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EVENT: Start with the initial nqthm theory.

>

; load initial database

This file was developed by Ken Kunen, kunen@cs.wisc.edu. It checks

the fundamental theorem of arithmetic. Unlike the proof in the book

A Compuational Logic and in the file basic.events, Kunen’s proof does not
need auxilliary functions, e.g., gcd. Why should one be interested

in this matter?

In full first order logic, one can show that definitions are
unnecessary, both in the ‘‘use sense’’ that they are ‘‘eliminable’’
from theorems in which they occur and in the f‘unnecessary’’ sense
that anything that can be proved with a definition (whose statement
does not involve that definition) can be proved without the
definition.

However, NQTHM does not provide the full power of first order logic.
It remains an open question, can any Ngthm theorem be proved without
the definition of concepts not used in the theorem? Kunen did the



; job for prime factorization. Can someone else do the job for, say,
; Wilson’s theorem?

; Foregoing comments by Robert S. Boyer

; file basic4 -- proof of prime-factorization uniqueness

; no definitions needed except those used to state the theorem,
; EXCEPT the identically O function kludge used to

; force the correct induction.

; events in caps were just copied from basic.events

; no attemt to be elegant here, but it works

; time on decstation3100: [ 22.7 1448.2 29.1 ]

5333333335 basic defns -- needed to state the uniqueness of prime fact.

DEFINITION: divides (z, y) = ((y mod z) =~ 0)

DEFINITION:
primel (z, y)
= if y~0 then f
elseif y = 1 then t
else (— divides (y, z)) A primel (z, y — 1) endif

DEFINITION:
prime (z) = ((z 2 0) A (z # 1) A primel (z, z — 1))

DEFINITION:
delete (z, y)
= if listp (y)
then if z = car (y) then cdr (y)
else cons (car (y), delete (z, cdr (y))) endif
else y endif

DEFINITION:

perm (a, b)

= if @ ~ nil then b ~ nil
elseif car (a) € b then perm (cdr (a), delete (car (a), b))
else f endif

DEFINITION:
prime-list (1)
= if [ ~nil then t
else prime (car (1)) A prime-list (cdr (7)) endif



DEFINITION:
times-list (1)
= if | ~nil then 1
else car (1) * times-list (cdr (1)) endif

; end defns

; THE GOAL

; (PROVE-LEMMA PRIME-FACTORIZATION-UNIQUENESS NIL

; (IMPLIES (AND (PRIME-LIST L1)

; (PRIME-LIST L2)

; (EQUAL (TIMES-LIST L1)

; (TIMES-LIST L2)))
; (PERM L1 L2)))

2999993933933 3333333333))
HHH Basic facts about +, *, -

2999999993993

THEOREM: plus-right-id2
(y €N) — ((z + y) = fix(z))

THEOREM: plus-addl

(@ + (1+ )

= if y €N then 1+ (z + )
else 1 + z endif

THEOREM: commutativity2-of-plus
(z++2)=>H+(+2)

THEOREM: commutativity-of-plus
(z+y) =(y+uz)

THEOREM: associativity-of-plus
(z+y)+2)=(+(y+2)

THEOREM: plus-equal-0
((a +b)=0)=((a=0)A(b=0))

THEOREM: difference-x-x
(x —z)=0



THEOREM: difference-plus
(((z +y) — ) =fix(y)) A (((y + 2) — z) = fix(y))

THEOREM: plus-cancellation
((a+b) = (a+c)) = (fix(b) = fix(c))

THEOREM: difference-0

(y£z)—((z —y)=0)

THEOREM: equal-difference-0

(0= (z—y)=(y £

THEOREM: difference-cancellation-0
(z=(—-y)=(zeN)A((z=0)V (y~0)))

THEOREM: difference-cancellation-1

((z —y)=(z-y)

= ifz <y theny Lz
elseif z < y then y £ z
else fix (z) = fix (z) endif

THEOREM: times-zero2
(y ¢N) — ((z * y) = 0)

THEOREM: distributivity-of-times-over-plus
(zx(y+2)=zxy) + (zx2))

THEOREM: times-addl

(z+ (1+9))
= ify €N then z + (z * y)
else fix (z) endif

THEOREM: commutativity-of-times
(z xy) = (y * x)

THEOREM: commutativity2-of-times
(zx (y x 2)) = (y x (z % 2))

THEOREM: associativity-of-times
(2 y) x 2) = (zx (y x 2))

THEOREM: equal-times-0
((zxy) =0)=((z=0) vV (y ~0))

THEOREM: equal-lessp

(< y) = 2)

= ifz<y thent=2
else f = 2z endif



THEOREM: difference-elim
(yeN)A(y£2) = ((z+(y—2)=1y)

THEOREM: lessp-times-1

(i £0) = ((i xj) £J)

THEOREM: lessp-times-2

(i £0) = (G = i) £7)

THEOREM: difference-plusl
((z +y) —z) =fix(y)

THEOREM: difference-plus2
((y + z) — 2) = fix(y)

THEOREM: difference-plus-cancelation
(z+y) - (z+2)=(U-2)

THEOREM: times-difference

(zx(c—w))=((cxz)— (w=*zx))

THEOREM: difference-plus3
((b+(a+c)—a)=(b+c)

THEOREM: difference-add1-cancellation
(Q+(y+2) —2)=10+y)

THEOREM: lessp-plus-cancelation
(z+y) <@ +2)=(y<2)

THEOREM: lessp-times-cancellation

((zx2) <(yx2) =((z£0) A (z <y))

THEOREM: lessp-plus-cancellation3
(y <(z+y)=(z#0)

THEOREM: times-id-iff-1
(z=(wx2)=((zeN)A((z=0)V (v=1))

THEOREM: times-identityl

(yeN)A(y#1) A(y#0) Az #0) = (¢ # (zxy))

THEOREM: times-identity
(z=(@x*xy)=((z=0V((zeN)A(y=1))



THEOREM: times-equal-1

(a*b)=1)
— ((a#0)
A (b #£0)
A (a €N)
A (b eN)
A ((a—1)=0)
A (b —1)=0))

3999993993993 3933933333333333)

List facts -- pure lists only

3999999999993

THEOREM: delete-non-member
(z € y) — (delete (z, y) = y)

THEOREM: member-delete
(z € delete (u, v)) — (z € v)

THEOREM: commutativity-of-delete
delete (z, delete (y, z)) = delete (y, delete (z, 2))

THEOREM: lessp-count-delete
(n € 1) — (count (delete (n, 1)) < count (1))

;33 ok to here —-- save as basic4a

3999999999999 9993999339333 333333333333)

""" Quotients, Remainders, Divisibility

2999999999999

11ttt this one is really important

THEOREM: remainder-quotient
((z mod ) + (y + (v + 1)) = fix (z)

THEOREM: remainder-wrt-1
(ymod 1) =0

THEOREM: remainder-wrt-12
(z ¢ N) — ((y mod z) = fix(y))



THEOREM: lessp-remainder2
((z mod y) < y) = (y #0)

THEOREM: remainder-x-x
(r mod z) =0

THEOREM: remainder-quotient-elim
((y 20) A(z €N)) — (((z mod y) + (y * (z + y))) = z)

THEOREM: lessp-quotient1

(7)) <i)=((C#0)A(G=0)V([#1)

THEOREM: lessp-remainderl

((zmod y) < z) = ((y £0) A (z £0) A (z £ y))

THEOREM: divides-times
((z * z) mod z) =0

THEOREM: remainder-addl

((y#0) A (y#1)) — (1 + (z * y)) mod y) # 0)

THEOREM: divides-plus-rewritel
(((x mod 2z) =0) A ((y mod 2) =0)) — (((z + y) mod z) = 0)

THEOREM: divides-plus-rewrite2
(= mod z) = 0) A ((y mod z) # 0)) — (((x + y) mod z) # 0)

THEOREM: divides-plus-rewrite
(z mod 2) = 0) — ((((z + y) mod ) = 0) = ((y mod 2) = 0))

THEOREM: divides-plus-rewrite-commuted
((z mod 2) = 0) — ((((y + =) mod z) = 0) = ((y mod z) = 0))

THEOREM: euclid
((z mod z) = 0)
— ((((y — =) mod z) = 0)
= ifz <y then (y mod z) =0
else t endif)

THEOREM: remainder-0-crock
(0Omod y) =0

THEOREM: quotient-timesl
((y e N) A (z € N) A (z #0) A divides (z, y))
- ((zx(y+12)=y)



THEOREM: quotient-lessp

((z £0) Az < y)) = ((y + x) #0)

THEOREM: divides-timesl
(e =(z xy)) — ((a mod z) = 0)

THEOREM: quotient-divides
((y eN) A ((z * (y + 2)) # y)) — ((y mod z) # 0)

THEOREM: quotient-times

((y * z) + y)

= if y~0 then 0
else fix (z) endif

THEOREM: distributivity-of-divides
((a #£0) A divides (a, w)) — ((¢ * (w + a)) = ((¢ * w) + a))

2999999999999 9333339999333
;53 Times-list and Prime-list facts -- only stuff that
;5; doesn’t depend on meaning of "prime"

3999993993393 39333339333333333333)

THEOREM: times-list-append
times-list (append (z, y)) = (times-list (z) * times-list (y))

THEOREM: prime-list-append
prime-list (append (z, y)) = (prime-list (z) A prime-list (y))

THEOREM: prime-list-delete
prime-list (I12) — prime-list (delete (z, 12))

; ok to here -- save as "basic4b"

2229999933332 393333323333333)
;55 Primes and their properties

2999999999993

; as far as possible, try to express theorems in terms of

; divisibility, rather than remainder=0 -- then, in later lemmas,
; we don’t have to expand DIVIDES
; ?77?77777?7 actually, that’s not so clear -- divides is still

; expanded, even when it’s disabled



THEOREM: primes-are-big
prime (p) — ((1 < p) =t)

THEOREM: little-step-aux1
(primel (p, 2) A (1 < y) A (y < 2)) — (= divides (y, p))

THEOREM: little-step-aux2
(prime (p) A (1 < y) A (y < p)) — (= divides (y, p))

THEOREM: little-step-aux3
(1 <p) A1 <y) Adivides (y, p)) = (y < p)

THEOREM: little-step
(prime (p) A (1 < y) A (y # p)) — (— divides (y, p))

THEOREM: exact-remainder-quotient
((z € N) A divides (p, 2)) — ((p * (¢ + p)) = z)

THEOREM: divides-product-aux1
divides (p, z) — ((z * y) = (p * ((z + p) * y)))

THEOREM: divides-product-aux2
divides (p, p x w) =t

THEOREM: divides-product
divides (p, ) — divides (p, = * y)

; ok to here -- saved as basicédc

THEOREM: divides-sum
(divides (p, u + v) A divides (p, v)) — divides (p, u)

; really just a restatement of DIVIDES-PLUS-REWRITE

THEOREM: divides-reduction-auxl
(1 <p)—= (((p mod b) + (b *(p+ b)) =p)

; just a restatement of REMAINDER-QUOTIENT

; now, multiply on left by a:

THEOREM: divides-reduction-aux2
(1<p)
—  (((a * (p mod b)) + (a * (b= (p+ 1)) = (a*p))



; since p divides ax*p:

THEOREM: divides-reduction-aux3
(1 < p) — divides (p, (a * (p mod b)) + (a * (b x (p + b))))

; now, if p divides axb, it divides the second term

THEOREM: divides-reduction-aux4
divides (p, a * b) — divides (p, a * (b * anything))

; hence:

THEOREM: divides-reduction
((1 < p) A divides (p, a * b)) — divides (p, a * (p mod b))

; point of this lemma -- it reduces b to a smaller b’, so induction can be used

; basis for induction:

THEOREM: prime-divides-small-product-aux1
divides (p, a * 1) — divides (p, a)

; ok
THEOREM: prime-divides-small-product-aux2

(prime (p) A (1 < b) A (b < p)) — (0 < (p mod D))
; just a restatement of little-step

; ok to here -- save as "basic4d"

; goal -- prime-divides-small-product is of form:

; (prime p) --> phi(b,p,a)

; we want to prove a lemma saying (prime p) & not(phi(b,p,a)) -->

; remainder(p,b) < b and not(phi(remainder(p,b),p,a))

; phi is: not( b<p and 0<b and divides(p, a*b) and not(divides(p, a)))
; we can’t seem to prove the induction lemma all in one step

THEOREM: prime-divides-small-product-aux3
(0<bd) = ((1<bd)V(L=0)

; ok

10



THEOREM: prime-divides-small-product-aux4
((0 < b) A divides(p, a * b) A (— divides (p, a))) — (1 < b)

; ok

; i.e., the the induction lemma is trivial unless 1<b

THEOREM: prime-divides-small-product-auxb
(prime (p) A (1 < b)) — ((p mod b) < b)

; ok

THEOREM: prime-divides-small-product-aux6

(prime (p) A (1 < b) A (b < p)) — (0 < (p mod D))
; ok

THEOREM: prime-divides-small-product-aux7

(prime (p) A (1 < b) A (b < p)) — ((p mod b) < p)

; ok

THEOREM: prime-divides-small-product-aux8

(prime (p)

A (1<D)

A (b <p)

A divides (p, a * b)
A (- divides (p, a)))
— (((p mod b) < b)

A (0 < (p mod b))
A ((p mod b) < p)
A divides (p, a * (p mod b))
A (= divides (p, a)))

; the induction lemma -- same as above, but with 1 replaced by 0O

THEOREM: prime-divides-small-product-aux9

(prime (p)
A (0 < D)
A (b <p)

A divides (p, a * b)

11



A (- divides (p, a)))
— (((p mod b) < b)
A (0 < (p mod b))
A ((p mod b) < p)
A divides (p, a * (p mod b))
A (= divides (p, a)))

; rewrites trivially to T after 76.3 sec

; we still have to force ngthm to do the right induction

DEFINITION:
kludge (b, p)
= if = prime (p) then 0
elseif 0 £ b then 0
else kludge (p mod b, p) endif

; always returns O, but now we can use it in an induct hint

THEOREM: prime-divides-small-product
(prime (p) A divides (p, @ * b) A (0 < b) A (b < p))
—  divides (p, a)

; ok after 199.1 sec -- probably phrasing some of the auxilliary
; lemmas as rewrite rules would have helped speed things up

;55 ok to here -- save as basic4e
; now, try to replace (b < p) by (not (divides p b))

; idea -- if p divdes a*b, then p divides a*(b mod p) -- if b mod p
; isn’t 0, then it’s between O and p, so apply prime-divides-small-product

; first step —— prove a variant of divides-reduction, but replacing
; (remainder p b) by (remainder b p)

; i.e. : divides p (a * b) --> divides p (a * remainder b p)

; say,

; plan

; remainder b p + p * b/p = fix( b) (REMAINDER-QUOTENT)
; a * remainder bp +a*x (p*xb/p) =ax*b

12



THEOREM: divides-reduction-var-auxl
(b eN)
—  (((a * (b mod p)) + (a* (p * (b + p)))) = (axb))

THEOREM: divides-reduction-var-aux2
divides (p, p * anything)

THEOREM: divides-reduction-var-aux3
(a x (p * anything)) = (p * (a * anything))

THEOREM: divides-reduction-var-aux4
divides (p, a * (p * anything))

THEOREM: divides-reduction-var
((b € N) A divides (p, a * b)) — divides (p, a * (b mod p))

; ok to here -- save as basic4f

THEOREM: prime-divides-product-aux1
((b mod p) # 0) — ((0 < (b mod p)) = t)

THEOREM: prime-divides-product-aux2
prime (p) — (((b mod p) < p) =t)

THEOREM: prime-divides-product
(prime (p) A divides (p, a x b) A (— divides (p, b))) — divides (p, a)

55333355 THIS is the key lemma -- the rest should be just list-hacking

THEOREM: car-divides-times-list
listp (1) — divides (car (1), times-list (1))

THEOREM: divides-equal
(prime (p) A prime (q) A divides (p, q)) — ((p = ¢) = t)

; following should be trivial by times-divides-product

THEOREM: prime-divides-list-aux1
(prime-list (1)

prime (p)

listp (1)

divides (p, times-list (1))

(= divides (p, times-list (cdr (1)))))

divides (p, car (1))

L >>>>

13



EVENT: Disable prime-divides-small-product-auxl.
EVENT: Disable prime-divides-small-product-aux2.
EVENT: Disable prime-divides-small-product.

; these auxilliaries are getting in the way

THEOREM: prime-divides-list-aux2
(prime-list (1)

A prime (p)

A listp (1)

A divides (p, times-list (1))

A (= divides (p, times-list (cdr (1)))))
~ (ear(l) = p)

; ok

EVENT: Disable prime-divides-list-aux1.

; basis of induction

THEOREM: prime-divides-list-aux3
(prime (p) A (I =~ nil)) — (- divides (p, times-list (1)))

; ok

; 8o it can see the trivial induction:
THEOREM: prime-divides-list-aux4

(prime-list (1) A prime (p) A divides (p, times-list (1)))

—  (listp (1) A ((car (I) = p) V divides (p, times-list (cdr (1)))))
; ok

EVENT: Disable prime-divides-list-aux2.
EvVENT: Disable prime-divides-list-aux3.
; now, by a simple induction on L:

14



THEOREM: prime-divides-list
(prime-list (I) A prime (p) A divides (p, times-list (1))) — (p € )

; ok

;55 two lemmas from basic.events now follow trivially

THEOREM: prime-list-times-list
(prime (¢) A prime-list (12) A (¢ € 12))
—  ((times-list (12) mod c¢) # 0)

THEOREM: prime-member
(((c * times-list (11)) = times-list ({2)) A prime (¢) A prime-list ({2))
— (cel?2)

; this is the base case in PRIME-FACTORIZATION-UNIQUENESS

THEOREM: void-case
(prime-list (I) A (1 = times-list (1))) — (I ~ nil)

; ok
THEOREM: product-delete
(z € 1) — (times-list (I) = (z * times-list (delete (z, 1))))

; ok

THEOREM: times-cancellation
((0<p)A((p*z)=(pxy)) — (fix(z) = fix(y))

; ok

THEOREM: number-times-cancellation
(z eN)A(yeN)A(0O<p)A((p*z)=(p=*y))
= ((z=y)=1t)

; ok

15



THEOREM: products-are-numbers
(times-list (I) e N) =t

; ok

; changed

THEOREM: divide-by-member-aux1

((pel) A ((p*x)= times-list (1))

—  ((p * times-list (delete (p, 1)) = (p * z))

; ok

; next is just a kludge to force final rewrite
; with hypotheses stated in exact form required

THEOREM: divide-by-member-aux2

(((p * ) = times-list (1))
N (ze N)

times-list (I) = (p * times-list (delete (p, 1)))))
times-list (delete (p, 1)) = x)

A
AN (pe€ N)
A
-
; trivially, we should have now:
THEOREM: divide-by-member
((zeN)A(pel)n(0<p) A ((p*2x)=times-list (1))
—  (times-list (delete (p, 1)) = )
; ok
THEOREM: divide-by-prime-member-aux1
(prime-list (I) A (p € 1)) — prime (p)
; since primes are positive:
THEOREM: divide-by-prime-member
((x € N) A prime-list (1) A (p € 1) A ((p * z) = times-list (1)))
—  (times-list (delete (p, 1)) = )
; ok

; should handle induction case in prime factorization uniqueness

16



THEOREM: reduct-product
(prime-list (11)
A prime-list (12)
A (times-list (1) = times-list ({2))
A listp (1)
A (car (l1) € 12))
—  (times-list (delete (car (1), 12)) = times-list (cdr ({1)))

; ok

2993999993993 3333333333333)

; On to the goal:

9999999999999 3999933333333

EVENT: Disable divides-equal.
EvVENT: Disable divide-by-prime-member-aux1.

THEOREM: prime-factorization-uniqueness-aux1
(prime-list (1) A listp (1)) — (1 < times-list (1))

; a trivial variant:

THEOREM: prime-factorization-uniqueness-aux2
(prime-list (1) A (1 = times-list (1))) — (- listp (1))

EVENT: Disable product-delete.

; seems to require some hints in our present setting

THEOREM: prime-factorization-uniqueness
(prime-list (1) A prime-list (I2) A (times-list (1) = times-list (12)))
— perm (I, 12)

17
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associativity-of-plus, 3
associativity-of-times, 4

car-divides-times-list, 13
commutativity-of-delete, 6
commutativity-of-plus, 3
commutativity-of-times, 4
commutativity2-of-plus, 3
commutativity2-of-times, 4

delete, 2, 6, 8, 15-17
delete-non-member, 6
difference-0, 4
difference-add1-cancellation, 5
difference-cancellation-0, 4
difference-cancellation-1, 4
difference-elim, 5
difference-plus, 4
difference-plus-cancelation, 5
difference-plusl, 5
difference-plus2, 5
difference-plus3, 5
difference-x-x, 3
distributivity-of-divides, 8
distributivity-of-times-over-pl
us, 4
divide-by-member, 16
divide-by-member-aux1, 16
divide-by-member-aux2, 16
divide-by-prime-member, 16
divide-by-prime-member-aux1, 16
divides, 2, 7-15
divides-equal, 13
divides-plus-rewrite, 7
divides-plus-rewrite-commuted, 7
divides-plus-rewritel, 7
divides-plus-rewrite2, 7
divides-product, 9
divides-product-aux1, 9
divides-product-aux2, 9
divides-reduction, 10
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divides-reduction-aux1, 9
divides-reduction-aux2, 9
divides-reduction-aux3, 10
divides-reduction-aux4, 10
divides-reduction-var, 13
divides-reduction-var-aux1, 13
divides-reduction-var-aux2, 13
divides-reduction-var-aux3, 13
divides-reduction-var-aux4, 13
divides-sum, 9

divides-times, 7
divides-timesl1, 8

equal-difference-0, 4
equal-lessp, 4
equal-times-0, 4

euclid, 7
exact-remainder-quotient, 9

kludge, 12

lessp-count-delete, 6
lessp-plus-cancelation, 5
lessp-plus-cancellation3, 5
lessp-quotientl, 7
lessp-remainderl, 7
lessp-remainder2, 7
lessp-times-1, 5
lessp-times-2, 5
lessp-times-cancellation, 5
little-step, 9
little-step-aux1, 9
little-step-aux2, 9
little-step-aux3, 9

member-delete, 6
number-times-cancellation, 15
perm, 2, 17

plus-addl, 3
plus-cancellation, 4



plus-equal-0, 3
plus-right-id2, 3

prime, 2, 9-16
prime-divides-list, 15
prime-divides-list-aux1, 13
prime-divides-list-aux2, 14
prime-divides-list-aux3, 14
prime-divides-list-aux4, 14
prime-divides-product, 13

prime-divides-product-aux1, 13
prime-divides-product-aux2, 13
prime-divides-small-product, 12
prime-divides-small-product-aux

1, 10
2, 10
3,10
4,11
5,11
6, 11
7,11
8, 11
9, 11

prime-factorization-uniqueness, 17
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