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NO WARRANTY
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; Mon Sep 17 12:10:54 CDT 1990

; This events file is an addition to the events files described in A
; Computational Logic Handbook.

; This file is a new version of the proof of Gauss’s law of quadratic
; reciprocity. It was composed entirely by David Russinoff, who also
; composed the Wilson and Gauss events in basic.events. According to
; Russinoff, the version below is much better than the one in basic.events.
; This version also corresponds to a forthcoming paper of Russinoff in
; the Journal of Automated Reasoning.

Event: Start with the library "wilson" using the compiled version.

Definition:
squares (n, p)
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= if n ' 0 then cons (0, nil)
else cons ((n ∗ n) mod p, squares (n − 1, p)) endif

Definition: residue (a, p) = ((a mod p) ∈ squares (p, p))

Theorem: all-squares-1
((p 6' 0) ∧ (m ≤ n)) → (((m ∗ m) mod p) ∈ squares (n, p))

Theorem: all-squares-2
((y ∗ y) mod p) = (((y mod p) ∗ (y mod p)) mod p)

Theorem: all-squares
((p 6' 0) ∧ (x 6∈ squares (p, p))) → (x 6= ((y ∗ y) mod p))

Theorem: euler-1-1
(¬ divides (2, p)) → ((2 ∗ (p ÷ 2)) = (p − 1))

Theorem: euler-1-2
(¬ divides (2, p)) → (exp (i ∗ i , p ÷ 2) = exp (i , p − 1))

Theorem: euler-1-3
((a mod p) = (b mod p)) → ((exp (a, c) mod p) = (exp (b, c) mod p))

Theorem: euler-1-4
(prime (p) ∧ (¬ divides (2, p)) ∧ (¬ divides (p, i)))
→ ((exp (i ∗ i , p ÷ 2) mod p) = 1)

Theorem: euler-1-5
(prime (p) ∧ (¬ divides (p, a)) ∧ ((a mod p) = ((i ∗ i) mod p)))
→ (¬ divides (p, i))

Theorem: euler-1-6
(prime (p)
∧ (¬ divides (2, p))
∧ (¬ divides (p, a))
∧ ((a mod p) = ((i ∗ i) mod p)))
→ ((exp (a, p ÷ 2) mod p) = 1)

Theorem: euler-1-7
(prime (p)
∧ (¬ divides (2, p))
∧ (¬ divides (p, a))
∧ ((a mod p) ∈ squares (i , p)))
→ ((exp (a, p ÷ 2) mod p) = 1)

Theorem: euler-1
(prime (p) ∧ (¬ divides (2, p)) ∧ (¬ divides (p, a)) ∧ residue (a, p))
→ ((exp (a, p ÷ 2) mod p) = 1)
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Definition: complement (j , a, p) = ((inverse (j , p) ∗ a) mod p)

Event: Disable inverse.

Theorem: complement-works
(prime (p) ∧ (¬ divides (p, j )))
→ (((j ∗ complement (j , a, p)) mod p) = (a mod p))

Theorem: bounded-complement
(p 6' 0) → (complement (j , a, p) < p)

Event: Disable complement.

Theorem: non-zerop-complement
(prime (p) ∧ (¬ divides (p, j )) ∧ (¬ divides (p, a)))
→ (complement (j , a, p) 6' 0)

Theorem: complement-is-unique
(prime (p) ∧ (¬ divides (p, a)) ∧ (((j ∗ x ) mod p) = (a mod p)))
→ (complement (j , a, p) = (x mod p))

Event: Disable squares.

Theorem: no-self-complement
(prime (p)
∧ (¬ divides (p, j ))
∧ (¬ divides (p, a))
∧ (¬ residue (a, p)))
→ (j 6= complement (j , a, p))

Theorem: complement-of-complement
(prime (p) ∧ (¬ divides (p, j )) ∧ (¬ divides (p, a)))
→ (complement (complement (j , a, p), a, p) = (j mod p))

Definition:
complements (i , a, p)
= if i ' 0 then nil

elseif i ∈ complements (i − 1, a, p) then complements (i − 1, a, p)
else cons (i , cons (complement (i , a, p), complements (i − 1, a, p))) endif

Theorem: all-non-zerop-complements
(prime (p) ∧ (i < p) ∧ (¬ divides (p, a)))
→ all-non-zerop (complements (i , a, p))
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Theorem: bounded-complements
(i < p) → all-lesseqp (complements (i , a, p), p − 1)

Theorem: subsetp-positives-complements
subsetp (positives (n), complements (n, a, p))

Theorem: complements-closed-1
(prime (p)
∧ (i 6' 0)
∧ (i < p)
∧ (¬ divides (p, a))
∧ (j ∈ complements (i , a, p)))
→ (complement (j , a, p) ∈ complements (i , a, p))

Theorem: complements-closed-2
(prime (p)
∧ (i 6' 0)
∧ (j 6' 0)
∧ (i < p)
∧ (j < p)
∧ (¬ divides (p, a))
∧ (complement (j , a, p) ∈ complements (i , a, p)))
→ (j ∈ complements (i , a, p))

Theorem: all-distinct-complements-1
(prime (p)
∧ (i < p)
∧ (¬ divides (p, a))
∧ (¬ residue (a, p))
∧ all-distinct (complements (i − 1, a, p)))
→ all-distinct (complements (i , a, p))

Theorem: all-distinct-complements
(prime (p) ∧ (i < p) ∧ (¬ divides (p, a)) ∧ (¬ residue (a, p)))
→ all-distinct (complements (i , a, p))

Theorem: perm-positives-complements
(prime (p) ∧ (¬ divides (p, a)) ∧ (¬ residue (a, p)))
→ perm (positives (p − 1), complements (p − 1, a, p))

Theorem: complements-fact
(prime (p) ∧ (¬ divides (p, a)) ∧ (¬ residue (a, p)))
→ (times-list (complements (p − 1, a, p)) = fact (p − 1))

Theorem: times-mod-4
(((i ∗ j ) mod p) = (a mod p))
→ (((i ∗ (j ∗ k)) mod p) = ((a ∗ (k mod p)) mod p))
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Theorem: times-complements-1
((((i ∗ complement (i , a, p)) mod p) = (a mod p))
∧ ((i 6' 0) ∧ (i 6∈ complements (i − 1, a, p))))
→ ((times-list (complements (i , a, p)) mod p)

= ((a ∗ (times-list (complements (i − 1, a, p)) mod p)) mod p))

Theorem: times-complements-2
(prime (p) ∧ (¬ divides (p, i)) ∧ (i 6∈ complements (i − 1, a, p)))
→ ((times-list (complements (i , a, p)) mod p)

= ((a ∗ (times-list (complements (i − 1, a, p)) mod p)) mod p))

Theorem: quotient-plus-1
((n 6' 0) ∧ (x ∈ N) ∧ (y = (x + n)))
→ ((y ÷ n) = (1 + (x ÷ n)))

Theorem: times-complements-3
((i 6' 0) ∧ (i 6∈ complements (i − 1, a, p)))
→ ((length (complements (i , a, p)) ÷ 2)

= (1 + (length (complements (i − 1, a, p)) ÷ 2)))

Theorem: times-complements-4
(prime (p)
∧ (i 6' 0)
∧ (i < p)
∧ ((times-list (complements (i − 1, a, p)) mod p)

= (exp (a, length (complements (i − 1, a, p)) ÷ 2) mod p)))
→ ((times-list (complements (i , a, p)) mod p)

= (exp (a, length (complements (i , a, p)) ÷ 2) mod p))

Theorem: times-complements-5
(i ' 0)
→ ((times-list (complements (i , a, p)) mod p)

= (exp (a, length (complements (i , a, p)) ÷ 2) mod p))

Theorem: times-complements
(prime (p) ∧ (i < p))
→ ((times-list (complements (i , a, p)) mod p)

= (exp (a, length (complements (i , a, p)) ÷ 2) mod p))

Theorem: sub1-length-delete
(x ∈ b) → (length (delete (x , b)) = (length (b) − 1))

Theorem: equal-length-perm
perm (a, b) → (length (a) = length (b))

Theorem: length-positives
length (positives (n)) = fix (n)
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Theorem: euler-2-1
(prime (p) ∧ (¬ divides (p, a)) ∧ (¬ residue (a, p)))
→ ((exp (a, length (complements (p − 1, a, p)) ÷ 2) mod p) = (p − 1))

Theorem: euler-2-2
(prime (p) ∧ (¬ divides (p, a)) ∧ (¬ residue (a, p)))
→ (length (complements (p − 1, a, p)) = (p − 1))

Theorem: euler-2-3
(p 6' 0) → (divides (2, p) = (¬ divides (2, p − 1)))

Theorem: euler-2-4
(¬ divides (2, p)) → (((p − 1) ÷ 2) = (p ÷ 2))

Theorem: euler-2
(prime (p)
∧ (¬ divides (2, p))
∧ (¬ divides (p, a))
∧ (¬ residue (a, p)))
→ ((exp (a, p ÷ 2) mod p) = (p − 1))

Definition:
evenp (x )
= if x ' 0 then t

else ¬ evenp (x − 1) endif

Theorem: evenp-plus
evenp (a + b) = (evenp (a) = evenp (b))

Theorem: evenp-diff
evenp (p − x ) = ((p < x ) ∨ (evenp (p) = evenp (x )))

Theorem: evenp-times
evenp (a ∗ b) = (evenp (a) ∨ evenp (b))

Theorem: evenp-even
even (p) = evenp (p)

Theorem: even-plus
even (a + b) = (even (a) = even (b))

Theorem: even-diff
even (p − x ) = ((p < x ) ∨ (even (p) = even (x )))

Theorem: even-times
even (a ∗ b) = (even (a) ∨ even (b))
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Theorem: even-rem
(¬ even (p)) → (even (p − (x mod p)) = (¬ even (x mod p)))

Theorem: even-add1
even (1 + x ) = (¬ even (x ))

Event: Disable evenp-even.

Theorem: even-prime-2
(prime (p) ∧ (p 6= 2)) → (¬ even (p))

Theorem: even-prime
(prime (p) ∧ (p 6= 2)) → ((p mod 2) 6= 0)

Theorem: euler-criterion
(prime (p) ∧ (p 6= 2) ∧ (¬ divides (p, a)))
→ ((exp (a, p ÷ 2) mod p)

= if residue (a, p) then 1
else p − 1 endif)

Event: Disable euler-1.

Event: Disable euler-2.

Definition:
res1 (n, a, p)
= if n ' 0 then t

elseif (p ÷ 2) < ((a ∗ n) mod p) then ¬ res1 (n − 1, a, p)
else res1 (n − 1, a, p) endif

Definition:
reflections (n, a, p)
= if n ' 0 then nil

elseif (p ÷ 2) < ((a ∗ n) mod p)
then cons (p − ((a ∗ n) mod p), reflections (n − 1, a, p))
else cons ((a ∗ n) mod p, reflections (n − 1, a, p)) endif

Theorem: diff-mod-1
(b ≤ a) → (((a − (b mod p)) mod p) = ((a − b) mod p))

Theorem: rem-diff-times
((x < p) ∧ ((x 6' 0) ∧ (b 6' 0)))
→ ((((b ∗ p) − x ) mod p) = (p − x ))
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Theorem: reflect-commutes-with-times-1
(y ≤ p)
→ ((((p − y) ∗ x ) mod p) = ((p − ((y ∗ x ) mod p)) mod p))

Theorem: reflect-commutes-with-times-2
(y ≤ p)
→ (((x ∗ (p − y)) mod p) = ((p − ((x ∗ y) mod p)) mod p))

Theorem: times-exp-fact
(n 6' 0)
→ ((((a ∗ n) ∗ (exp (a, n − 1) ∗ fact (n − 1))) mod p)

= ((exp (a, n) ∗ fact (n)) mod p))

Theorem: rem-reflections-1
((p 6' 0)
∧ (n 6' 0)
∧ ((p ÷ 2) 6< ((a ∗ n) mod p))
∧ ((times-list (reflections (n − 1, a, p)) mod p)

= ((exp (a, n − 1) ∗ fact (n − 1)) mod p)))
→ ((times-list (reflections (n, a, p)) mod p)

= ((exp (a, n) ∗ fact (n)) mod p))

Theorem: rem-reflections-2
((p 6' 0)
∧ (n 6' 0)
∧ ((p ÷ 2) < ((a ∗ n) mod p))
∧ ((times-list (reflections (n − 1, a, p)) mod p)

= ((exp (a, n − 1) ∗ fact (n − 1)) mod p)))
→ ((times-list (reflections (n, a, p)) mod p)

= ((p − ((exp (a, n) ∗ fact (n)) mod p)) mod p))

Theorem: rem-reflections-3
((p 6' 0)
∧ (n 6' 0)
∧ (((a ∗ n) mod p) ≤ (p ÷ 2))
∧ ((times-list (reflections (n − 1, a, p)) mod p)

= ((p − ((exp (a, n − 1) ∗ fact (n − 1)) mod p)) mod p)))
→ ((times-list (reflections (n, a, p)) mod p)

= ((p − ((exp (a, n) ∗ fact (n)) mod p)) mod p))

Theorem: double-reflect
(a ≤ p) → (((p − ((p − a) mod p)) mod p) = (a mod p))

Theorem: rem-reflections-4
((p 6' 0)
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∧ (n 6' 0)
∧ ((p ÷ 2) < ((a ∗ n) mod p))
∧ ((times-list (reflections (n − 1, a, p)) mod p)

= ((p − ((exp (a, n − 1) ∗ fact (n − 1)) mod p)) mod p)))
→ ((times-list (reflections (n, a, p)) mod p)

= ((exp (a, n) ∗ fact (n)) mod p))

Theorem: rem-reflections-base-case
(n ' 0)
→ ((times-list (reflections (n, a, p)) mod p)

= ((exp (a, n) ∗ fact (n)) mod p))

Theorem: rem-reflections
(p 6' 0)
→ ((times-list (reflections (n, a, p)) mod p)

= if res1 (n, a, p) then (exp (a, n) ∗ fact (n)) mod p
else (p − ((exp (a, n) ∗ fact (n)) mod p)) mod p endif)

Theorem: length-reflections
length (reflections (n, a, p)) = fix (n)

Theorem: all-lesseqp-reflections-1
((p ÷ 2) < x ) → ((p ÷ 2) 6< (p − x ))

Theorem: all-lesseqp-reflections
all-lesseqp (reflections (n, a, p), p ÷ 2)

Theorem: all-non-zerop-reflections
(prime (p) ∧ (¬ divides (p, a)) ∧ (b < p))
→ all-non-zerop (reflections (b, a, p))

Theorem: all-distinct-reflections-1
(prime (p) ∧ (j < i) ∧ (i < p) ∧ (¬ divides (p, a)))
→ (((a ∗ i) mod p) 6= ((a ∗ j ) mod p))

Theorem: all-distinct-reflections-2
((x ∈ N) ∧ (y ∈ N) ∧ (x < p) ∧ (y < p))
→ (((p − x ) = (p − y)) = (x = y))

Theorem: numberp-remainder
(a mod p) ∈ N

Theorem: all-distinct-reflections-3
(prime (p) ∧ (j < i) ∧ (i < p) ∧ (¬ divides (p, a)))
→ ((p − ((a ∗ i) mod p)) 6= (p − ((a ∗ j ) mod p)))
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Theorem: plus-mod-1
(((x mod p) + y) mod p) = ((x + y) mod p)

Theorem: plus-mod-2
((y + (x mod p)) mod p) = ((x + y) mod p)

Theorem: all-distinct-reflections-4
((x = (p − y)) ∧ (y < p)) → (((x + y) mod p) = ’0)

Theorem: all-distinct-reflections-5
((((a ∗ i) mod p) = (p − ((a ∗ j ) mod p))) ∧ (p 6' 0))
→ (((a ∗ (i + j )) mod p) = ’0)

Theorem: all-distinct-reflections-6
((i ≤ (p ÷ 2)) ∧ (j < i))
→ (((i + j ) 6' 0) ∧ ((i + j ) < p))

Theorem: all-distinct-reflections-7
(prime (p) ∧ (¬ divides (p, a)) ∧ (i ≤ (p ÷ 2)) ∧ (j < i))
→ (((a ∗ i) mod p) 6= (p − ((a ∗ j ) mod p)))

Theorem: all-distinct-reflections-8
(prime (p) ∧ (¬ divides (p, a)) ∧ (i ≤ (p ÷ 2)) ∧ (j < i))
→ ((p − ((a ∗ i) mod p)) 6= ((a ∗ j ) mod p))

Theorem: all-distinct-reflections-9
(prime (p)
∧ (¬ divides (2, p))
∧ (¬ divides (p, a))
∧ (i ≤ (p ÷ 2))
∧ (j < i))
→ (((a ∗ i) mod p) 6∈ reflections (j , a, p))

Theorem: all-distinct-reflections-10
(prime (p)
∧ (¬ divides (2, p))
∧ (¬ divides (p, a))
∧ (i ≤ (p ÷ 2))
∧ (j < i))
→ ((p − ((a ∗ i) mod p)) 6∈ reflections (j , a, p))

Theorem: all-distinct-reflections
(prime (p)
∧ (¬ divides (2, p))
∧ (¬ divides (p, a))
∧ (i ≤ (p ÷ 2)))
→ all-distinct (reflections (i , a, p))
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Theorem: times-reflections
(prime (p) ∧ (¬ divides (2, p)) ∧ (¬ divides (p, a)))
→ (times-list (reflections (p ÷ 2, a, p)) = fact (p ÷ 2))

Theorem: plus-x-x-even
((x + x ) mod 2) = ’0

Theorem: res1-rem-1-1
((x 6' 0) ∧ (¬ divides (2, p))) → (((p − x ) mod p) 6= x )

Theorem: res1-rem-1
(prime (p)
∧ (¬ divides (2, p))
∧ (¬ divides (p, a))
∧ res1 (p ÷ 2, a, p))
→ ((exp (a, p ÷ 2) mod p) = 1)

Theorem: remainder-lessp
(a < p) → ((a mod p) = fix (a))

Theorem: res1-rem-2
(prime (p)
∧ (¬ divides (2, p))
∧ (¬ divides (p, a))
∧ (¬ res1 (p ÷ 2, a, p)))
→ ((exp (a, p ÷ 2) mod p) 6= 1)

Theorem: two-even
(¬ divides (2, p)) → ((p − 1) 6= 1)

Theorem: perm-reflections
(prime (p) ∧ (p 6= 2) ∧ (¬ divides (p, a)))
→ perm (positives (p ÷ 2), reflections (p ÷ 2, a, p))

Theorem: gauss-lemma-lemma
(prime (p) ∧ (¬ divides (p, a)) ∧ (¬ divides (2, p)))
→ (res1 (p ÷ 2, a, p) = residue (a, p))

Definition:
mu (n, a, p)
= if n ' 0 then t

elseif (p ÷ 2) < ((a ∗ n) mod p) then 1 + mu (n − 1, a, p)
else mu (n − 1, a, p) endif

Definition: gauss (a, p) = even (mu (p ÷ 2, a, p))
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Theorem: res1-gauss
res1 (n, a, p) = even (mu (n, a, p))

Theorem: gauss-lemma
(prime (p) ∧ (p 6= 2) ∧ (¬ divides (p, a)))
→ (gauss (a, p) = residue (a, p))

Definition:
sum (l)
= if listp (l) then car (l) + sum (cdr (l))

else 0 endif

Definition:
quotients (n, a, p)
= if n ' 0 then nil

else cons ((a ∗ n) ÷ p, quotients (n − 1, a, p)) endif

Definition:
remainders (n, a, p)
= if n ' 0 then nil

else cons ((a ∗ n) mod p, remainders (n − 1, a, p)) endif

Theorem: quotient-remainder-sum
(a ∗ sum (positives (n)))
= ((p ∗ sum (quotients (n, a, p))) + sum (remainders (n, a, p)))

Theorem: quotient-remainder-sum-parity
even (a ∗ sum (positives (n)))
= even ((p ∗ sum (quotients (n, a, p))) + sum (remainders (n, a, p)))

Theorem: even-mu
(¬ even (p))
→ (even (mu (n, a, p))

= (even (sum (remainders (n, a, p)))
↔ even (sum (reflections (n, a, p)))))

Theorem: perm-sum-lemma
(x ∈ m) → ((x + sum (delete (x , m))) = sum (m))

Theorem: perm-sum
perm (l , m) → (sum (l) = sum (m))

Theorem: sum-reflections
(prime (p) ∧ (p 6= 2) ∧ (¬ divides (p, a)))
→ (sum (reflections (p ÷ 2, a, p)) = sum (positives (p ÷ 2)))
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Theorem: gauss-quotients
(prime (p) ∧ (p 6= 2) ∧ (¬ even (a)) ∧ (¬ divides (p, a)))
→ (gauss (a, p) = even (sum (quotients (p ÷ 2, a, p))))

Theorem: equal-residue-even-plus
(prime (p) ∧ (p 6= 2) ∧ prime (q) ∧ (q 6= 2) ∧ (p 6= q))
→ ((residue (q , p) = residue (p, q))

= even (sum (quotients (p ÷ 2, q , p))
+ sum (quotients (q ÷ 2, p, q))))

Definition:
w (x , l)
= if listp (l)

then if car (l) < x then 1 + w (x , cdr (l))
else w(x , cdr (l)) endif

else 0 endif

Definition:
wins (k , l)
= if listp (k) then w(car (k), l) + wins (cdr (k), l)

else 0 endif

Definition:
all-numberp (l)
= if listp (l) then (car (l) ∈ N) ∧ all-numberp (cdr (l))

else t endif

Definition:
l (x , l)
= if listp (l)

then if x < car (l) then 1 + l (x , cdr (l))
else l (x , cdr (l)) endif

else 0 endif

Definition:
losses (k , l)
= if listp (k) then l (car (k), l) + losses (cdr (k), l)

else 0 endif

Theorem: plus-l-w
((x 6∈ l) ∧ (x ∈ N) ∧ all-numberp (l))
→ ((l (x , l) + w (x , l)) = length (l))

Theorem: plus-wins-losses
((intersect (l , m) ' nil) ∧ all-numberp (l) ∧ all-numberp (m))
→ ((wins (l , m) + losses (l , m)) = (length (l) ∗ length (m)))
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Theorem: equal-wins-losses
losses (l , m) = wins (m, l)

Theorem: plus-wins-wins
((intersect (l , m) ' nil) ∧ all-numberp (l) ∧ all-numberp (m))
→ ((wins (l , m) + wins (m, l)) = (length (l) ∗ length (m)))

Definition:
mults (n, p)
= if n ' 0 then nil

else cons (n ∗ p, mults (n − 1, p)) endif

Theorem: all-numberp-mults
(p 6' 0) → all-numberp (mults (n, p))

Theorem: empty-intersect-mults-lemma
(prime (p) ∧ prime (q) ∧ (p 6= q) ∧ (i < q) ∧ (j < p))
→ ((i ∗ p) 6∈ mults (j , q))

Theorem: empty-intersect-mults
(prime (p) ∧ prime (q) ∧ (p 6= q) ∧ (i < q))
→ (¬ listp (intersect (mults (i , p), mults (p ÷ 2, q))))

Theorem: length-mults
(n ∈ N) → (length (mults (n, p)) = n)

Theorem: lessp-a
(p 6' 0) → (a < ((1 + (a ÷ p)) ∗ p))

Theorem: leq-w-n
n 6< w(a, mults (n, p))

Theorem: lessp-rewrite
((a < (m ∗ p)) ∧ (m ≤ n)) → (a < (n ∗ p))

Theorem: lessp-w-m
(a < (m ∗ p)) → (w (a, mults (n, p)) < m)

Theorem: leq-w-quotient
(p 6' 0) → (w (a, mults (n, p)) ≤ (a ÷ p))

Theorem: monotone-w
(m ≤ n) → (w (a, mults (m, p)) ≤ w(a, mults (n, p)))

Theorem: leq-n-w
((n ∗ p) < a) → (n ≤ w (a, mults (n, p)))
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Theorem: leq-quotient-w
((p 6' 0) ∧ (¬ divides (p, a)) ∧ ((a ÷ p) ≤ n))
→ ((a ÷ p) ≤ w(a, mults (n, p)))

Definition:
lqq-induct (a, b, c, d)
= if b ' 0 then t

elseif d ' 0 then t
elseif a < d then t
elseif c < b then t
else lqq-induct (a − d , b, c − b, d) endif

Theorem: leq-times-quot
((b 6' 0) ∧ ((a ∗ b) ≤ (c ∗ d))) → ((a ÷ d) ≤ (c ÷ b))

Theorem: leq-j-a
(j ≤ a) → ((j ∗ q) ≤ (a ∗ q))

Theorem: leq-quot-times
(j ≤ (p ÷ 2)) → (((j ∗ q) ÷ p) ≤ (q ÷ 2))

Theorem: equal-quot-w
(prime (p) ∧ (¬ divides (p, q)) ∧ (j 6' 0) ∧ (j ≤ (p ÷ 2)))
→ (w (j ∗ q , mults (q ÷ 2, p)) = ((j ∗ q) ÷ p))

Theorem: equal-wins-sum-quotients
(prime (p) ∧ (¬ divides (p, q)) ∧ (j ≤ (p ÷ 2)))
→ (sum (quotients (j , q , p)) = wins (mults (j , q), mults (q ÷ 2, p)))

Theorem: law-of-quadratic-reciprocity
(prime (p) ∧ (p 6= 2) ∧ prime (q) ∧ (q 6= 2) ∧ (p 6= q))
→ ((residue (q , p) = residue (p, q)) = even ((p ÷ 2) ∗ (q ÷ 2)))
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