéssary.
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Abstract

A restrliction, called "locking", of the resolution
deductive system of J.A, Roblinson is presented. Lbcking
Involves arbitrarily indexlng with Integers the literals in the
clauses to be resolved. Different occurrences of the same
literal may be indexed differently, Resolution Is then
permltted only on literals of lowest Index in each clause. The
literals in resolvents are indexed hereditarily ("merging low"
when necessary)., Thls restriction is shown to be complete.
Locking results in a significant reduction in the number of
clauses generated, Locking 's compared to other restrictions of
resolution and is shown to be incompatible with some. Several
examples of locking derivations are given., Finally, a special
application of locking to a troublesome axlom is described whlch

reduces the irrelevant clauses generated by that axiom,
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Introduction

It s an old wish that we might have rules by which to
- think. To some degree mathematics glves us rules for thinking
about the world. It Is only natural that logicians have tried

. to produce mathematical rules for thinking about mathematics.
The !nvention of computers has lnspired an enthusiasm for a
practical mechanlzation of mathematical Inferénce.- Though the
important results so far produced In this endeavor have been
about, rather than by means of, Computation,'this field Is known
as "automatic theorem proving."

The foundation or "ground" of automatic th=orem
proving lies In the concept of the tautology. The
proposftional logic is essentially the calculus of tautologies;
and any question In tHe propos!tional logic can be decided by
the method of "truth tables.'" As anyone knows who has computed
the truth tables fbr a few propositions, queétiohs about
tautologies are essentially boring. They would not be of real
interest to anyone, perhaps, were it not for the remarkable
theorem of J. Herbrahd.

While trying to reduce mathematical loglic to a
mecHanIzable system in 1930, Herbrand.diécoveréd that any
question in the first order predicéte logic can "alhost" be

Eeduced to a question of tautologles, |t Is generally belleved

that most of mathematics can be done in the first order




predicate calcu1u$.

Roughly speakling, Herbrand showed that if P is'a
formula In the predicate logic and H is the collection of all
names of objects,(H is commonly known a Herbrand's Universe),
then P is a theorem if and only if some finite disjunction of
Instances of P by terms In H is a tautology. The "some" in his
theorem is the reason that we must say he "almost" reduced logic
to tautologies, lt_{s_éhurch's theorem that tells us the
"almost'" can never be erased; for If we could find a procedure
that would give us that "some' for any P (or tell us {f such did
not exist), we would have a decision procedure for the predicate
calculus., But there Is none.

Despite the impossibility of decliding whether there is
some finite disjunctlon of inétances for any P, we can still
always find a proof for any P, If P is a theorem. For example,
we might simply proceed to examine all the possible instances. '
Thls procedure was actually tried on computers in 1960 by
Wang(20),Prawitz(13), and Davis{(7). It éﬁs discovered, however,
to be a iask too demanding for the computers in existence then
or now,

fn 1960 D, Prawitz(1l4) and In 1963 J.A. Robinson(16)
Independently discovered a method for greatly increasing the
search for the right instantiations, They showed that one may

search in a perspicuous fashlon, high above the ground level of

the proposltion logic, considering Infinitely many Instances "In




a single bound." Robinson's discovery he named the process of
"uniflcatlon"; he embedded it in a Inference system called

" which system is the basic framework for most work

“"resolutlon,
done since then in "automatlc theorem proving."

Even though resolution provides a vast improvement
over the method of instantlation, it Is stil1]l plagued by an
exponential explosion in the number of ''clauses" it generates;
this explosion Is unmanageable on hard problems. Many
researchers have found sfrategies that restrict this growth
while still preserving resolution's completeness. In this
thesls we present such a restrictlon which we call "locking." In
Chapter 1 we present a grammar of resolution. In Chapter 2 we
Introduce the concept of locking. Chapters 3 and 4 contain the
proofs of the completeness of locking In the "ground" and
"general" cases, In Chapter 5 we describe the relationship of
locking to other restricted forms of resolutlon. Chapter 6

contains some examples of locking refutations. Chapter 7

describes a special application of lockipg to a common but

troublesome ax{om.




1., A Grammar of Resclution

Before precisely defining the concepts of resolution
we offer a brlef example of a resolution proof.

For any binary predlcate 6, (such as "=" or "<{") the
following is a theorem.

VxIy(((G v x) = Iw (G w y))
AN CC 32 (Gzy)ANGyYy 2z)) = (Gyx))))

To prove this theoren by resolution we first transform
It Into the set of five clauses:
LDy (@) (6 (F v v) ]
2 [ Gy (a)y) (Gy (f yv)) ]
30 (6w y) (G (F v) v) ]
8 [ =G w vyl (CGy (f v)) ]
S [ =6 wy) -T(G.y (a)) 11
The rutes for this transformation are quite
stralghtforward(cf., p.18). The members of the clauses are
called "1lterals", e.g. T (G y (a)) in the fifth clause. The
literals without the "not" sign ( =1 ) at the front are called
"atoms." The symbol "f" s called a "functlion symbol™ and was

Introduced during the transformation, The symbol "a" is called

" and it also appeared during the transformation.

a "constant,
"(f x)" and M(a)" are called "terms." The symbols "w" and "y"

are, of course, variables, and we think of them as being

replaceable,




Once we have these original clauses, we try to
"resolve" them together. Resolving involves taking any two
Clauses, plcking any two of thelr literals (one from each
clause), and checking for a "match' of a certain kind. (This
matching Is called unification! )}, [If this match is found, we
then create a new clause, called a "resolvent," from the
literals (other than the ones we matched) in the two clauses we
are resolving.

For example, we take clause 1 and clause 3, and try to
"match" their first literals

(G y (a)) -1 (G w vy).
To match them, we first check’to see that one is an atom and
one has the "not" sign. We then look for a way of replacing
some of the variables in these two literals so that the two
resulting literals will be identlical (except for the "not"
slgn).. If we replace y by w In (G y (a)) and y by (a) in
=1 (G w y) we shall have

(G w (a)) -and ={G w (a)).

Therefore, a "match" exists. And therefore, we may produce a
resolvent,

The resolvent produced is the set consistlhg of the
other literal in clause 1 (with y replaced by w) and the other
literal in clause 3 (with y replaced by a), namely

6 [ (G (f w) w) (G (f (a)) (a))].

In a similar way we resolve the first literal in




clause 2 and the first literal in clause 4 to get the resolvent
7 [ (6w (f w)) (G (a) kf (a)) ) ]

in fact, It is possible to resolve the first five
clauses In twenty ways. After maklng all these resolvents, we
then proceed to resolve the resolvents with one another and with
the original five clauses, Then we resolve the new resolvents
with one another, with the previous resolvents, and with the
original five; and so on.

The purpose of all this resolving is to generate the
empty set as a resolvent (we denote the empty set by "[J"). For
once we have generated [J, we shall have "nroved" the theorem.
But the only way to generate [] as a resolvent is to resolve two
clauses which have only one literal aplece (since only then
would there be no "other" literals in either clause to appear In
the resolvent.,) The reader may guess, therefore, that we have
one more process In store.

This other process is called '"factoring" (1.18). To
factor a clause Is to replace some of the variables in the
literals of the clause in such a way that the clause '"shrinks,"
- For example,'If we replace w by (a) In clause 6, we obtaln the
¢lause
g8 [ (6 (F (a)) (a))) ]

This "shrinkage" occurs simply because a clause Is a set and no

set can "contain the same element twice."

Simllarly,




9 [ (6 (a) (f (a))) ]
Is a factor of 7.

In resolution, we admit the factors of clauses to full
.standlng, t.e., In addition to resolving our original clauses,
their resolvents, etc., we also resolve on the factors of every
clause in sight.

In particular, we can resolve clause 8 with clause 5.
For if we replace y by (f (a)) and w by (a) in the
llteral = (G w y), we get —(G (a) (f (a))), which is
identical to the only literal In clause 9 (except for the "“not"
slgn). Hence 9 and 5 resolve to produce |
10 [ (G (f (a)) (a)) 1] |
l.e. the set consisting of the other literal In clause 5 (with
y replaced by (f (3)) and w replaced by (al).)

Now we can resolve 8 and 10 to obtain the desired (0.

Thus we have proved the theorem by means of resolution,

The main result of this chapter 'is the Resolution
Theorem 1,26, Those familiar with_rgsplution may well skip the
entire chapter after a cursory glance at 1.15, 1,16, 1,17, 1.19,
and 1.20. Virtually all of the definitions and theorems may be
found in (16).
Those who tire of the definitions and theorems before 1.26 may

well begin reading after 1.26 and refer to the earlier material

when necessary.




ke now descrlbe the language in which resolution is

the rule of inference.

1,1 The Symbols

The language |s determined by three disjoint sets of symbols,
viz,, the variables, the function symbols, and the predicate

symbols,

The variables are Infinite in number and tnclude:

] 110
W,X,V,zZ,wt,xt,yt, 2t WY,

x'', ...

There are a countable number of function symbols, With each
function symbol is associated exactly one non-negative Integer
called "the number of arguments" of that symbol. A function
symbol of 0 arguments is called a '"constant.," The language has

at least one constant.
With each predicate symbol Is associated exactly one
non-negative Integer called "the number of arguments'" of that

symbol,

There are four additlonal symbols,

( ) - /




1.2 Terms
Froﬁ the functlon symbols and variables are built the "terms"
of the language, To be precise, let H be the smallest set such
that
1) H contalns the variables of the language, and
2) if tl, t2, t3, ... tn are members of H and f is a
function symbol of n arguments, then H contains the
string (f tl t2 ces tn),

H s the set of terms.

1.3 Atoms
If P Is a predlcate letter of 0 arguments, then P is an atom.
If P Is a predicate letter of N arguments and tl, t2, t3, ... tn
are terms, then the string

(P t1 t2 t3 ... tn)

Is an atom.

l.4 Literals, Complements, and Signs

If A Is an atom then
1) A is a "literal",
2) the string
= A
is a "literal",

3) A and - A are "complements'" of one another,

4) the "sign" of A Is "T" and the "sign" of —A is "F",
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and

5) A 1s called "the atom" of both A and = A.

1.5 Clauses

A clause ls a flnite set of literals, The empty clause is the
empty set and Is denoted by "[J". A clause with exactly one

member Is called a "unit" clause.

1.6 Groundness

A clause, a literal, or an atom is called "ground" If and only

if no variabhle occurs in {t.

1.7 Substitution Components

If x is a variable and t is a term and x Is not t, then the
string |

t/x
Is called a "substitution component."” x s called the "second
part" of the component and t Is called the "first" part of the
component, (He think of the second part as about to be replaced
and the first part as the expression.that will take the place of

the second part.)

1.8 Substitutions

A finlte set of substlitution components is called a

“"substitution" provided no two distinct members have the same




n

second part. (The reason a substitution cannot have two
components, say t/x and t'/x , with the same second part !s that

we could not know whether to replace x wlth t or with t'.)

1.9 Instances

Suppose that L is a term, a literal, or a clause. The lInstance
of L under a substitution o s the result of slmultaneously
replacing in L each variable x that is the second part of a
component t/x of o with the t.

"LU " denotes the instance of L under o . If L s s
ground(i.,e. has no variables), it Is called a ground instance of
L. If ¢ [Is a substitution, L is a set of literals, ana L0

has as many members as L, then l.c Is called a "direct

Iinstance' of L.

1.10 Variants

If E is an Instance of F and F is an instance of E, then E and
F are called "variants" of each other.,
For any E there exists an F such that E and F have no

variables In common anﬁ E is a variant of F,.

If ¢ and T are substitutions, we would like to have a

substitution Yy such that (EU )T Is E y ¢ f.e. the

composition of ¢ and .
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1,11 Composition of Substitutions
Suppose 0 and . are substitutions., Let y be the
substitution to which the component t/x belongs If and only If
el ther
1) for some t', t'/x Is a component of o and t = t'f .
or
2) x Is not a second part of a component of o and t/x
ls a component of 1 ,

Y is called the "composition" of ¢ and 1™ and is denoted

by " o1 ",

1.12 Unification

If S is a set of literals, o is a suhstitution, and S is a
a

singlteton, thencls sald to "unify" 3,

Consider the set C
L Gy x) (G (F x) 2.
Each of the followlng substitutions unifies C.
[ (FCECFCECR)I )Yy (F(F(F(a))))/x
(F(F(f(al))d)/z]
[ (f (a))/y (a)/x (a)/z ]
[ F (xN)/y x/z]

1.13 tost General Uniflers

If ¢ unifies S and for each t© that unifles S there exlsts a
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A such that o = 1, then ¢ {s said to be a "most

general unifier™ of S.
The substitution
[ (FEx))/y x/z ]

is a most general unifier of ¢ above.

l.14 Unification Theorem

|f any substitution unifles §, then there exlists a most general

unifier of S,

1,15 Simultaneous Unification

If S1, S2, ... Sn is a sequence of sets of literals, o Is a
substitution, and for each i, Sij is a slngleton, then ¢ Is
. a '

sald to "simultaneously unify" $1, S2, ... Sn.

1.16 Most General Simultaneous Unlfiers

If o simultaneously unififes S1, $2, ... Sn and for each =t
that simultaneously unlfies S1, S2, ... Sn there exists a A
such that oA = 1 , then o s said to be a "most general

simulitaneous unifler"” of S1, S2, ... Sn.

1.17 Simultaneous Unification Theorem

IF any substitution simuitaneously unifies S1, $2, ... Sn, then

there exlsts a most general simultaneocus unlfier of sil, 82, ...
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Sn,

1.18 Factors

1f C is a clause, T is a subset of €, and o most generally
unifies T, then € _ s called a "factor" of C. {(Since a ground
clause has no non-trivial instances, {t has no non-trivial

factors.)

1,19 Fully-factored Sets

A set S of clauses is said to be "fu11y-fact0réd" if and only
1f some variant of every fac;or of every member of § ls a

member of S.

1,20 Fully=~factored Theorem

If C is a member of a fully-factored set S of clauses and ©
Is a substitution, then there exist a member C' of § and a

substitution 1t such that C, s a direct instance of C' under

~.

1.21 Interpretations

A set of ground literals | is called an "interpretation"

provided that for each ground atom A, elther A is a member of |

or mA is a member of i, and not both are,
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1.22 Models and Satisflability

If S Is a set of clauses and | {s an Interpretatlon, then | s
called a "model" of S If and only If each ground Instance of
~each member of S contains some member of 1. $ Is called
"satisfiable" lf and only if some Interpretation is a model of

S.

1.23 The Model Theorem

If S is a finite set of clauses, there exists a model of S If

and only if for each sequence of substitutions oy, op, ..., Un
such that for all i, § o_fs a set of ground clauses,
i

S U %m U ¢ U S admits a model..

a1 g

n : _
We now prove the lModel Theorem. By the definition of

model, If S admits a model! M, then M is a model for any

S01 U S02 U ...u SUn . Hence, one half of the Model Theorem
is trivial,

The other half s only a variation on Kénig's Lemma.
One mlght view the Model! Theorem as .a compactness theorem.'

Suppose that for each sequence 01, 02,...,ﬁ1 of

substitutions such that for all i,S Is a set of grodnd

a.

i

U 802 U ..U 8 admits a model, There are only
n

countably many substitutions. Let t,75,73 ... be an

clauses, S01

enumeration of those substitutions t such that ST is a set of

ground clauses, Let us denote by 1(m) ST U ST2 see U S .

1
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Let Al, A2, A3, ... be an enumeration of the ground atoms,

For each i, we shall recurslvely deflne an ft; and it
will turn out that #go r--1i Is a model of S,

There Is a literal L such that
1) elther L is A]or L Is =A : and,
2) for eachm, L Is a member of some model of [(m).
For suppose that for some jo Alis not a member of some model of
t(jo). Then for all k > 0, A iIs not a member of any model of
1(jo+tk), slnce any mode]lof 1(jo*k) 1s a model of 1(jg).
Similariy, if for some j 1 A1 Is not a member of a model of
1(j1) , then A1 is not a member of a model of F(j1+k), But
then nefther of Ay ,™ A1 s a member of a model of 1(jo*j1).
This, however, contradicts the assumption that for every
O1. G2 » *=+ s Op such that S‘H Is a set of ground clauses
S01 u 502 u...u SUn admits a model.

We define M; to be [L] for such an L, Suppose that
for some | > 0 Mi has been defined and that for each m, Mi
is a subset of some model of I(m). By am argument similar to
the one Immediately above:

There is a literal L' such that

1) either L' Is A, _or L' iIsmA ., and
i+ i+

1
2) for each m, H UlL'] I1s a subset of some model of I{m).

Let M4y = M4 U[LT . Then for each m, M j4q Is a subset

of some model of 1(m),

Now let 4 = LJOHi « Then for each m, M is a rmodel
1> )
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of I{m}. For, let J be a positive Integer such that if L is a
1iteral In I{m) and A " Is the atom of L In the ordering

Al, A2 , A3, ... of the atoms, then n < J. Then I!f C is.a

- clause in I{m), some member of My Is a member of C.

Therefore, M is a model of $.QED.

1,24 Resolvents

If C and D are clauses, Ll and L2 are literals in C and D
respectively, the slgn of L1 is not the sign of L2, and there
exists a most general unifiter o of the atoms of L1 and L2,
then

(Cc-[L1]yu oD - [L21)_

Is called a "resolvent" of ¢ and D. 2

1,25 Resolution

If § Is a set of cléuses, then let R(S,0) be $ and.for each
positive integer [+1 let R(S,i+1) be the union of R(S,i) and the
set of all resolvents of factors of membeérs of R(S,1). Léf

R(S, w) be LJR(S,i).

jew

1.26 Resolution Theorem

ITf S is a finite set of clauses, S Is unsatisfiable If and only

if 0 =R(S, w).
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The Clausal Transformatlion and Herbrand's Theorem.

Before proving the Resolution Theorem (1.26) we do two
things., First, we show how to transform any question In the

3 into a set of clauses., Second,

first order predicate calculus
we state Herbrand's Theorem, which tells us why resolution is of
Interest.

Suppose we wish to prove in the first order predicate
calculus that C follows from Al, A2, ..., An. VWHithout loss of
general ity we assume there are no free variables In any of
C, Al, A2, ... , An. Let TH be the formula
ALAAZ A oo AARAC. (Thus in our example at the Beginning
of this chapter TH is just

(v W3Iy(G y x) = 3w (6w y))
ACC Jz(Gzy) A (BGy2)) = (Gyx))))

Now perform the following three operations on TH,
1) Transform TH into prenex normal form. (For our example,
‘this is .

3;—;.‘1\_/ Jz¥w 7 (G y X) ~> (G w v))

AG 2z y)Aa (Gy z) = (G y x))).

2) If TH has the form VXIsz..fonﬂyB (l.e., ¥y Is the first
existentially quantifled varlable in TH) then_]et f be a new

function symbol of n arguments and transform TH Into the result

of replacing y by (f Xy X 2...xn) In VxIsz...Van. If TH still
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has any existentially quantiflied variables, perfor: step 2

again.

(Step 2 fs referred to as "skolemization™ and the new function
symbols introduced are called "skolem functions.™ In our
example, step 2 Is performed twice and the result Is
(Vy ¥Yw =1 (G y (a)) = (G wy))
AG(f y) v) A(Gy (fy)) 2 (Gy (a)))).

3) Transform_TH into conjunctive normal form. In our example,
this Is
¥y Yw (((6y (a)) v (G (F y) y))
AWG y (a)) v (G y (f y)))
Al (G w vyl vV (G (f y) y))
A (Gw y) v (Gy (Ff y}))
A G wy) v 1 (Gy (a))) ) N
After these three.steps have been performed, TH is of the form

n~

¥ ' ‘
X oo xp( ( L.“ VLIZV”'Vle )

1
Al L21 vL22v...vL2k2 )
A . & »
A Lm] vLmzv...VLmkm } ).

Each Lij Is a literal as defined at (1l.4), TH is inconsistent

if and only If C follows from Al, A2, ..., An,

Let us call
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( L_” VLlZV...VL.Ik] )

AC L2] \4![22\/...\M_2k2 )

AC L m Vb v...vLmkm ) )
the negated-skolemized=conjunctive~-normal-matrix of
(C, Al, A2, ..., An) or NSCNM(C, Al, A2, ... An) for short.
Let S be the set of clauses
S S
[ L2.I Y IRLL |2k2]

Lt e oo T
S Is precisely the set of clauses we glve to resolution to
decide whether C follows from-Al, A2, ..., An. Let us call 3§
the clausal form of C, Al, A2, ..., An or
CL(C,ALl, A2, ..., An) for short,
Mow that we have shown how to obtain clauses from
questloﬁs In the first order predicate calculus, we state

Herbrand's Theorem and show lts connection with resolution,

Herbrand's Theorem

If D is NSCNM(C, Al, A2, ..., An), then C follows from
Al, A2, ..., An if and only if there exist substitutions

Ols 25 «ess O such that for each i, D,, has no
_ . i
variables and (D AD A...AD _ ) 1Is inconsistent, 3

3
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What is the connection with resolution? Suppose that

01s To, ...;ok are substitutions and for each i, 0 has no
i

variables. Then by the method of truth tabies,

(D AD AN...ND ) is inconsistent if and only if there
01 02 Uk

exists no way of assigning the value T to some literal in each
disjunction of each D - without assigning T to some literal and
.i .
its complement., It immediately follows that
(D AD A... AD_) is inconsistent If and only if
03 05 dk .
(S us U ...U S } does not admlt a model (recall that we
g) 02 Uk
let § = CL(C,AL, A2, ... , An).) Now by the Model Theorem
(1.23), C follows from Al, A2, ... , An if and only if S does
not admit a model, Therefore, once we have established the

Resolution Theorem (1,26) we shall have

The Completenéss and Soundness of Resolution

If S is cL(C, Al, A2, ..., An), then C follows from

Al, A2, ..., An If and only if [J ¢ R(S, w).

We thus complete the digression on the clausal
transformation and Herbrand's Theorem and begin proving the
Resolution Theorem (1.26),

One half of (1,.26) is easy, namely:

1,26,1 If S has a model, then [J ¢ R(S, w).

We flrst prove by induction on n,
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1,26,2 Lermma

If S Is a set of clauses and M is a model of S, then for each
C ¢ R(S,n) and for eachisuch that CA is a ground clause,
some.member of 11 Is a member of C, -

1.26,1 Is an Immediate consequence of this lemma, for
If every ground instance of every member of R(S,w ) contalns a
member of M, then surely [] ¢ R(S, w). |

By the definition of model, every ground instance of

every member of S contalns a member of M. Since R(5,0) = 3§,
the lemma holds for the case n = 0.
Suppose 1.26,2 holds for 1 < n+l1, and Cl and C2 are

members of R(S,n). By the Induction hypothesis, every ground
tnstance of Cl or €2 contalns a member of M. Let Cl' and C2' be
factors of Cl1 and C2, ‘Trivially, any ground instance of CI1! or
C2' contalins a member of M. Suppose that L1 € Cl', L2 ¢ c2!', thé
atoms of L1 and L2 have most general unifler o, and L1 and L2
have opposite slgns., Let R = ((C1' -[LIp U (C2' A2D) ;. Let
A be any substitution such that R, 1Is a ground clause. Then
(c1? -[Lﬂ)cA or (C2' -[LZJ)G}t . hence R, , contains a member of
M. QED.

We now suppose that S does not admit a model and

proceed to show that for some I, [] ¢ R(S,1). The proof is

based upon the Model Theorem and
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1.26.3 The Ground Case

If S Is a finlte, unsatisflable set of ground clauses, then
e R(S, w ),

In proving the Ground Case we make use of a
partlcularly transparent form of Induction first presented in
Anderson & Bledsoe (3). We shall again make use of it In
Chapter 3 to prove the ground case for locking. \e need the

definition of

1.26.4 The K Parameter

If S is a finlte set of clauses, then K(S) is the difference
between the sum of the cardlnalities of the members of S and the
cardlnality of S. {(More simply, K(S) ts the number of literal§
minus the number of clauses. But note we count distlnct
occurrences of lliterals!!!)

He now prove 1,26.3.

Suppose that § is a finlte, unsétisfiabie collection
of ground clauses. |If K(S)< 1, then either [J ¢ S or each
member of S Is a sihgleton. If O € s, then [0 = R(S,0).

So suppose that each member of S Is a singleton.
Since S is unéatlsfiable, there must exist some atom L such that
L] ¢ s and+L] € S. But then [J ¢ R(S,1).

Now assume that Kk Is an Integer and for all ] such

that j< k+1, If S' is an unsatisflable collection of ground

clauses and K(S') = j then for some n, [Je¢ R(S',n); Suppose’
! .
































































































































































