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EVENT: Start with the initial nqthm theory.
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;*sequence and finite set utilities

;5;The ith entry in 1.

DEFINITION:

nth (1, 7)
= if listp (1)



then if i = 1 then car (I)
else nth (cdr (1), i — 1) endif
elseif [ € N
then if i = 1 then [
else f endif
else f endif

EVENT: Disable nth.

;;;update ith entry of 1 to be k

DEFINITION:
move (I, i, k)
= if i =0 then I
elseif [ ~ nil
then if ¢ = 1 then &
else [ endif
elseif i = 1 then cons (k, cdr (1))
else cons (car (1), move (cdr (1), i — 1, k)) endif

EVENT: Disable move.

DEFINITION: at (I, 4, k) = (nth (I, i) = k)

EVENT: Disable at.

DEFINITION:

length (1)

= if listp () then 1 + length (cdr (1))
else ZERO endif

EVENT: Disable length.

;;;The nth entry in 1 is in the list i.
DEFINITION: union-at-n (I, n, i) = (nth (I, n) € i)

EVENT: Disable union-at-n.

;3 3Any entry in 1 is in the list 1i.

DEFINITION:
all-union (I, n, ©)
= ifn~0 thent
else union-at-n (I, n, i) A all-union (I, n — 1, i) endif



EVENT: Disable all-union.

;;;There exists an entry in 1 which belongs to
;;;the 1list i, moreover when exists, some such
;53] 1s returned.
DEFINITION:
exist-union (I, n, i)
= ifn~0 thenf

elseif union-at-n (I, n, i) then n

else exist-union (I, n — 1, i) endif

EVENT: Disable exist-union.

;5;0 1s in the intersection of 18-12 and g34.

DEFINITION:
intersect-8-12-3-4-at-n (n, I, g)
= (union-at-n(l, n, (8 9 10 11 12)) A union-at-n(g, n, > (3 4)))

EVENT: Disable intersect-8-12-3-4-at-n.

;;;There exists n in the intersection of 18-12 and g34.

DEFINITION:

exist-intersect-8-12-3-4 (n, I, g)

= if n ~0 then f
elseif intersect-8-12-3-4-at-n (n, I, g) then n
else exist-intersect-8-12-3-4 (n — 1, I, g) endif

EVENT: Disable exist-intersect-8-12-3-4.

;¥Flag invariant.

DEFINITION:
lg-1-at-n (n, I, g)
= ((at(l, n, 0) A at (g, n, 0))

vV (at(l, n, 1) A at (g, n, 0))
v (at (I, n, 2) A at(g, n, 0))
v (at (I, n, 3) A at(g, n, 1))
vV (at (I, n, 4) A at(g, n, 1)))

EVENT: Disable lg-1-at-n.



DEFINITION:
lg-2-at-n (n, I, g)

= ((at (1, n, 5) A at (g, m, 3))
vV (at (I, n, 6) A at (g, n, 3))
vV (at(l, n, 7) A at(g, n, 2))
vV (at(l, n, 8) A at(g, n, 3))
vV (at(l, n, 8) Aat(g, n,2)))

EvVENT: Disable 1g-2-at-n.

DEFINITION:

lg-3-at-n(n, I, g)

= ((at({, n, 9) A at(g, n, 4))
vV (at(l, n, 10) A at (g, n, 4))
Vo (at(l, n, 11) A at (g, n, 4))
Vo (at (I, n, 12) A at(g, n, 4)))

EVENT: Disable 1g-3-at-n.

DEFINITION:

lg-at-n (n, I, g)

= (lg-1-at-n(n, I, g) A lg-2-at-n(n, I, g) A lg-3-at-n(n, I, g))
EvENT: Disable 1g-at-n.

DEFINITION:

lg(n, I, g)
= ifn~0 thent
else lg-at-n (n, I, g) Alg(n — 1, 1, g) endif

EVENT: Disable lg.

;*The set {1...n}.
DEFINITION:
nset (n)

= if n ~ 0 then nil
else cons (n, nset (n — 1)) endif

EVENT: Disable nset.

;;;0 belongs to nset.



THEOREM: n-in-nset
(n #20) — (n € nset (n))

;5 ;Any element in nset is a number.

THEOREM: nset-number
(k € nset (n)) — (k € N)

;53 If a nonzero number plus one belongs to nset,
;;;then so does the nonzero number itself.

THEOREM: addl-nset
((k20)A((1+ k) € nset(n))) — (k € nset (n))

;53Any list has its length at least nonzero.

THEOREM: list-In
listp (I) — (length (1) # 0)

;3;(move 1 k i) is again a list if 1 is a list.

THEOREM: move-is-list
listp (1) — listp (move (1, k, 7))

EVENT: Enable length.
;;;(move 1 k i) has i as its kth entry.
;55 (enable length) is critical to prove this lemma.

THEOREM: move-nth
(listp (1) A (k € nset (length (1)))) — (nth (move (I, k, 1), k) = 1)

THEOREM: zero-not-member-nset
0 ¢ nset (n)

;;;Lists 1 and (move 1 k i) have the same length.

THEOREM: move-unchange-length
(listp (1) A (k € nset (length (1))))
—  (length (move (I, k, 7)) = length (1))

;;;Lists 1 and (move 1 k i) have the same entries
;5 ;except kth one.

THEOREM: move-unchange-other-than-nth
(listp (1) A (k € nset (length (1))) A (j # k))
—  (uth (move (I, k, i), j) = nth (1, 5))



THEOREM: member-ex-union
exist-union (I, n, i) — (exist-union (I, n, i) € nset (n))

;33 (exist-union 1 n i) is a number.

THEOREM: number-ex-union
exist-union (I, n, i) — (exist-union (I, n, i) € N)

;5 (exist-intersect-8-12-3-4 n 1 g) belongs to nset.

THEOREM: member-intersect
exist-intersect-8-12-3-4 (n, 1, g)

—  (exist-intersect-8-12-3-4 (n, I, g) € nset (n))

;55 (exist-intersect-8-12-3-4 n 1 g) is a number.

THEOREM: number-intersect
exist-intersect-8-12-3-4 (n, I, g) — (exist-intersect-8-12-3-4 (n, I, g) € N)

;;;any member of nset is nonzero.

THEOREM: k-not-0
(k € nset (n)) — (k #£0)

;*lemmas for al

;5;1f j’s entry in 1 is between 8..12 then
;33 (exist-union 1 n (8 9 10 11 12)) holds.

THEOREM: j-ex-18-12
((4 € nset (n)) A union-at-n (I, 5, (8 9 10 11 12)))

exist-union (I, n, (8 9 10 11 12))

—

;3;Witness of (exist-union lp n (8 9 10 11 12))
;;;has in 1p its entry between 8...12.

THEOREM: ex-1p8-12-in-1p8-12
exist-union (Ip, n, (8 9 10 11 12))

—  union-at-n (Ip,
exist-union (Ip, n, (8 9 10 11 12)),

(8 9 10 11 12))

;33 If (not (exist-union 1 m ’(8 9 10 11 12)))
;;;holds, then (not (exist-union g n ’(4))) by lg.

THEOREM: ex-if4
((— exist-union (I, n, (8 9 10 11 12))) Alg(n, I, g))

— (= exist-union (g, n, ’ (4)))



;5;If (not (exist-union g n ’(1))) holds,
;55 then there is no entry either 3 or 4.

THEOREM: 134-empty
(( € nset (n)) Alg(n, l, g) A (- exist-union (g, n, *(1))))

— (= union-at-n (1, j, > (3 4)))
;531f j’s entry in 1lp is 4, then (certainly)

;33;it is either 3 or 4.

THEOREM: lp4-then-un34
at (Ip, j, 4) — union-at-n (Ip, 7, (3 4))

;53 If (exist-intersect-8-12-3-4 n 1 g) holds,
;;;then so does (exist-union gn ’(3 4)).

THEOREM: int-8-12-3-4-then-un34
exist-intersect-8-12-3-4 (n, [, g) — exist-union (g, n, > (3 4))

;*lemmas for ail

;331 is the witness of
;55 (exist-intersect-8-12-3-4 n 1p gp).

THEOREM: int-wtn
((4 € nset (n)) A intersect-8-12-3-4-at-n (5, Ip, gp))

—  exist-intersect-8-12-3-4 (n, Ip, gp)
;33 If there exists j such that j’s entry in 1p

;;;1s between 8..12 and entry in gp is either 3 or 4
;;;then (intersect-8-12-3-4-at-n j 1lp gp) holds.

THEOREM: un8-12-and-un34-then-int
(union-at-n (Ip, j, (8 9 10 11 12)) A union-at-n (gp, j, ’ (3 4)))
—  intersect-8-12-3-4-at-n (5, Ip, gp)

;5 ;By the two lemmas above,

;55 (exist-intersect-8-12-3-4 n 1lp gp) holds provided

;5 ;that there exists j such that j’s entry in 1p is
;;;between 8..12 and entry in gp is either 3 or 4.

;* ep-18-12

;531f the k’s entry in 1 is 5, then the k’s entry
;;;in g is 3 by 1g.



THEOREM: lg-15-g3
((k € nset (n)) Alg(n, 1, g) A at (L, k, 5)) — at (g, k, 3)

;5;1f the k’s entry in gp is 3 then certainly
5331t is either 3 or 4.

THEOREM: gp3-then-un34
at (gpv ka 3) — union-at-n (gp’ k’ ' (3 4))

;5 ;nep-18-12

;5;1f the k’s entry in 1 is between 8..12 then
;331t is either between 8..11 or equal to 12.

THEOREM: case-k

(union-at-n (I, k, > (8 9 10 11 12))

A (= union-at-n (I, k, > (8 9 10 11))))
— at(l, k, 12)

5555 3 k-not-18-12

;33 If (exist-intersect-8-12-3-4 n 1 g) holds
;;;then the witness has its entry in g either equal

;3;to 3 or 4.

THEOREM: intersect-8-12-3-4-then-3-4
exist-intersect-8-12-3-4 (n, 1, g)
— union-at-n (g, exist-intersect-8-12-3-4 (n, I, g), > (3 4))

;53 If (exist-intersect-8-12-3-4 n 1 g) holds,
;;; then the witness has its entry in g between 8 and 12.

THEOREM: intersect-8-12-3-4-then-8-12
exist-intersect-8-12-3-4 (n, I, g)
— union-at-n (/, exist-intersect-8-12-3-4 (n, I, g), (8 9 10 11 12))

;5 3 k-in-18-11

;531f k’s entry in 1lp is between 9 and 12,
;;;then it is certainly between 8 and 12.

THEOREM: un9-12-then-un8-12
union-at-n (Ip, k, (9 10 11 12))
— union-at-n (Ip, k, (8 9 10 11 12))

;53;1f the i’s entry in 1 is between 9 and 12,
;;;then the k’s entry in g is 4.



THEOREM: if4
(( € nset (n)) Alg(n, I, g) A union-at-n (I, j, (9 10 11 12)))

— at(g, ], 4)
;53 k-in-112

;33If (exist-union 1p n ’(8 9 10 11 12)) holds then
;;3;1ts witness does not have its entry in lp equal to 1.

THEOREM: ex-1p8-12-not-in-1p0
exist-union (Ip, n, (8 9 10 11 12))

— (= at (Ip, exist-union (Ip, n, > (8 9 10 11 12)), 0))

;5;1f k’s entry in 1lp is between 8 and 12,
;33 then it is either between 8 and 11 or 12.
THEOREM: k-in-1p9-12-or-1p8

(union-at-n (Ip, k, (8 9 10 11 12))

A (= union-at-n (Ip, k, > (9 10 11 12))))

— at(lp, k, 8)

;531f the k’s entry is either 5 or 7,
;;;then it is between 5 and 7.

THEOREM: unb7-then-un5-12
union-at-n (I, k, >(5 7)) — union-at-n (I, k, (5 6 7 8 9 10 11 12))
;5;1f the k’s entry in 1 is between 8 and 11,

;;;then it is between 5 and 12.

THEOREM: un8-11-then-unb-12
union-at-n (I, k, >(8 9 10 11))
union-at-n(l, k, °(56 6 7 8 9 10 11 12))

.
;53;If the k’s entry in 1 is between 8 and 12,
;5sthen it is between 5 and 12.

THEOREM: un8-12-then-unb-12
union-at-n (I, k, (8 9 10 11 12))
union-at-n (I, k, (5 6 7 8 9 10 11 12))

_
;*lemmas for a2
;5 ;1-eq-k-j-neq-k

;5;1f the k’s entry in 1 is either 10 or 11,
;;;then the k’s entry in 1 is between 10 and 12.



THEOREM: unl(0-11-then-unl10-12
union-at-n (I, k, > (10 11)) — union-at-n (I, k, > (10 11 12))

;5;1f the j’s entry in g is either O or 1 then
;;;the j’s entry in 1 is not between 5 and 12.

THEOREM: ifl
(( € nset (n)) Alg(n, l, g) A union-at-n (g, 7, > (0 1)))
— (- union-at-n(l,j,’(5 6 7 8 9 10 11 12)))

;535j-eq-k-i-neq-k

;53;1f the k’s entry in 1 is between 5 and 7,
;;;then it is certainly between 5 and 12.

THEOREM: un5-7-then-un5-11
union-at-n (I, k, (5 6 7)) — union-at-n(l, k, (5 6 7 8 9 10 11))

;5;If the k’s entry in 1lp is between 5 and 7 then
;3;1t 1s certain between 5 and 11.

THEOREM: un57-then-unb-11
union-at-n (I, k, > (5 7)) — union-at-n(l, k, (5 6 7 8 9 10 11))

;5;If the k’s entry in 1 is between 8 and 11,
;;;then it is certainly between 5 and 11.

THEOREM: un8-11-then-un5-11
union-at-n (I, k, (8 9 10 11))
union-at-n (I, k, >(5 6 7 8 9 10 11))

—

;5;1f the k’s entry in 1lp is between 5 and 12 and
;;;the k’s entry in 1lp is between 5 and 7, then
;;;the k’s entry in 1lp in fact is between 9 and 12.

THEOREM: k-in-Ip5-7-or-1p8-or-1p9-12
(union-at-n (Ip, k, (5 6 7 8 9 10 11 12))
A (= union-at-n (Ip, k, > (5 6 7)))

A (- at(lp, k, 8)))
— union-at-n (lp, k, >(9 10 11 12))

;53;If the k’s entry in 1 is between 5 and 11,
;55 then it is certainly between 5 and 12.

THEOREM: unb-11-then-unb-12
union-at-n (I, k, (5 6 7 8 9 10 11))
union-at-n (I, k, (5 6 7 8 9 10 11 12))

—
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;531f the k’s entry in 1 is between 10 and 12,
;55 then it is certainly between 8 and 12.

THEOREM: unl0-12-then-un8-12
union-at-n (I, i, > (10 11 12)) — union-at-n (/, 4, (8 9 10 11 12))

;55 j-eq-k-i-neq-k

;33 If (exist-union 1 n ’(8 9 10 11 12)) does not hold,
;;;then the i’s entry in 1 is not between 10 and 12.

THEOREM: i-not-110-12
((i € nset (n)) A (— exist-union (I, n, >(8 9 10 11 12))))

— (= union-at-n (I, 4, > (10 11 12)))
;¥lemmas for a3
;5 3j-eq-k-i-neq-k

;53;1f the k’s entry in 1 is between 5 and 11,
;;;then the k’s entry in 1 is between 9 and 11.

THEOREM: unb-11-eq-unb8-or-un8-11
(union-at-n (I, k, (5 6 7 8 9 10 11))
A (= union-at-n (I, k, >(5 6 7 8))))
— union-at-n(l, k, (9 10 11))

;531f the k’s entry in g is 4,
;;;then the k’s entry in 1 is between 5 and 8.

THEOREM: a3-if4
((k € nset (n)) Alg(n, [, g) A at(g, k, 4))
— (- union-at-n(l, k, (5 6 7 8)))

;53;1f the k’s entry in 1 is between 5 and 11,
;;;and the k’s entry in 1 is between 5 and 12,
;;;then the k’s entry in 1 is 9 and 11.

THEOREM: k-in-15-11-g4-then-19-11
((k € nset (n))

A lg(n, 1 g)
A union-at-n(l, k, (5 6 7 8 9 10 11))
A at(g, k, 4))

— union-at-n (I, k, (9 10 11))
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; dropped second use hint -- rsb

;33If the i’s entry in 1 is 12,
;;;then the i’s entry in 1 is between 8 and 12.

THEOREM: 112-then-un8-12
at (I, ¢, 12) — union-at-n (I, 4, > (8 9 10 11 12))

;53If (exist-union 1 n (8 9 10 11 12)) does not hold,
;;;then the i’s entry in 1 is 12.

THEOREM: i-not-in-112
((i € nset (n)) A (- exist-union (I, n, > (8 9 10 11 12))))
—  (mat(l, 4, 12))

;53 j-neq-k-i-eq-k

;531f the k’s entry in 1 is 11,
;;; then the k’s entry in 1 is between 10 and 12.

THEOREM: 111-then-unl10-12
at (I, k, 11) — union-at-n (I, k, > (10 11 12))

;5;1f the j’s entry in g is either 2 or 3,
;;;then the j’s entry in 1 is between 5 and 8 by 1lg.

THEOREM: if3
((.7 € nset (n)) A lg(na l7 g) A (ﬂ union-at-n (gv j7 ? (2 3))))
— (- union-at-n (I, 7, >(5 6 7 8)))

;331f the j’s entry in 1 is between 5 and 12 and
;;;the j’s entry in 1 is between 5 and 8, then
;;;the j’s entry in 1 is 9 and 12.

THEOREM: 15-12-eqg-15-8-o0r-19-12
(union-at-n (I, j, (5 6 7 8 9 10 11 12))
A (= union-at-n (I, j, (5 6 7 8))))

— union-at-n(l, j, (9 10 11 12))

s551-j-eqk

;5:1f the k’s entry in 1p is 12,
;;3then it is certainly between 5 and 12.

THEOREM: 112-then-un9-12
at (Ip, k, 12) — union-at-n (Ip, k, > (9 10 11 12))
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;*lemmas for bila

;53If the u’s entry in g is 4,
;;;then the u’s entry in 1 is between 8 and 12 by 1g.

THEOREM: bla-if4
((u € nset (n)) A lg(n, 1, g) A at (g, u, 4))
— union-at-n (I, u, (8 9 10 11 12))

;*lemmas for bilb

;5;1f the k’s entry in 1lp is between 9 and 12,
;;;then the k’s entry in gp is iether 3 or 4 by lg.

THEOREM: 1p9-12-then-k-in-g34
((k € nset (n)) A union-at-n (Ip, k, >(9 10 11 12)) A lg(n, Ip, gp))
— union-at-n(gp, k, > (3 4))

;5;1f the k’s entry in 1lp is between 8 and 12, and
;;;1t is not 8, then it is certainly between 9 and 12.

THEOREM: un8-12-then-18-or-19-12
(union-at-n (Ip, k, (8 9 10 11 12)) A (= at (Ip, k, 8)))
— union-at-n (Ip, k, >(9 10 11 12))

2999999999999 defn‘ev 3999999999999 9939933939939

;3 3Well-formed-state.

DEFINITION:

ws (n, 1, g)

— (neN)

listp (1)

listp (g)

(length (1) = n)

(length (g) = )

all-union ({, n, (0 1 2 3 4
all-union (g, n, (0 1 2 3 4

> > > > > >

567809 10 11 12))
)

EVENT: Disable ws.
;53 ;Transitions.

DEFINITION:
rhoi0 (n, i, I, g, Ip, gp)
= (at(l,4,0) A (gp = g) A (Ip = move (I, i, 1)))
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DEFINITION:
rhoila(n, i, I, g, Ip, gp)
= (at({, 4, 1) A (gp = g) A (Ip = move (I, i, 2)))

DEFINITION:
rhoilb (n, i, I, g, Ip, gp) = (at (I, i, 1) A (g = gp) A (Ip = 1))

DEFINITION:

rhoi2 (n, 1, 1, g, Ip, gp)
= (at(l, i, 2) A (Ilp = move (I, 4, 3)) A (gp = move(y, i, 1)))

DEFINITION:
rhoi3a (n, 4, I, g, lp, gp)
= (at(l, 1, 3)
A (gp=9)
A (Ip = move (I, i, 4))
A (= exist-union (g, n, > (3 4))))

DEFINITION:
rhoi3b (n, ¢, I, g, lp, gp)
= (at(l, i, 3)
A (gp=9)
A (p=1)
A exist-union (g, n, (3 4)))

DEFINITION:
rhoi4 (n, i, I, g, Ip, gp)
= (at(L, i, 4) A (gp = move(g, i, 3)) A (Ip = move (1, i, 5)))

DEFINITION:

rhoiba (n, 4, I, g, Ip, gp)

= (at(l, 4, 5)
A (gp=9)
A exist-union (g, n, (1))
A (Ip = move(l, i, 6)))

DEFINITION:

rhoibb (n, i, I, g, lp, gp)

= (at(l, 4, 5)
A (gp=9)
A (= exist-union (g, n, > (1)))
A (Ip = move(l, i, 8)))

DEFINITION:

rhoi6 (n, 4, I, g, Ip, gp)
= (at(l, 4, 6) A (gp = move(g, 3, 2)) A (Ip = move (l, 7, 7)))
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DEFINITION:

rhoi7a(n, 4, I, g, Ip, gp)

= (at(l,i,7)
A exist-union (g, n, ’ (4))
A (Ip = move(l, i, 8))

A (gp =9))
DEFINITION:
rhoi7b (n, i, 1, g, lp, gp)
= (at(l,1,7)
A (- exist-union (g, n, ’(4)))
AN (Ip=1)
A (gp = 9))
DEFINITION:

rhoi8 (n, 4, I, g, Ip, gp)
= (at(l, i, 8) A (gp = move (g, i, 4)) A (Ip = move(l, i, 9)))

DEFINITION:
phi9 (4, n, g)
= if(g~nil) VvV (igN)V(n¢gN) then f
elseif n = 0 then t
else ((n £ i) A phi9 (i, n — 1, g))
V  (union-at-n (g, n, > (0 1)) A phi9 (i, n — 1, g)) endif

EVENT: Disable phi9.

DEFINITION:
rhoia (n, i, I, g, Ip, gp)
= (at(l,4,9) A (gp = g) A phi9 (¢, n, g) A (Ip = move (I, 4, 10)))

DEFINITION:
rhoi9b (n, 4, I, g, Ip, gp)
= (at(l,4,9) A (gp=g) A (= phi9(i, n, g)) A (Ip =1))

DEFINITION:
rhoil0 (n, 4, I, g, Ip, gp)
= (at(l, i, 10) A (Ip = move (I, i, 11)) A (gp = g))

DEFINITION:
phill (4, n, g)
= if(g~nil) VvV (i¢gN)V(n¢gN) then f
elseif n = 0 then t
else ((¢ £ n) A phill (i, n — 1, g))
V' ((— union-at-n (g, n, > (2 3)))
A phill (i, n — 1, g)) endif
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EVENT: Disable phill.

DEFINITION:
rhoilla(n, i, I, g, Ip, gp)
= (at(l, i, 11)
A (gp =9)
A phill (i, n, g)
A (Ip = move (I, i, 12)))

DEFINITION:
rhoillb (n, i, I, g, Ip, gp)
= (at(l, 4, 11) A (gp = g) A (= phill(é, n, g)) A (Ip = 1))

DEFINITION:
rhoil2 (n, i, I, g, Ip, gp)
= (at(l, i, 12) A (gp = move (g, i, 0)) A (Ip = move (I, 7, 0)))

;53The transition operates on i’th.

DEFINITION:
rhoi (n, i, I, g, Ip, gp)
= (thoiO(n, i, I, g, lp, gp)

vV  rhoila(n, i, I, g, lp, gp)
rhoilb (n, 4, I, g, Ip, gp)
rhoi2 (n, i, I, g, lp, gp)
rhoi3a (n, i, I, g, Ip, gp)
rhoi3b (n, i, I, g, Ip, gp)
rhoid (n, i, I, g, Ip, gp)
rhoiba (n, i, [, g, Ip, gp)
rhoibb (n, i, I, g, Ip, gp)
rhoi6 (n, i, I, g, lp, gp)
rhoi7a (n, i, I, g, Ip, gp)
rhoi7b (n, i, I, g, Ip, gp)
rhoi8 (n, i, I, g, Ip, gp)
rhoi%a (n, i, I, g, Ip, gp)
rhoi9b (n, i, I, g, Ip, gp)
rhoil0 (n, 4, I, g, Ip, gp)
rhoilla (n, i, I, g, lp, gp)
rhoillb (n, i, I, g, Ip, gp)
rhoil2 (n, i, I, g, lp, gp))

LKL KLKCXKL

: Disable rhoi.

ey
<
=
Z,
=

;55 Propositions
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;55:a0

DEFINITION:

a0 (n, 1, k)

= (((k € nset (n)) A exist-union (I, n, (8 9 10 11 12)))
— (—at(l, k, 4)))

EVENT: Disable a0.
;55al

DEFINITION:

al(n, [, g)

= (exist-union (I, n, (8 9 10 11 12))
—  exist-intersect-8-12-3-4 (n, I, g))

EVENT: Disable al.
;55 a2

DEFINITION:

a2-at-nl-n2 (n1, n2, )

= if union-at-n (I, nf, > (10 11 12))
then — union-at-n(l, n2, (5 6 7 8 9 10 11 12))
else t endif

EVENT: Disable a2-at-nl-n2.

DEFINITION:
a2-at-n2 (n1, n2, 1)
= if n2 ~0 thent
elseif n2 £ n1 then a2-at-n2 (n1, n2 — 1, 1)
else a2-at-nl-n2 (n1, n2, ) A a2-at-n2(nif, n2 — 1, l) endif

EVENT: Disable a2-at-n2.
DEFINITION:
a2(nl, n2, 1)

= ifnl ~0 thent
else a2-at-n2 (n1, n2, I) A a2(nl — 1, n2, l) endif

17



EVENT: Disable a2.
;5:a3

DEFINITION:

a3-at-nl-n2 (nl, n2, I, g)

= ifat(l, nl, 12) A union-at-n (I, n2, >(5 6 7 8 9 10 11 12))
then at (g, n2, 4)
else t endif

EVENT: Disable a3-at-nl-n2.
DEFINITION:
a3-at-n2 (nl, n2, I, g)
= ifn2 ~0 thent
else a3-at-nl-n2 (n1, n2, I, g) A a3-at-n2 (nlf, n2 — 1, I, g) endif
EvVENT: Disable a3-at-n2.
DEFINITION:
a3 (nl, n2,1, g)

= ifnl ~0 thent
else a3-at-n2(n1, n2, 1, g) A a3 (nl — 1, n2, 1, g) endif

EVENT: Disable a3.
N - E S N A R R R R R R R R S -
;53;Wws implies that n is a number.

THEOREM: ws-num-n
ws (n, I, g) — (n € N)

;;;ws implies that 1 is a list.

THEOREM: ws-list-1
ws(n, [, g) — listp (1)

;;;ws implies that g is a list.

THEOREM: ws-list-g
ws (n, 1, g) — listp (g)

;;;ws implies that length of 1 is n.

18



THEOREM: ws-In-1
ws(n, [, g) — (length (I) = n)

;;;ws implies that length of g is n.

THEOREM: ws-In-g

ws(n, I, g) — (length(g) = n)

;;;ws and rho imply that 1lp is a list.

THEOREM: ws-In-1p

(ws(n, I, g) A (k € nset (n)) A rhoi(n, k, I, g, Ip, gp)) — listp (Ip)
;;:ws and rho imply that gp is a list.

THEOREM: ws-In-gp
(ws(n, I, g) A (k € nset (n)) A rhoi(n, k, I, g, Ip, gp)) — listp (gp)

;;;ws implies that n is nonzero.

THEOREM: ws-n-not-0
ws (n, I, g) — (n #£0)

THEOREM: n-not-0
ws(n, [, g) — (n € nset(n))

;*the rho! lemmas

;5 3Auxiliary lemma.

THEOREM: lm-l-rholemma
(listp (1)

A (j € nset (length (1)))
A (k € nset (length (1)))
A thoi(n, k, I, g, Ip, gp)
A £ )

— (uth (7, j) = nth (ip, 7))

EVENT: Disable lm-I-rholemma.

;3 ;Rholemma for list 1.

THEOREM: l-rholemma
(ws(n, I, g)
A (j € nset (n))
A (k € nset(n))
A rhoi(n, k, I, g, Ip, gp)
A (K #3))
—  (nth(l, j) = nth(lp, j))
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;3 3Auxiliary lemma.

THEOREM: Im-g-rholemma
(listp (g)
A (j € nset (length (g)))
A (k € nset (length (g)))
A rthoi(n, k, I, g, Ip, gp)
A (K #3))
—  (nth(g, j) = nth(gp, j))

EvVENT: Disable lm-g-rholemma.

;5 ;Rholemma for list g.

THEOREM: g-rholemma
(ws(n, 1, g)

(4 € nset (n))

(k € nset (n))

rhoi (n, k, I, g, lp, gp)
(k #4))

(nth (g, j) = nth (gp, 7))

b>>>>

;55 lp—gp-same-l-g

;5 ;Another version of Rholemma for 1.
;5;It applies to (union-at-n 1 j m) in stead of
;55(th 1 3).

THEOREM: lp-same-1
(ws(n, 1, g)

listp (m)

(j € nset (n))

(k € nset (n))

rhoi (n, &k, I, g, Ip, gp)
(G #Fk)

union-at-n (I, j, m))
union-at-n (Ip, j, m)

l>>>>>>

;;;Contrast to the one above,
;;;the order of 1 and 1p is reversed.

THEOREM: l-same-lp
(ws (n, 1, 9)

A listp (m)

A (j € nset(n))
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(k € nset (n))

rhoi(n, k, 1, g, lp, gp)
(J#k)

union-at-n (Ip, j, m))
union-at-n (1, j, m)

b>>>>

THEOREM: lp-same-l-not
(ws(n, 1, g)

listp (mn)

(j € nset (n))

(k € nset (n))

rhoi(n, k, I, g, lp, gp)
( #Fk)

(= union-at-n (I, j, m)))
(= union-at-n (Ip, j, m))

l>>>>>>

;5 ;Another version of Rholemma for g.

THEOREM: gp-same-g
(ws(m, 1, g)

listp (m)

(j € nset (n))

(k € nset (n))

rhoi (n, k, I, g, lp, gp)
(G #k)

union-at-n (g, j, m))
union-at-n (gp, 5, m)

>s>>>>>

;;;Contrast to the one above,
;;;the order of g and gp is reversed.

THEOREM: g-same-gp
(ws(n, 1, g)

listp (m)

(4 € nset (n))

(k € nset (n))

rhoi (n, k, I, g, lp, gp)
(J#k)

union-at-n (gp, j, m))
union-at-n (g, j, m)

l>>>>>>

;5;It applies to (at 1 j m) in stead of
;55(th 1 3).

THEOREM: l-same-lp-at

21



(ws(n, I, g)

(j € nset (n))

(k € nset (n))

(m eN)

rhoi (n, k, 1, g, lp, gp)
( #k)

at (Ip, j, m))

at (1, j, m)

l>>>>>>

THEOREM: gp-same-g-at
(ws(n, l, g)
A (j € nset (n))
A (k € nset(n))
A (m eN)
A thoi(n, k, I, g, lp, gp)
AN (G # k)
A at(g, j, m))
— at(gp, j, m)
THEOREM: l-same-lp-at-not
(ws(n, I, g)
(m e N)
(4 € nset (n))
(k € nset (n))
rhoi(n, k, 1, g, lp, gp)
(G #Fk)
(—at(l, j, m)))
(— at (Ip, 7, m))

;*basic properties of a2

I>s>>>>>

;3 ;Auxiliary lemma.

THEOREM: lm-a2-at-n2-a2-at-n1-n2
((n eN)A(keN)A(j €nset(n)) A(j <k)A a2-at-n2(k, n, 1))
— a2-at-nl-n2 (k, j, I)

EVENT: Disable lm-a2-at-n2-a2-at-nl-n2.

THEOREM: a2-at-n2-a2-at-nl-n2
(ws(n, 1, g)

(k € nset (n))

(4 € nset (n))

(<)

a2-at-n2 (k, n, 1))
a2-at-nl-n2 (k, j, )

b >>>>
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THEOREM: lm-a2-a2-at-n2
((n e N) A (i € N) A (k €nset(n)) Aa2(n, i, 1)) — a2-at-n2 (k, 4, I)

THEOREM: a2-a2-at-n2
(ws(n, I, g) A (i € nset(n)) A (k € nset (n)) A a2(n, i, 1))
— a2-at-n2 (k, i, [)

;*basic properties of a3

THEOREM: Im-a3-at-n2-a3-at-nl-n2
((n e N) A (ueN) A (j €nset(n)) A a3-at-n2(u, n, I, g))
— a3-at-nl-n2(u, 7, I, g)

EVENT: Disable lm-a3-at-n2-a3-at-nl-n2.

THEOREM: a3d-at-n2-a3-at-nl-n2
(ws(n, I, g) A (u € nset (n)) A (j € nset (n)) A a3-at-n2 (u, n, I, g))
— a3-at-nl-n2(u, j, I, g)

THEOREM: lm-a3-a3-at-n2
((neN) A (i € N) A (u €nset(n)) Aa3(n, i, 1, g))
— a3-at-n2(u, i, I, g)

EVENT: Disable lm-a3-a3-at-n2.

THEOREM: a3-a3d-at-n2
(ws(n, I, g) A (i €nset(n)) A (u € nset(n)) A a3(n, i, I, g))
— a3-at-n2 (u, i, I, g)

;552 nnl) and (a3 nn 1 g) are involved

;5;1in double bounded quantifiers

;55 \forall i \leq n \forall j \leq n,

;5 ;with their quantifier-free formulas
;3;(a3-at-n1-n2 i j 1 g) and (a2-at-n1-n2 i j 1)
;;;respectively. What follows are all instances of
;;;the following type: If (a3 n n 1 g) holds, then
;5;1in particular, so its instance

;55;(a83-at-n1-n2 i j 1 g) does.

;3 ;The instances are i and j.
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THEOREM: a3-i-j-a3-at-nl-n2
(ws(n, I, g) A (i €nset(n)) A (j € nset(n)) A ad(n, n, I, g))
— a3-at-nl-n2 (4, 7, I, g)

;33 The instances are k and
;33 (exist-union 1lp n ’(8 9 10 11 12)).

THEOREM: a3d-ex-ald-at-nl-n2

(ws(n, 1, g)

(k € nset (n))

a3 (n, n, I, g)

exist-union (Ip, n, > (8 9 10 11 12)))

a3-at-nl-n2 (k, exist-union (lp, n, (8 9 10 11 12)), I, g)

b>>>

THEOREM: a2-n-a2-at-n2
(ws(n, I, g) A (k € nset (n)) A a2(n, n, 1)) — a2-at-n2 (k, n, [)

;5 ;The instances are i and j.

THEOREM: a2-i-j-a2-at-nl-n2
(ws (n, 1, g)

A (i € nset (n))

A (j € nset(n))

A a2(n, n,l)

A <))

— a2-at-nl-n2 (s, 7, 1)

33333333333 333333 5333333353 WSV S 3333353333333 5333333333 33353333

THEOREM: j-eq-k-move-member-g
(listp (g) A listp (m) A (i € m) A (k € nset (length (g))))
—  (nth (move (g, k, ), k) € m)

THEOREM: j-neq-k-move-member-g

(listp (9)
listp (m)

THEOREM: move-member-g

listp (g)
A listp (m)
A (i€ m)

24



(k € nset (length (g)))

A
A (nth(g, j) € m))
—  (nth (move (g, k, i), j) € m)

THEOREM: move-member-1

listp ()

listp (m)

(j €N)

(i € m)

(k € nset (length (1))
(1. 5) € )

nth (move (I, k, i), j) € m)

L>>>>>7%

THEOREM: ws-union-g
ws(n, [, g) — all-union (g, n, (0 1 2 3 4))

THEOREM: ws-union-1
ws(n, I, g) — all-union (I, n, >(0 1 2 34567 89 10 11 12))

THEOREM: rhoO-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rhoiO(n, k, I, g, lp, gp))
— all-union (gp, n, (0 1 2 3 4))

THEOREM: rhola-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rhoila(n, k, I, g, Ip, gp))
— all-union (gp, n, >(0 1 2 3 4))

THEOREM: rholb-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rhoilb (n, k, I, g, Ip, gp))
— all-union (gp, n, (0 1 2 3 4))

THEOREM: lm-rho2-preserves-union-g
(listp (g)

(length (g) = n)

(k € nset (n))

all-union (g, 7, (0 1 2 3 4))
rhoi2 (n, k, I, g, Ip, gp))
all-union (gp, 7, (0 1 2 3 4))

>>>>

THEOREM: rho2-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A thoi2(n, k, I, g, Ip, gp))
— all-union (gp, n, (0 1 2 3 4))

THEOREM: rho3a-preserves-union-g

(ws(n, I, g) A (k € nset (n)) A rhoi3a(n, k, I, g, Ip, gp))
— all-union (gp, n, (0 1 2 3 4))
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THEOREM: rho3b-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rhoi3b (n, k, I, g, Ip, gp))
— all-union (gp, n, (0 1 2 3 4))

THEOREM: lm-rho4-preserves-union-g

(listp (g)

(length (g) = n)

(k € nset (n))

all-union (g, 7, (0 1 2 3 4))
rhoi4 (n, k, 1, g, lp, gp))
all-union (gp, 7, (0 1 2 3 4))

>>>>

THEOREM: rho4-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rhoid (n, k, I, g, Ip, gp))
— all-union (gp, n, >(0 1 2 3 4))

THEOREM: rhoba-preserves-union-g
(ws(n, I, g) A (k € nset(n)) A rhoiba(n, k, I, g, Ip, gp))
— all-union (gp, n, >(0 1 2 3 4))

THEOREM: rhobb-preserves-union-g
(ws(n, l, g) A (k € nset (n)) A rhoibb (n, k, I, g, Ip, gp))
— all-union (gp, n, >(0 1 2 3 4))

THEOREM: lm-rho6-preserves-union-g
(listp (g)

(length (g) = n)

(k € nset (n))

all-union (g, 7, (0 1 2 3 4))
thoi6 (n, k, I, g, Ip, gp))
all-union (gp, 7, (0 1 2 3 4))

>>>>

THEOREM: rho6-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rhoi6 (n, k, I, g, Ip, gp))
— all-union (gp, n, >(0 1 2 3 4))

THEOREM: rho7a-preserves-union-g
(ws(n, l, g) A (k € nset (n)) A rhoi7a(n, k, I, g, Ip, gp))
— all-union (gp, n, >(0 1 2 3 4))

THEOREM: rho7b-preserves-union-g

(ws(n, I, g) A (k € nset (n)) A thoiTb (n, k, I, g, Ip, gp))
— all-union (gp, n, >(0 1 2 3 4))
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THEOREM: lm-rho8-preserves-union-g

(listp (9)

(length (g) = n)

A (k € nset(n))

A all-union (g, j, (0 1 2 3 4))
A thoi8(n, k, I, g, Ip, gp))

— all-union (gp, j, (0 1 2 3 4))
TH

>

EOREM: rho8-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rthoi8(n, k, I, g, Ip, gp))
— all-union (gp, n, >(0 1 2 3 4))

THEOREM: rho9a-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rhoi9a(n, k, I, g, Ip, gp))
— all-union (gp, n, (0 1 2 3 4))

THEOREM: rho9b-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rhoidb (n, k, I, g, Ip, gp))
— all-union (gp, n, >(0 1 2 3 4))

THEOREM: Im-rhol0-preserves-union-g

(listp (g)

(length (g) = n)

A (k € nset(n))

A all-union (g, 7, (0 1 2 3 4))
A thoil0(n, k, I, g, lp, gp))

— all-union (gp, j, (0 1 2 3 4))
TH

>

EOREM: rholO-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rhoilO(n, k, I, g, Ip, gp))
— all-union (gp, n, (0 1 2 3 4))

THEOREM: rholla-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rhoilla(n, k, I, g, Ip, gp))
— all-union (gp, n, > (0 1 2 3 4))

THEOREM: rhollb-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rhoillb(n, k, I, g, Ip, gp))
— all-union (gp, n, (0 1 2 3 4))

THEOREM: Im-rhol2-preserves-union-g
(listp (g)

(length (g) = )

(k € nset (n))

all-union (g, j, (0 1 2 3 4))
rhoil2 (n, k, I, g, Ip, gp))
all-union (gp, 7, (0 1 2 3 4))

l>>>>
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THEOREM: rhol2-preserves-union-g
(ws(n, I, g) A (k € nset (n)) A rhoil2(n, k, I, g, Ip, gp))
— all-union (gp, n, (0 1 2 3 4))

THEOREM: rho-preserves-union-g
(ws (n, I, g) A (k € nset (n)) A rhoi(n, k, I, g, lp, gp))
— all-union (gp, n, >(0 1 2 3 4))

THEOREM: Im-rho0-preserves-union-1
(listp (1)

(length (I) = n)

(k € nset (n))
all-union(l,j, ’0123456789 10 11 12))
thoil (n, k, I, g, Ip, gp))

all-union (Ip, j, (0 1 23456 7 8 9 10 11 12))

>>>>

THEOREM: rho0-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A thoil(n, k, I, g, Ip, gp))
— all-union (lp, n, >(0 1 234567 89 10 11 12))

THEOREM: Im-rhola-preserves-union-1

(listp (1)

(length (I) = n)

(k € nset (n))

all-union (1, j,’(0 1 23456 7 8 9 10 11 12))
rhoila (n, k, I, g, Ip, gp))

all-union (Ip, j, (0 1 23456 7 8 9 10 11 12))

I>>>>

THEOREM: rhola-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoila(n, k, I, g, Ip, gp))
— allunion(lp, n, (0 1 234567 89 10 11 12))

THEOREM: lm-rholb-preserves-union-1

(listp (1)

(length (1) = n)

(k € nset (n))

all-union ({, 7, (0 1 23456 7 8 9 10 11 12))
rhoilb (n, k, I, g, Ip, gp))

all-union (Ip, j, (0 1 2345 6 7 8 9 10 11 12))

L>>>>

THEOREM: rholb-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoilb (n, k, I, g, Ip, gp))
— all-union(lp, n,>(0 1 23456789 10 11 12))

THEOREM: Im-rho2-preserves-union-1
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(listp (1)

(length (1) = n)

(k € nset (n))

all-union ({, 7, (0 1 2 3456 7 8 9 10 11 12))
rhoi2 (n, k, I, g, Ip, gp))

all-union (Ip, j, (0 1 234 56 7 8 9 10 11 12))

b>>>>

THEOREM: rho2-preserves-union-1
(ws(m, I, g) A (k € nset (n)) A rhoi2(n, k, I, g, Ip, gp))
— all-union (Ip, n, (0 1 234567 89 10 11 12))

THEOREM: Im-rho3a-preserves-union-1

(listp (1)

(length (1) = n)

(k € nset (n))

all-union (1, j, >0 1 23 4 5 6 7 8 9 10 11 12))
rhoi3a(n, k, I, g, lp, gp))

all-union (Ip, j, >0 1 23 4 56 7 8 9 10 11 12))

>>>>

THEOREM: rho3a-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoida(n, k, I, g, Ip, gp))
— all-union (Ip, n, >(0 1 2 3456 7 89 10 11 12))

THEOREM: lm-rho3b-preserves-union-1
(listp (1)

(length (1) = n)

(k € nset (n))

all-union (7, 7, (0 1 2 34567 89 10 11 12))
rhoi3b (n, &k, I, g, Ip, gp))

all-union (Ip, j,’(0 1 2345 6 7 8 9 10 11 12))

L>>>>

THEOREM: rho3b-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoi3b (n, k, I, g, lp, gp))
— all-union (lp, n, >(0 1 234567 89 10 11 12))

THEOREM: Im-rho4-preserves-union-1

(listp (1)

(length (1) = n)

(k € nset (n))

all-union (1, j,’(0 1 23456 7 8 9 10 11 12))
rhoi4 (n, k, I, g, Ip, gp))

all-union (Ip, j, (0 1 23456 7 8 9 10 11 12))

L>>>>

THEOREM: rho4-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoid (n, k, I, g, lp, gp))
— all-union (lp, n, >(0 1 2 34567 89 10 11 12))
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THEOREM: Im-rhoba-preserves-union-1

(listp (1)

(length (I) = n)

A (k € nset(n))

A allunion(l,j,°(0 1234567 89 10 11 12))
A rhoiba(n, k, I, g, lp, gp))

— all-union (Ip, j, (01 23456789 10 11 12))
TH

>

EOREM: rhoba-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoiba(n, k, I, g, Ip, gp))
— allunion(lp, n, (0 1 23456789 10 11 12))

THEOREM: Im-rho5b-preserves-union-I

(listp (1)

(length (I) = n)

A (k € nset(n))

A all-union(,j,°(0 1 234567 89 10 11 12))
A thoibb (n, k, I, g, Ip, gp))

— all-union (Ip, j, (01 234567 89 10 11 12))
TH

>

EOREM: rhob5b-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoibb (n, k, I, g, lp, gp))
— all-union(lp, n,’(0 1 234567 89 10 11 12))

THEOREM: lm-rho6-preserves-union-1

(listp (1)

(length (I) = n)

A (k € nset(n))

N all-union(hj, ’0123456789 10 11 12))
A thoi6 (n, k, I, g, Ip, gp))

— all-union (lp, j,°(0 1 234567 89 10 11 12))
TH

>

EOREM: rho6-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoi6 (n, k, I, g, Ip, gp))
— all-union(lp, n,’(0 1 234567 89 10 11 12))

THEOREM: lm-rho7a-preserves-union-1

(listp (1)

(length (1) = n)

A (k € nset(n))

A all-union(l,j,’(0 1 234567 89 10 11 12))
A

N

>

rhoi7a (n, k, I, g, lp, gp))
all-union (Ip, 7,20 1 23456 7 89 10 11 12))

THEOREM: rho7a-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoi7a(n, k, I, g, Ip, gp))
— all-union (lp, n, >(0 1 2 34567 89 10 11 12))
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THEOREM: Im-rho7b-preserves-union-I
(listp (1)

(length (I) = n)

A (k € nset(n))

A allunion(l,j,°(0 1234567 89 10 11 12))
A thoi7b (n, k, I, g, Ip, gp))

— all-union (Ip, j, (01 234567 89 10 11 12))
TH

>

EOREM: rho7b-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A thoi7b (n, k, I, g, Ip, gp))
— allunion(lp, n, (0 1 234567 89 10 11 12))

THEOREM: Im-rho8-preserves-union-1

(listp (1)

(length (I) = n)

A (k € nset(n))

A allunion(,j,°(0 1 234567 89 10 11 12))
A rhoi8(n, k, I, g, lp, gp))

— all-union (Ip, j, (01 23456789 10 11 12))
TH

>

EOREM: rho8-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoi8 (n, k, I, g, lp, gp))
— all-union (Ip, n, (0 1 23456 7 89 10 11 12))

THEOREM: Im-rho9a-preserves-union-1

(listp (1)

(length (I) = n)

A (k € nset(n))

N all—union(L]} ’0123456789 10 11 12))
A rhoi9a(n, k, I, g, lp, gp))

— all-union (lp, j,°(0 1 234567 89 10 11 12))
TH

>

EOREM: rho9a-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoi9a(n, k, I, g, Ip, gp))
— all-union(lp, n,’(0 1 234567 89 10 11 12))

THEOREM: lm-rho9b-preserves-union-1

(listp (1)

(length (I) = n)

A (k € nset(n))

A all-union (l, 7, (0 1 234567 89 10 11 12))
A

N

>

rhoidb (n, k, I, g, Ip, gp))
all-union (Ip, 7,70 1 23456 7 89 10 11 12))

THEOREM: rho9b-preserves-union-1
(ws(n, I, g) A (k € nset(n)) A rhoidb (n, k, I, g, Ip, gp))
— all-union (lp, n, >(0 1 2 34567 89 10 11 12))
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THEOREM: Im-rhol0-preserves-union-1

(listp (1)

(length (I) = n)

A (k € nset(n))

A allunion(l,j,°(0 1234567 89 10 11 12))
A thoilO(n, k, I, g, lp, gp))

— all-union (Ip, j, (01 23456789 10 11 12))
TH

>

EOREM: rholO-preserves-union-1
(ws(n, I, g) A (k € nset(n)) A rhoilO(n, k, I, g, Ip, gp))
— allunion(lp, n, (0 1 23456789 10 11 12))

THEOREM: Im-rholla-preserves-union-1

(listp (1)

(length (I) = n)

A (k € nset(n))

A all-union(l,7,°(0 123456789 10 11 12))
A rhoilla(n, k, I, g, Ip, gp))

— all-union (Ip, j, (01 234567 89 10 11 12))
TH

>

EOREM: rholla-preserves-union-l
(ws(n, I, g) A (k € nset (n)) A rhoilla(n, k, I, g, Ip, gp))
— allunion(lp, n, (0 1 23456789 10 11 12))

THEOREM: Im-rhollb-preserves-union-1
(listp (1)
A (length (1) = n)
A (k € nset(n))
A all-union (I, 7, (0 1 234567 89 10 11 12))
A rthoillb (n, k, I, g, Ip, gp))
— all-union (lp, j,°(0 1 234 567 89 10 11 12))

THEOREM: rhollb-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoillb (n, &, I, g, Ip, gp))
— all-union(lp, n, (0 1 23456789 10 11 12))

THEOREM: lm-rhol2-preserves-union-1

(listp (1)

(length (1) = n)

A (k € nset(n))

A all-union (I, 7, (0 1 234567 89 10 11 12))
A rhoil2(n, k, I, g, lp, gp))

— all-union (lp, j,°(0 1 234567 89 10 11 12))
TH

>

EOREM: rhol2-preserves-union-1
(ws(n, I, g) A (k € nset (n)) A rhoil2(n, k, I, g, Ip, gp))
— all-union (Ip, n, (0 1 234567 89 10 11 12))
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THEOREM: rho-preserves-union-1
(ws (n, I, g) A (k € nset (n)) A rhoi(n, k, I, g, lp, gp))
— all-union (lp, n, >(0 1 234567 89 10 11 12))

THEOREM: Im-rho-preserves-In-1
(listp (1) A (length (1) = n) A (k € nset (n)) A rhoi(n, k, I, g, Ip, gp))
—  (length (Ip) = n)

THEOREM: rho-preserves-In-1
(ws(n, I, g) A (k € nset (n)) A rhoi(n, k, I, g, lp, gp))
—  (length (Ip) = n)

THEOREM: lm-rho-preserves-ln-g
(listp (g) A (length (g) = n) A (k € nset (n)) A rhoi(n, k, I, g, Ip, gp))
—  (length (gp) = n)

THEOREM: rho-preserves-In-g
(ws (n, I, g) A (k € nset (n)) A rhoi(n, k, 1, g, Ip, gp))
—  (length (gp) = n)

THEOREM: lm-rho-preserves-ws
((n € N)

listp (Ip)

listp (gp)

(length (Ip) = n)

(length (gp) = n)
all-union (Ip, n, (0 1 2
all-union (gp, n, (0 1 2
ws (1, Ip, gp)

345678910 11 12))
3 4))

)))

I>s>>>>>

THEOREM: rho-preserves-ws
(ws(n, I, g) A (k € nset (n)) A rhoi(n, k, I, g, Ip, gp)) — ws(n, Ip, gp)

;3 3rhoil

THEOREM: n-neqg-k-rhoi0

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k # n)

at (1, k, 0)

1g_at_n(n7 la g))

lg-at-n (n, move (I, k, 1), g)

I>s>>>>>
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EVENT: Disable n-neq-k-rhoi0.

THEOREM: n-eq-k-rhoi0
(listp (1)
A listp (g)
A (k € nset (length (1))
A at(l, k, 0)
A lg-at-n(k, I, g))
— lg-at-n (k, move (I, k, 1), g)

EVENT: Disable n-eq-k-rhoi0.

THEOREM: lg-at-rhoi0

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

at (I, k, 0)

lg'at'n (TL, l» g))

lg-at-n (n, move (I, k, 1), g)

l>>>>>

EVENT: Disable lg-at-rhoi0.

THEOREM: lg-rhoi(

(listp (1)

listp (g)

(k € nset (length (1)))
(n €N)

at (I, k, 0)

lg(n, 1, g))

lg (n, move (I, k, 1), g)

l>>>>>

EVENT: Disable lg-rhoi0.

THEOREM: rhoi0-preserves-lg
(ws(n, l, g) A (k € nset(n)) A thoi0 (n, k, I, g, Ip, gp) N1g(n, I, g))
— lg(n, Ip, gp)

;3 3;rhoila

THEOREM: n-neq-k-rhoila
(listp (1)
A listp (g)
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(n € N)

(k € nset (length (1)))

(k #n)

at (I, k, 1)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 2), g)

L>>>>>

EVENT: Disable n-neq-k-rhoila.

THEOREM: n-eq-k-rhoila
(listp (1)
A listp (g)
A (k € nset (length (1))
A at(l k, 1)
A lg-at-n(k, I, g))
— lg-at-n (n, move (I, k, 2), g)

EVENT: Disable n-eq-k-rhoila.

THEOREM: lg-at-rhoila

(listp (1)

listp (g)

(n € N)

(k € nset (length (1))

at (I, k, 1)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 2), g)

I >>>>>

EvVENT: Disable lg-at-rhoila.

THEOREM: lg-rhoila

(listp (1)

listp (g)

(k € nset (length (1))
(n € N)

at (I, k, 1)

lg(n, 1, g))

lg (n, move (I, k, 2), g)

L>>>>>

EVENT: Disable 1g-rhoila.

THEOREM: rhoila-preserves-lg
(ws(n, I, g) A (k € nset (n)) A rhoila(n, k, 1, g, Ip, gp) Ng(n, I, g))
— lg(n, lp, gp)
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;5 3rhoilb

THEOREM: rhoilb-preserves-lg
(ws(n, I, g) A (k € nset (n)) A rhoilb(n, k, I, g, Ip, gp) Nlg(n, I, g))
— lg(n, lp, gp)

;5 3rhoi2

THEOREM: n-neq-k-rhoi2

(listp (1)

listp (g)

(n € N)

(k € nset (length (1))

(k # n)

at (1, k, 2)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 3), move (g, k, 1))

l>>>>>>

EVENT: Disable n-neq-k-rhoi2.

THEOREM: n-eq-k-rhoi2
(listp (1)
A listp (g)
A (k € nset (length (1)))
A at(l, k, 2)
A lg-at-n(k, I, g))
— lg-at-n (n, move (I, k, 3), move (g, k, 1))

EVENT: Disable n-eq-k-rhoi2.

THEOREM: lg-at-rhoi2

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

at (1, k, 2)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 3), move (g, k, 1))

L>s>>>>

EvENT: Disable 1g-at-rhoi2.

THEOREM: lg-rhoi2
(listp (1)
A listp (g)
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(k € nset (length (1))

(n € N)

at (1, k, 2)

Ig(n, I, g))

lg (n, move (I, k, 3), move (g, k, 1))

b>>>>

EVENT: Disable lg-rhoi2.

THEOREM: rhoi2-preserves-lg
(ws(n, I, g) A (k € nset (n)) A thoi2(n, k, I, g, Ip, gp) Alg(n, l, g))
— lg(n, Ip, gp)

;3 ;rhoi3a

THEOREM: n-neq-k-rhoi3a

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k # n)

at (I, k, 3)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 4), g)

l>>>>>>

EvVENT: Disable n-neq-k-rhoi3a.

THEOREM: n-eq-k-rhoi3a
(listp (1)
A listp (g)
A (k € nset (length (1)))
A at(l, k, 3)
A lg-at-n(k, I, g))
— lg-at-n (k, move (I, k, 4), g)

EVENT: Disable n-eq-k-rhoi3a.

THEOREM: lg-at-rhoi3a

(listp (1)

listp (g)

(n €N)

(k € nset (length (1)))

at (I, k, 3)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 4), g)

L>>>>>
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EVENT: Disable lg-at-rhoi3a.

THEOREM: lg-rhoi3a

(listp (1)

listp (g)

(k € nset (length (1)))
(n € N)

at (I, k, 3)

Ig(n, I, 9))

lg (n, move (I, k, 4), g)

l>>>>>

EvVENT: Disable lg-rhoi3a.

THEOREM: rhoi3a-preserves-lg
(ws(n, I, g) A (k € nset (n)) A rhoida(n, k, I, g, Ip, gp) Alg(n, [, 9))
— lg(n, Ip, gp)

;3 3rhoi3b

THEOREM: rhoi3b-preserves-lg
(ws(n, I, g) A (k € nset (n)) A rhoidb (n, k, I, g, Ip, gp) N1g(n, I, g))
— lg(n, Ip, gp)

;5 3rhoi4d

THEOREM: n-neq-k-rhoi4

(listp (1)

listp (g)

(n €N)

(k € nset (length (1)))

(k # n)

at (I, k, 4)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 5), move (g, k, 3))

l>>>>>>

EVENT: Disable n-neq-k-rhoi4.

THEOREM: n-eq-k-rhoi4

(listp (1)

listp (g)

(k € nset (length (1)))

at (I, k, 4)

lg-at-n (k, I, g))

lg-at-n (n, move (I, k, 5), move (g, k, 3))

b>>>>
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EVENT: Disable n-eq-k-rhoi4.

THEOREM: lg-at-rhoi4

(listp (1)

listp (g)

(n € N)

(k € nset (length (1))

at (I, k, 4)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 5), move (g, k, 3))

l>>>>>

EVENT: Disable lg-at-rhoi4.

THEOREM: lg-rhoid

(listp (1)

listp (g)

(k € nset (length (1)))

(n €N)

at (I, k, 4)

lg(n, 1, g))

lg (n, move (I, k, 5), move (g, k, 3))

L>>>>>

EVENT: Disable 1g-rhoi4.

THEOREM: rhoi4-preserves-lg
(ws(n, 1, g) A (k € nset (n)) A rhoid (n, k, I, g, Ip, gp) Alg(n, I, g))
— lg(n, Ip, gp)

;3 ;rhoiba

THEOREM: n-neq-k-rhoiba

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k # n)

at (I, k, 5)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 6), g)

l>>s>>>>

EvVENT: Disable n-neq-k-rhoiba.

THEOREM: n-eq-k-rhoiba
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(listp (1)

listp (g)

(k € nset (length (1)))

at (I, k, 5)

lg-at-n (k, I, g))

lg-at-n (k, move (1, k, 6), g)

b>>>>

EvENT: Disable n-eq-k-rhoiba.

THEOREM: lg-at-rhoida

(listp (1)

listp (g)

(n eN)

(k € nset (length (1)))

at (I, k, 5)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 6), g)

l>>>>>

EVENT: Disable lg-at-rhoiba.

THEOREM: lg-rhoiba

(listp (1)

listp (g)

(k € nset (length (1)))
(n €N)

at (I, k, 5)

Ig(n, 1, 9))

lg (n, move (I, k, 6), g)

L>>>>>

EvENT: Disable lg-rhoiba.

THEOREM: rhoiba-preserves-lg
(ws(n, I, g) A (k € nset (n)) A rhoiba(n, k, I, g, Ip, gp) Alg(n, 1, g))
— lg(n, Ip, gp)

;3 ;rhoibb

THEOREM: n-neq-k-rhoisb
(listp (1)
A listp (g)
A (neN)
A (k € nset (length (1)))
A (k#£n)
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A at(l, k, 5)
A lg-at-n(n, I, g))
— lg-at-n (n, move (I, k, 8), g)

EVENT: Disable n-neq-k-rhoi5b.

THEOREM: n-eq-k-rhoibb
(listp (1)
A listp (g)
A (k € nset (length (1)))
A at(l, k, 5)
A lg-at-n(k, 1, g))
— lg-at-n (k, move (I, k, 8), g)

EVENT: Disable n-eq-k-rhoi5b.

THEOREM: lg-at-rhoibb

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

at (I, k, 5)

lg'at'n (na lv g))

lg-at-n (n, move (I, k, 8), g)

I >>>>>

EVENT: Disable lg-at-rhoi5b.

THEOREM: lg-rhoibb

(listp (1)

listp (g)

(k € nset (length (1)))
(n €N)

at (I, k, 5)

Ig(n, 1, 9))

lg (n, move (I, k, 8), g)

l>>>>>

EVENT: Disable lg-rhoi5b.

THEOREM: rhoibb-preserves-1g
(ws(n, I, g) A (k € nset (n)) A rhoibb (n, k, I, g, Ip, gp) ANlg(n, 1, g))
— lg(n, Ip, gp)

;3 3;rhoib
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THEOREM: n-neq-k-rhoi6

(listp (1)

listp (g)

(n €N)

(k € nset (length (1)))

(k # n)

at (I, k, 6)

lg_at_n(na l, g))

lg-at-n (n, move (I, k, 7), move (g, k, 2))

l>>>>>>

EVENT: Disable n-neq-k-rhoi6.

THEOREM: n-eq-k-rhoi6

(listp (1)

listp (g)

(k € nset (length (1)))

at (I, k, 6)

lg-at-n (k, I, g))

lg-at-n (n, move (I, k, 7), move (g, k, 2))

b>>>>

EVENT: Disable n-eq-k-rhoi6.

THEOREM: lg-at-rhoi6

(listp (1)

listp (g)

(n € N)

(k € nset (length (1))

at (I, k, 6)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 7), move (g, k, 2))

L>>>>>

EvVENT: Disable lg-at-rhoi6.

THEOREM: lg-rhoi6

(listp (1)

listp (g)

(k € nset (length (1))

(n €N)

at (I, k, 6)

Ig(n, 1, 9))

lg (n, move (I, k, 7), move (g, k, 2))

l>>>>>

EvENT: Disable 1g-rhoi6.
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THEOREM: rhoi6-preserves-lg
(ws(n, I, g) A (k € nset (n)) A rhoi6 (n, k, I, g, Ip, gp) Alg(n, 1, g))
— lg(n, Ip, gp)

;3 ;rhoi7a

THEOREM: n-neq-k-rhoi7a

(listp (1)

listp (g)

(n €N)

(k € nset (length (1)))

(k # n)

at (I, k, 7)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 8), g)

l>>>>>>

EVENT: Disable n-neq-k-rhoi7a.

THEOREM: n-eq-k-rhoi7a
(listp (1)
A listp (g)
A (k € nset (length (1)))
A at(l, k, 7)
A lg-at-n(k, I, g))
— lg-at-n (k, move (I, k, 8), g)

EVENT: Disable n-eq-k-rhoi7a.

THEOREM: lg-at-rhoi7a

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

at (I, k, 7)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 8), g)

l>s>>>>

EvVENT: Disable lg-at-rhoi7a.

THEOREM: lg-rhoi7a
(listp (1)
A listp (g)
A (k € nset (length (1)))
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A (n eN)
A at(l k, 7)

A lg(n, 1, g))
— lg(n, move (I, k, 8), g)

EvENT: Disable lg-rhoi7a.

THEOREM: rhoi7a-preserves-lg
(ws(n, I, g) A (k € nset (n)) A rhoi7a(n, k, I, g, Ip, gp) N lg(n, [, 9))
— g (n, Ip, gp)

;3 3;rhoi7b

THEOREM: rhoi7b-preserves-1g
(ws(n, I, g) A (k € nset (n)) A thoi7b (n, k, I, g, Ip, gp) Alg(n, I, g))
— lg(n, Ip, gp)

;3 ;rhoi8

THEOREM: n-neq-k-rhoi8

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k #n)

at (I, k, 8)

lg_at_n (Tl, la g))

lg-at-n (n, move (I, k, 9), move (g, k, 4))

I>s>>>>>

EvENT: Disable n-neq-k-rhoi8.

THEOREM: n-eq-k-rhoi8
(listp (1)
A listp (g)
A (k € nset (length (1)))
A at(l, k,8)
A lg-at-n(k, 1, g))
— lg-at-n (n, move (I, k, 9), move (g, k, 4))

EVENT: Disable n-eq-k-rhoi8.
THEOREM: lg-at-rhoi8
(listp (1)

A listp (g)
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(n € N)

(k € nset (length (1)))

at (I, k, 8)

lg'at'n (TL, l7 g))

— lg-at-n(n, move (I, k, 9), move (g, k, 4))

> > > >

EVENT: Disable lg-at-rhoi8.

THEOREM: lg-rhoi8

(listp (1)

listp (g)

(k € nset (length (1))

(n € N)

at (I, k, 8)

Ig(n, I, 9))

lg (n, move (I, k, 9), move (g, k, 4))

I >>>>>

EVENT: Disable lg-rhoi8.

THEOREM: rhoi8-preserves-1g
(ws(n, I, g) A (k € nset (n)) A rhoi8 (n, k, I, g, Ip, gp) ANlg(n, I, g))
— lg(n, Ip, gp)

;53 3;rhoi9a

THEOREM: n-neq-k-rhoi9a

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k # n)

at (I, k, 9)

lg-at-n(n, I, g))

lg-at-n (n, move (I, k, 10), g)

l>>>>>>

EvVENT: Disable n-neq-k-rhoi9a.

THEOREM: n-eq-k-rhoi9a

(listp (1)

listp (g)

(k € nset (length (1)))

at (I, k, 9)

lg-at-n (k, I, g))

lg-at-n (k, move (I, k, 10), g)

l>>>>
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EVENT: Disable n-eq-k-rhoi9a.

THEOREM: lg-at-rhoi9a

(listp (1)

listp (g)

(n € N)

(k € nset (length (1))

at (I, k, 9)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 10), g)

l>>>>>

EVENT: Disable lg-at-rhoi9a.

THEOREM: lg-rhoi9a

(listp (1)

listp (g)

(k € nset (length (1)))
(n € N)

at (I, k, 9)

lg(n, L, 9))

lg (n, move (I, k, 10), g)

I >>>>>

EVENT: Disable 1g-rhoi9a.

THEOREM: rhoi9a-preserves-lg

(ws(n, I, g) A (k € nset (n)) A rhoi9a(n, k, I, g, Ip, gp) Alg(n, I, g))
— lg(n, lp, gp)

;5 3;rhoi9b

THEOREM: rhoi9b-preserves-lg

(ws(n, I, g) A (k € nset (n)) A rhoidb (n, k, I, g, lp, gp) N1g(n, I, g))
— lg(n, lp, gp)

;3 3rhoill

THEOREM: n-neq-k-rhoilQ

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k # n)

at (1, k, 10)

lg-at-n (n, 1, g))

lg-at-n (n, move (I, k, 11), g)

l>>s>>>>

46



EVENT: Disable n-neq-k-rhoil0.

THEOREM: n-eq-k-rhoilQ
(listp (1)
A listp (g)
A (k € nset (length (1))
A at(l, k, 10)
A lg-at-n(k, I, g))
— lg-at-n (k, move (I, k, 11), g)

EVENT: Disable n-eq-k-rhoil0.

THEOREM: lg-at-rhoilQ

(listp (1)

listp (g)

(n € N)

(k € nset (length (1))

at (1, k, 10)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 11), g)

I >>>>>

EVENT: Disable lg-at-rhoil0.

THEOREM: lg-rhoilO

(listp (1)

listp (g)

(k € nset (length (1)))
(n €N)

at (1, k, 10)

lg(n, 1, g))

lg (n, move (I, k, 11), g)

l>>>>>

EVENT: Disable lg-rhoil0.

THEOREM: rhoilO-preserves-lg
(ws(n, I, g) A (k € nset (n)) A thoil0(n, k, I, g, Ip, gp) Alg(n, I, g))
— lg(n, Ip, gp)

;5 3;rhoilla

THEOREM: n-neq-k-rhoilla
(listp (1)
A listp (g)

47



(n € N)

(k € nset (length (1)))

(k # )

at (I, k, 11)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 12), g)

l>>>>>

EVENT: Disable n-neq-k-rhoilla.

THEOREM: n-eq-k-rhoilla
(listp (1)
A listp (g)
A (k € nset (length (1))
A at(l, k, 11)
A lg-at-n(k, 1, g))
— lg-at-n (k, move (I, k, 12), g)

EVENT: Disable n-eq-k-rhoilla.

THEOREM: lg-at-rhoilla

(listp (1)

listp (g)

(n € N)

(k € nset (length (1))

at (1, k, 11)

lg-at-n(n, I, g))

lg-at-n (n, move (I, k, 12), g)

L >>>>>

EVENT: Disable lg-at-rhoilla.

THEOREM: lg-rhoilla

(listp (1)

listp (g)

(k € nset (length (1))
(n € N)

at (1, k, 11)

Ig(n, 1, g))

lg (n, move (I, k, 12), g)

L>>>>>

EVENT: Disable 1g-rhoilla.

THEOREM: rhoilla-preserves-lg
(ws (n, I, g) A (k € nset (n)) A thoilla(n, k, L, g, ip, gp) A lg(n, I, 9))
— lg(n, Ip, gp)
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;3 3;rhoillb

THEOREM: rhoillb-preserves-lg
(ws(n, I, g) A (k € nset (n)) A rhoillb (n, k, I, g, Ip, gp) Alg(n, I, g))
— lg(n, Ip, gp)

;3 3rhoil2

THEOREM: n-neq-k-rhoil?2

(listp (1)

listp (g)

(n € N)

(k € nset (length (1))

(k # n)

at (1, k, 12)

lg-at-n(n, I, g))

lg-at-n (n, move (I, k, 0), move (g, k, 0))

l>>>>>>

EVENT: Disable n-neq-k-rhoil2.

THEOREM: n-eq-k-rhoil2
(listp (1)
A listp (g)
A (k € nset (length (1)))
A at(l, k, 12)
A lg-at-n(k, I, g))
— lg-at-n (n, move (I, k, 0), move (g, k, 0))

EVENT: Disable n-eq-k-rhoil2.

THEOREM: lg-at-rhoil2

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

at (1, k, 12)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 0), move (g, k, 0))

>>>>>

EvVENT: Disable lg-at-rhoil2.

THEOREM: lg-rhoil2
(listp (1)
A listp (g)
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(k € nset (length (1))

(n € N)

at (1, k, 12)

Ig(n, I, 9))

lg (n, move (I, k, 0), move (g, k, 0))

b>>>>

EVENT: Disable 1g-rhoil2.

THEOREM: rhoil2-preserves-lg
(ws(n, I, g) A (k € nset (n)) A rhoil2 (n, k, I, g, Ip, gp) N lg(n, [, 9))
— lg(n, Ip, gp)

THEOREM: rho-preserves-lg

(ws(n, I, g) A (k € nset (n)) A rhoi(n, k, I, g, Ip, gp) Alg(n, , g))
— lg(n, lp, gp)

EVENT: Disable rhoi0-preserves-lg.
EVENT: Disable rhoila-preserves-lg.
EvVENT: Disable rhoilb-preserves-lg.
EVENT: Disable rhoi2-preserves-lg.
EvVENT: Disable rhoi3a-preserves-lg.
EVENT: Disable rhoi3b-preserves-lg.
EvVENT: Disable rhoi4-preserves-lg.
EVENT: Disable rhoiba-preserves-lg.
EVENT: Disable rhoibb-preserves-lg.
EVENT: Disable rhoi6-preserves-lg.
EvVENT: Disable rhoi7a-preserves-lg.

EVENT: Disable rhoi7b-preserves-lg.
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EVENT: Disable rhoi8-preserves-lg.
EvENT: Disable rhoi9a-preserves-lg.
EVENT: Disable rhoi9b-preserves-lg.
EvENT: Disable rhoil0O-preserves-lg.
EVENT: Disable rhoilla-preserves-lg.
EVENT: Disable rhoillb-preserves-lg.

EvVENT: Disable rhoil2-preserves-lg.

2999999993993 ao'ev 3999993999993 9933933333333 333333333333)

;55 (exist-union 1lp n ’(8 9 10 11 12)) and

;53 (not (exist-union 1 n ’(8 9 10 11 12)))

;;;implies that k is the witness of

;53 (exist-union 1lp n ’(8 9 10 11 12)). This

;5 ;proposition would have been more natural

;;;1f we had been able to prove:

;55 (prove-lemma exist-18-12 (rewrite)

HHH (implies (and (ws n 1 g)

HH (member k (nset n))

H (rhoi n k 1 g 1p gp)

HH (exist-union 1p n ’(8 9 10 11 12))

HH (not (exist-union 1 n (8 9 10 11 12))))
HHH (equal k (exist-union 1lp n ’(8 9 10 11 12))))).
; ; ;However Bmp refused to rewrite equal clause.

THEOREM: exist-18-12

(ws(n, 1, g)

(k € nset (n))

rhoi (n, k, 1, g, lp, gp)

exist-union (Ip, n, (8 9 10 11 12))

(k # exist-union (Ip, n, > (8 9 10 11 12))))
exist-union (I, n, (8 9 10 11 12))

>>>>

;33 If (exist-union 1lp n °(8 9 10 11 12)) and
;33 (not (exist-union 1 n ’(8 9 10 11 12))) hold,
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;;;then the k’s entry of 1lp is between 8..12.

THEOREM: k-in-1p8-12

(ws(n, 1, )

(k € nset (n))

rhoi(n, k, I, g, Ip, gp)

exist-union (Ip, n, (8 9 10 11 12))

(— exist-union (I, n, >(8 9 10 11 12))))
union-at-n (lp, k, (8 9 10 11 12))

b>>>>

;531f k’s entry in 1lp is between 8..12 and
;53;k’s entry of 1 is not between 8..12,
;;;then k’s entry of 1 is either 5 or 7.

THEOREM: k-not-in-18-12-then-157

(ws(n, I, g)

(k € nset (n))

rhoi (n, k, I, g, Ip, gp)

union-at-n (Ip, k, > (8 9 10 11 12))
(— union-at-n (I, k, > (8 9 10 11 12)))
(—mat(l, k, 7))

at (1, k, 5)

l>>>>>

;53;1f k’s entry in 1lp is between 8..12 and
;55 (not (exist-union 1 n (8 9 10 11 12))) holds,
;;;then k’s entry of 1 is either 5 or 7.

THEOREM: k-in-157

(WS(TL, L, g)

(k € nset (n))

rhoi (n, k, 1, g, lp, gp)

union-at-n (Ip, k, > (8 9 10 11 12))

(— exist-union (I, n, > (8 9 10 11 12)))
(j at (l, k, 7)))

at (I, k, 5)

l>>>>>

;33If (exist-union 1lp n ’(8 9 10 11 12)) and
;55 (not (exist-union 1 n (8 9 10 11 12))) hold,
;;;then the k’s entry of 1 is between either 5 or 7.

THEOREM: ex-k-in-157
(ws(n, I, g)
A (k € nset(n))
A thoi(n, k, 1, g, Ip, gp)
A exist-union (Ip, n, >(8 9 10 11 12))
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A (- exist-union (I, n, (8 9 10 11 12)))
A (=at(l, k7))
— at(l, k, 5)

;3 3Auxiliary lemma for ex-cond-rhoib.

THEOREM: cond-rhoib

(ws(n, 1, g)

(k € nset (n))

rhoi (n, k, 1, g, lp, gp)

union-at-n (Ip, k, > (8 9 10 11 12))
at (I, k, 5))

(— exist-union (g, n, ’ (1)))

b>>>>

;53If (exist-union 1lp n ’(8 9 10 11 12)) and
;53 (not (exist-union 1 n (8 9 10 11 12))) and
;;;the k’s entry in 1 is 5 then

;33 (not (exist-union g n ’(1))) holds.

THEOREM: ex-cond-rhoib

(ws(n, 1, g)

(k € nset (n))

rhoi (n, k, 1, g, Ip, gp)

exist-union (Ip, n, (8 9 10 11 12))
(— exist-union (I, n, > (8 9 10 11 12)))
at (I, k, 5))

(— exist-union (g, n, > (1)))

L>>>>>

;5 ;Auxiliary lemma for ex-cond-rhoi7.

THEOREM: cond-rhoi7

(ws (n, L, 9)

(k € nset (n))

rhoi(n, k, I, g, Ip, gp)
union-at-n (Ip, k, > (8 9 10 11 12))
at (I, k, 7))

exist-union (g, n, ’>(4))

' >>>>

;53If (exist-union lp n ’(8 9 10 11 12)) and
;33 (not (exist-union 1 n ’(8 9 10 11 12))) and
;;;the k’s entry in 1 is 7, then

;55 (exist-union g n ’(4)) holds.

THEOREM: ex-cond-rhoi7
(ws(n, I, g)
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(k € nset (n))

rhoi(n, k, I, g, lp, gp)

exist-union (Ip, n, (8 9 10 11 12))
(— exist-union (I, n, ?(8 9 10 11 12)))
at (I, k, 7))

exist-union (g, n, ’> (4))

l>>>>>

;33 If (exist-union 1lp n ’(8 9 10 11 12))
;;;and (not (exist-union 1 n ’(8 9 10 11 12))),
;5;then (not (exist-union g n ’(1))) holds.

THEOREM: 15-only-1p8

(ws(n, 1, g)

(k € nset (n))

rhoi(n, k, I, g, lp, gp)

(= exist-union (I, n, (8 9 10 11 12)))
lg(n, I, 9)

exist-union (Ip, n, > (8 9 10 11 12)))
(— exist-union (g, n, > (1)))

l>>>>>

;5;1f j 1s not equal to k and j’s entry of 1
;;3;1s neither 3 or 4, then j’s entry of 1p
;3318 not 4.

THEOREM: j-neq-k-j-not-in-1p4
(ws (1, 1, 9)

(4 € nset (n))

(k € nset (n))

rhoi(n, k, 1, g, lp, gp)

(G # k)

(= union-at-n (I, j, > (3 4))))
(= at (Ip, j, 4))

;53If k’s entry of 1 is neither 3 or 4, then
;53k’s entry of 1lp is not 4.

L>s>>>>

THEOREM: j-eq-k-j-not-in-1p4
(ws(n, 1, g)

A (k € nset (n))

A rhoi(n, k, I, g, lp, gp)

A (= union-at-n (I, k, > (3 4))))
— (- at(lp, k, 4))

;5;1f j’s entry of 1 is neither 3 or 4, then
;33)’s entry of 1lp is not 4.
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THEOREM: Ip4-empty

(ws(n, I, g)

A (j € nset (n))

A (k € nset(n))

A thoi(n, k, I, g, Ip, gp)

A (= union-at-n (1, 7, > (3 4))))
—  (—at(lp, j, 4))

;33If (not (exist-union 1 n ’(8 9 10 11 12)))
;33 and (exist-union lp n ’(8 9 10 11 12)) hold,
;;;then there is no entry 4 in 1.

THEOREM: 18-112-empty

(ws (n, 1, 9)

(4 € nset (n))

(k € nset (n))

rhoi(n, k, I, g, lp, gp)

(— exist-union (I, n, (8 9 10 11 12)))
Ig(n, 1, g))

a0 (n, Ip, j)

I >>>>>

;33;I1f (exist-union g n (3 4)) holds and
;;;the k’s entry in 1 is not 4, then
;5;the k’s entry in 1lp is not 4 either.
;;; (Doorway is locked.)

THEOREM: dwy-lckd
(ws(n, 1, 9)
A (k € nset(n))
A rthoi(n, k, I, g, Ip, gp)
A exist-union (g, n, > (3 4))
A (—at(l, k, 4)))
— (mat(lp, k, 4))

;33If (exist-union 1 n (8 9 10 11 12))
;;;holds and j is equal to k, then
;53])’s entry in lp is not 4.

THEOREM: j-eq-k-18-112-nonemp

(ws(n, I, )

(k € nset (n))

rhoi(n, k, I, g, Ip, gp)
exist-union (I, n, (8 9 10 11 12))
a0 (n, I, k)

al(n, 1, g))

a0 (n, Ip, k)

L>>>>>
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;33If (exist-union 1 n (8 9 10 11
;5> holds and j is not equal to k,
;;;the j’s entry in 1lp is not 4.

THEOREM: j-neq-k-18-112-nonemp
(ws (n, 1, g)

(j € nset(n))

(k € nset (n))

rhoi(n, k, 1, g, Ip, gp)

( #Fk)

a0 (n, {, j)

l>>>>>>

a0 (n, Ip, j)

;33If (exist-union 1 n ’(8 9 10 11

12))
then

exist-union ({, n, (8 9 10 11 12)))

12))

;;;holds then there is no entry 4 in lp.
;3 ;The order of the use hints is critical.

;; ;Change the order and we fail.

THEOREM: 18-112-nonemp
(ws(n, 1, g)

(j € nset(n))

(k € nset (n))

rhoi(n, k, I, g, Ip, gp)

a0 (n, I, 7)
al(n, [, g))

a0 (n7 lp7 j)

l>>>>>>

exist-union (I, n, > (8 9 10 11 12))

;33 If (exist-union 1lp n ’(8 9 10 11 12))

;;;holds, then there is no entry 4

THEOREM: rho-preserves-a0
(ws (n, 1, g)

(4 € nset (n))

(k € nset (n))

rhoi (n, k, I, g, lp, gp)
lg(n, 1, g)

a0 (n, I, )

al(n, I, g))

a0 (n, Ip, j)

L>s>>>>>

........................... al.ev
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;* ep-18-12

;53Auxiliary lemma for at-gp-rhoib
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THEOREM: gp-rhoib

(ws (n, 1, )

(k € nset (n))

rhoi (n, k, 1, g, lp, gp)
union-at-n (Ip, k, (8 9 10 11 12))
at (I, k, 5)

at (g, k, 3))

at (gp, k, 3)

;33If (not (exist-union 1 mn ’(8 9 10 11 12))),
;33 (exist-union 1p n ’(8 9 10 11 12)) and the k’s
;;;entry in 1 is 5 then the k’s entry in gp is 3.

L>>>>>

THEOREM: ex-gp-rhoib

(ws (n, 1, 9)

(k € nset (n))

rhoi (n, &, I, g, Ip, gp)

lg(n, 1, g)

(— exist-union (I, n, > (8 9 10 11 12)))
exist-union (Ip, n, (8 9 10 11 12))
at (I, k, 5))

at (gp, k, 3)

I>s>>>>>

;33If (not (exist-union 1 n ’(8 9 10 11 12)))
;;;and (exist-union 1lp n ’(8 9 10 11 12)) holds,
;;;then the k’s entry is either 3 or 4.

THEOREM: k-in-gp34

(ws (n, 1, 9)

(k € nset (n))

rhoi(n, k, I, g, Ip, gp)

lg(n, I, g)

(— exist-union (I, n, > (8 9 10 11 12)))
exist-union (Ip, n, (8 9 10 11 12)))
union-at-n (gp, k, (3 4))

I >>>>>

;33 If (exist-union 1lp n ’(8 9 10 11 12)) and
;3 (not (exist-union 1 n ’(8 9 10 11 12))) holds,
;;;then so does (exist-intersect-8-12-3-4 n 1p gp).

THEOREM: lm-al-ep-18-12
(ws(n, I, g)
A (k € nset(n))
A rhoi(n, k, I, g, lp, gp)
A exist-union (Ip, n, (8 9 10 11 12))
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A (- exist-union (I, n, (8 9 10 11 12)))

A lg(n, 1, g))

—  exist-intersect-8-12-3-4 (n, Ip, gp)

;53If (not (exist-union 1 n ’(8 9 10 11 12))) holds,
;;;then so does al.

THEOREM: al-ep-18-12

(ws(n, I, g)

A (k € nset(n))

A rhoi(n, k, I, g, lp, gp)

A lg(n, 1, g)

A (= exist-union (I, n, (8 9 10 11 12))))
— al(n, Ip, gp)

;* nep-18-12

;5;If (exist-intersect-8-12-3-4 n 1 g) holds and
;33K is not its witness then
;53 (exist-intersect-8-12-3-4 n 1lp gp) holds.

THEOREM: int-k-not-ex-int

(ws (n, 1, 9)

(k € nset (n))

rhoi (n, &, 1, g, Ip, gp)

(k # exist-intersect-8-12-3-4 (n, 1, g))
exist-intersect-8-12-3-4 (n, I, g))
exist-intersect-8-12-3-4 (n, Ip, gp)

L>>>>

;33If (exist-union 1 n (8 9 10 11 12)) holds and
;33k’s enrty is not between 8 and 12 then

;5; (exist-intersect-8-12-3-4 n 1p gp) holds.

;55 3 \neq k

THEOREM: al-k-not-in-18-12-nep-18-12

(ws(n, 1, 9)

A (k € nset(n))

A thoi(n, k, I, g, Ip, gp)

A exist-union (I, n, (8 9 10 11 12))

A (- union-at-n (I, k, (8 9 10 11 12)))
A al(n, 1, g))

—  exist-intersect-8-12-3-4 (n, Ip, gp)
;% k-in-18-11

;53;1f the k’s entry in 1 is between 8 and 11,
;;;then the k’s entry in 1lp is between 9 and 12.
;5 ;We need rho-preserves-1g.
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THEOREM: 18-11-k-in-1p9-12

(ws(n, I, g)

A (k € nset(n))

A rhoi(n, k, I, g, lp, gp)

A union-at-n (I, k, > (8 9 10 11)))
— union-at-n (Ip, k, >(9 10 11 12))

;5;If the k’s entry in 1 is between 8 and 11,
;;;then the k’s entry in 1lp is between 8 and 12
;;;and the entry in gp is either 3 or 4.

;5 318-11-k-in-1p9-12, un9-12-then-un8-12 and

;3 ;rho-preserves-1lg are used.

THEOREM: Im-al-k-in-18-11-nep-18-12
(ws(n, I, g)

(k € nset (n))

rhoi (n, k, I, g, Ip, gp)
union-at-n (I, k, (8 9 10 11))

lg(n, I, 9))
(union-at-n (Ip, k, >(8 9 10 11 12)) A union-at-n(gp, k, (3 4)))

L>>>>

;53If (exist-union 1p n ’(8 9 10 11 12)) holds,
;;;and the k’s entry in 1 is between 8 and 11 then
;3 (exist-intersect-8-12-3-4 n 1p gp) holds.

;55 3 \eq k and k \in 18-11

THEOREM: al-k-in-18-11-nep-18-12

(ws (n, 1, 9)

(k € nset (n))

rhoi (n, k, 1, g, Ip, gp)

lg(n, I, g)

exist-union (Ip, n, (8 9 10 11 12))
union-at-n (I, k, (8 9 10 11)))
exist-intersect-8-12-3-4 (n, Ip, gp)

L>>>>>

;33 If the k’s entry in 1 is 12 then the k’s entry in 1 is O.

THEOREM: k-in-1p0
(ws(n, I, g) A (k € nset(n)) A rhoi(n, k, I, g, Ip, gp) N at (I, k, 12))
— at(lp, k, 0)

;353 If (exist-union 1lp n ’(8 9 10 11 12)) holds
;;;and k’s entry in 1 is 12, then k is not the
;;;witness of (exist-union lp n (8 9 10 11 12)).
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THEOREM: k-not-ex-1p8-12
(ws (n, 1, g)
A (k € nset(n))
A rhoi(n, k, I, g, lp, gp)
A exist-union (Ip, n, (8 9 10 11 12))
A at(l, k, 12))
—  (k # exist-union (Ip, n, > (8 9 10 11 12)))

;531f the k’s entry in 1p is 8,
;;;then k’s entry in 1 is either 5 or 7.

THEOREM: 1p8-k-in-157
(ws(n, I, g) A (k € nset (n)) A rhoi(n, k, I, g, Ip, gp) A at (Ip, k, 8))
—  union-at-n (I, k, > (5 7))

;3;1f the k’s entry in 1p is 8,
;;;then k’s entry in 1 is between 5 and 12.

THEOREM: k-in-Ip8-then-15-12
(ws(n, I, g) A thoi(n, k, I, g, Ip, gp) A (k € nset (n)) A at (Ip, k, 8))
— union-at-n(l, k, (56 6 7 8 9 10 11 12))

;53;1f the k’s entry in 1lp is between 9 and 12,
;;;then the k’s entry in 1 is between 8 and 11.

THEOREM: 1p9-12-k-in-18-11

(ws(n, I, g)

A (k € nset(n))

A thoi(n, k, I, g, Ip, gp)

A union-at-n (Ip, k, > (9 10 11 12)))
— union-at-n(l, k, (8 9 10 11))

;5;1f the k’s entry in 1lp is between 9 and 12,
;;;then the k’s entry in 1 is between 5 and 12.

THEOREM: k-in-1p9-12-then-15-12
(ws(n, I, g)
A thoi(n, k, I, g, Ip, gp)
A (k € nset(n))
A union-at-n (Ip, k, > (9 10 11 12)))
— union-at-n(l, k, (56 6 7 8 9 10 11 12))

;53;1f the k’s entry in 1lp is between 8 and 12,
;;;then the k’s entry in 1 is between 5 and 12.
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THEOREM: k-in-15-12
(ws (n, 1, )
A thoi(n, k, 1, g, Ip, gp)
A (k € nset(n))
A union-at-n (Ip, k, > (8 9 10 11 12)))
— union-at-n(l, k, (5 6 7 8 9 10 11 12))

;33If (exist-union 1lp n ’(8 9 10 11 12)) holds
;;;and k is not its witness, then the witness has
;;;its entry in 1 between 5 and 12.

;5 ;ex-1p8-12-in-1p8-12, member-ex-union used.

THEOREM: k-neq-ex-1p8-12-in-15-12
(ws(n, I, g)
A rhoi(n, k, 1, g, Ip, gp)
A (k € nset(n))
A exist-union (Ip, n, ’(8 9 10 11 12))
A (k # exist-union (Ip, n, > (8 9 10 11 12))))
—  union-at-n (I,
exist-union (Ip, n, (8 9 10 11 12)),
’(66 789 10 11 12))

;3;If (exist-union lp n ’(8 9 10 11 12)) holds and
;5 ;the witness has its entry in lp between 8 and 12,
;;;then its entry in 1 is between 5 and 12.

;5 ;ex-1p8-12-in-1p8-12, member-ex-union used.

THEOREM: ex-1p8-12-then-15-12
(ws (n, 1, g)
A rhoi(n, k, I, g, Ip, gp)
A (k € nset(n))
A exist-union (Ip, n, >(8 9 10 11 12)))
—  union-at-n (I,
exist-union (Ip, n, (8 9 10 11 12)),
(567 89 10 11 12))

;33 If (exist-union 1lp n ’(8 9 10 11 12)) holds
;;;and k is not the witness of

;55 (exist-union 1p n ’(8 9 10 11 12)), then
;;;the witness has its entry 4 in gp.

THEOREM: ex-1p8-12-in-gp4
(ws(n, 1, g)

A (k € nset(n))

A thoi(n, k, 1, g, Ip, gp)
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at (1, k, 12)

a3-at-nl-n2 (k, exist-union (Ip, n, > (8 9 10 11 12)), I, g)
(k # exist-union (Ip, n, > (8 9 10 11 12)))

exist-union (ip, n, (8 9 10 11 12)))

at (gp, exist-union (Ip, n, >(8 9 10 11 12)), 4)

b>>>>

;33I1f (exist-union lp n ’(8 9 10 11 12)) holds and
;53k’s entry in 1 is 12 then the witness has its
;;;entry in 1lp between 8 and 12 and in gp either 3 or 4.

THEOREM: Im-al-k-in-112-nep-18-12

(ws (n, 1, 9)

(k € nset (n))

rhoi(n, k, 1, g, Ip, gp)

exist-union (Ip, n, (8 9 10 11 12))

at (1, k, 12)

a3-at-nl-n2 (k, exist-union (Ip, n, (8 9 10 11 12)), I, g))
union-at-n (gp, exist-union (Ip, n, >(8 9 10 11 12)), *(3 4))

l>>>>>

;3531f (exist-union lp n ’(8 9 10 11 12)) holds
;;;and k’s entry in 1 is 12, then
;5 (exist-intersect-8-12-3-4 n 1lp gp) holds.

THEOREM: al-k-in-112-nep-18-12

(ws (n, L, g)

(k € nset (n))

rhoi (n, k, I, g, Ip, gp)

exist-union (Ip, n, (8 9 10 11 12))

at (I, k, 12)

a3-at-nl-n2 (k, exist-union (Ip, n, (8 9 10 11 12)), 1, g))
exist-intersect-8-12-3-4 (n, Ip, gp)

l>>>>>

;5 3;Auxiliary lemma for al-nep-18-12.
;;;We have an instance of a3 in the lemma.

THEOREM: lml-al-nep-18-12

(ws (n, 1, 9)

(k € nset (n))

rhoi (n, k, I, g, lp, gp)

lg(n, I, g)

al(n, I, g)

a3-at-nl-n2 (k, exist-union (Ip, n, > (8 9 10 11 12)), I, g)
exist-union (Ip, n, (8 9 10 11 12))

exist-union (I, n, (8 9 10 11 12)))
exist-intersect-8-12-3-4 (n, Ip, gp)

l>>>>>>>
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THEOREM: Im-al-nep-18-12

(ws (n, L, 9)

(k € nset (n))

rhoi (n, k, 1, g, lp, gp)

lg(n, 1, g)

al(n, I, g)

a3 (n, n, 1, g)

exist-union (I, n, (8 9 10 11 12))
exist-union (Ip, n, (8 9 10 11 12)))
exist-intersect-8-12-3-4 (n, Ip, gp)

l>>>>>>>

;53If (exist-union 1lp n ’(8 9 10 11 12)) and
;33 (exist-union 1 n ’(8 9 10 11 12)) hold,
;;;then so does (exist-intersect-8-12-3-4 n 1lp gp).

THEOREM: al-nep-18-12

(ws(n, 1, 9)

(k € nset (n))

rhoi(n, k, I, g, Ip, gp)

lg(n, I, g)

al(n, I, g)

a3 (n, n, I, g)

exist-union (I, n, > (8 9 10 11 12)))
al(n, Ip, gp)

l>>>>>>

;33 If (exist-union 1lp n ’(8 9 10 11 12)) holds,
;3 ;then so does (exist-intersect-8-12-3-4 n 1p gp).

THEOREM: rho-preserves-al
(ws(n, 1, g)
A (k € nset (n))
A thoi(n, k, 1, g, Ip, gp)
A lg(n, L, g)
A al(n,l, g)
A a3 (n,n, g))
— al(n, Ip, gp)

3999999993993 3933933933933 a2'ev 3999999999393 9 3353393393393 399339333933333)

;* i-eq-k-j-neq-k
;5;1f the k’s entry in 1lp is between 10 and 12
;;;and the k’s entry in 1 is between 10 and 12,

;3; then (phi9 k n g) holds.

THEOREM: k-in-110-11-or-phi9
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(ws(n, 1, g)

A (k € nset(n))

A thoi(n, k, I, g, Ip, gp)

A union-at-n (Ip, k, > (10 11 12))
A (= union-at-n (I, k, > (10 11))))
—  phi9(k, n, g)

;5;If j is less than k and (phi9 k n g) holds,
;;;then the j’s entry in g is either O or 1.

THEOREM: phi9-j-in-g01
((j € mset (n)) A (j < k) A phid (k, n, )
— union-at-n(g, 7, (0 1))

;5;If j is less than k and (phi9 k n g) holds,
;;;then the j’s entry in 1lp is not between 5 and 12.
;53 1lp-same-1-not is used.

THEOREM: case-k-in-phi9

(ws(n, 1, g)

(j € nset (n))

(k € nset (n))

rhoi (n, k, 1, g, Ip, gp)

(G # k)

(J <k

lg(n, L, 9)

phi9 (k, n, g))

(= union-at-n (Ip, j, (5 6 7 8 9 10 11 12)))

l>>s>>>>>

;531f j is not equal to k and the k’s entry in 1 is
;;3either 10 or 11, then the j’s entry in 1lp is not
;;;between 5 and 12.

THEOREM: case-k-in-110-11

(ws(n, I, g)

(4 € nset (n))

(k € nset (n))

rhoi (n, k, I, g, Ip, gp)

a2-at-nl-n2 (k, j, )

(J # k)

union-at-n (I, k, > (10 11)))

(— union-at-n (lp, j, (5 6 7 8 9 10 11 12)))

l>>s>>>>

;5 3Auxiliary lemma for 1lm-i-eq-k-j-neq-k with
;55 (a2-at-n1-n2 k j 1).
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THEOREM: Im1l-i-eq-k-j-neq-k

(ws (n, 1, g)

(j € nset (n))

(k € nset (n))

rhoi (n, k, 1, g, Ip, gp)

(G # k)

(7 <k)

lg(n, 1, 9)

a2-at-nl-n2 (k, 7, 1)
union-at-n (Ip, k, > (10 11 12)))
(= union-at-n (Ip, j, (5 6 7 8 9 10 11 12)))

l>>>>>>>>

;51f j is less then k and the k’s entry in 1p is
;;;between 10 and 12, then the j’s entry in 1lp is
;;;not between 5 and 12.

THEOREM: lm-i-eq-k-j-neq-k
(ws(n, 1, )

(7 € nset (n))

(k € nset (n))

rhoi (n, k, 1, g, lp, gp)
(J # k)

( <Fk)

Ig(n, I, g)
a2-at-nl-n2 (k, 7, 1))
a2-at-nl-n2 (k, j, lp)

l>>s>>>>>

;53;1f j is less than k,
;;;then (a2-at-nl1-n2 k j 1p) holds.

THEOREM: i-eq-k-j-neq-k
(WS (TL, L g)

(j € nset (n))

(k € nset (n))

rhoi (n, k, 1, g, Ip, gp)
G # k)

G < )

lg (n, lv g)

a2 (n, n, 1))
a2-at-n1-n2 (k, j, Ip)

l>>s>>>>>

;¥ j—eq-k-i-neq-k
;53;If the k’s entry in 1 is not 4 and the k’s entry in 1lp

;;;1s between 5 and 7, then the k’s entry in 1 is
;; ;between 5 and 7.
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THEOREM: k-in-Ip5-7-not-14-then-15-7
(ws (1, L, 9)

A (k € nset(n))

A rhoi(n, k, I, g, lp, gp)

A (mat(l k, 4))

A union-at-n (Ip, k, > (5 6 7)))
— union-at-n (I, k, (5 6 7))

;53 If the k’s entry in 1lp is between 5 and 7 then
;;;the k’s entry in 1 is certainly between 5 and 12.

THEOREM: k-in-Ip5-7-then-15-11
(ws(n, 1, g)
A (k € nset(n))
A thoi(n, k, 1, g, Ip, gp)
A (mat(l, k, 4))
A union-at-n (Ip, k, > (5 6 7)))
— union-at-n(l, k, (56 6 7 8 9 10 11))

;3;1f the k’s entry in 1p is 8,
;;;then the k’s entry in 1 is between 5 and 11.

THEOREM: k-in-Ip8-then-15-11
(ws (n, I, g) A (k € nset (n)) A thoi (n, k, I, g, Ip, gp) A at (Ip, k, 8))
— union-at-n(l, k, (5 6 7 8 9 10 11))

;33 If the k’s entry in 1lp is between 9 and 12,
;;;then the k’s entry in 1 is between 5 and 12.

THEOREM: k-in-1p9-12-then-15-11
(ws (n, I, 9)
A (k € nset(n))
A thoi(n, k, 1, g, Ip, gp)
A union-at-n (Ip, k, > (9 10 11 12)))
— union-at-n(l, k, (56 6 7 8 9 10 11))

;33If the k’s entry in 1 is not 4 an the k’s entry in 1lp is
;;;between 5 and 12, then the k’s entry in 1 is
;5 sbetween 5 and 11.

THEOREM: k-in-15-11

(ws(n, 1, g)

(k € nset (n))

rhoi (n, k, 1, g, lp, gp)

(= at (I, £, 4))

union-at-n (Ip, k, (5 6 7 8 9 10 11 12)))
union-at-n (I, k, >°(5 6 7 8 9 10 11))

>>>>
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;5;1f the k’s entry in 1 is not 4, and the k’s entry
;53;in 1p is not between 5 and 12, then the k’s entry
;5;in 1p is not between 5 and 12.

THEOREM: k-not-in-14

(ws (n, 1, 9)

A (k € nset(n))

A thoi(n, k, I, g, lp, gp)

A (mat(l, k, 4))

A (- union-at-n(l, k,>(5 6 7 8 9 10 11 12))))
— (= union-at-n(lp, k, (5 6 7 8 9 10 11 12)))

;3;If a0 holds, and the k’s entry in 1 is not
;;;between 5 and 12, then the k’s entry in 1lp is not
;5 ;between 5 and 12.

THEOREM: k-not-in-1p5-12

(ws (n, 1, 9)

(i € nset (n))

(k € nset (n))

rhoi (n, &, I, g, Ip, gp)

a0 (n, I, k)

union-at-n ({, i, > (10 11 12))

(— union-at-n (I, k, (56 6 7 8 9 10 11 12))))
(— union-at-n (Ip, k, (5 6 7 8 9 10 11 12)))

l>>>>>>

;5 3Auxiliary lemma for lm-i-neq-k-j-eq-k.
;;;There is (a2-at-n1-n2 i k 1) in the lemma.

THEOREM: Im1l-i-neq-k-j-eq-k

(ws(n, I, g)

(i € nset (n))

(k € nset (n))

rhoi (n, k, I, g, Ip, gp)

(i # F)

(k<)

a0 (n, I, k)

a2-at-nl-n2 (i, k, 1)

union-at-n (Ip, 4, > (10 11 12)))
(= union-at-n (lp, k, (5 6 7 8 9 10 11 12)))

l>>>>>>>>

;551f k is less than i and the i’s entry in 1p is
;;;between 10 and 12, then the k’s entry in 1p is
;;;between 5 and 12.
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THEOREM: lm-i-neqg-k-j-eq-k
(ws (n, 1, g)

(i € nset (n))

(k € nset (n))
rhoi(n, k, I, g, lp, gp)
(i # F)

(k<)

a0 (n, I, k)
a2-at-nl-n2 (i, k, 1))
a2-at-nl-n2 (i, k, Ip)

;53If k is less than i then (a2-at-nil-n2 i k 1lp) holds.

I>>>>>>>

THEOREM: i-neqg-k-j-eq-k
(ws(n, 1, g)

(k € nset (n))

(i € nset(n))

rhoi (n, k, I, g, Ip, gp)
(i # k)

(k< 1)

a0 (n, I, k)

a2(n, n, 1))
a2-at-n1-n2 (i, k, Ip)

l>>>>>>>

;¥ 1-j-neq-k

;3;1f 1 and j are not equal to k and the i’s entry in 1p is
;;;between 10 and 12, then the j’s entry in 1p is
;;;between 5 and 12.

THEOREM: lm-i-j-neq-k
(ws(n, I, g)
(i € nset(n))
(j € nset (n))
(k € nset (n))
rhoi (n, k, I, g, lp, gp)
(i # k)
(G #Fk)
(U <)
a2-at-nl-n2 (i, j, 1))
a2-at-nl-n2 (i, 5, Ip)

l>>>>>>>>

;5;1f 1 and j are not equal to k,
;55 then (a2-at-n1-n2 i j 1lp) holds.
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THEOREM: i-j-neq-k
(ws (1, L, 9)

(i € nset (n))
(j € nset (n))
(k € nset (n))
rhoi(n, k, 1, g
(i # k)
G#K)

G <)

a2 (n, n, 1))
a2-at-nl-n2 (4, j, Ip)

, Ip, gp)

l>>>>>>>>

;5;If 1 is not equal to k and j is less than i,
;5;then (a2-at-nl1-n2 i j 1lp) holds.
;5 ;The order of the hints is crucial.

THEOREM: i-neq-k
(ws(n, 1, g)

(k € nset (n))

(i € nset (n))

(j € nset (n))

rhoi (TL7 kv l? g, lpv gp)
(i # k)

(G <)

a0 (n, I, k)

a2 (n, n, 1))
a2-at-nl-n2 (4, j, Ip)

I>>>>>>>>

;5;If j is less than k then (a2-at-nl-n2 k j 1lp) holds.

THEOREM: i-eq-k

(ws(n, I, g)

(j € nset (n))

(k € nset (n))

rhoi (n, k, 1, g, lp, gp)
(J <k)

lg(n, 1, g)

a2(n, n, 1))
a2-at-nl-n2 (k, 7, Ip)

L>s>>>>>

;5;If 1 is less than j then (a2-at-nl-n2 k j 1lp) holds.
;;;Again the order of the hints is crucial.

THEOREM: rho-preserves-a2
(ws(n, 1, 9)

69



(k € nset (n))

(i € nset (n))

(j € nset (n))

rhoi (TL7 kv l? g, lpv gp)
(<)

lg(n, I, g)

a0 (n, I, k)

a2(n, n, 1))
a2-at-nl-n2 (4, j, Ip)

l>>>>>>>>

3993993993993 33933333333) aB.eV 3999993993993 993393393333 393333333333333)

;* j-eq-k-i-neq-k

;5;1f the i’s entry in 1 is 12 and the k’s entry in 1lp is
;;;between 5 and 12 then the k’s entry in 1 is between 9
;;rand 11.

THEOREM: lm-k-in-19-11

(ws(n, 1, )

(i € nset(n))

(k € nset (n))

rhoi (n, k, 1, g, lp, gp)

lg(n, 1, g)

a0 (n, I, k)

a3-at-nl-n2 (i, k, I, g)

at (1, i, 12)

union-at-n (I, k, (5 6 7 8 9 10 11)))
union-at-n (I, k, >(9 10 11))

Il>>>>>>>>

;53If 1 is not equal to k, the i’s entry in 1 is 12,
;;;and the k’s entry in 1lp is between 5 and 12,
;;;then the k’s entry in 1 is between 9 and 11.

THEOREM: k-in-19-11

(ws (n, 1, 9)

(i € nset (n))

(k € nset (n))

rhoi(n, k, I, g, Ip, gp)

lg(n, I, g)

a0 (n, I, k)

a3-at-nl-n2 (i, k, I, g)

at (1, i, 12)

union-at-n (Ip, k, (5 6 7 8 9 10 11 12)))
union-at-n (I, k, > (9 10 11))

l>>>>>>>>
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;5;1f the k’s entry in 1p is between 9 and 11
;;;then the k’s entry in 1lp is between 9 and 12.

THEOREM: k-in-1p9-12
(ws(n, 1, )
A (k € nset(n))
A thoi(n, k, 1, g, Ip, gp)
A union-at-n (I, k, > (9 10 11)))
— union-at-n (Ip, k, > (9 10 11 12))

;;Auxiliary lemma for 1lm-a3-i-neq-k-j-eq-k.
;5;There is (a3-at-n1-n2 i k 1 g) in the lemma.

THEOREM: Im1l-a3-i-neq-k-j-eq-k
(ws (n, 1, g)

(i € nset (n))

(k € nset (n))

rhoi (n, k, 1, g, Ip, gp)

(i # F)

lg(n, 1, g)

lg (n, Ip, gp)

a0 (n, I, k)

a3-at-nl-n2 (i, k, I, g)

at (1, i, 12)

union-at-n (Ip, k, (5 6 7 8 9 10 11 12)))
at (gp, k, 4)

l>>s>>>>>>>>

;3;1f 1 is not equal to k, the i’s entry in 1lp is 12,
;;;and the k’s entry in 1lp is between 5 and 12,
;;;then the k’s entry in gp is 4.

THEOREM: Im-a3-i-neq-k-j-eq-k
(ws (n, L, 9)

(4 € nset (n))

(k € nset (n))

rhoi (n, k, 1, g, Ip, gp)

(i # k)

lg(n, 1, g)

a0 (n, I, k)
a3-at-nl-n2 (i, k, [, g))
a3-at-nl-n2 (4, k, Ip, gp)

l>>>>>>>

;531f 1 is not equal to k,
;5;then (a3-at-nl-n2 i k 1p gp) holds.
;5 ;The order of the hypotheses is crucial.
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THEOREM: a3-i-neq-k-j-eq-k
(ws(n, I, g)

A (i € nset (n))

A (k € nset(n))

A thoi(n, k, I, g, Ip, gp)
A lg(n, 1, g)

A al(n, I, k)

A a3(n,n, 1, g)

A (1 # k)

a3-at-nl-n2 (i, k, Ip, gp)
;% 1i-eq-k-j-neq-k
;5;1f the k’s entry in 1p is 12 then (phill k n g) holds.

THEOREM: cond-rhoill
(ws(n, l, g) A (k € nset (n)) A rhoi(n, k, I, g, Ip, gp) A at (Ip, k, 12))
— phill(k, n, g)

;33;If the k’s entry in 1 is between 10 and 12,
;;;the j’s entry in 1 is between 5 and 12, and
;35(a2-at-n2 k n 1) holds, then k is less than j.
;; ;Because Bmp does not rewrite the clause

;55 (lessp k j), we take its contrapositive.

THEOREM: k-1t-j
((j € nset (n))
A (G #K)
A union-at-n (I, k, > (10 11 12))
A union-at-n(l,j,’(5 6 7 8 9 10 11 12))
A (k£ )
— (- a2-at-n2(k, n, 1))

;53If k is less than j and (phill k n g) holds,
;;;then the j’s entry in g is either 2 or 3.

THEOREM: phill-j-not-in-g23
(G € nset (n)) A (k < §) A phill (k, n, g))
— (- union-at-n (g, j, > (2 3)))

;53;If j is not equal to k, (a2-at-n2 k n 1), (phill k n g)
;;;the k’s entry in 1 is between 10 and 12 and

;;;the j’s entry in 1 is between 5 and 12,

;;;then the j’s entry in g is either 2 or 3.
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THEOREM: lml-j-not-in-g23

((4 € nset (n))

G #H)

a2-at-n2 (k, n, 1)

phill (k, n, g)

union-at-n (I, k, > (10 11 12))
union-at-n (I, j, (5 6 7 8 9 10 11 12)))
(— union-at-n (g, 7, > (2 3)))

—

l>>>>>

;53;1f j is not equal to k, the k’s entry in 1 is
;;;between 10 and 12, the k’s entry in 1lp is 12 and
;;;the j’s entry in 1 is between 5 and 12,

;;;then the j’s entry in g is either 2 or 3.

THEOREM: 1m2-j-not-in-g23

(ws (n, 1, 9)

(7 € nset (n))

(k € nset (n))

rhoi (n, k, 1, g, lp, gp)

G #K)

a2-at-n2 (k, n, 1)

at (Ip, k, 12)

at (I, k, 11)

union-at-n (I, j, (5 6 7 8 9 10 11 12)))
(— union-at-n (g, 7, > (2 3)))

l>>>>>>>>

;531f j is not equal to k, the k’s entry in 1lp is 12,
;;;and the j’s entry in 1 is between 5 and 12,
;;;then the j’s entry in g is either 2 or 3.

THEOREM: j-not-in-g23

(ws(n, 1, )

(7 € nset (n))

(k € nset (n))

rhoi (n, k, 1, g, lp, gp)

(G # k)

a2(n, n, I)

at (1, k, 11)

at (Ip, k, 12)
union-at-n (I, j, (5 6 7 8 9 10 11 12)))
(— union-at-n (g, 7, > (2 3)))

I>>>>>>>>

THEOREM: j-in-g4
((4 € nset (n))
A lg(n, 1, g)
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A (= union-at-n (g, j, > (2 3)))
A union-at-n(l,7,’(5 6 7 8 9 10 11 12)))
— at(g, 7, 4)

;5 ;un9-12-then-un8-12, if3, j-not-in-g23,

;5 315-12-eq-15-8-0r-19-12, un8-12-then-un5-12,

;;;and j-in-g4 are used.

;5;1f j is not equal to k, the k’s entry in 1p is 12,
;;;the j’s entry in 1 is between 5 and 12,

;;;then the j’s entry in g is 4.

THEOREM: a3-j-in-15-12
(ws(n, 1, )

(7 € nset (n))

(k € nset (n))

rhoi (n, k, 1, g, lp, gp)
G #h)

lg(n, 1, g)

a2(n, n, 1)

at (I, k, 11)

at (Ip, k, 12)
union-at-n (I, j, ’(5 6 7 8 9 10 11 12)))
at (g, j, 4)

l>>>>>>>>>

;5;1f the k’s entry in 1p is 12,
;;;then the k’s entry in 1 is 11.

THEOREM: k-in-111
(ws(n, I, g) A (k € nset (n)) A rhoi(n, k, I, g, lp, gp) A at (Ip, k, 12))
— at(l, k, 11)

;5;1f k is not equal to j and the j’s entry in g is 4,
;;;then the j’s entry in gp is 4.

THEOREM: lml-a3-i-eq-k-j-neq-k
(ws (1, 1, 9)

(j € nset (n))

(k € nset (n))

rhoi (n, k, I, g, Ip, gp)

(J # k)

Ig(n, I, 9)

a2(n, n, 1)

at (Ip, k, 12)
union-at-n (Ip, j, (56 6 7 8 9 10 11 12)))
at (g, j, 4)

l>>s>>>>>>
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;5;1f j is not equal to k, the k’s entry in 1lp is 12,
;;;and the j’s entry in 1lp is between 5 and 12,
;;;then the j’s entry in gp is 4.

THEOREM: Im-a3-i-eq-k-j-neq-k
(ws (n, 1, g)

(j € nset (n))

(k € nset (n))

rhoi (n, k, I, g, Ip, gp)

(G # k)

lg(n, 1, g)

a2(n, n, I)
a3-at-nl-n2 (k, j, I, g))
a3-at-nl-n2 (k, j, lp, gp)

l>>>>>>>

;53;If j is not equal to k then (a3-at-nl-n2 k j 1lp gp).

THEOREM: a3-i-eq-k-j-neq-k
(ws (n, 1, g)

A (j € nset(n))

A (k € nset(n))

A rthoi(n, k, I, g, lp, gp)
AN (G#Ek)

A lg(n, i, g)

A a2(n, n,l)

A a3 (n, n,l, g))

N

aj-at-nl-n2 (kv j7 lpa gp)
+ i-j-neqk

;531f 1,) are not equal to k, the i’s entry in 1lp is 12
;;;and the j’s entry in 1lp between 5 and 12
;;;then the j’s entry in gp is 4.

THEOREM: lm-a3-i-j-neq-k
(ws(n, 1, g)

(i € nset(n))
(4 € nset (n))
(k € nset (n))
rhoi(n, k, 1, g
(i # k)

(U #Fk)
a3-at-nl-n2 (i, j, I, g))
a3-at-nl-n2 (i, j, lp, gp)

, Ip, gp)

ls>s>>>>>

(6]



;531f 1,j are not equal to k,
;5;then (a3-at-nl-n2 i j 1lp gp).

THEOREM: a3-i-j-neq-k
(ws (1, L, 9)

(i € nset (n))

(j € nset (n)
(k € nset (n)
rhoi (n, k&, I,
a3(n, n, I, g
(i # k)

(J # k)
a3-at-nl-n2 (i, j, lp, gp)

)
)
g, lp, gp)
)

l>>>>>>>

;¥ i-j-eq-k

THEOREM: lm-a3-i-j-eq-k
(ws(n, 1, g)

(k € nset (n))

rhoi (n, k, I, g, Ip, gp)
lg(n, I, g)

a2(n, n, I)
ad-at-n1-n2 (k, k, [, g))
a3-at-nl-n2 (k, k, Ip, gp)

L>>>>>

;33 (a3-at-n1-n2 k k 1p gp) holds by lg.

THEOREM: a3-i-j-eq-k

(ws(n, 1, g)

(k € nset (n))

rhoi(n, k, I, g, Ip, gp)
lg (na la g)

a2(n, n, 1)

a3 (n, n, l, g))
a3-at-nl-n2 (k, k, lp, gp)

l>>>>>

;5;(a3-at-n1-n2 k j 1lp gp) holds.

THEOREM: a3-i-eq-k
(WS (nv lv g)
A (j € nset (n))
(k € nset (n))
rthoi (n, k, I, g, Ip, gp)
Ig(n, 1, g)

> > >
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A a2(n, n, )
A a3(n, n, 1, g))
— a3-at-nl-n2 (k, j, Ip, gp)

;531f 1 is not equal to k,
;;;then (a3-at-nl-n2 i j 1lp gp) holds.

THEOREM: a3-i-neq-k
(ws(n, I, )

A (k € nset (n))

A (i € nset(n))

A (j € nset(n))

A rhoi(n, k, I, g, Ip, gp)
A lg(n, L, g)

A al(n, I, k)

A a2(n, n, )

A a3(n, n,l, g)

A (i # k)

a3-at-nl-n2 (Zv j7 lp) gp)
;53 (a3-at-n1-n2 i j 1p gp) holds.

THEOREM: rho-preserves-a3
(ws(n, I, g)

(k € nset (n))

(i € nset (n))
(j € nset (n))
rhoi (n, k, 1, g, lp, gp)
lg(n, 1, 9)

a0 (n, I, k)

a2(n, n, )

a3(n, n, I, g))
a3-at-nl-n2 (4, j, Ip, gp)

l>s>s>s>s>>>>

(s



Index

a0, 17, 55, 56, 67-72, 77

al, 17, 55, 56, 58, 62, 63

al-ep-18-12, 58

al-k-in-112-nep-18-12, 62

al-k-in-18-11-nep-18-12, 59

al-k-not-in-18-12-nep-18-12, 58

al-nep-18-12; 63

a2, 17, 23, 24, 65, 68-70, 73-77

a2-a2-at-n2; 23

a2-at-nl-n2, 17, 22, 24, 64, 65, 67—
70

a2-at-n2, 17, 22-24, 72, 73

a2-at-n2-a2-at-nl-n2, 22

a2-i-j-a2-at-nl-n2, 24

a2-n-a2-at-n2, 24

a3, 18, 23, 24, 63, 72, 75-77

ad-ad-at-n2, 23

a3-at-nl-n2, 18, 23, 24, 62, 70-72,
7517

a3d-at-n2, 18, 23

a3d-at-n2-ad-at-nl-n2, 23

ad-ex-a3d-at-nl-n2, 24

a3-i-eq-k, 76

a3-i-eq-k-j-neq-k, 75

ald-i-j-ad-at-nl-n2, 24

a3-i-j-eq-k, 76

a3-i-j-neq-k, 76

a3-i-neq-k, 77

a3-i-neq-k-j-eq-k, 72

a3-if4, 11

a3-j-in-15-12, 74

addl-nset, 5

all-union, 2, 13, 25-33

at, 24, 7-18, 22, 33-50, 52-55, 57,
59, 60, 62, 66, 67, 70-74

bla-if4, 13
case-k, 8

case-k-in-110-11, 64
case-k-in-phi9, 64

78

cond-rhoill, 72
cond-rhoib, 53
cond-rhoi7, 53

dwy-lckd, 55

ex-cond-rhoib, 53

ex-cond-rhoi7, 53

ex-gp-rhoib, 57

ex-if4, 6

ex-k-in-157, 52

ex-1p8-12-in-gp4, 61

ex-1p8-12-in-1p8-12, 6

ex-1p8-12-not-in-1p0, 9

ex-1p8-12-then-15-12, 61

exist-intersect-8-12-3-4, 3, 6-8, 17,
58, 59, 62, 63

exist-18-12, 51

exist-union, 3, 6, 7, 9, 11, 12, 14, 15,
17, 24, 51-63

g-rholemma, 20
g-same-gp, 21
gp-rhoib, 57
gp-same-g, 21
gp-same-g-at, 22
gp3-then-un3d4, 8

i~eq-k, 69

i-eq-k-j-neq-k, 65
i-j-neq-k, 69

i-neq-k, 69
i-neqg-k-j-eq-k, 68
i-not-in-112, 12
i-not-110-12, 11

if1, 10

if3, 12

if4, 9
int-8-12-3-4-then-un34, 7
int-k-not-ex-int, 58
int-wtn, 7
intersect-8-12-3-4-at-n, 3, 7



intersect-8-12-3-4-then-3-4, 8
intersect-8-12-3-4-then-8-12, 8

j-eq-k-j-not-in-1p4, 54
j-eq-k-18-112-nonemp, 55
j-eq-k-move-member-g, 24
j-ex-18-12, 6

j-in-g4, 73
j-neq-k-j-not-in-1p4, 54
j-neqg-k-18-112-nonemp, 56
j-neq-k-move-member-g, 24
j-not-in-g23, 73

k-in-gp34, 57
k-in-110-11-or-phi9, 64
k-in-111, 74

k-in-15-11, 66
k-in-15-11-g4-then-19-11, 11
k-in-15-12, 61

k-in-157, 52

k-in-19-11, 70

k-in-1p0, 59
k-in-1p5-7-not-14-then-15-7, 66
k-in-1p5-7-or-1p8-or-1p9-12, 10
k-in-1p5-7-then-15-11, 66
k-in-1p8-12, 52
k-in-1p8-then-15-11, 66
k-in-1p8-then-15-12, 60
k-in-1p9-12, 71
k-in-1p9-12-or-1p8, 9
k-in-1p9-12-then-15-11, 66
k-in-1p9-12-then-15-12; 60
k-1t-j, 72
k-neqg-ex-1p8-12-in-15-12, 61
k-not-0, 6

k-not-ex-1p8-12, 60
k-not-in-14, 67
k-not-in-18-12-then-157, 52
k-not-in-1p5-12, 67

l-rholemma, 19
l-same-lp, 20
l-same-lp-at, 22
l-same-lp-at-not, 22

79

111-then-un10-12, 12
112-then-un8-12, 12
112-then-un9-12, 12
134-empty, 7
15-12-eq-15-8-0r-19-12, 12
15-only-1p8&, 54
18-11-k-in-1p9-12, 59
18-112-empty, 55
18-112-nonemp, 56

length, 2, 5, 13, 19, 20, 24-50

lg, 4, 6-13, 34-50, 54-59, 6265, 69—

7
lg-1-at-n, 3, 4
lg-2-at-n, 4
lg-3-at-n, 4
lg-at-n, 4, 33—49
lg-at-rhoi0, 34
lg-at-rhoil0, 47
lg-at-rhoilla, 48
lg-at-rhoil2; 49
lg-at-rhoila, 35
lg-at-rhoi2, 36
lg-at-rhoi3a, 37
lg-at-rhoi4, 39
lg-at-rhoiba, 40
lg-at-rhoib5b, 41
lg-at-rhoi6, 42
lg-at-rhoi7a, 43
lg-at-rhoi8, 44
lg-at-rhoi9a, 46
lg-15-g3, 8
lg-rhoi0, 34
lg-rhoil0, 47
lg-rhoilla, 48
lg-rhoil2, 49
lg-rhoila, 35
lg-rhoi2, 36
lg-rhoi3a, 38
lg-rhoi4, 39
lg-rhoiba, 40
lg-rhoibb, 41
lg-rhoi6, 42
lg-rhoi7a, 43
lg-rhoi8, 45



lg-rhoi9a, 46

list-In, 5

lm-al-ep-18-12, 57
Im-al-k-in-112-nep-18-12, 62
Im-al-k-in-18-11-nep-18-12, 59
Im-al-nep-18-12, 63
lm-a2-a2-at-n2, 23
Im-a2-at-n2-a2-at-n1-n2, 22
lm-a3-a3-at-n2, 23
Im-a3-at-n2-a3-at-n1-n2, 23
Im-a3-i-eq-k-j-neq-k, 75
Im-a3-i-j-eq-k, 76
lm-a3-i-j-neq-k, 75
lm-a3-i-neq-k-j-eq-k, 71
Im-g-rholemma, 20
Im-i-eq-k-j-neq-k, 65
Im-i-j-neq-k, 68
Im-i-neq-k-j-eq-k, 68
lm-k-in-19-11, 70
lm-l-rholemma, 19
Im-rho-preserves-In-g, 33
Im-rho-preserves-In-1, 33
Im-rho-preserves-ws, 33
lm-rhoO-preserves-union-1, 28
lm-rho10-preserves-union-g, 27
Im-rho10-preserves-union-1, 32
Im-rholla-preserves-union-l, 32
Im-rhol1b-preserves-union-1, 32
lm-rhol2-preserves-union-g, 27
lm-rhol2-preserves-union-1, 32
Im-rhola-preserves-union-1, 28
Im-rholb-preserves-union-1, 28
Im-rho2-preserves-union-g, 25
Im-rho2-preserves-union-1, 29
Im-rho3a-preserves-union-1, 29
lm-rho3b-preserves-union-1, 29
Im-rho4-preserves-union-g, 26
Im-rho4-preserves-union-1, 29
Im-rhoba-preserves-union-1, 30
lm-rhobb-preserves-union-1, 30
lm-rho6-preserves-union-g, 26
Im-rho6-preserves-union-1, 30
Im-rho7a-preserves-union-1, 30
Im-rho7b-preserves-union-1, 31

80

Im-rho8-preserves-union-g, 27
lm-rho8-preserves-union-1, 31
lm-rho9a-preserves-union-1, 31
lm-rho9b-preserves-union-1, 31
Im1-al-nep-18-12, 62
Im1-a3-i-eq-k-j-neq-k, 74
Im1-a3-i-neq-k-j-eq-k, 71
lm1-i-eq-k-j-neq-k, 65
lm1-i-neqg-k-j-eq-k, 67
Im1-j-not-in-g23, 73
Im2-j-not-in-g23, 73
Ip-same-1, 20

lp-same-l-not, 21

lp4-empty, 55

lp4-then-un34, 7

1p8-k-in-157, 60
1p9-12-k-in-18-11, 60
1p9-12-then-k-in-g34, 13

member-ex-union, 6
member-intersect, 6

move, 2, 5, 13-16, 24, 25, 33-50
move-is-list, 5

move-member-g, 24
move-member-1, 25

move-nth, 5
move-unchange-length, 5
move-unchange-other-than-nth, 5

n-eq-k-rhoi0, 34
n-eq-k-rhoil0, 47
n-eq-k-rhoilla, 48
n-eq-k-rhoil2; 49
n-eq-k-rhoila, 35
n-eq-k-rhoi2, 36
n-eq-k-rhoi3a, 37
n-eq-k-rhoi4, 38
n-eq-k-rhoiba, 40
n-eq-k-rhoibb, 41
n-eq-k-rhoi6, 42
n-eq-k-rhoi7a, 43
n-eq-k-rhoi8, 44
n-eq-k-rhoi9a, 45
n-in-nset, 5



n-neq-k-rhoi0, 33
n-neq-k-rhoil0, 46
n-neq-k-rhoilla, 47
n-neq-k-rhoil2; 49
n-neq-k-rhoila, 34
n-neq-k-rhoi2, 36
n-neq-k-rhoi3da, 37
n-neq-k-rhoi4, 38
n-neq-k-rhoiba, 39
n-neq-k-rhoisb, 40
n-neq-k-rhoi6, 42
n-neq-k-rhoi7a, 43
n-neq-k-rhoi8, 44
n-neq-k-rhoi9a, 45
n-not-0, 19

nset, 4-13, 17, 19-77
nset-number, 5

nth, 1, 2, 5, 19, 20, 24, 25
number-ex-union, 6
number-intersect, 6

phill, 15, 16, 72, 73
phill-j-not-in-g23, 72
phi9, 15, 64
phi9-j-in-g01, 64

rho-preserves-a0, 56
rho-preserves-al, 63
rho-preserves-a2, 69
rho-preserves-a3, 77
rho-preserves-lg, 50
rho-preserves-ln-g, 33
rho-preserves-In-1, 33
rho-preserves-union-g, 28
rho-preserves-union-1, 33
rho-preserves-ws, 33
rhoO-preserves-union-g, 25
rho0-preserves-union-1, 28
rhol0-preserves-union-g, 27
rhol0-preserves-union-1, 32
rholla-preserves-union-g, 27
rholla-preserves-union-1, 32
rhollb-preserves-union-g, 27
rhollb-preserves-union-1, 32

81

rhol2-preserves-union-g, 28
rhol2-preserves-union-1, 32
rhola-preserves-union-g, 25
rhola-preserves-union-1, 28
rholb-preserves-union-g, 25
rholb-preserves-union-1, 28
rho2-preserves-union-g, 25
rho2-preserves-union-1, 29
rho3a-preserves-union-g, 25
rho3a-preserves-union-1, 29
rho3b-preserves-union-g, 26
rho3b-preserves-union-1, 29
rho4-preserves-union-g, 26
rho4-preserves-union-1, 29
rhoba-preserves-union-g, 26
rhoba-preserves-union-1, 30
rhobb-preserves-union-g, 26
rhobb-preserves-union-1, 30
rho6-preserves-union-g, 26
rho6-preserves-union-1, 30
rho7a-preserves-union-g, 26
rho7a-preserves-union-1, 30
rho7b-preserves-union-g, 26
rho7b-preserves-union-1, 31
rho8-preserves-union-g, 27
rho8-preserves-union-1, 31
rho9a-preserves-union-g, 27
rho9a-preserves-union-1, 31
rho9b-preserves-union-g, 27
rho9b-preserves-union-1, 31
rhoi, 16, 19-22, 28, 33, 50-77
rhoi0, 13, 16, 25, 28, 34
rhoi0-preserves-lg, 34
rhoil0, 15, 16, 27, 32, 47
rhoilO-preserves-lg, 47
rhoilla, 16, 27, 32, 48
rhoilla-preserves-lg, 48
rhoillb, 16, 27, 32, 49
rhoillb-preserves-lg, 49
rhoil2, 16, 27, 28, 32, 50
rhoil2-preserves-lg, 50
rhoila, 14, 16, 25, 28, 35
rhoila-preserves-lg, 35
rhoilb, 14, 16, 25, 28, 36



rhoilb-preserves-lg, 36
rhoi2, 14, 16, 25, 29, 37
rhoi2-preserves-lg, 37
rhoi3a, 14, 16, 25, 29, 38
rhoi3a-preserves-lg, 38
rhoi3b, 14, 16, 26, 29, 38
rhoi3b-preserves-lg, 38
rhoi4, 14, 16, 26, 29, 39
rhoi4-preserves-lg, 39
rhoiba, 14, 16, 26, 30, 40
rhoiba-preserves-lg, 40
rhoi5b, 14, 16, 26, 30, 41
rhoibb-preserves-lg, 41
rhoi6, 14, 16, 26, 30, 43
rhoi6-preserves-lg, 43
rhoi7a, 15, 16, 26, 30, 44
rhoi7a-preserves-lg, 44
rhoi7b, 15, 16, 26, 31, 44
rhoi7b-preserves-lg, 44
rhoi8, 15, 16, 27, 31, 45
rhoi8-preserves-lg, 45
rhoi9a, 15, 16, 27, 31, 46
rhoi9a-preserves-lg, 46
rhoi9b, 15, 16, 27, 31, 46
rhoi9b-preserves-lg, 46

unl0-11-then-un10-12, 10
unl0-12-then-un8-12, 11

und-11-eq-und8-or-un8-11, 11

unb-11-then-unb-12, 10
unb-7-then-un5-11, 10
unb7-then-un5-11, 10
unb7-then-unb-12, 9
un8-11-then-un5-11, 10
un8-11-then-un5-12, 9

un8-12-and-un34-then-int, 7
un8-12-then-18-or-19-12, 13

un8-12-then-unb-12, 9
un9-12-then-un&-12, 8

union-at-n, 2, 3, 6-13, 15, 17, 18,
20, 21, 52-55, 5762, 64—

67, 70-74

ws, 13, 18-41, 43-77

ws-list-g, 18
ws-list-1, 18
ws-ln-g, 19
ws-In-gp, 19
ws-In-1, 19
ws-In-1p, 19
ws-n-not-0, 19
ws-num-n, 18
ws-union-g, 25
ws-union-1, 25

zero-not-member-nset, 5



