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EVENT: Start with the initial nqthm theory.
EVENT: For efficiency, compile those definitions not yet compiled.

; The floor of the square root. This definition is taken from Goodstein.

DEFINITION:

rt ()

= ifz ~0 then 0
elseif (14+rt(z — 1))« (1 4+ rt(z —1))) =z then 1 + rt(z — 1)
else rt (z — 1) endif

THEOREM: times-addl
(zx(1+y)=(z+ (z*y))

THEOREM: plus-addl
(z+Q+y)=>0+(z+y)



THEOREM: square-0
((z x2) =0) = (xz ~0)

THEOREM: square-monotonic

(b £ a) = ((bxb) £ (axa))

THEOREM: spec-for-rt

(y £ (vt (y) * rt (y)))
Ay < (4 (e (y) + (b (y) + (b (y) =1t (y))))))

THEOREM: rt-is-unique
((aeN)A((axa)<y)A(y <(L+a)=x(1l+ a)))
— (a=rt(y))

THEOREM: ncons-lemma
rt (u + ((uw + v) *x (u + v))) = (v + v)

DEFINITION: ncar (z) = (z — (1t (z) * 1t (2)))
DEFINITION: ncdr (z) = (rt (z) — ncar (z))
DEFINITION: ncons (4, 5) = (i + ((i + 7) * (i + J)))

THEOREM: ncar-ncons
(i € N) — (ncar (ncouns (7, j)) = i)

THEOREM: ncdr-ncons
(j € N) — (ncdr (ncons (4, 7)) = j)

DEFINITION: ncadr () = ncar (nedr (z))
DEFINITION: ncaddr (z) = ncar (nedr (nedr (z)))

THEOREM: rt-lessp

((z £0) A (z # 1)) — (it (2) < x)

; I’m sure the system could prove this without the hint, but it would use
H induction and this is the obvious way to do it.

THEOREM: rt-lesseqp

z £ rt(z)

THEOREM: difference-0
(z<y)—((z—y)=0)



THEOREM: lessp-difference-1
(a —b) <)
= ifa<b then 0<c
else a < (b + ¢) endif

THEOREM: ncar-lesseqp
z ¢ ncar (z)

THEOREM: crock
(z < (rt(z) —d) =1

THEOREM: ncdr-lesseqp
z £ nedr (x)

THEOREM: ncdr-lessp

((fn € N) A (ncar (fn) # 0) A (ncar (fn) # 1)) — (nedr (fn) < fn)

EVENT: Disable ncar.
EVENT: Disable ncdr.

DEFINITION:
pr-apply (fn, arg)
= if fn ¢ N then 0
elseif ncar (fn) = 0 then 0
elseif ncar (fn) = 1 then arg
elseif ncar (fn) = 2 then 1+ arg
elseif ncar (fn) = 3 then rt (arg)
elseif ncar (fn) = 4
then if arg ~ 0 then 0
else pr-apply (ncdr (fn), pr-apply (fn, arg — 1)) endif
elseif ncar (fn) =5
then pr-apply (ncadr (fn), arg) + pr-apply (ncaddr (fn), arg)
elseif ncar (fn) = 6
then pr-apply (ncadr (frn), arg) — pr-apply (ncaddr (fn), arg)
elseif ncar (fn) =7
then pr-apply (ncadr (fn), arg) * pr-apply (ncaddr (fn), arg)
elseif ncar (fn) = 8
then pr-apply (ncadr (fn), pr-apply (ncaddr (fn), arg))
else 0 endif

DEFINITION: non-pr-fn (z) = (1 + pr-apply (z, z))

DEFINITION: counter-example-for (z) = fix ()



THEOREM: non-pr-functions-exist

non-pr-fn (counter-example-for (fn)) # pr-apply (fn, counter-example-for (fn))

THEOREM: counter-example-for-numeric
counter-example-for (z) € N

EvENT: Disable pr-apply.

DEFINITION:
max2 (fn, i)
= if ¢ ~ 0 then pr-apply (fn, 7)
else max (pr-apply (fn, i), max2 (fn, i — 1)) endif

DEFINITION:
max1 (fn, i)
= if fn ~ 0 then max2 (fn, i)
else max (max2 (fn, i), maxl (fn — 1, 7)) endif

THEOREM: max2-gte
max2 (i, j) £ pr-apply (i, j)

DEFINITION: exceed (5) = (1 + max1 (j, j))
DEFINITION: exceed-at (i) = @

THEOREM: max1-gtel
(fn € N) — (max1(j + fn, i) £ pr-apply (fn, i))

THEOREM: max]1-gte2

(fn € N) — (max1(j + fn, j + fn) £ pr-apply (fn, j + fn))

THEOREM: exceed-is-bigger
(fn e N)

—  (pr-apply (fn, j + exceed-at (fn)) < exceed (j + exceed-at (fn)))
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