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;*sequence and finite set utilities
;;;The ith entry in 1.

DEFINITION:
nth (1, 7)
= if listp (1)
then if ¢ = 1 then car (1)
else nth (cdr (1), i — 1) endif



elseif [ ¢ N

then if i = 1 then [
else f endif

else f endif

EVENT: Disable nth.

;;;update ith entry of 1 to be k

DEFINITION:
move (I, i, k)
= if i =0 then !
elseif [ ~ nil
then if ¢ = 1 then &
else [ endif
elseif i = 1 then cons (k, cdr (1))
else cons (car (1), move (cdr (1), ¢ — 1, k)) endif

EVENT: Disable move.

DEFINITION: at (I, 4, k) = (nth (I, i) = k)

EVENT: Disable at.

DEFINITION:

length (1)

= if listp ({) then 1 + length (cdr (1))

else ZERO endif

EVENT: Disable length.

;;;The nth entry in 1 is in the list i.
DEFINITION: union-at-n (I, n, i) = (nth (I, n) € i)

EVENT: Disable union-at-n.

;53Any entry in 1 is in the list i.

DEFINITION:
all-union (I, n, ©)
= if n~0 thent
else union-at-n (I, n, i) A all-union (I, n — 1, i) endif



EVENT: Disable all-union.

;;;There exists an entry in 1 which belongs to
;;;the 1list i, moreover when exists, some such
;53] 1s returned.
DEFINITION:
exist-union (I, n, i)
= ifn~0 thenf

elseif union-at-n (I, n, i) then n

else exist-union (I, n — 1, i) endif

EVENT: Disable exist-union.

;5;0 1s in the intersection of 18-12 and g34.

DEFINITION:
intersect-8-12-3-4-at-n (n, I, g)
= (union-at-n(l, n, (8 9 10 11 12)) A union-at-n(g, n, > (3 4)))

EVENT: Disable intersect-8-12-3-4-at-n.

;;;There exists n in the intersection of 18-12 and g34.

DEFINITION:

exist-intersect-8-12-3-4 (n, I, g)

= if n ~0 then f
elseif intersect-8-12-3-4-at-n (n, I, g) then n
else exist-intersect-8-12-3-4 (n — 1, I, g) endif

EVENT: Disable exist-intersect-8-12-3-4.

;¥Flag invariant.

DEFINITION:
lg-1-at-n (n, I, g)
= ((at(l, n, 0) A at (g, n, 0))

vV (at(l, n, 1) A at (g, n, 0))
v (at (I, n, 2) A at(g, n, 0))
v (at (I, n, 3) A at(g, n, 1))
vV (at (I, n, 4) A at(g, n, 1)))

EVENT: Disable lg-1-at-n.



DEFINITION:
lg-2-at-n (n, I, g)

= ((at (1, n, 5) A at (g, m, 3))
vV (at (I, n, 6) A at (g, n, 3))
vV (at(l, n, 7) A at(g, n, 2))
vV (at(l, n, 8) A at(g, n, 3))
vV (at(l, n, 8) Aat(g, n,2)))

EvVENT: Disable 1g-2-at-n.

DEFINITION:

lg-3-at-n(n, I, g)

= ((at({, n, 9) A at(g, n, 4))
vV (at(l, n, 10) A at (g, n, 4))
Vo (at(l, n, 11) A at (g, n, 4))
Vo (at (I, n, 12) A at(g, n, 4)))

EVENT: Disable 1g-3-at-n.

DEFINITION:

lg-at-n (n, I, g)

= (lg-1-at-n(n, I, g) A lg-2-at-n(n, I, g) A lg-3-at-n(n, I, g))
EvENT: Disable 1g-at-n.

DEFINITION:

lg(n, I, g)
= ifn~0 thent
else lg-at-n (n, I, g) Alg(n — 1, 1, g) endif

EVENT: Disable lg.

;*The set {1...n}.
DEFINITION:
nset (n)

= if n ~ 0 then nil
else cons (n, nset (n — 1)) endif

EVENT: Disable nset.

;;;0 belongs to nset.



THEOREM: n-in-nset
(n #20) — (n € nset (n))

;5 ;Any element in nset is a number.

THEOREM: nset-number
(k € nset (n)) — (k € N)

;53 If a nonzero number plus one belongs to nset,
;;;then so does the nonzero number itself.

THEOREM: addl-nset
((k20)A((1+ k) € nset(n))) — (k € nset (n))

;53Any list has its length at least nonzero.

THEOREM: list-In
listp (I) — (length (1) # 0)

;3;(move 1 k i) is again a list if 1 is a list.

THEOREM: move-is-list
listp (1) — listp (move (1, k, 7))

EVENT: Enable length.
;;;(move 1 k i) has i as its kth entry.
;55 (enable length) is critical to prove this lemma.

THEOREM: move-nth
(listp (1) A (k € nset (length (1)))) — (nth (move (I, k, 1), k) = 1)

THEOREM: zero-not-member-nset
0 ¢ nset (n)

;;;Lists 1 and (move 1 k i) have the same length.

THEOREM: move-unchange-length
(listp (1) A (k € nset (length (1))))
—  (length (move (I, k, 7)) = length (1))

;;;Lists 1 and (move 1 k i) have the same entries
;5 ;except kth one.

THEOREM: move-unchange-other-than-nth
(listp (1) A (k € nset (length (1))) A (j # k))
—  (uth (move (I, k, i), j) = nth (1, 5))



THEOREM: member-ex-union
exist-union (I, n, i) — (exist-union (I, n, i) € nset (n))

;33 (exist-union 1 n i) is a number.

THEOREM: number-ex-union
exist-union (I, n, i) — (exist-union (I, n, i) € N)

;5 (exist-intersect-8-12-3-4 n 1 g) belongs to nset.

THEOREM: member-intersect
exist-intersect-8-12-3-4 (n, 1, g)

—  (exist-intersect-8-12-3-4 (n, I, g) € nset (n))

;55 (exist-intersect-8-12-3-4 n 1 g) is a number.

THEOREM: number-intersect
exist-intersect-8-12-3-4 (n, I, g) — (exist-intersect-8-12-3-4 (n, I, g) € N)

;;;any member of nset is nonzero.

THEOREM: k-not-0
(k € nset (n)) — (k #£0)

;*lemmas for al

;5;1f j’s entry in 1 is between 8..12 then
;33 (exist-union 1 n (8 9 10 11 12)) holds.

THEOREM: j-ex-18-12
((4 € nset (n)) A union-at-n (I, 5, (8 9 10 11 12)))

exist-union (I, n, (8 9 10 11 12))

—

;3;Witness of (exist-union lp n (8 9 10 11 12))
;;;has in 1p its entry between 8...12.

THEOREM: ex-1p8-12-in-1p8-12
exist-union (Ip, n, (8 9 10 11 12))

—  union-at-n (Ip,
exist-union (Ip, n, (8 9 10 11 12)),

(8 9 10 11 12))

;33 If (not (exist-union 1 m ’(8 9 10 11 12)))
;;;holds, then (not (exist-union g n ’(4))) by lg.

THEOREM: ex-if4
((— exist-union (I, n, (8 9 10 11 12))) Alg(n, I, g))

— (= exist-union (g, n, ’ (4)))



;5;If (not (exist-union g n ’(1))) holds,
;55 then there is no entry either 3 or 4.

THEOREM: 134-empty
(( € nset (n)) Alg(n, l, g) A (- exist-union (g, n, *(1))))

— (= union-at-n (1, j, > (3 4)))
;531f j’s entry in 1lp is 4, then (certainly)

;33;it is either 3 or 4.

THEOREM: lp4-then-un34
at (Ip, j, 4) — union-at-n (Ip, 7, (3 4))

;53 If (exist-intersect-8-12-3-4 n 1 g) holds,
;;;then so does (exist-union gn ’(3 4)).

THEOREM: int-8-12-3-4-then-un34
exist-intersect-8-12-3-4 (n, [, g) — exist-union (g, n, > (3 4))

;*lemmas for ail

;331 is the witness of
;55 (exist-intersect-8-12-3-4 n 1p gp).

THEOREM: int-wtn
((4 € nset (n)) A intersect-8-12-3-4-at-n (5, Ip, gp))

—  exist-intersect-8-12-3-4 (n, Ip, gp)
;33 If there exists j such that j’s entry in 1p

;;;1s between 8..12 and entry in gp is either 3 or 4
;;;then (intersect-8-12-3-4-at-n j 1lp gp) holds.

THEOREM: un8-12-and-un34-then-int
(union-at-n (Ip, j, (8 9 10 11 12)) A union-at-n (gp, j, ’ (3 4)))
—  intersect-8-12-3-4-at-n (5, Ip, gp)

;5 ;By the two lemmas above,

;55 (exist-intersect-8-12-3-4 n 1lp gp) holds provided

;5 ;that there exists j such that j’s entry in 1p is
;;;between 8..12 and entry in gp is either 3 or 4.

;* ep-18-12

;531f the k’s entry in 1 is 5, then the k’s entry
;;;in g is 3 by 1g.



THEOREM: lg-15-g3
((k € nset (n)) Alg(n, 1, g) A at (L, k, 5)) — at (g, k, 3)

;5;1f the k’s entry in gp is 3 then certainly
5331t is either 3 or 4.

THEOREM: gp3-then-un34
at (gpv ka 3) — union-at-n (gp’ k’ ' (3 4))

;5 ;nep-18-12

;5;1f the k’s entry in 1 is between 8..12 then
;331t is either between 8..11 or equal to 12.

THEOREM: case-k

(union-at-n (I, k, > (8 9 10 11 12))

A (= union-at-n (I, k, > (8 9 10 11))))
— at(l, k, 12)

5555 3 k-not-18-12

;33 If (exist-intersect-8-12-3-4 n 1 g) holds
;;;then the witness has its entry in g either equal

;3;to 3 or 4.

THEOREM: intersect-8-12-3-4-then-3-4
exist-intersect-8-12-3-4 (n, 1, g)
— union-at-n (g, exist-intersect-8-12-3-4 (n, I, g), > (3 4))

;53 If (exist-intersect-8-12-3-4 n 1 g) holds,
;;; then the witness has its entry in g between 8 and 12.

THEOREM: intersect-8-12-3-4-then-8-12
exist-intersect-8-12-3-4 (n, I, g)
— union-at-n (/, exist-intersect-8-12-3-4 (n, I, g), (8 9 10 11 12))

;5 3 k-in-18-11

;531f k’s entry in 1lp is between 9 and 12,
;;;then it is certainly between 8 and 12.

THEOREM: un9-12-then-un8-12
union-at-n (Ip, k, (9 10 11 12))
— union-at-n (Ip, k, (8 9 10 11 12))

;53;1f the i’s entry in 1 is between 9 and 12,
;;;then the k’s entry in g is 4.



THEOREM: if4
(( € nset (n)) Alg(n, I, g) A union-at-n (I, j, (9 10 11 12)))

— at(g, ], 4)
;53 k-in-112

;33If (exist-union 1p n ’(8 9 10 11 12)) holds then
;;3;1ts witness does not have its entry in lp equal to 1.

THEOREM: ex-1p8-12-not-in-1p0
exist-union (Ip, n, (8 9 10 11 12))

— (= at (Ip, exist-union (Ip, n, > (8 9 10 11 12)), 0))

;5;1f k’s entry in 1lp is between 8 and 12,
;33 then it is either between 8 and 11 or 12.
THEOREM: k-in-1p9-12-or-1p8

(union-at-n (Ip, k, (8 9 10 11 12))

A (= union-at-n (Ip, k, > (9 10 11 12))))

— at(lp, k, 8)

;531f the k’s entry is either 5 or 7,
;;;then it is between 5 and 7.

THEOREM: unb7-then-un5-12
union-at-n (I, k, >(5 7)) — union-at-n (I, k, (5 6 7 8 9 10 11 12))
;5;1f the k’s entry in 1 is between 8 and 11,

;;;then it is between 5 and 12.

THEOREM: un8-11-then-unb-12
union-at-n (I, k, >(8 9 10 11))
union-at-n(l, k, °(56 6 7 8 9 10 11 12))

.
;53;If the k’s entry in 1 is between 8 and 12,
;5sthen it is between 5 and 12.

THEOREM: un8-12-then-unb-12
union-at-n (I, k, (8 9 10 11 12))
union-at-n (I, k, (5 6 7 8 9 10 11 12))

_
;*lemmas for a2
;5 ;1-eq-k-j-neq-k

;5;1f the k’s entry in 1 is either 10 or 11,
;;;then the k’s entry in 1 is between 10 and 12.



THEOREM: unl(0-11-then-unl10-12
union-at-n (I, k, > (10 11)) — union-at-n (I, k, > (10 11 12))

;5;1f the j’s entry in g is either O or 1 then
;;;the j’s entry in 1 is not between 5 and 12.

THEOREM: ifl
(( € nset (n)) Alg(n, l, g) A union-at-n (g, 7, > (0 1)))
— (- union-at-n(l,j,’(5 6 7 8 9 10 11 12)))

;535j-eq-k-i-neq-k

;53;1f the k’s entry in 1 is between 5 and 7,
;;;then it is certainly between 5 and 12.

THEOREM: un5-7-then-un5-11
union-at-n (I, k, (5 6 7)) — union-at-n(l, k, (5 6 7 8 9 10 11))

;5;If the k’s entry in 1lp is between 5 and 7 then
;3;1t 1s certain between 5 and 11.

THEOREM: un57-then-unb-11
union-at-n (I, k, > (5 7)) — union-at-n(l, k, (5 6 7 8 9 10 11))

;5;If the k’s entry in 1 is between 8 and 11,
;;;then it is certainly between 5 and 11.

THEOREM: un8-11-then-un5-11
union-at-n (I, k, (8 9 10 11))
union-at-n (I, k, >(5 6 7 8 9 10 11))

—

;5;1f the k’s entry in 1lp is between 5 and 12 and
;;;the k’s entry in 1lp is between 5 and 7, then
;;;the k’s entry in 1lp in fact is between 9 and 12.

THEOREM: k-in-Ip5-7-or-1p8-or-1p9-12
(union-at-n (Ip, k, (5 6 7 8 9 10 11 12))
A (= union-at-n (Ip, k, > (5 6 7)))

A (- at(lp, k, 8)))
— union-at-n (lp, k, >(9 10 11 12))

;53;If the k’s entry in 1 is between 5 and 11,
;55 then it is certainly between 5 and 12.

THEOREM: unb-11-then-unb-12
union-at-n (I, k, (5 6 7 8 9 10 11))
union-at-n (I, k, (5 6 7 8 9 10 11 12))

—
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;531f the k’s entry in 1 is between 10 and 12,
;55 then it is certainly between 8 and 12.

THEOREM: unlO-12-then-ung8-12
union-at-n (I, ¢, > (10 11 12)) — union-at-n (I, 4, > (8 9 10 11 12))

;53 j-eq-k-i-neq-k

;33 If (exist-union 1 n °(8 9 10 11 12)) does not hold,
;;;then the i’s entry in 1 is not between 10 and 12.

THEOREM: i-not-110-12
((i € nset (n)) A (— exist-union (I, n, >(8 9 10 11 12))))

— (= union-at-n (I, 4, > (10 11 12)))
;*lemmas for a3
;5 j-eq-k-i-neq-k

;53If the k’s entry in 1 is between 5 and 11,
;;;then the k’s entry in 1 is between 9 and 11.

THEOREM: un5-11-eq-unb8-or-un8-11
(union-at-n (I, k, (5 6 7 8 9 10 11))
A (= union-at-n (I, k, >(56 6 7 8))))
— union-at-n(l, k, >(9 10 11))

;531f the k’s entry in g is 4,
;;;then the k’s entry in 1 is between 5 and 8.

THEOREM: a3-if4
((k € nset (n)) A lg (n, L, g) A at (g, k, 4))
— (- union-at-n(l, k, (5 6 7 8)))

;5;1f the k’s entry in 1 is between 5 and 11,
;;;and the k’s entry in 1 is between 5 and 12,
;;;then the k’s entry in 1 is 9 and 11.

THEOREM: k-in-15-11-g4-then-19-11
((k € nset (n))

A lg(n, 1, g)
A union-at-n(l, k, (5 6 7 8 9 10 11))
A at(g, k, 4))

—  union-at-n (I, k, > (9 10 11))

;5;1f the i’s entry in 1 is 12,
;;;then the i’s entry in 1 is between 8 and 12.
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THEOREM: 112-then-un8-12
at (I, 4, 12) — union-at-n (I, ¢, (8 9 10 11 12))

;33If (exist-union 1 n (8 9 10 11 12)) does not hold,
;;;then the i’s entry in 1 is 12.

THEOREM: i-not-in-112
((i € nset (n)) A (— exist-union (I, n, (8 9 10 11 12))))
— (nat(l, i, 12))

;53 j-neq-k-i-eq-k

;531f the k’s entry in 1 is 11,
;;; then the k’s entry in 1 is between 10 and 12.

THEOREM: 111-then-unl0-12
at (I, k, 11) — union-at-n (I, k, > (10 11 12))

;53;1f the j’s entry in g is either 2 or 3,
;;;then the j’s entry in 1 is between 5 and 8 by lg.

THEOREM: if3
(( € nset (n)) Alg(n, I, g) A (- union-at-n (g, j, > (2 3))))
— (- union-at-n (I, j, >(5 6 7 8)))

;5;1f the j’s entry in 1 is between 5 and 12 and
;;;the j’s entry in 1 is between 5 and 8, then
;;;the j’s entry in 1 is 9 and 12.

THEOREM: 15-12-eq-15-8-0r-19-12
(union-at-n (I, j, (5 6 7 8 9 10 11 12))
A (= union-at-n (I, j, (5 6 7 8))))

— union-at-n (I, j, > (9 10 11 12))
s551-j-eqk

;5:1f the k’s entry in 1p is 12,
;;;then it is certainly between 5 and 12.

THEOREM: 112-then-un9-12
at (Ip, k, 12) — union-at-n (lp, k, > (9 10 11 12))

;*lemmas for bla

;3;1f the u’s entry in g is 4,
;;;then the u’s entry in 1 is between 8 and 12 by 1g.
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THEOREM: bla-if4
((w € nset (n)) Alg(n, I, g) Aat(g, u, 4))
— union-at-n(l, u, (8 9 10 11 12))

;¥lemmas for bilb

;53 If the k’s entry in 1lp is between 9 and 12,
;;;then the k’s entry in gp is iether 3 or 4 by 1g.

THEOREM: 1p9-12-then-k-in-g34
((k € nset (n)) A union-at-n (Ip, k, >(9 10 11 12)) A lg(n, Ip, gp))
— union-at-n(gp, k, > (3 4))

;5;1f the k’s entry in 1p is between 8 and 12, and
;33;1t 1s not 8, then it is certainly between 9 and 12.

THEOREM: un8-12-then-18-or-19-12
(union-at-n (Ip, k, >(8 9 10 11 12)) A (— at (Ip, k, 8)))
— union-at-n (Ip, k, >(9 10 11 12))

2999999993993 mOldefn'eV 3999999999999 9933339333333

;* Well-formed states

DEFINITION:

molws (n, I, g, h)

= ((neN)
listp (1)
listp (

345678910 11 12))
g,m, (0123 4))
h, n, nset (1 + n)))

>>>>>> > > >
19)
=
a0
-+
=

: Disable molws.

=
<
=
Z,
=

;% Transitions

DEFINITION:
mrhoiO (n, i, I, g, h, Ip, gp, hp)
= (at(l, i, 0) A (gp = g) A (Ip = move (I, 4, 1)) A (hp = h))

13



DEFINITION:
mrhoila(n, i, I, g, h, Ip, gp, hp)
= (at(l, 4, 1) A (gp = g) A (Ip = move (I, i, 2)) A (hp = h))

DEFINITION:
mrhoilb (n, 4, I, g, h, Ip, gp, hp)
= (at(l, i, ) A(gp=9g) A(lp=1) A (hp =h))

DEFINITION:

mrhoi2 (n, i, I, g, h, Ip, gp, hp)

= (at(l, 1, 2)
A (Ip = move(l, i, 3))
A (gp = move (g, i, 1))
A (hp = move (h, i, 1)))

DEFINITION:
mrhoi3a (n, i, I, g, h, Ip, gp, hp)
= (at(l,i,3)
N (gp =9g)
A (hp = h)
A at(h, i, 1+ n)
A (Ip = move(l, i, 4)))
DEFINITION:
mrhoi3b (n, i, I, g, h, lp, gp, hp)
= (at(l,i,3)
N (gp =9g)
A (lp=1)
A (nth(h, i) < (14 n))
A (hp = move(h i, 1 4+ nth (h, i)))
A union-at-n (g, nth( i), >(0 1 2)))
DEFINITION:
mrhoid (n, i, I, g, h, lp, gp, hp)
— (at(l, i, 4)

A (gp = move (g, i, 3))
A (Ip = move(l, i, 5))
A (hp = move (h, i, 1)))

DEFINITION:
mrhoiba (n, i, I, g, h, Ip, gp, hp)
= (at(l,i,5)

A (gp =9g)

A (hp =h)

A at(h,i, 1+ n)

A (Ip = move (I, i, 8)))
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DEFINITION:
mrhoibb (n, 4, I, g, h, Ip, gp, hp)
= (at(l, i, 5)

A (gp=9)
(hp = h)
(nth (R, i) < (1 + n))
at (g, nth (h, ), 1)
(Ip = move (I, i, 6)))

> > > >

DEFINITION:
mrhoi5c (n, 4, I, g, h, Ip, gp, hp)
= (at(l, i, 5)
A =9)
h(h, i) < (1+ n))

at (g, nth (h, ) ))
= move (h, i, 1 4+ nth (h, i))))

> > > >

(gp =
(Ip =
(nt

(-
(hp

DEFINITION:

mrhoi6 (n, i, I, g, h, Ip, gp, hp)

= (at(l, i, 6)
A (gp = move (ga i 2))
A (Ip = move(l, 1, 7))
A (hp = move (h, i, 1)))

DEFINITION:
mrhoi7a (n, 4, I, g, h, Ip, gp, hp)
= (at(l,4,7)

A (Ip = move(l, 1, 8))
A at (g, nth(h, i), 4)

A (gp =g)

A (hp = h))
DEFINITION:
mrhoi7b (n, 4, I, g, h, Ip, gp, hp)
= (at(l,1,7)

A (= at (g, nth(h, i), 4))

AN (lp=1)

A (gp=9)

A (hp = move (h, i, 1 + ((nth (h, i) — 1) mod n))))
DEFINITION:
mrhoi8 (n, i, I, g, h, Ip, gp, hp)
= (at(l, 4, 8)

A (gp = move(yg, i, 4))
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A (lp = move (I, i, 9))
A (hp = move (h, i, 1)))

DEFINITION:
mrhoi9a (n, i, I, g, h, Ip, gp, hp)
= (at(l, 4, 9)
A at(h, i, 7)
A (lp = move (I, i, 10))
A (g =9)
A (hp = 1)
DEFINITION:
mrhoi9b (n, i, I, g, h, Ip, gp, hp)
= (at(l, 1, 9)
A (nth(h, i) < 1)
A union-at-n (g, nth (h, ), >(0 1))
A (hp = move (h, i, 1 + nth (h, 7)))
A (gp=9)
A (p=1)
DEFINITION:
mrhoilO (n, i, I, g, h, Ip, gp, hp)
= (at(l, i, 10)
A (Ip = move(l, i, 11))
N (gp =9)
A (hp = move (h, i, 1 + 17)))
DEFINITION:
mrhoilla(n, ¢, I, g, h, Ip, gp, hp)
= (at(l, i, 11)

A at(h,i, 1+ n)
A (Ip = move(l, i, 12))

A (gp = 9)
A (hp = 1)
DEFINITION:
mrhoillb (n, 4, I, g, h, Ip, gp, hp)
= (at(l, i, 11)
A (nth(h, i) < (14 n))
A (= union-at-n (g, nth (h, i), > (2 3)))
A (hp = move (h, i, 1 + nth (h, 1))
A (gp=y9)
A (p=1))
DEFINITION:
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mrhoil2 (n, i, I, g, h, Ip, gp, hp)
= (at(l, 1, 12)

A (hp =h)

A (gp = move (g, i, 0))

A (Ip = move(l, i, 0)))

DEFINITION:
mrhoi (n, i, I, g, h, Ip, gp, hp)
= (mrhoiO (n, i, I, g, h, Ip, gp, hp)

vV  mrhoila (n, i, I, g, h, Ip, gp, hp)
mrhoilb (n, i, I, g, h, Ip, gp, hp)
mrhoi2 (n, i, I, g, h, Ip, gp, hp)
mrhOiSa(n7 iv l? g, hv lpv ap, hp)
mrhoi3b (n, 4, I, g, h, Ip, gp, hp)
mrhoid (n, i, I, g, h, Ip, gp, hp)
mrhoiba (n, i, I, g, h, Ip, gp, hp)
mrhoibb (n, i, I, g, h, Ip, gp, hp)
mrhoibe (n, 4, I, g, h, lp, gp, hp)
mrhoib (n, i, I, g, h, Ip, gp, hp)
mrhoi7a (n, i, I, g, h, Ip, gp, hp)
mrhoi7b (n, 4, I, g, h, Ip, gp, hp)
mrhoi8 (n, i, I, g, h, Ip, gp, hp)
mrhoi%a (n, i, [, g, h, Ip, gp, hp)
mrhoi9 (n, i, I, g, h, Ip, gp, hp)
mrhoilO (n, i, I, g, h, Ip, gp, hp)
mrhoilla(n, i, I, g, h, Ip, gp, hp)
mrhoillb (n, i, I, g, h, Ip, gp, hp)
mrhoil2 (n, i, [, g, h, Ip, gp, hp))

LKL

: Disable mrhoi.

=
<
=
2,
=

;*  Invariants
;5500

DEFINITION:
bOa(n, I, b, 4, 7) = ((at (I, i, 5) A (j < nth(h, 7)) — (- at(l, 7, 4)))

EVENT: Disable bOa.

DEFINITION:
bOb (n, I, h, i, j)
= ((at(l,4,5) A (j <nth(h, i) ANat(l, j, 3)) — (i £ nth(h, 7)))
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EVENT: Disable b0b.

;5501

DEFINITION:
bla(l, i, j) = (union-at-n (I, ¢, (8 9 10 11 12)) — (- at(l, j, 4)))

EVENT: Disable bla.

DEFINITION:
hint-8-12-3-4-at-n (n, I, g, h, 5)
= (intersect-8-12-3-4-at-n (n, I, g) A (n £ nth (h, 5)))

EVENT: Disable hint-8-12-3-4-at-n.

DEFINITION:

exist-hint-8-12-3-4 (n, I, g, h, j)

= ifn~0 then f
elseif hint-8-12-3-4-at-n(n, I, g, h, j) then n
else exist-hint-8-12-3-4 (n — 1, [, g, h, j) endif

EVENT: Disable exist-hint-8-12-3-4.

DEFINITION:

blb(”? l7 g7 h7 Z.? j)

= ((union-at-n (I, 7, (8 9 10 11 12)) A at(l, j, 3))
—  exist-hint-8-12-3-4 (n, I, g, h, 7))

EVENT: Disable blb.

DEFINITION:
blc(n, I, g, h, i)
= ((union-at-n(l, ¢, (8 9 10 11 12))
A (- union-at-n (g, ¢, ’ (3 4))))
—  ((nth(h, i) € nset (n)) A at (g, nth(h, i), 4)))

EVENT: Disable blc.

DEFINITION:
bld(n, I, h, i) = (at (I, i, 7) — (uth (h, i) € nset (n)))

EVENT: Disable bld.
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;355 b2

DEFINITION:
b2a (I, i, 7)
= (((j < %) A union-at-n ({, 4, > (10 11 12)))
— (- union-at-n(l,7,’(5 6 7 8 9 10 11 12))))

EvVENT: Disable b2a.

DEFINITION:
b2b (1, h, i, j)
= ((j<i) nat(l,i,9) A ([ <nth(h,i)))
— (- union-at-n (I, 7, (56 6 7 8 9 10 11 12))))

EVENT: Disable b2b.

;5503

DEFINITION:

b3a(l, g, i, j)

= ((at(l, 4, 12) A union-at-n(l, 5, >(5 6 7 8 9 10 11 12)))
— at(g, 7, 4))

EVENT: Disable b3a.

DEFINITION:

b3b(l7 g, ha Zv])

= ((at(l, 4, 11)
A (j < nth(h, i)
A union-at-n(l, 7, (5 6 7 8 9 10 11 12)))
— at(g, ], 4))

EVENT: Disable b3b.

3999993993393 9333933333333 molbasic.ev 3993993993993 33333333333333)

THEOREM: hint-member
exist-hint-8-12-3-4 (n, I, g, h, j)
—  (exist-hint-8-12-3-4 (n, I, g, h, j) € nset (n))

THEOREM: n-not-less-j
(n <j) — (j € nset (n))

;;smolws implies that n is a number.
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THEOREM: molws-num-n
molws (n, I, g, h) — (n € N)

;;;molws implies that 1 is a list.

THEOREM: molws-list-1
molws (n, I, g, h) — listp (1)

;;;molws implies that g is a list.

THEOREM: molws-list-g
molws (n, I, g, h) — listp (g)

;5;molws implies that h is a list.

THEOREM: molws-list-h
molws (n, I, g, h) — listp (h)

;;;molws implies that length of 1 is n.

THEOREM: molws-In-1
molws (n, I, g, h) — (length (I) = n)

;5 ;molws implies that length of g is n.

THEOREM: molws-In-g
molws (n, I, g, h) — (length (g) = n)

;;;molws implies that length of h is n.

THEOREM: molws-In-h
molws (n, [, g, h) — (length (h) = n)

;5 ;molws and mrho imply that 1lp is a list.

THEOREM: molws-In-1p

(molws (n, I, g, h) A (k € nset (n)) A mrhoi(n, k, I, g, h, Ip, gp, hp))
—  listp (Ip)

;;;molws and mrho imply that gp is a list.

THEOREM: molws-In-gp
(molws (n, I, g, h) A (k € nset (n)) A mrhoi(n, k, I, g, h, Ip, gp, hp))
— listp (gp)

;;;molws and mrho imply that hp is a list.
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THEOREM: molws-In-hp
(molws (n, I, g, h) A (k € nset (n)) A mrhoi(n, k, I, g, h, Ip, gp, hp))
—  listp (hp)

;5 ;Another version of nset-number.
;;3This is available in the theorem
;3 ;where molws is disabled.

THEOREM: molws-num-k
(molws (n, I, g, h) A (k € nset (n))) — (k € N)

THEOREM: molws-union-h
molws (n, I, g, h) — all-union (h, n, nset (1 + n))

THEOREM: lm-nth-numberp
((i € N) A all-union (h, n, nset (i)) A (k € nset (n))) — (nth(h, k) € N)

THEOREM: nth-numberp
(molws (n, I, g, h) A (k € nset (n))) — (nth(h, k) € N)

;;;molws implies that n is nonzero.

THEOREM: molws-n-not-0
molws (n, I, g, h) — (n # 0)

;3 3Auxiliary lemma.

THEOREM: lm-l-mrholemma,
(listp (1)
A (j € nset (length (1)))
A (k € nset (length (1)))
A mrhoi(n, k, I, g, h, Ip, gp, hp)
A (K #7))
—  (nth(, j) = nth (lp, 7))

EvVENT: Disable lm-l-mrholemma.

;3 ;Mrholemma for list 1.

THEOREM: l-mrholemma

(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
(k # 7))

(nth (1, j) = nth(lp, j))

>>>>
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;3 3Auxiliary lemma.

THEOREM: lm-g-mrholemma
(listp (g)
A (j € nset (length (g)))
A (k € nset (length (g)))
/\ mrhOi (n’ k? l? g? h? lp? gp7 hp)
A (k#74))
—  (nth(g, j) = nth(gp, j))

EVENT: Disable Im-g-mrholemma.

;5 ;Mrholemma for list g.

THEOREM: g-mrholemma

(molws (n, I, g, h)

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(k # 4))

(nth (g, j) = nth (gp, 7))

l>>>>

;5 3Auxiliary lemma.

THEOREM: lm-h-mrholemma
(listp (k)
A (4 € nset (length (h)))
A (k € nset (length (h)))
A mrhoi(n, k, I, g, h, Ip, gp, hp)
A (b #5)
—  (nth(h, j) = nth(hp, j))

EVENT: Disable lm-h-mrholemma.

;3 ;Mrholemma for list g.

THEOREM: h-mrholemma
(molws (n, I, g, h)
A (j € nset (n))
A (k € nset(n))
A mrhoi(n, k, I, g, h, Ip, gp, hp)
A (k#5))
—  (nth (h, j) = nth (hp, j))
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;55 lp-gp-same-l-g

;5 ;Another version of Rholemma for 1.
;53;It applies to (union-at-n 1 j m) in stead of
;55(th 1 3).

THEOREM: m-Ip-same-1
(molws (n, I, g, h)
listp (m)

(7 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(J#k)

union-at-n (I, j, m))
union-at-n (Ip, 7, m)

l>>>>>>

;;;Contrast to the one above,
;;;the order of 1 and 1lp is reversed.

THEOREM: m-l-same-lp
(molws (n, I, g, h)
listp (m)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)
G # k)

union-at-n (Ip, j, m))
union-at-n (1, j, m)

L>>s>>>>

THEOREM: m-lp-same-l-not
(molws (n, I, g, h)

listp (m)

(4 € nset (n))
(k € nset (n))
mrhoi (n, k, [, g, h, Ip, gp, hp)
(J # k)

(= union-at-n (Ip, j, m)))

(= union-at-n (1, j, m))

l>>s>>>>

;5 ;Another version of Rholemma for g.

THEOREM: m-gp-same-g
(molws (n, I, g, h)

A listp (m)

A (j € nset(n))
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(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)
G #F)

union-at-n (g, 7, m))
union-at-n (gp, j, m)

b>>>>

;;;Contrast to the one above,
;;;the order of g and gp is reversed.

THEOREM: m-g-same-gp
(molws (n, I, g, h)

listp (m)

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(J # k)

union-at-n (gp, j, m))
union-at-n (g, j, m)

L>s>>>>>

THEOREM: m-gp-same-g-not
(molws (n, I, g, h)

listp (m)

(j € nset (n))
(k € nset (n))
mrhoi (TL7 ka lv g, hv lp, ap, hp)
G #K)

(— union-at-n (gp, j, m)))

(— union-at-n (g, 7, m))

l>>s>>>>

; 5 ;Another version of Rholemma for h.

THEOREM: m-hp-same-h

(molws (n, I, g, h)

listp (m)

(j € nset (n))

(k € nset (n))

mrhoi (n7 k7 la g, h7 lp7 ap, hp)
(G # k)

union-at-n (h, j, m))
union-at-n (hp, j, m)

l>>>>>>

;;;Contrast to the one above,
;;;the order of g and gp is reversed.

THEOREM: m-h-same-hp
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(molws (n, I, g, h)
listp (m)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, 1, g, b, Ip, gp, hp)
(J # k)

union-at-n (hp, 7, m))
union-at-n (h, j, m)

l>>>>>>

;5;It applies to (at 1 j m) in stead of
;35(mth 1 3).

THEOREM: m-l-same-Ip-at

(molws (n, I, g, h)

(4 € nset (n))

(k € nset (n))

(m e N)

mrhoi (n, k, I, g, b, Ip, gp, hp)
(k # 7)

at (Ip, j, m))

at (I, j, m)

l>>s>>>>

THEOREM: m-gp-same-g-at
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

(m € N)

mrhoi (n, k, I, g, h, Ip, gp, hp)
(k4 )

at (g, j, m))

at (gp, 7, m)

l>>>>>>

THEOREM: m-l-same-lp-at-not
(molws (n, I, g, h)

(m e N)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(J # k)

(j at (la Js m)))

(= at (lp, j, m))

l>>>>>>

;3 ;mrhoiO
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THEOREM: n-neq-k-mrhoi(
(listp (1)

listp (g)

(n €N)

(k € nset (length (1)))

(k # )

at (I, k, 0)

lg_at_n(na l, g))

lg-at-n (n, move (I, k, 1), g)

l>>>>>>

EvVENT: Disable n-neq-k-mrhoi0.

THEOREM: n-eq-k-mrhoi0
(listp (1)
A listp (g)
A (k € nset (length (1)))
A at(l, k, O)
A lgat-n(k, 1, g))
— lg-at-n (k, move (I, k, 1), g)

EvVENT: Disable n-eq-k-mrhoi0.

THEOREM: lg-at-mrhoi0

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

at (I, k, 0)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 1), g)

L>>s>>>

EvVENT: Disable 1g-at-mrhoi0.

THEOREM: lg-mrhoi0

(listp (1)

listp (g)

(k € nset (length (1)))
(n € N)

at (I, k, 0)

lg(n, 1, g))

lg (n, move (I, k, 1), g)

I >>>>>

EvVENT: Disable lg-mrhoi0.
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THEOREM: mrhoi0-preserves-1g
(molws (n, I, g, h)
A (k € nset(n))
A mrhoiO (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1 g))
— lg(n, Ip, gp)

;3 ;mrhoila

THEOREM: n-neq-k-mrhoila
(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k # n)

at (I, k, 1)

lg-at-n(n, I, g))

lg-at-n (n, move (I, k, 2), g)

l>>>>>>

EVENT: Disable n-neq-k-mrhoila.

THEOREM: n-eq-k-mrhoila
(listp (1)

listp (g)

(k € nset (length (1)))

at (I, k, 1)

lg-at-n (k, I, g))

lg-at-n (n, move (I, k, 2), g)

l>>>>

EVENT: Disable n-eq-k-mrhoila.

THEOREM: lg-at-mrhoila

(listp (1)

listp (g)

(n €N)

(k € nset (length (1)))

at (I, k, 1)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 2), g)

l>>>>>

EVENT: Disable lg-at-mrhoila.

THEOREM: lg-mrhoila
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(listp (1)

listp (g)

(k € nset (length (1)))
(n € N)

at (I, k, 1)

Ig(n, 1, g))

lg (n, move (1, k, 2), g)

L>>>>>

EvVENT: Disable lg-mrhoila.

THEOREM: mrhoila-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoila(n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, lp, gp)

;53 ;mrhoilb

THEOREM: mrhoilb-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoilb (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1 g))
— lg(n, Ip, gp)

;3 ;mrhoi?2

THEOREM: n-neq-k-mrhoi2

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k # n)

at (I, k, 2)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 3), move (g, k, 1))

l>>s>>>>

EvVENT: Disable n-neq-k-mrhoi2.

THEOREM: n-eq-k-mrhoi2
(listp (1)

A listp (g)

A (k € nset (length (1)))
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A at(l, k, 2)
A lg_at_n (ka l7 g))
— lg-at-n (n, move (I, k, 3), move (g, k, 1))

EVENT: Disable n-eq-k-mrhoi2.

THEOREM: lg-at-mrhoi2

(listp (1)

listp (g)

(n € N)

(k € nset (length (1))

at (I, k, 2)

lg'at'n (TL, lv g))

lg-at-n (n, move (I, k, 3), move (g, k, 1))

l>>>>>

EVENT: Disable 1g-at-mrhoi2.

THEOREM: lg-mrhoi2

(listp (1)

listp (g)

(k € nset (length (1)))

(n €N)

at (I, k, 2)

Ig(n, I, 9))

lg (n, move (I, k, 3), move (g, k, 1))

L>>>>>

EVENT: Disable lg-mrhoi2.

THEOREM: mrhoi2-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi2 (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, Ip, gp)

;5 ;mrhoi3a

THEOREM: n-neq-k-mrhoi3a
(listp (1)
A listp (g)
A (neN)
A (k € nset (length (1)))
A (k#n)
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A at(l, k, 3)
A lg-at-n(n, I, g))
— lg-at-n (n, move (I, k, 4), g)

EvVENT: Disable n-neq-k-mrhoi3a.

THEOREM: n-eq-k-mrhoi3a
(listp (1)

A listp (g)

A (k € nset (length (1)))

A at(l, k, 3)

A lg-at-n(k, 1, g))

— lg-at-n (k, move (I, k, 4), g)

EvVENT: Disable n-eq-k-mrhoi3a.

THEOREM: lg-at-mrhoi3a
(listp (1)
A listp (g)
(n €N)
(k € nset (length (1))
at (I, k, 3)
lg-at-n (n, I, g))
— lg-at-n (n, move (I, k, 4), g)

> > > >

EvENT: Disable lg-at-mrhoi3a.

THEOREM: lg-mrhoi3a
(listp (1)
A listp (g)
(k € nset (length (1)))
(n eN)
at (I, k, 3)
Ig(n, 1, 9))
— lg(n, move (I, k, 4), g)

> > > >

EvENT: Disable lg-mrhoi3a.

THEOREM: mrhoi3a-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))

A\ 1nrh013a(n, ka la g, ha lpv ap, h'p)

A lg(n, 1, g))
— lg(n, Ip, gp)

30



;3 ;mrhoi3b

THEOREM: mrhoi3b-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi3b(n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, lp, gp)

;3 ;mrhoid

THEOREM: n-neq-k-mrhoid

(listp (1)

listp (g)

(n €N)

(k € nset (length (1)))

(k # n)

at (1, k, 4)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 5), move (g, k, 3))

l>>>>>>

EVENT: Disable n-neq-k-mrhoi4.

THEOREM: n-eq-k-mrhoi4
(listp (1)
A listp (g)
A (k € nset (length (1)))
A at(l, k, 4)
A lg-at-n(k, I, g))
— lg-at-n (n, move (I, k, 5), move (g, k, 3))

EVENT: Disable n-eq-k-mrhoi4.

THEOREM: lg-at-mrhoid

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

at (I, k, 4)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 5), move (g, k, 3))

L>>>>>

EvVENT: Disable lg-at-mrhoi4.
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THEOREM: lg-mrhoi4

(listp (1)

listp (g)

(k € nset (length (1)))

(n € N)

at (I, k, 4)

Ig(n, 1, g))

lg (n, move (I, k, 5), move (g, k, 3))

L>>>>>

EVENT: Disable lg-mrhoi4.

THEOREM: mrhoi4-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoid (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, lp, gp)

;3 ;smrhoiba

THEOREM: n-neq-k-mrhoiba
(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k #n)

at (I, k, 5)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 8), g)

l>>>>>>

EVENT: Disable n-neq-k-mrhoiba.

THEOREM: n-eq-k-mrhoiba
(listp (1)

A listp (g)

A (k € nset (length (1)))

A at(l, k, 5)

A lg-at-n(k, I, g))

— lg-at-n (k, move (I, k, 8), g)

EvVENT: Disable n-eq-k-mrhoiba.

THEOREM: lg-at-mrhoiba
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(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

at (I, k, 5)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 8), g)

L>>>>>

EVENT: Disable 1g-at-mrhoi5a.

THEOREM: lg-mrhoiba
(listp (1)

listp (g)

(k € nset (length (1)))
(n € N)

at (I, k, 5)

lg(n, 1, 9))

lg (n, move (1, k, 8), g)

l>>>>>

EVENT: Disable lg-mrhoiba.

THEOREM: mrhoiba-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoiba (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, lp, gp)

;3 ;mrhoibb

THEOREM: n-neq-k-mrhoibsb
(listp (1)

listp (g)

(n €N)

(k € nset (length (1)))

(k # n)

at (I, k, 5)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 6), g)

l>>>>>>

EvVENT: Disable n-neq-k-mrhoi5b.

THEOREM: n-eq-k-mrhoi5b
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(listp (1)

listp (g)

(k € nset (length (1)))

at (I, k, 5)

lg-at-n (k, I, g))

lg-at-n (k, move (1, k, 6), g)

b>>>>

EvENT: Disable n-eq-k-mrhoib5b.

THEOREM: lg-at-mrhoi5b

(listp (1)

listp (g)

(n eN)

(k € nset (length (1)))

at (I, k, 5)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 6), g)

l>>>>>

EVENT: Disable lg-at-mrhoi5b.

THEOREM: lg-mrhoi5b
(listp (1)

listp (g)

(k € nset (length (1)))
(n €N)

at (I, k, 5)

Ig(n, 1, 9))

lg (n, move (I, k, 6), g)

L>>>>>

EvENT: Disable lg-mrhoi5b.

THEOREM: mrhoibb-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoibb (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, Ip, gp)

;3 ;mrhoibc
THEOREM: mrhoibc-preserves-lg

(molws (n, I, g, h)
A (k € nset(n))
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A mrhoibe (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))

;3 ;mrhoi6

THEOREM: n-neq-k-mrhoi6

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k #n)

at (I, k, 6)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 7), move (g, k, 2))

L>>s>>>>

EVENT: Disable n-neq-k-mrhoi6.

THEOREM: n-eq-k-mrhoi6

(listp (1)

listp (g)

(k € nset (length (1)))

at (I, k, 6)

lg_at_n (ka l, g))

lg-at-n (n, move (I, k, 7), move (g, k, 2))

I >>>>

EvENT: Disable n-eq-k-mrhoi6.

THEOREM: lg-at-mrhoi6

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

at (I, k, 6)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 7), move (g, k, 2))

L>>>>>

EvVENT: Disable lg-at-mrhoi6.

THEOREM: lg-mrhoi6
(listp (1)

A listp (g)

A (k € nset (length (1)))
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A (n eN)

A at(l, k, 6)

A lg(n, 1, g))

— lg(n, move (I, k, 7), move (g, k, 2))

EVENT: Disable lg-mrhoi6.

THEOREM: mrhoi6-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi6 (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, lp, gp)

;3 ;mrhoi7a

THEOREM: n-neq-k-mrhoi7a
(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k # )

at (I, k, 7)

lg_at_n (Tl, l? g))

lg-at-n (n, move (I, k, 8), g)

l>>>>>>

EvVENT: Disable n-neq-k-mrhoi7a.

THEOREM: n-eq-k-mrhoi7a
(listp (1)

A listp (g)

A (k € nset (length (1)))

A at(l, k,7)

A lg-at-n(k, I, g))

— lg-at-n (k, move (I, k, 8), g)

EvENT: Disable n-eq-k-mrhoi7a.

THEOREM: lg-at-mrhoi7a
(listp (1)

A listp (g)

A (neN)

A (k € nset (length (1)))
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A at(l k, 7)
A lg-at-n(n, I, g))
— lg-at-n (n, move (I, k, 8), g)

EVENT: Disable lg-at-mrhoi7a.

THEOREM: lg-mrhoi7a
(listp (1)

listp (g)

(k € nset (length (1)))
(n €N)

at (I, k, 7)

Ig (n, 1, 9))

lg (n, move (I, k, 8), g)

I >>>>>

EvENT: Disable lg-mrhoi7a.

THEOREM: mrhoi7a-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi7a(n, k, I, g, h, Ip, gp, hp)
A lg(n, 1 g))
— lg(n, Ip, gp)

;3 3;mrhoi7b

THEOREM: mrhoi7b-preserves-lg
(molws (n, I, g, h)
A (k € nset (n))
A mrhoi7b (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, lp, gp)

;3 ;mrhoi8

THEOREM: n-neq-k-mrhoi8

(listp (1)

listp (g)

(n € N)

(k € nset (length (1))

(k # n)

at (I, k, 8)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 9), move (g, k, 4))

l>>>>>>
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EVENT: Disable n-neq-k-mrhoiS8.

THEOREM: n-eq-k-mrhoi8
(listp (1)
A listp (g)
A (k € nset (length (1))
A at(l, k, 8)
A lg-at-n(k, I, g))
— lg-at-n (n, move (I, k, 9), move (g, k, 4))

EvENT: Disable n-eq-k-mrhoi8.

THEOREM: lg-at-mrhoi8

(listp (1)

listp (g)

(n € N)

(k € nset (length (1))

at (I, k, 8)

lg-at-n (n, 1, g))

lg-at-n (n, move (I, k, 9), move (g, k, 4))

L>>>>>

EVENT: Disable 1g-at-mrhoi8.

THEOREM: lg-mrhoi8

(listp (1)

listp (g)

(k € nset (length (1))

(n € N)

at (I, k, 8)

Ig(n, I, 9))

lg (n, move (I, k, 9), move (g, k, 4))

l>>>>>

EVENT: Disable lg-mrhoi8.

THEOREM: mrhoi8-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi8 (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, lp, gp)

;5 ;mrhoi9a
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THEOREM: n-neq-k-mrhoi9a
(listp (1)

listp (g)

(n €N)

(k € nset (length (1)))

(k # )

at (I, k, 9)

lg_at_n(na l, g))

lg-at-n (n, move (I, k, 10), g)

l>>>>>>

EVENT: Disable n-neq-k-mrhoi9a.

THEOREM: n-eq-k-mrhoi9a
(listp (1)
A listp (g)
A (k € nset (length (1))
A at(l, &, 9)
A lgat-n(k, 1, g))
— lg-at-n (k, move (I, k, 10), g)

EvENT: Disable n-eq-k-mrhoi9a.

THEOREM: lg-at-mrhoi9a

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

at (I, k, 9)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 10), g)

L>>>>>

EvVENT: Disable lg-at-mrhoi9a.

THEOREM: lg-mrhoi9a

(listp (1)

listp (g)

(k € nset (length (1)))
(n € N)

at (I, k, 9)

lg (n, 1, 9))

lg (n, move (I, k, 10), g)

I >>>>>

EvENT: Disable lg-mrhoi9a.
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THEOREM: mrhoi9a-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi9a (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, Ip, gp)

;3 3;mrhoi9b

THEOREM: mrhoi9b-preserves-1g
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi9 (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, Ip, gp)

;3 ;mrhoil0

THEOREM: n-neq-k-mrhoilQ
(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k #mn)

at (1, k, 10)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 11), g)

>s>>>>>

EVENT: Disable n-neq-k-mrhoil0.

THEOREM: n-eq-k-mrhoilQ
(listp (1)
A listp (g)
A (k € nset (length (1)))
A at(l, k, 10)
A lg-at-n(k, 1, g))
— lg-at-n (k, move (I, k, 11), g)

EVENT: Disable n-eq-k-mrhoil0.
THEOREM: lg-at-mrhoilQ
(listp (1)

A listp (g)
A (n eN)
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A (k € nset (length (1)))

A at(l, k, 10)

A lg-at-n(n, I, g))

— lg-at-n (n, move (I, k, 11), g)

EVENT: Disable lg-at-mrhoil0.

THEOREM: lg-mrhoilQ

(listp (1)

listp (g)

(k € nset (length (1))
(n € N)

at (I, k, 10)

Ig(n, I, g))

lg (n, move (I, k, 11), g)

l>>>>>

EveENT: Disable lg-mrhoil0.

THEOREM: mrhoilO-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoil0 (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, Ip, gp)

;3 ;mrhoilla

THEOREM: n-neq-k-mrhoilla
(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k # n)

at (1, k, 11)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 12), g)

l>>>>>>

EVENT: Disable n-neq-k-mrhoilla.

THEOREM: n-eq-k-mrhoilla
(listp (1)

A listp (g)

A (k € nset (length (1)))
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A at(l, k, 11)
A lg_at_n (ka l7 g))
— lg-at-n (k, move (I, k, 12), g)

EVENT: Disable n-eq-k-mrhoilla.

THEOREM: lg-at-mrhoilla

(listp (1)

listp (g)

(n e N)

(k € nset (length (1)))

at (1, k, 11)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 12), g)

I >>>>>

EVENT: Disable 1g-at-mrhoilla.

THEOREM: lg-mrhoilla
(listp (1)

listp (g)

(k € nset (length (1)))
(n € N)

at (I, k, 11)

Ig(n, 1, 9))

lg (n, move (I, k, 12), g)

L>>>>>

EVENT: Disable lg-mrhoilla.

THEOREM: mrhoilla-preserves-lg
(molws (n, I, g, h)
A (k € nset (n))
A mrhoilla(n, k, I, g, h, Ip, gp, hp)
A lg(n, L, g))
— lg(n, Ip, gp)

;5 ;mrhoillb

THEOREM: mrhoillb-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoillb (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g))
— lg(n, Ip, gp)
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;3 ;mrhoil?2

THEOREM: n-neq-k-mrhoil2

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

(k # n)

at (1, k, 12)

lg-at-n (n, I, g))

lg-at-n (n, move (I, k, 0), move (g, k, 0))

l>>>>>>

EVENT: Disable n-neq-k-mrhoil2.

THEOREM: n-eq-k-mrhoil2
(listp (1)
A listp (g)
A (k € nset (length (1)))
A at(l, k, 12)
A lgat-n(k, 1, g))
— lg-at-n (n, move (I, k, 0), move (g, k, 0))

EVENT: Disable n-eq-k-mrhoil2.

THEOREM: lg-at-mrhoil2

(listp (1)

listp (g)

(n € N)

(k € nset (length (1)))

at (1, k, 12)

lg'at'n (TL, lv g))

lg-at-n (n, move (I, k, 0), move (g, k, 0))

l>>>>>

EVENT: Disable 1g-at-mrhoil2.

THEOREM: lg-mrhoil2

(listp (1)

listp (g)

(k € nset (length (1)))

(n € N)

at (1, k, 12)

Ig(n, 1, 9))

lg (n, move (I, k, 0), move (g, k, 0))

L>>s>>>
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EVENT: Disable lg-mrhoil2.

THEOREM: mrhoil2-preserves-lg
(molws (n, I, g, h)
A (k € nset(n))
A mrhoil2 (n, k, I, g, h, Ip, gp, hp)
A lg(n, 1 g))
— lg(n, Ip, gp)

THEOREM: mrho-preserves-lg

(molws (n, I, g, h)

A (k € nset(n))

A mrhoi(n, k, I, g, h, lp, gp, hp)

A lg(n, 1, g))

— lg(n, lp, gp)
EVENT: Disable mrhoiO-preserves-lg.
EVENT: Disable mrhoila-preserves-lg.
EvVENT: Disable mrhoilb-preserves-lg.
EvVENT: Disable mrhoi2-preserves-lg.
EVENT: Disable mrhoi3a-preserves-lg.
EVENT: Disable mrhoi3b-preserves-1g.
EVENT: Disable mrhoi4-preserves-lg.
EVENT: Disable mrhoiba-preserves-lg.
EvVENT: Disable mrhoibb-preserves-lg.
EVENT: Disable mrhoi5c-preserves-lg.
EvENT: Disable mrhoi6-preserves-lg.

EVENT: Disable mrhoi7a-preserves-lg.
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EVENT: Disable mrhoi7b-preserves-1g.
EvVENT: Disable mrhoi8-preserves-lg.
EVENT: Disable mrhoi9a-preserves-lg.
EvENT: Disable mrhoi9b-preserves-lg.
EVENT: Disable mrhoilO-preserves-lg.
EVENT: Disable mrhoilla-preserves-lg.
EvVENT: Disable mrhoillb-preserves-lg.

EVENT: Disable mrhoil2-preserves-lg.

29999399333 boa 2999939939933

THEOREM: b0a-ifl
((G € nset (n)) Alg(n, I, g) A (= at(g, j, 1)) — (= at(l, j, 4))

THEOREM: ifl-nth-h-k

(molws (n, I, g, h)

(k € nset (n))

(j € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
Ig(n, I, g)

at (h, k, j)

(_' at (ga ch(h, k)a 1)))
(—at(l,j,4))

THEOREM: 15-not-gl
(molws (n, I, g, h)
A (k € nset (n))
A (j € nset (n))

l>>s>>>>

45



= b>>>>

H —
l>>>>>>>
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—

L >>s>>>>

mrhoi (n, k, I, g, h, Ip, gp, hp)
at (h, k, 7)

at (I, k, 5)

at (Ip, k, 5))

(— at (g, nth (h, k), 1))

HEOREM: 15-nth-h-k-eq-j
at (h, k, 7)

molws (n, I, g, h)

(k € nset (n))

(j € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, g)

at (I, k, 5)

at (Ip, k., 5))

(ﬁ at (l7 Js 4))

HEOREM: 15-j-1t-nth-k
j < nth (h, k))

molws (n, I, g, h)

(k € nset (n))

(j € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
b0a (n, I, h, k, j)

at (I, k, 5))

(_‘ at (la ja 4))

THEOREM: nth-k-1t-j-or-eq-j
(molws (n, I, g, h)

A
A
A
A

—

(k € nset (n))

(j € nset (n))

(( — 1) < nth (h, k))
(J £ nth(h, k)))

at (h, k, 7)

THEOREM: lm-j-not-in-14
(molws (n, I, g, h)

l>>>>>>>>

(j € nset (n))

(k € nset (n))

mrhoi (n, k, [, g, h, Ip, gp, hp)
Ig(n, I, g)

bOa (n, I, h, k, 7)

at (I, k, 5)

at (Ip, k, 5)

(G — 1) < nth (h, k)))

(ﬁ at (lv .j7 4))
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THEOREM: cond-15
(molws (n, I, g, h)

L>>>>>

(k € nset (n))

(j € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
at (I, k, 5)

(7 < nth (hp, k)))

(G — 1) < nth (h, k)

THEOREM: j-not-in-14
(molws (n, I, g, h)

l>>>>>>>>

(4 € nset (n))

(k € nset (n))

mrhoi (’fl, ka la g, h7 lp7 ap, hp)
Ig(n, 1, g)

b0a (n, I, h, k, 7)

at (I, k, 5)

at (Ip, k, 5)

(J < nth(hp, k)))

(_‘ at (lv ja 4))

THEOREM: k-in-15
(

L>>>>>

molws (n, I, g, h)
)

(j € nset (n)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
at (Ip, k, 5)

(G < nth (hp, £))

at (I, k, 5)

;;;The order of the hints is crucial.

THEOREM: lm-b0a-i-eq-k-j-neq-k
(molws (n, I, g, h)

ls>>>>>>

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
Ig(n, I, g)

bOa (n, I, h, k, j)

at (Ip, k, 5)

(4 < nth (hp, k)))

(_' at (l7 Js 4))

THEOREM: b0a-i-eq-k-j-neq-k
(molws (n, I, g, h)
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(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
(J#k)

lg(n, I, g)

bOa (n, I, h, k, 7))

boa (n, Ip, hp, k, j)

l>>>>>>

THEOREM: b0Oa-i-j-eq-k
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi(n, k, I, g, h, Ip, gp, hp)
A bOa(n,l, h, k, k))
—  bOa(n, Ip, hp, k, k)

THEOREM: b0a-i-eq-k

(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, g)

bOa(n, l, hv k7 ]))

b0a (n, Ip, hp, k, j)

I >>>>>

;;;n-not-less—j is necessary.

THEOREM: cond-lp4

(molws (n, I, g, h)

(i € nset(n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)
at (1, k, 3)

(i £ nth(h, k)))

(_‘ at (lpa ka 4))

l>>>>>

THEOREM: not-13-then-1p4
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi (n, k, I, g, h, Ip, gp, hp)
A (mat(l, k, 3)))
—  (—at(lp, k, 4))

THEOREM: i-in-15
(molws (n, I, g, h)
A (i € nset(n))
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L>>>>>

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
bOb (n, I, h, i, k)

at (I, i, 5)

(k < nth (h, )))

(= at(lp, k, 4))

THEOREM: lm-b0a-i-neq-k-j-eq-k
(molws (n, I, g, h)

l>>s>>>>>

TH
(

/‘\H
l>>>>>>

l>>>>>>>>

TH
(

molws (n, [, g, h)
)

(i € nbet( )
(k € nset (n))
mrhoi (n, k, I, g, h, lp, gp, hp)
(i £ k)

bob (n, I, h, i, k)

at (Ip, i, 5)

(k < nth (h, 7)))

(—at(lp, k, 4))

HEOREM: b0a-i-neq-k-j-eq-k

molws (n, I, g, h)

(i € nset( )

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)
(i # )

bOa (n, I, h, i, k)

bOb (n, 1, h, i, k))

bOa (n, lp, hp, i, k)

HEOREM: b0a-i-j-neq-k

(i € nset( )
(j € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, h, Ip, gp, hp)
(i # k)

(J # k)

bOa (n, I, h, i, j)

b0Ob (na la ha i7 .7))

b0a (n, Ip, hp, i, j)

HEOREM: b0a-i-neq-k

molws (n, [, g, h)

(i € nset( )

A
A (j € nset (n)
A\

)
(k € nset (n))

49



mrhoi (n, k, I, g, h, Ip, gp, hp)
(i # k)

bOa(n, l, ha ia .7)

bOb (n, 1, h, i, j))

b0a (n, Ip, hp, i, j)

b>>>>

THEOREM: rho-preserves-b0a
(molws (n, I, g, h)

(i € nset (n))

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, )

bOa (n, I, h, i, j)

bOb (n, 1, h, i, §))

bOa (n, Ip, hp, i, j)

l>>>>>>>

29999999999 bOb 9999999999999

THEOREM: b0b-ifl
((j € nset(n)) Alg(n, I, g) Aat(l, 4, 3)) — at(g, j, 1)

THEOREM: b0b-if3
(( € nset (n)) Alg(n, I, g) Aat(l, i, 5))
— (= union-at-n (g, 7, (0 1 2)))

THEOREM: lm-j-neq-h-k

(molws (n, I, g, h)

(k € nset (n))

(4 € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, g)

at (I, 7, 3)

(- at (g, nth (h, k), 1)))

(ﬁ at (ha ka ]))

THEOREM: h-k-not-gl
(molws (n, I, g, h)

A (k € nset (n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)

l>>>>>>
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A at(l, k,5)
A at(lp, k, 5))
— (= at (g, nth(h, k), 1))

THEOREM: j-neq-h-k

(molws (n, I, g, h)

(7 € nset (n))

(k € nset (n))

mrhoi (n7 k» l7 g, h> lp7 ap, hp)
Ig(n, 1, g)

t (Ip, k, 5)

at (I, k, 5)

t(l, 7, 3))

(_‘ at (h7 k7 .7))

l>>s>>>>>

HEOREM: n-k-leg-subl-i

molws (n, I, g, h)

(k € nbet( )

(i € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(= at (h, k, ))

(i £ nth(h k)))

(i = 1) £ nth (b, k)

;33;This is proved with help of n-k-leq-subl-i.

AH

l>>>>>

THEOREM: Im1-j-in-13
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, 1, g, h, Ip, gp, hp)
Ig(n, I, g)

bOb (n, 1, h, k, §)

at (I, k, 5)

at (Ip, k, 5)

at (1, 7, 3)

((j — 1) < nth (h, k)))
(k £ nth (h, 7))

THEOREM: lm-j-in-13
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

wrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, g)

l>>>>>>>>>

> > > >
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L>>>>>

bOb (n, I, h, k, j)
at (I, k, 5)

at (Ip, k, 5)

at (1, 7, 3)

(G < nth (p, 1))
(k # nth (h, 7))

;3 3The order of hints is crucial.

THEOREM: j-in-13
(molws (n, I, g, h)

l>>>>>>>>

(4 € nset (n))

(k € nset (n))

mrhoi (n, k; la g, h7 lpa ap, hp)
Ig(n, 1, g)

bob (n, I, h, k, 7)

at (Ip, k, 5)

at (1, 7, 3)

(J < nth(hp, k)))

(k £ nth(h, j))

THEOREM: lm-b0b-i-eq-k-j-neq-k
(molws (n, I, g, h)

l>>>>>>>>>

(7 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)
G #F)

lg(n, 1, g)

bOb (n, I, h, k, j)

at (Ip, k, 5)

at (Ip, j, 3)

(j < nth (hp, k)))

(k & nth (h, 7))

THEOREM: b0Ob-i-eq-k-j-neq-k
(molws (n, I, g, h)

L>>s>>>>

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
G # k)

lg(n, 1, 9)

bOb (na la h7 ka .7))

bOb (n, Ip, hp, k, j)

THEOREM: b0b-i-j-eq-k
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(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, g))

bOb (n, Ip, hp, k, k)

b >>>

THEOREM: bOb-i-eq-k
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, g)

bOb (1, 1, h, k, §))

bOb (n, lp> hpa ka j)

L>>>>>

THEOREM: Im-i-neq-h-k
(molws (n, I, g, h)

(k € nset (n))

(i € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, g)

at (I, i, 5)

union-at-n (g, nth (h, k), (0 1 2)))
(- at (h, k, 7))

l>>>>>>

THEOREM: h-k-g02

(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

at (I, k, 3)

at (lp, k, 3))

union-at-n (g, nth (h, k), (0 1 2))

L>>>>

THEOREM: i-neq-h-k
(molws (n, I, g, h)

(k € nset (n))

(i € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, g)

at (I, i, 5)

at (1, k, 3)

at (ip, £, 3))
(= at (h. £, 1))

l>>>>>>>

THEOREM: lm1-k-in-13-imp
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(molws (n, I, g, h)

I>>>>>>>>

(k € nset (n))

(i € nset(n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, g)

at (I, i, 5)

at (1, k, 3)

at (Ip, k, 3)

(i £ nth (h, 1))

(i~ 1) # nth (b, §))

THEOREM: Im-k-in-13-imp
(molws (n, I, g, h)

l>>>>>>>>>

(k € nset (n))

(i € nset(n))

mrhoi (n, k, 1, g, h, Ip, gp, hp)
Ig(n, I, g)

bob (n, I, h, i, k)

at (I, i, 5)

at (1, k, 3)

at (Ip, k, 3)

(k < nth (h, i)))

((i — 1) £ nth(h, k))

THEOREM: cond-13
(molws (n, I, g, h)

L>>>>>

(k € nset (n))

(i € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
at (I, k, 3)

(i < nth (hp, k)))

((: — 1) < nth(h, k))

THEOREM: k-in-13-imp
(molws (n, I, g, h)

l>>>>>>>>>

(i € nset(n))

(k € nset (n))

mrhoi (n, k, [, g, h, Ip, gp, hp)
Ig(n, 1, g)

bOb (n, I, h, i, k)

at (1, i, 5)

at (I, k, 3)

at (Ip, k, 3)

(k < nth (h, 4)))

(i £ nth (hp, 1))
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THEOREM: k-in-12-imp
(molws (n, I, g, h)

l>>>>>

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
at (Ip, k, 3)

at (1, k, 2))

(i £ nth (hp, k))

THEOREM: Ip3-then-12-or-13
(molws (n, I, g, h)

L>>>>>

(i € nset(n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
at (Ip, k, 3)

(—\ at(l, k, 2)))

at (I, k, 3)

THEOREM: b0b-i-in-15
(molws (n, I, g, h)

l>>s>>>>>>

(i € nset(n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
Ig(n, I, g)

b0b (n, L, h, 1, k)

at (I, i, 5)

at (Ip, k, 3)

(k < nth (h, )))

(i £ nth (hp, )

THEOREM: Im-b0b-i-neqg-k-j-eq-k
(molws (n, I, g, h)

l>>>>>>>>>

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
(i £ b)

bOb (n, I, h, i, k)

lg(n, 1, g)

at (Ip, 4, 5)

at (Ip, k, 3)

(k < nth (h, i)))

(i £ nth (hp, k))

THEOREM: bOb-i-neq-k-j-eq-k
(molws (n, I, g, h)
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(7 € nset (n))

(k € nset (n))

mrhoi (n, k, 1, g, h, lp, gp, hp)
(i )

bOb (n, I, h, i, k)

lg(n, 1, g))

bOb (n, Ip, hp, i, k)

l>>>>>>

THEOREM: b0b-i-j-neq-k
(molws (n, I, g, h)
(i € nset (n))
(j € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, h, lp, gp, hp)
(i # §)
(G #k)
bOb (n, I, h, i, 7))
bOb (n, Ip, hp, i, 7)

l>>s>>>>>

THEOREM: b0Ob-i-neq-k
(molws (n, I, g, h)

(i € nbet( )

(j € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, h, Ip, gp, hp)
(i # k)

Ig(n, 1, g)

bOb (n, I, h, i, j))

bOb (n, Ip, hp, i, 7)

l>>s>>>>>

THEOREM: rho-preserves-b0Ob
(molws (n, I, g, h)

(i € nset( )

(7 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
Ig (n, I, 9)

bOb (n, I, h, i, j))

bOb (n, lp, hp, i, j)

l>>>>>>

99999999999 bla 9999999999399

THEOREM: Im-h-k-eq-add1-n-nex-hint
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(n#£0) Alistp(h) A (n £ i) A (k €nset(n)) A (n < nth(h, k)))
— (= exist-hint-8-12-3-4 (4, I, g, h, k))

THEOREM: h-k-eq-add1-n-nex-hint

(molws (n, I, g, h) A (k € nset (n)) A at (h, k, 1 + n))

— (= exist-hint-8-12-3-4 (n, I, g, h, k))

THEOREM: h-k-eq-add1-n-k-not-in-13
(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)

blb (n, I, g, h, i, k)

at (h, k, 1 + n)

union-at-n (I, 4, (8 9 10 11 12)))
(= at (L, £, 3))

l>>>>>>

THEOREM: not-13-then-not-1p4
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi(n, k, I, g, h, Ip, gp, hp)
A (mat(l, k, 3)))
—  (—at(lp, k, 4))

THEOREM: h-k-eq-addl-n

(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
bilb(n, I, g, h, i, k)

at (h, k, 1 + n)

union-at-n (I, ¢, (8 9 10 11 12)))
(= at (ip, £, 2))

l>>>>>>

THEOREM: h-k-neq-add1l-n
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi(n, k, I, g, h, Ip, gp, hp)
A (—at(h, k, 14+ n)))
—  (—at(lp, k, 4))

;33 The order of the hints is crucial.
THEOREM: lm-bla-i-neq-k-j-eq-k

(molws (n, I, g, h)
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L>>>>>

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
blb(n, l, g, h, i, k)

union-at-n (I, ¢, > (8 9 10 11 12)))
(—at (lp, k, 4))

;;;need m-l-same-lp.

THEOREM: bla-i-neq-k-j-eq-k
(molws (n, I, g, h)

L>>>>>

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(i # §)

bib (n, I, g, h, i, k))

bla(lp, i, k)

THEOREM: bla-i-j-neqg-k
(molws (n, I, g, h)

l>>s>>>>>

(i € nset (n))
(4 € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, h, Ip, gp, hp)

(i # k)
(G #k)
bla(l, i, j))
bla(lp, 1, j)

THEOREM: bla-i-neq-k
(molws (n, I, g, h)

l>>s>>>>>

(i € nset (n))

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
(i £ F)

bla(l, i, )

blb(n, I, g, h, i, j))

bla(lp, i, j)

THEOREM: cond-17
(molws (n, I, g, h)

A\

(k € nset (n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)

A

at (I, k, 7)
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A union-at-n (Ip, k, > (8 9 10 11 12)))
— at(g, nth(h, k), 4)

THEOREM: k-in-17-imp

(molws (n, I, g, h)

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
bid (n, I, h, k)

lg(n, 1, g)

at (I, k, 7)

bla (I, nth (h, k), j)
union-at-n (Ip, k, (8 9 10 11 12)))
(-~ at(l, j, 2))

THEOREM: 15-j-1t-h-k
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

at (I, k, 5)

union-at-n (Ip, k, (8 9 10 11 12)))
(4 < nth (h, k))

l>>s>>>>>>

L>>>>>

THEOREM: k-in-15-then-j-not-14
(molws (n, I, g, h)

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

at (I, k, B)

union-at-n (Ip, k, > (8 9 10 11 12))
bOa(n, I, h, k, 7))

(—at(l, ], 4)

THEOREM: 1p9-12-k-in-18-12

(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
union-at-n (Ip, k, > (9 10 11 12)))
union-at-n (I, k, >(8 9 10 11 12))

l>s>s>>>>

I >>>

THEOREM: k-in-1p9-12-then-j-not-14
(molws (n, I, g, h)

A (j € nset(n))

A (k € nset (n))
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A
A
A

—

mrhoi (n, k, 1, g, b, Ip, gp, hp)
bla(l, k, j)

union-at-n (Ip, k, > (9 10 11 12)))
(_‘ at (l7 Js 4))

THEOREM: k-not-in-17-then-1p9-12-or-15
(molws (n, I, g, h)

L>>>>>

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
union-at-n (Ip, k, >(8 9 10 11 12))
(—mat(l, k, 7))

(- union-at-n (Ip, k, > (9 10 11 12))))
at (I, k, 5)

THEOREM: k-in-not-17-imp
(molws (n, I, g, h)

l>>>>>>>

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
(—at(l, k7))

b0a (n, I, h, k, 7)

bla(l, k. §)

union-at-n (Ip, k, > (8 9 10 11 12)))
(ﬁ at (lv Js 4))

;331 wonder why the following two do not imply

;3 31m-bla-i-eq-k-j-neq-k although those without

;;; (member u (nset n)) are perfectly able to

;5 5imply it.

;55 (prove-lemma k-in-1p9-12-then-j-not-14 (rewrite)

(implies (and (molws n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h 1p gp hp)
(bla 1 k 3
(union-at-n 1lp k (9 10 11 12)))
(not (at 1 j 4))))

;5 (prove-lemma k-in-1p8-then-j-not-14 (rewrite)

(implies (and (at 1lp k 8)
(molws n 1 g h)
(member j (nset n))
(member u (nset n))
(member k (nset n))
(mrhoi n k 1 g h 1p gp hp)
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HHH (lgnlg

i (b0an 1l h k j)
i (bla 1 (nth h k) j))

THEOREM: Im-bla-i-eq-k-j-neq-k
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
bld(n, I, h, k)

lg(n, I, g)

bOa(”? l’ h7 k? j)

bla(l, k, §)

bla(l, nth (h, k), j)
union-at-n (Ip, k, > (8 9 10 11 12)))
(—at(l,j,4))

l>>>>>>>>>

;3 ;m-l-same-lp-at-not is used.

THEOREM: bla-i-eq-k-j-neq-k
(molws (n, I, g, h)

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(J # k)

bld(n, I, h, k)

lg(n, I, g)

bOa (n, I, h, k, 7)
ba(l, k. )

bla(l, nth (h, k), 7))
bla(lp, k, 7)

l>>>>>>>>>

THEOREM: bla-i-j-eq-k
(molws (n, I, g, h)
A (k € nset (n))
A mrhoi(n, k, I, g, h, Ip, gp, hp)
A bla(l, k, k))
— bla(lp, k, k)

THEOREM: bla-i-eq-k
(molws (n, I, g, h)

A (j € nset(n))

A (k € nset(n))
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mrhoi (n, k, I, g, h, Ip, gp, hp)
bid (n, I, b, k)

Ig(n, 1, g)

bOa(n, I, h, k, j)

bla(l, k, j)

bla (I, nth(h, k), 7))

bla(lp, k, )

l>>>>>>

THEOREM: mrho-preserves-bla
(molws (n, I, g, h)

(i € nset (n))

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
bld(n, I, h, 7)

Ig(n, I, g)

b0a (n, 1, h, i, §)

bla(l, i, j)

bla(l, nth(h, %), j)

blb(n, I, g, h, i, 7))

bla (Ip, i, j)

l>>s>>>>>>>>

THEOREM: un8-11-then-un8-12
union-at-n (Ip, r, >(8 9 10 11)) — union-at-n (lp, r, (8 9 10 11 12))

THEOREM: 18-11-k-in-gp34
((r € nset (n)) Alg(n, I, g) A union-at-n (I, r, (8 9 10 11)))
— union-at-n(gp, r, > (3 4))

THEOREM: u-if4
((u € nset (n)) Alg(n, I, g) Aat(g, u,4)) — (—at(l, u, 2))

THEOREM: 112-then-unl0-12
at (I, u, 12) — union-at-n (I, u, > (10 11 12))

THEOREM: r-neq-k
(union-at-n (I, k, (8 9 10 1)) Aat(l, r, 12)) — (kK # r)
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THEOREM: ex-hint-in-18-12
exist-hint-8-12-3-4 (n, I, g, h, j)
— union-at-n (I, exist-hint-8-12-3-4 (n, I, g, h, j), 2(8 9 10 11 12))

THEOREM: ex-hint-in-g34
exist-hint-8-12-3-4 (n, I, g, h, k)
— union-at-n (g, exist-hint-8-12-3-4 (n, I, g, h, k), > (3 4))

THEOREM: ex-hint-l-g-h
exist-hint-8-12-3-4 (n, I, g, h, j)
—  (exist-hint-8-12-3-4 (n, I, g, h, j) £ nth(h, 7))

THEOREM: ex-hint-lp-gp-h-in-int-8-12-3-4
exist-hint-8-12-3-4 (n, Ip, gp, h, j)
—  intersect-8-12-3-4-at-n (exist-hint-8-12-3-4 (n, Ip, gp, h, j), Ip, gp)

THEOREM: ex-hint-Ip-gp-h-leg-h-j
exist-hint-8-12-3-4 (n, Ip, gp, h, j)
—  (exist-hint-8-12-3-4 (n, Ip, gp, h, j) £ nth (h, 7))

THEOREM: ex-hint-not-in-g02
exist-hint-8-12-3-4 (n, I, g, h, k)
— (- union-at-n (g, exist-hint-8-12-3-4 (n, I, g, h, k), (0 1 2)))

THEOREM: hint-wtn
((r € nset (n)) A intersect-8-12-3-4-at-u (r, Ip, gp) A (r £ nth(h, j)))
—  exist-hint-8-12-3-4 (n, Ip, gp, h, j)

THEOREM: lm-k-in-17-imp

(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
bld (n, I, h, k)

lg(n, 1, )

at (I, k, 7)

blb (n, I, g, h, nth (h, k), j)

at (I, 7, 3)

union-at-n (lp, k, (8 9 10 11 12)))
exist-hint-8-12-3-4 (n, I, g, h, j)

l>>s>>>>>>

THEOREM: ex-hint-neg-k-imp
(molws (n, I, g, h)
A (k € nset(n))
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mrhoi (n, k, 1, g, b, Ip, gp, hp)

exist-hint-8-12-3-4 (n, I, g, h, j)

(k # exist-hint-8-12-3-4 (n, I, g, h, 7)))

intersect-8-12-3-4-at-n (exist-hint-8-12-3-4 (n, I, g, h, ), Ip, gp)

b >>>

THEOREM: ex-hint-neq-k-in-17
(at (I, k, 7) A exist-hint-8-12-3-4 (n, I, g, h, 7))
—  (k # exist-hint-8-12-3-4 (n, I, g, h, j))

THEOREM: ex-hint-in-int-8-12-3-4-17

(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, 1, g, h, Ip, gp, hp)

at (I, k, 7)

exist-hint-8-12-3-4 (n, I, g, h, 7))

intersect-8-12-3-4-at-n (exist-hint-8-12-3-4 (n, I, g, h, 7), Ip, gp)

>>>>

THEOREM: ex-hint-wtn-17
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

at (I, k, 7)

exist-hint-8-12-3-4 (n, I, g, h, j))
exist-hint-8-12-3-4 (n, Ip, gp, h, j)

L>>>>

THEOREM: blb-k-in-17-imp
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
bld(n, I, h, k)

lg(n, 1, g)

at (I, k, 7)

blb (n, I, g, h, nth (h, k), 5)

at (I, 7, 3)

union-at-n (Ip, k, (8 9 10 11 12)))
exist-hint-8-12-3-4 (n, Ip, gp, h, j)

l>>s>>s>>>>

THEOREM: h-j-leq-k

(molws (n, I, g, h)

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
at (1, 7, 3)

at (I, k, 5)

bOb (1, 1, h, k, §)

> > > > > >
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A union-at-n (Ip, k, > (8 9 10 11 12)))
—  (k £ nth(n, j))

THEOREM: lm-1p8-then-k-in-g34
(listp (1)

(n € N)

(length (I) = n)

mrhoi (n, k, I, g, h, Ip, gp, hp)
(k € nset (n))

lg(n, 1, g)

at (I, k, 5)

at (ip, £, 8))

union-at-n (gp, k, > (3 4))

l>>s>>>>>

EVENT: Disable lm-1p8-then-k-in-g34.

THEOREM: 1p8-then-k-in-g34
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
Ig(n, 1, )

at (I, k, 5)

at (Ip, k, 8))

union-at-n (gp, k, > (3 4))

L>>>>>

THEOREM: lm-k-in-g34
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

lg(n, 1, )

lg (n, Ip, gp)

at (I, k, 5)

union-at-n (Ip, k, (8 9 10 11 12)))
union-at-n (gp, k, > (3 4))

l>>>>>>

THEOREM: k-in-g34

(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

lg(n, 1, )

at (I, k, 5)

union-at-n (Ip, k, (8 9 10 11 12)))
union-at-n (gp, k, > (3 4))

L>>>>>
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THEOREM: k-in-int

(molws (n, I, g, h)

(k € nset (n))

wmrhoi (n, k, I, g, h, Ip, gp, hp)

lg(n, 1, g)

at (I, k, 5)

union-at-n (Ip, k, > (8 9 10 11 12)))
intersect-8-12-3-4-at-n (k, Ip, gp)

L>>>>>

THEOREM: k-in-15-imp
(molws (n, I, g, h)

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

lg(n, 1, g)

at (I, 7, 3)

at (I, k, 5)

bOb (n, I, h, k, j)

union-at-n (Ip, k, > (8 9 10 11 12)))
exist-hint-8-12-3-4 (n, Ip, gp, h, 7)

l>>>>>>>>

;33 This is slow.

THEOREM: ex-hint-in-112

(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

union-at-n (I, k, (8 9 10 11))

exist-hint-8-12-3-4 (n, I, g, h, j)

at (I, exist-hint-8-12-3-4 (n, I, g, h, j), 12))
intersect-8-12-3-4-at-n (exist-hint-8-12-3-4 (n, I, g, h, j), Ip, gp)

L>>s>>>

THEOREM: r-neq-k-18-11-k-in-1p8-12
(molws (n, I, g, h)

(r € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(r # k)

union-at-n (I, r, (8 9 10 11)))
union-at-n (Ip, r, (8 9 10 11))

L>>>>>

THEOREM: r-eq-k-18-11-k-in-1p8-12
(molws (n, I, g, h)

A (k € nset (n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)
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A union-at-n (I, k, (8 9 10 11)))
— union-at-n(lp, k, >(8 9 10 11 12))

THEOREM: 18-11-k-in-1p8-12

(molws (n, I, g, h)

(r € nset (n))

A (k € nset(n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)
A

-

>

union-at-n (I, r, (8 9 10 11)))
union-at-n (Ip, r, (8 9 10 11 12))

THEOREM: hint-in-18-11
(molws (n, I, g, h)

A (k € nset(n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)

A lg(n, 1, g)

A exist-hint-8-12-3-4 (n, I, g, h, j)

A union-at-n (I, exist-hint-8-12-3-4 (n, I, g, h, j), (8 9 10 11)))
—  intersect-8-12-3-4-at-n (exist-hint-8-12-3-4 (n, I, g, h, j), Ip, gp)

THEOREM: ex-hint-not-in-112
(molws (n, I, g, h)

A (k € nset(n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)

A lg(n, 1, g)

A exist-hint-8-12-3-4 (n, I, g, h, j)

A (- at (I, exist-hint-8-12-3-4 (n, I, g, h, j), 12)))

—  intersect-8-12-3-4-at-n (exist-hint-8-12-3-4 (n, I, g, h, j), Ip, gp)

THEOREM: ex-hint-in-int-8-12-3-4-18-11
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi(n, k, I, g, h, Ip, gp, hp)
A lg(n, 1, g)
A union-at-n (I, k, (8 9 10 11))
A exist-hint-8-12-3-4 (n, I, g, h, j))
—  intersect-8-12-3-4-at-n (exist-hint-8-12-3-4 (n, I, g, h, j), Ip, gp)

THEOREM: ex-hint-wtn-18-11
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, 1, g, h, Ip, gp, hp)
lg(n, 1, g)

union-at-n (I, k, (8 9 10 11))
exist-hint-8-12-3-4 (n, I, g, h, j))
exist-hint-8-12-3-4 (n, Ip, gp, h, j)

l>>>>>
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THEOREM: k-in-18-11-imp
(molws (n, I, g, h)

l>>>>>>

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)
lg(n, 1, g)

at (I, j, 3)

bib(n, I, g, h, k, j)
union-at-n (I, k, >(8 9 10 11)))
exist-hint-8-12-3-4 (n, Ip, gp, h, j)

THEOREM: m-1p9-12-k-in-18-11
(molws (n, I, g, h)

b>>>

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
union-at-n (Ip, k, >(9 10 11 12)))
union-at-n (I, k, >(8 9 10 11))

THEOREM: k-in-1p9-12-imp
(molws (n, I, g, h)

l>>>>>>

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, g)

at (1, 7, 3)

blb(n, I, g, h, k, j)
union-at-n (Ip, k, > (9 10 11 12)))
exist-hint-8-12-3-4 (n, Ip, gp, h, j)

THEOREM: k-not-in-17-imp
(molws (n, I, g, h)

l>>>>>>>>>

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

Ig(n, I, g)

at (1, 7, 3)

(—at(l, k7))

bOb (n, 1, h, k, §)

bib(n, I, g, h, k, j)

union-at-n (Ip, k, > (8 9 10 11 12)))
exist-hint-8-12-3-4 (n, Ip, gp, h, 7)

THEOREM: lm1-b1b-i-eq-k-j-neq-k
(molws (n, I, g, h)

A
N

(j € nset (n))
(k € nset (n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)
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o

TH
(

L>>>>> l>>s>>>>>

l>>>>>

l>>>>>>>>>> >

bld(n, I, h, k)

lg(n, 1, g)

at (i, j, 3)

bOb (n, 1, h, k, 7)

blb (n, I, g, b, k, j)

blb(n, I, g, h, nth (h, k), j)
union-at-n (Ip, k, > (8 9 10 11 12)))
exist-hint-8-12-3-4 (n, Ip, gp, h, j)

HEOREM: ex-hint-lp-gp-h-leq-hp-j

molws (n, I, g, h)

(4 € nset (n))
(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)

(J #Fk)

exist-hint-8-12-3-4 (n, Ip, gp, h, j))
(exist-hint-8-12-3-4 (n, Ip, gp, h, j) # nth (hp, j))

HEOREM: j-neq-k-then-hp-eq-h
molws (n, [, g, h)
(j € nset( )
(k € nset (n))
mrhoi (n, k, I, g, h, Ip, gp, hp)
G # )
exist-hint-8-12-3-4 (n, Ip, gp, h, 7))
exist-hint-8-12-3-4 (n, Ip, gp, hp, j)

HEOREM: Im-blb-i-eq-k-j-neq-k
molws (n, I, g, h)
(j € nset (n))
(k € nset (n))
mrhoi (n, k, 1, g, h, Ip, gp, hp)
bid (n, I, h, k)
G#K)
lg(n, 1, g)
bOb (n, 1, h, k, §)
blb(n, I, g, h, k, j)
blb(n, I, g, h, nth (h, k), 7)
at (1, 7, 3)
union-at-n (Ip, k, > (8 9 10 11 12)))
exist-hint-8-12-3-4 (n, Ip, gp, hp, j)

THEOREM: blb-i-eq-k-j-neq-k
(

molws (n, I, g, h)
AN (je nbet( )
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(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
bld (n, I, h, k)

(j #Fk)

lg(n, 1, g)

bob (n, I, h, k, j)

bib(n, I, g, h, k, j)

bib(n, I, g, h, nth (h, k), j))
blb (n, lp, gp, hp, k, j)

l>>>>>>>>

THEOREM: blb-i-j-eq-k
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi(n, k, I, g, h, Ip, gp, hp)
A blb(n, I, g, h, k, k))
—  blb(n, lp, gp, hp, k, k)

;331 wonder if (bld n 1 h i) is
;;;better than (bld n 1 h k).

THEOREM: blb-i-eq-k
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
bild(n, I, h, k)

lg(n, 1, g)

bob (n, 1, h, k, j)

bib(n, 1, g, h, k, j)

blb (n, I, g, b, nth (h, k), j))
blb (n, Ip, gp, hp, k, )

l>>>>>>>>

;531 wonder why the following two do not imply
;3 31m-blb-i-neq-k-j-eq-k.

;53 (prove-lemma k-not-in-13 (rewrite)

I (implies (and (molws n 1 g h)

HH (member i (nset n))

HH (member k (nset n))

HHH (mrhoi n k 1 g h 1p gp hp)
HHH (not (equal i k))

HH (lgnlg

HH (at 1p k 3)

HHH (not (at 1 k 3))

HHH (union-at-n 1 i ’(8 9 10 11 12)))
HHK (exist-hint-8-12-3-4 n 1p gp hp k)))
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;5 ; (prove-lemma k-in-13 (rewrite)

HH (implies (and (molws n 1 g h)

HH (member i (nset n))

HH (member k (nset n))

S (mrhoi n k 1 g h 1p gp hp)

HH (at 1 k 3)

HHH (at 1p k 3)

HHH (union-at-n 1 i ’(8 9 10 11 12)))
HHH (exist-hint-8-12-3-4 n 1p gp hp k)))

;3 ; (prove-lemma 1lm-blb-i-neq-k-j-eq-k (rewrite)

I (implies (and (molws n 1 g h)

S (member i (nset n))

HHH (member k (nset n))

HHH (mrhoi n k1 g h 1p gp hp)

HHH (not (equal i k))

HH (lgnlg

HHH (at 1p k 3)

HHH (union-at-n 1 i (8 9 10 11 12)))
HHH (exist-hint-8-12-3-4 n 1p gp hp k)))

THEOREM: ex-hint-leq-h-k
exist-hint-8-12-3-4 (n, I, g, h, k)
—  (exist-hint-8-12-3-4 (n, I, g, h, k) &£ nth (h, k))

THEOREM: h-k-leg-subl-ex-hint
(exist-hint-8-12-3-4 (n, I, g, h, k)
A (nth(h, k) # exist-hint-8-12-3-4 (n, I, g, h, k)))
—  ((exist-hint-8-12-3-4 (n, I, g, h, k) — 1) £ nth (h, k))

THEOREM: ex-hint-neq-h-k
(molws (n, I, g, h)

A (k € nset(n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)
A exist-hint-8-12-3-4 (n, I, g, h, k)
A at(l, k, 3)

A at(ip, b, 3))

_

(nth (h, k) # exist-hint-8-12-3-4 (n, I, g, h, k))

THEOREM: lm-hp-k-leg-ex-l-g-h
(molws (n, I, g, h)

A (k € nset (n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)
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at (I, k, 3)

at (Ip, k, 3)

exist-hint-8-12-3-4 (n, I, g, h, k))
((exist-hint-8-12-3-4 (n, I, g, h, k) — 1) £ nth (h, k))

b>>>

THEOREM: ex-cond-13
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)

at (I, k, 3)

exist-hint-8-12-3-4 (n, I, g, h, k)

((exist-hint-8-12-3-4 (n, I, g, h, k) — 1) £ nth (h, k)))
(exist-hint-8-12-3-4 (n, I, g, h, k) £ nth (hp, k))

I>s>>>>

THEOREM: hp-k-leq-ex-1-g-h
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)

at (I, k, 3)

at (Ip, k, 3)

exist-hint-8-12-3-4 (n, I, g, h, k))
(exist-hint-8-12-3-4 (n, I, g, h, k) £ nth (hp, k))

I>s>>>>

THEOREM: ex-hint-neq-k-in-13
(at (1, k, 3)

A union-at-n (/, exist-hint-8-12-3-4 (n, {, g, h, k), > (8 9 10 11 12)))
—  (k # exist-hint-8-12-3-4 (n, I, g, h, k))

;53;This is successfully proved

;5 ; by m-gp-same-g and m-lp-same-1.

;3;This is successfully proved by ex-hint-neq-k-imp,
;5 ;ex-hint-neq-k-in-13 and ex-hint-in-18-12.

THEOREM: ex-hint-l-g-h-in-int-8-12-3-4
(molws (n, I, g, h)
A (k € nset(n))
wmrhoi (n, k, I, g, h, Ip, gp, hp)
at (I, k, 3)
exist-hint-8-12-3-4 (n, I, g, h, k))
intersect-8-12-3-4-at-n (exist-hint-8-12-3-4 (n, I, g, h, k), lp, gp)

b >>>

THEOREM: ex-l-g-h-k-in-13
(molws (n, I, g, h)

A (k € nset (n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)
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at (I, k, 3)

at (Ip, k, 3)

exist-hint-8-12-3-4 (n, I, g, h, k))
exist-hint-8-12-3-4 (n, Ip, gp, hp, k)

b>>>

THEOREM: lm-k-in-13
(molws (n, I, g, h)

(i € nset(n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

at (I, k, 3)

at (Ip, k, 3)

union-at-n (I, 7, (8 9 10 11 12))
blb("v la g, ha i? k))
exist-hint-8-12-3-4 (n, Ip, gp, hp, k)

l>>>>>>>

THEOREM: k-in-13
(molws (n, I, g, h)
(i € nset (n))
(k € nset (n))
mrhoi (n, k, {
(i # k)

at (1, k, 3)
blb(n, I, g, h, i, k))
bib (n, Ip, gp, hp, i, k)

. g, b, Ip, gp, hp)

L>s>s>>s>>

THEOREM: hp-k-leq-i

(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, 1, g, h, Ip, gp, hp)
at (I, k, 2)

at (Ip, k, 3))

(i # nth (hp, k)

THEOREM: blb-u-neq-k
((u € nset (n))
A (k € nset (n))
A lg(n, 1 g)
A at(g, u, 4)
A
-

L>s>s>>>

at (I, &, 2))
(k # )

THEOREM: lm-u-in-int-8-12-3-4
(molws (n, I, g, h)
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L>>s>>>>

(u € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

Ig (n, I, g)

at (I, k, 2)

at (g, u, 4)

union-at-n (Ip, u, (8 9 10 11 12)))
intersect-8-12-3-4-at-n (u, Ip, gp)

HEOREM: k-neq-u-in-1p8-12
molws (n, I, g, h)

(u € nset( )

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

(u# k)

lg(n, 1, g)

at (g, , 4))

union-at-n (Ip, u, > (8 9 10 11 12))

HEOREM: lml-u-in-int-8-12-3-4
molws (n, I, g, h)

(u € nset( )

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, g)

at (I, k, 2)

at (g, u, 4))

union-at-n (Ip, u, (8 9 10 11 12))

HEOREM: u-in-int-8-12-3-4
molws (n, I, g, h)

(u € nset( )

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, I, g9)

at (I, k, 2)

at (g, u, 4))
intersect-8-12-3-4-at-n (u, Ip, gp)

;531 wonder why the following does not trigger
;5 smolws-1n-1p, molws-1ln-gp.
;55 (prove-lemma h-i-in-g34-imp (rewrite)

29
29

29

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi n k¥ 1 g h 1p gp hp)
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HH (member (nth h i) (mset n))

HE (lgnlg

HH (at 1 k 2)

N (at 1p k 3)

HH (at g (nth h i) 4))

HHH (exist-hint-8-12-3-4 n 1lp gp hp k)))
;5 salthough

;5 (prove-lemma h-i-in-g34-imp (rewrite)

HHH (implies (and (member (nth h i) (nset n))

HH (molws n 1 g h)

HH (member k (nset n))

HHH (mrhoi nk 1 g h 1p gp hp)

HH (lgnlg

HH (at 1 k 2)

I (at 1p k 3)

N (at g (nth h i) 4))

HHH (exist-hint-8-12-3-4 n 1lp gp hp k)))
;; ;does.

THEOREM: h-i-in-g34-imp

((nth (h, i) € nset (n))
molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
lg(n, I, g)

at (1, k, 2)

at (Ip, k, 3)

at (g, nth (h, 1), 4))
exist-hint-8-12-3-4 (n, Ip, gp, hp, k)

l>>s>>>>>

THEOREM: i-not-in-g34

((— union-at-n (g, i, > (3 4)))
A molws(n, I, g, h)

A (i € nset (n))

A (k € nset (n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)

A lg(n, 1, g)

A at(l k, 2)

A at(lp, k, 3)

A blc(n,l, g, h, i)

A union-at-n (I, 4, (8 9 10 11 12)))
—  exist-hint-8-12-3-4 (n, Ip, gp, hp, k)

THEOREM: i-in-int-8-12-3-4

(6]



(union-at-n (g, 4, > (3 4))

l>>>>>>

molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)

(i # k)

union-at-n (/, i, > (8 9 10 11 12)))
intersect-8-12-3-4-at-n (i, Ip, gp)

THEOREM: i-in-g34
(union-at-n (g, 4, > (3 4))

l>>s>>>>>>

molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

(i # k)

at (I, k, 2)

at (Ip, k, 3)

union-at-n (I, i, > (8 9 10 11 12)))
exist-hint-8-12-3-4 (n, Ip, gp, hp, k)

THEOREM: k-in-12
(molws (n, I, g, h)

l>>s>>>>>>>>

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)

bld (n, I, h, k)

(i # k)

lg(n, I, g)

at (1, k, 2)

at (Ip, k, 3)

blc(n, I, g, h, 7)

union-at-n (I, i, (8 9 10 11 12)))
exist-hint-8-12-3-4 (n, Ip, gp, hp, k)

THEOREM: Ip3-then-13-or-12
(molws (n, I, g, h)

>>>>

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(—at(l, k, 3))

at (Ip, k, 3))

at (1, k, 2)

THEOREM: lm-k-not-in-13
(molws (n, I, g, h)
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l>>>>>>>>>>

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

bld (n, I, h, k)

(i 1)

lg(n, I, g)

(—at(l, k, 3))

at (Ip, k, 3)

blc(n, I, g, h, i)

union-at-n (I, 4, (8 9 10 11 12)))
exist-hint-8-12-3-4 (n, Ip, gp, hp, k)

THEOREM: k-not-in-13
(molws (n, I, g, h)

l>>>>>>>>>

(i € nset(n))

(k € nset (n))

mrhoi (n, k, 1, g, h, Ip, gp, hp)
bid (n, I, b, k)

(i # 1)

lg(n, 1, g)

(—| at (l, k, 3))

bib(n, I, g, h, i, k)

blc(n, I, g, h, 7))

blb (n, Ip, gp, hp, 1, k)

THEOREM: blb-i-neq-k-j-eq-k
(molws (n, I, g, h)

l>>>>>>>>

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
bld (n, I, h, k)

(i # k)

Ig(n, I, g)

blb (n7 l’ g’ h’ i’ k)

blc(n, I, g, h, 1))

blb (n, lp, gp, hp, i, k)

THEOREM: lm-i-neq-k-in-int-8-12-3-4
(molws (n, I, g, h)

>>> > > >

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(i # §)

Ig(n, I, g)

at (g, i, 4))

(i



—

intersect-8-12-3-4-at-n (i, Ip, gp)

THEOREM: i-neq-k-in-int-8-12-3-4
(molws (n, I, g, h)

l>>s>>>>>>

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

(i # F)

union-at-n (I, ¢, (8 9 10 11 12))

lg(n, 1, g)

at (I, exist-hint-8-12-3-4 (n, I, g, h, j), 12)
b3a (I, g, exist-hint-8-12-3-4 (n, I, g, h, j), 7))
intersect-8-12-3-4-at-u (i, Ip, gp)

THEOREM: h-j-leg-i
(union-at-n (I, 7, (8 9 10 11 12))

A
A
A

—

exist-hint-8-12-3-4 (n, I, g, h, j)

at (I, exist-hint-8-12-3-4 (n, I, g, h, j), 12)
b2a (I, exist-hint-8-12-3-4 (n, I, g, h, j), i))
(i £ nth(h, j))

THEOREM: i-neq-k-ex-hint-in-112
(molws (n, I, g, h)

l>>s>>>>>>>>

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)

(i 1)

lg(n, I, 9)

union-at-n (I, ¢, (8 9 10 11 12))
exist-hint-8-12-3-4 (n, I, g, h, j)

at (I, exist-hint-8-12-3-4 (n, I, g, h, j), 12)
b2a (I, exist-hint-8-12-3-4 (n, I, g, h, j), i)
b3a(l, g, exist-hint-8-12-3-4 (n, I, g, h, j), 1))
exist-hint-8-12-3-4 (n, Ip, gp, h, j)

THEOREM: i-neg-k-ex-hint-not-in-112
(molws (n, I, g, h)

I >>>>>

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

lg(n, I, g)

exist-hint-8-12-3-4 (n, I, g, h, j)

(— at (I, exist-hint-8-12-3-4 (n, I, g, h, j), 12)))
exist-hint-8-12-3-4 (n, Ip, gp, h, j)

THEOREM: Im1-b1b-i-j-neq-k

8



(molws (n, I, g, h)
(i € nset (n))
(j € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, b, Ip, gp, hp)
(i 4 k)
Ig(n, I, g)
union-at-n (I, ¢, (8 9 10 11 12))
exist-hint-8-12-3-4 (n, I, g, h, j)
b2a (1, exist-hint-8-12-3-4 (n, I, g, h, j), i)
b3a(l, g, exist-hint-8-12-3-4 (n, I, g, h, j), 1))
exist-hint-8-12-3-4 (n, Ip, gp, h, j)

l>>>>>>>>>>

THEOREM: lm-b1b-i-j-neq-k
(molws (n, I, g, h)
(n))

(j € nset (n))

(k € nset (n))
mrhoi (n, k, I, g, b, Ip, gp, hp)
(i # k)
G £ k)
lg(n, 1, )
union-at-n (I, 7, (8 9 10 11 12))
b2a (1, exist-hint-8-12-3-4 (n, I, g, h, j), @)
b3a(l, g, exist-hint-8-12-3-4 (n, I, g, h, j), %)
exist-hint-8-12-3-4 (n, I, g, h, j))
exist-hint-8-12-3-4 (n, Ip, gp, hp, 7)

(i € nset

A

AN

AN

N

A

A

A

AN

A

A

A

N

THEOREM: blb-i-j-neq-k
(molws (n, I, g, h)
AN (i€ nset( )

A (j € nset (n))

A (k € nset(n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)

N #k)

A lg(n, 1, g)

A blb(n, 1, g, h,i,J)

A b2a(l, exist-hint-8-12-3-4 (n, I, g, h, j), 1)
A b3a(l, g, exist-hint-8-12-3-4 (n, I, g, h, j), 7))
—  blb(n, lp, gp, hp, i, j)

THEOREM: blb-i-neq-k
(molws (n, I, g, h)
AN (i€ nset( )

79



(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
bid (n, I, h, k)

(i # k)

l>>>>>>>>>> >
=3
?
=

(
(
blc(n, I, g, , )
(
(
(n,

;331 wonder if (bld n 1 h i) and

;55(bld n 1 h j) are better than

;5;(bidn 1 h k).

;55(blbn1 gh (nth h i) j) and (blbn 1 g h (nth h k) j).
;5 ;What about (b2a 1 (exist-hint-8-12-3-4 n 1l g h j) i)
(b3a 1 g (exist-hint-8-12-3-4 n 1l gh j) i) 7

)

THEOREM: mrho-preserves-blb
(molws (n, I, g, h)

AN (i€ nbet( )

A (j € nset (n))

A (k € nset(n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)

A bld(n, 1, b, k)

A lg(n, i, g)

A bOb (n, 1, b, i, §)

A blb(n,l, g, h nth (b, k), j)

A blb(n, l,g h i,7)

A ble(n, I, )

A b2a(l, ex1st hlnt 8-12-3-4 (n, I, g, h, j), )
A b3a(l, g, exist-hint-8-12-3- 4(n L, g, h,7),1))
—  blb(n, lp, gp, hp, i, j)

553333333555 blc 5333333355353 53 33
33333333333 ;common in mole and atom.

THEOREM: not-g34-then-not-g4
(— union-at-n (g, 7, > (3 4))) — (— at (g, i, 4))

THEOREM: contra-if4
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((j € nset (n)) Alg(n, I, g) A at(g, j, 4))
— union-at-n(l, j, >(9 10 11 12))

THEOREM: Ip8-not-15-then-17
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, &, 1, g, h, lp, gp, hp)
(- at (i, , 5))

at (Ip, k, 8))

at (I, k, 7)

b>>>>

THEOREM: Ip8-not-g34-then-k-in-17
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, )

at (Ip, k, 8)

union-at-n (Ip, k, (8 9 10 11 12))
(- union-at-n (gp, k, > (3 4))))

at (I, k, 7)

l>>>>>>

THEOREM: Im-k-in-17
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, )

lg (n, Ip, gp)

union-at-n (Ip, k, (8 9 10 11 12))
(= union-at-n (gp, k, > (3 4))))

at (I, k, 7)

l>>>>>>

THEOREM: k-in-17

(molws (n, I, g, h)

(k € nset (n))

mrhOi (n7 k? l7 g’ h7 lp? gp7 hp)
lg(n, 1, g9)

union-at-n (Ip, k, (8 9 10 11 12))
(= union-at-n (gp, k, > (3 4))))

at (I, k, 7)

L>>>>>

THEOREM: h-k-cond-17
(molws (n, I, g, h)
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(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

at (I, k, 7)

union-at-n (Ip, k, > (8 9 10 11 12)))
(nth (hp, k) = nth (h, k))

b>>>>

THEOREM: Ilm-h-k-g4
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

bld(n, I, h, k)

lg(n, I, g)

at (I, k, 7)

union-at-n (Ip, k, > (8 9 10 11 12)))

((nth (hp, k) € nset (n)) A at (g, nth (hp, k), 4))

l>s>>>>>

THEOREM: h-k-g4

(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

bld (n, I, h, k)

lg(n, 1, g)

union-at-n (Ip, k, (8 9 10 11 12))

(— union-at-n (gp, k, > (3 4))))

((nth (hp, k) € nset (n)) A at (g, nth (hp, k), 4))

l>>>>>>

THEOREM: lml-i-eq-k-then-h-k-neq-k
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
bld (n, I, h, k)

lg(n, 1, g)

at (I, k, 7)

at (g, nth (hp, k), 4))

(— at (hp, k, k))

l>>>>>>

;5 ;Need k-in-17.

THEOREM: lm-i-eq-k-then-h-k-neq-k
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, 1, g, h, Ip, gp, hp)
bid (n, I, h, k)

lg(n, 1, g)

at (I, k, 7)

>

> > > >
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A union-at-n (Ip, k, > (8 9 10 11 12))
A (= union-at-n (gp, k, > (3 4))))
— (- at (hp, k, k))

THEOREM: i-eq-k-then-h-k-neq-k

(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

bid (n, I, h, k)

lg(n, 1, g)

union-at-n (Ip, k, (8 9 10 11 12))
(= union-at-n (gp, k, > (3 4))))

(— at (hp, k, k))

l>>>>>>

THEOREM: blc-i-eq-k-hp-k-neq-k
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

bid (n, I, h, k)

(= at (hp, k, b))

lg(n, 1, g)

union-at-n (Ip, k, (8 9 10 11 12))

(= union-at-n (gp, k, > (3 4))))

((nth (hp, k) € nset (n)) A at (gp, nth (hp, k), 4))

l>>s>>>>>

THEOREM: blc-i-eq-k
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
bld (n, I, h, k)

lg(n, 1, 9))

blc(n, lp, gp, hp, k)

l>>>>

THEOREM: 19-11-then-in-1p9-12
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(—at(l, k, 12))

union-at-n (I, k, > (9 10 11 12)))
union-at-n (Ip, k, > (9 10 11 12))

>>>>

THEOREM: k-in-1p9-12
(molws (n, I, g, h)

A (k € nset (n))

A mrhoi(n, k, I, g, h, lp, gp, hp)
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l>>>

lg(n, 1, g)

at (g, k, 4)

(—at(l, k, 12)))

union-at-n (Ip, k, > (9 10 11 12))

THEOREM: lm-k-not-in-112-imp
(molws (n, I, g, h)

l>>>>>>

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
lg(n, 1, g)

Ig (n, Ip, gp)

at (g, k, 4)

(—at(l, k, 12)))

at (gp, k, 4)

THEOREM: k-not-in-112-imp
(molws (n, I, g, h)

A
A
A\
A
A
—

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
Ig(n, 1, g)

at (g, k, 4)

(= at(l, k, 12)))

at (gp, k, 4)

THEOREM: k-not-in-112
(molws (n, I, g, h)

A
A
A
A
A\
A\
—

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
b3a(l, g, k, 7)

union-at-n (I, ¢, (8 9 10 11 12))
(— union-at-n (g, i, > (3 4))))

(- at(l, k, 12))

THEOREM: Im1-blc-i-neq-k-h-i-eq-k
(molws (n, I, g, h)

l>>>>>>>>>

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
(nth (h, i) = k)

Ig(n, I, 9)

blc(n, I, g, h, i)

b3a (I, g, nth (h, i), i)
union-at-n (I, i, > (8 9 10 11 12))
(= union-at-n (g, i, > (3 4))))

at (gp, k, 4)
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THEOREM: Im-blc-i-neq-k-h-i-eq-k
(molws (n, I, g, h)
A (i € nset (n))
A (k € nset(n))
A mrhoi(n, k, I, g, h, Ip, gp, hp)
A at(h, i, k)
A lg(n, L, g)
A ble(n,l, g, h, i)
A b3a(l, g, nth(h, 1), i)
A union-at-n (I, 4, (8 9 10 11 12))
A (- union-at-n (g, i, > (3 4))))
—  ((nth (h, i) € nset (n)) A at (gp, nth (h, i), 4))

THEOREM: b3a-h-rholemma
(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(i # k)

b3a (L, g, nth (h, 1), 1))

b3a (I, g, nth (hp, i), i)

l>>>>>

;;;m—l-same-1p and m-gp-same-g are used.

THEOREM: blc-i-neq-k-h-i-eq-k
(molws (n, I, g, h)

(i € nset (n))

A (k € nset(n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)
AN (i #Ek)

A at(h, i, k)
A\

N

AN
_

>

lg(n, I, g)

blc(n, , g, h, i)
b3a(l, g, nth (h, i), i))
blec (n, Ip, gp, hp, i)

THEOREM: lm-blc-i-h-i-neq-k
(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)

(—at(h, i, k))

blc(n, I, g, h, i)

union-at-n (I, ¢, (8 9 10 11 12))

(— union-at-n (g, i, ’ (3 4))))

((uth (h, i) € nset (n)) A at (gp, nth(h, i), 4))

l>>>>>>>
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THEOREM: blc-i-h-i-neq-k

(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
(i # k)

(—at(h,i, k))

blc(n, I, g, h, 1))

blc(n, Ip, gp, hp, i)

l>>>>>>

HEOREM: blc-i-neq-k
molws (n, [, g, h)
(i € nset(n))
(k € nset (n))
mrhoi (n, k, I, g, h, Ip, gp, hp)
(i 4 )
Ig(n, 1, g)
blc(n, I, g, h, 1)
b3a (L, g, nth (1, i), 1)
ble(n, Ip, gp, h]% i)

AH

l>>>>>>>

THEOREM: mrho-preserves-blc
(molws (n, I, g, h)

(i € nset( )

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
bld(n, I, h, k)

lg(n, I, g)

blc(n, I, g, h, i)

b3a(l, g, nth (h, i), i))
blc(n, Ip, gp, hp7 i)

l>>>>>>>

HEHH S S S S ) L e S N R R P R R R R R T
THEOREM: remainder-quotient
(z mod (1 + z)) = fix ()

THEOREM: Iml-member-remainder
(x £ n) — (1 + ) & nset (n — 1))

THEOREM: lm-member-remainder
(14 z) €nset(n — 1)) — ((1 + (z mod n)) € nset (n — 1))

THEOREM: member-remainder
(j €mnset(n)) = ((1+ ((j — 1) mod n)) € nset (n))
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THEOREM: one-nset

(n 20) — (1 € nset(n))
THEOREM: Im-bld-i-eq-k
(listp (1)

A listp (h)

A (n €eN)

A (nth(h, k) € N)

A (length (1) = n)

A (length (k) = n)

A (k € nset(n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)

A bld(n, L, b, k))

—  bld(n, lp, hp, k)

THEOREM: bld-i-eq-k
(molws (n, I, g, h)
A (ke nset( )
A mrhoi(n, k, I, g, h, Ip, gp, hp)
A bld(n, I, h, k))

THEOREM: bld-neq-k

(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)
(i # §)

bid (n, 1, h, 7))

bld (n, lp, hp, )

L>>s>>>

HEOREM: mrhoi-preserves-bld
molws (n, I, g, h)
(i € nset( )
(k € nset (n))
mrhoi (n, k, I, g, b, Ip, gp, hp)
bld (n, I, h, i)
bld (n, lp, hp, i)

o

L>>>>

29939399339 b2a 2999939933933

;% 1i-eq-k-j-neq-k
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THEOREM: j-lt-h-k
(molws (n, I, g, h)

L>>s>>>>

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(G <k

at (1, k, 9)

union-at-n (Ip, k, > (10 11 12)))
(4 < nth(h, k))

THEOREM: lm-case-k-in-19
(molws (n, I, g, h)

l>>>>>>>>>

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

(J#Fk)

G <h)

b2b (1, h, k, §)

at (I, k, 9)

(4 < nth (h, k))

union-at-n (Ip, k, > (10 11 12)))

(- union-at-n (1, 7, > (5 6 7 8 9 10 11 12)))

;5;In the rewrite rule a set of hypotheses is replaced
;5 ;by anther set of formulas. Thus if in a proof
;;;intended beforehand there is a formula belonging to
;;;more than one set of hypotheses which are expected to
;5 ;be replaced, Bmp is very likely to be unsuccessful.
;531f j is not equal to k and the k’s entry in 1 is
;;;between 10 and 12, then the j’s entry in 1lp is not
;;;between 5 and 12.

THEOREM: case-k-in-19
(molws (n, I, g, h)

l>>>>>>>>

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

(G # k)

(J <k)

b2b (l’ h’ k? j)

at (I, k, 9)

union-at-n (Ip, k, > (10 11 12)))

(= union-at-n (lp, j, (5 6 7 8 9 10 11 12)))

;;3need un10-11-then-un10-12.
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THEOREM: case-k-in-110-11

(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)

(G # k)

(J <k)

b2a(l, k, j)

union-at-n (I, k, > (10 11)))

(— union-at-n (Ip, j, (5 6 7 8 9 10 11 12)))

l>s>s>>>>>

THEOREM: k-in-110-11-or-19

(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
union-at-n (Ip, k, > (10 11 12))
(= union-at-n (I, k, > (10 11))))
at (I, k, 9)

l>>>>

THEOREM: lm-b2a-i-eq-k-j-neq-k
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

(G # k)

(J < k)

lg(n, I, g)

b2a (1, k, §)

b2b (I, h, k, 5)

union-at-n (Ip, k, > (10 11 12)))

(= union-at-n (lp, j, (56 6 7 8 9 10 11 12)))

l>>s>>>>>>>

;531 proved
;5 (prove-lemma lm-b2a-i-eq-k-j-neq-k (rewrite)
D (implies (and (molws n 1 g h)

HHH (member j (mset n))

HHH (member k (nset n))

HHN (mrhoi n k 1 g h 1p gp hp)

Y (not (equal j k))

HHH (lessp j k)

HHH (lgnlg

HHH (b2a 1 k j)

HHH (®b2b 1 h k j)

HHH (union-at-n 1lp k ’(10 11 12)))

HHH (not (union-at-n 1 j (5 6 7 8 9 10 11 12)))))
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;;and tried to prove the following lemma counting on
;5 ;m-1lp-same-1, but it was unsuccessful.

THEOREM: b2a-i-eq-k-j-neqg-k
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
(J #Fk)

(J <k)

lg(n, 1, g)

b2b (I, h, k, 5)

b2a(l, k, 7))

b2a (lp, k, j)

l>>>>>>>>

;% i-neq-k-j-eq-k

;531f the k’s entry in 1 is not 4 and
;;;the k’s entry in 1lp is between 5 and 7, then
;;;the k’s entry in 1 is between 5 and 7.

THEOREM: m-k-in-1p5-7-not-14-then-15-7
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(—at(l, k, 4))

union-at-n (Ip, k, > (5 6 7)))
union-at-n (I, k, > (5 6 7))

l>>>>

;531f the k’s entry in 1lp is between 5 and 7 then
;;;the k’s entry in 1 is certainly between 5 and 12.

THEOREM: m-k-in-1p5-7-then-15-11

(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

(= at (L, ¥, 4))

union-at-n (Ip, k, > (5 6 7)))
union-at-n (I, k, >(5 6 7 8 9 10 11))

>>>>

;53 If the k’s entry in 1lp is 8 then k’s entry
;5;in 1 is either 5 or 7.

THEOREM: m-1p8-k-in-157

90



(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
at (Ip, k, 8))

union-at-n (I, k, > (5 7))

b >>>

;53 If the k’s entry in 1p is 8,
;;;then the k’s entry in 1 is between 5 and 11.

THEOREM: m-k-in-1p8-then-15-11
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi(n, k, I, g, h, Ip, gp, hp)
A at(lp, k, 8))
— union-at-n (I, k, (5 6 7 8 9 10 11))

;531f the k’s entry in 1lp is between 9 and 12,
;;;then the k’s entry in 1 is between 5 and 12.

THEOREM: m-k-in-1p9-12-then-15-11
(molws (n, I, g, h)
A (k € nset(n))
A mrhoi(n, k, 1, g, h, Ip, gp, hp)
A union-at-n (Ip, k, > (9 10 11 12)))
— union-at-n(l, k, >(6 6 7 8 9 10 11))

;5;1f the k’s entry in 1 is 4 an the k’s entry in 1lp is
;;;between 5 and 12, then the k’s entry in 1 is
;;;between 5 and 11.

THEOREM: m-k-in-15-11

(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

(—at(l, k, 4))

union-at-n (Ip, k, (5 6 7 8 9 10 11 12)))
union-at-n (I, k, (5 6 7 8 9 10 11))

L>>>>

THEOREM: m-k-not-in-14

(molws (n, I, g, h)

A (k € nset (n))

A mrhoi(n, k, I, g, h, lp, gp, hp)

A (—at(l, k, 4))

A (- union-at-n(l, k,’(5 6 7 8 9 10 11 12))))
— (- union-at-n(Ip, k, (5 6 7 8 9 10 11 12)))
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THEOREM: m-k-not-in-l1p5-12

(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)

bla(l, i, k)

union-at-n ({, i, > (10 11 12))

(— union-at-n (I, k, (56 6 7 8 9 10 11 12))))
(— union-at-n (Ip, k, (56 6 7 8 9 10 11 12)))

l>>>>>>

THEOREM: lm-b2a-i-neq-k-j-eq-k
(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, 1, g, b, Ip, gp, hp)

(i # k)

(k<)

bla(l, i, k)

b2a(l, i, k)

union-at-n (Ip, 4, > (10 11 12)))

(— union-at-n (Ip, k, (5 6 7 8 9 10 11 12)))

l>>>>>>>>

THEOREM: b2a-i-neq-k-j-eq-k
(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
(i # k)

(k <9)

bla(l, i, k)

b2a (I, i, k))

b2a (Ip, i, k)

l>>>>>>>

;* 1-j-neq-k-neq-k

THEOREM: b2a-i-j-neq-k
(molws (n, I, g, h)
A (i € nset (n))
(4 € nset (n))
(k € nset (n))
mrhoi (n, k, 1, g, b, Ip, gp, hp)
(i # k)
(G #k)
(<)

>>> > > >
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A b2a(l, i, j))
—  b2a(lp, i, j)

THEOREM: b2a-i-neq-k
(molws (n, I, g, h)

(i € nset( )
(4 € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, h, lp, gp, hp)

HEOREM: b2a-i-eq-k

molws (n, [, g, h)

(e nbet( ))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(J <k)

lg(n, 1, g)

b2a (I, k, j)

b2b (I, h, k, 7))

b2a (Ip, k, j)

HEOREM: mrho-preserves-b2a
molws (n, I, g, h)

(i € nbet( )
(j € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, h, Ip, gp, hp)

) =2 | =2 |
P > > > > > >SS > > > > >

THEOREM: 19-then-ung-12
at (I, 4, 9) — union-at-n ({, i, > (8 9 10 11 12))
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THEOREM: lg-nth-h-k
(molws (n, I, g, h)

A (j € nset (n))

A (k € nset(n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)

A lg(n, 1, g)

A at(h k)

A union-at-n (g, nth (h, k), > (0 1)))

— (- union-at-n(l, 7, ’(56 6 7 8 9 10 11 12)))

THEOREM: 19-g01
(molws (n, I, g, h)
(j € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, h, Ip, gp, hp)
at (h, k, j)
at (I, k, 9)
at (Ip, k, 9))
union-at-n (g, nth (h, k), > (0 1))

A
A
A
A
A
A
-
THEOREM: 19-nth-h-k-eq-j

(at (h, k, j)

A molws(n, [, g, h)

A (j € nset(n))

A (k € nset(n))

A mrhoi(n, k, 1, g, b, Ip, gp, hp)

A lg(n, L, g)

A at(l, k,9)

A at(lp, k, 9))

— (- union-at-n(l,j,’(5 6 7 8 9 10 11 12)))

THEOREM: lm-j-not-in-15-12
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

(U <Fk)

Ig(n, I, 9)

b2b (l’ h’ k? j)

at (I, k, 9)

at (Ip, k, 9)

(G — 1) < nth (h, &)

(— union-at-n({,7,’(5 6 7 8 9 10 11 12)))

ls>s>>>>>>>
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THEOREM: cond-19

(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)
at (1, k, 9)

(7 < uth (hp, K)))

(G — 1) < nth (h, k)

l>>>>>

THEOREM: j-not-in-15-12
(molws (n, I, g, h)

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)

G <b)

lg(n, 1, g)

bzb(l’ h’ k? j)

at (I, k, 9)

at (Ip, k, 9)

(j < nth (hp, k)))

(= union-at-n (I, j, (5 6 7 8 9 10 11 12)))

l>>>>>>>>>

THEOREM: k-in-19
(molws (n, I, g, h)
(j € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, h, Ip, gp, hp)
at (Ip, k, 9)
(7 < nth (hp, k)))
at (I, k, 9)

L>>>>>

;;3;The order of the hints if crucial.

THEOREM: lm-b2b-i-eq-k-j-neq-k
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)
(J#k)

(U <k)

lg(n, I, g)

b2b (I, h, k, j)

at (Ip, k, 9)

(j < nth (hp, k)))

(= union-at-n (lp, j, (5 6 7 8 9 10 11 12)))

l>>>>>>>>>
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THEOREM: b2b-i-eq-k-j-neq-k
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)
(J # k)

(J <k)

lg(n, I, g)

b2b (1, h, k, j))

b2b (Ip, hp, k, j)

l>>>>>>>

THEOREM: b2b-i-eq-k

(molws (n, I, g, h)

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(J <k)

lg(n, I, )

b2b (I, h, k, 7))

b2b (Ip, hp, k, j)

L>ss>>>>

THEOREM: not-k-in-15-12-imp

(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

bla(l, i, k)

at (1, i, 9)

(= union-at-n(l, k,>(5 6 7 8 9 10 11 12))))
(- union-at-n (Ip, k, (56 6 7 8 9 10 11 12)))

L>>s>>>>

;5 ;The order of hyptheses is crucial.

THEOREM: lm-b2b-i-neq-k-j-eq-k
(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(i # k)

(k<)

bla(l, i, k)

b2b (1, h, i, k)

at (I, i, 9)

(k < nth (h, i)))

(= union-at-n (lp, k, (56 6 7 8 9 10 11 12)))

l>s>s>>s>>>>>
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THEOREM: b2b-i-neq-k-j-eq-k
(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
(i # k)

(k <)

bla(l, i, k)

b2b (I, h, i, k))

b2b (Ip, hp, i, k)

l>>>>>>>

;;;The position of (member k (mset n)) is
;5s;crucial to trigger rholemmas.

THEOREM: b2b-i-j-neq-k
(molws (n, I, g, h)
(i € nset (n))
(7 € nset (n))
(k € nset (n))
mrhoi (n7 ka l7 g, h, lp7 ap, hp)
(i # k)
(J#Fk)
(U <1)
b2b (I, h, i, 7))
b2b (Ip, hp, 4, j)

l>>>>>>>>

HEOREM: b2b-i-neq-k
molws (n, I, g, h)
(i € nset( )
(j € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, h, Ip, gp, hp)
(i # k)
(<1
bla(l, ¢, j)
b2b (I, h, i, j))
b2b (Ip, hp, i, j)

AH

l>>>>>>>>

HEOREM: mrho-preserves-b2b
molws (n, I, g, h)
(i € nset( )
(j € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, b, Ip, gp, hp)
(<)

o

> > > > >
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A lg(n, l, g)
A bla(l, i, j)
A b2b(l, b, i, 7))
—  b2b(lp, hp, i, j)

39939933939 b3a 2999993993393

;* i-neq-k-j-eq-k

THEOREM: lm-b3a-k-in-19-11

(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)

lg(n, 1, g)

b3a(l, g, i, k)

at (1, i, 12)

union-at-n (I, k, (56 6 7 8 9 10 11)))
union-at-n (I, k, > (9 10 11))

l>>>>>>>

THEOREM: b3a-k-in-19-11
(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

lg(n, I, 9)

bla(l, i, k)

b3al(l, g, i, k)

at (1, i, 12)

union-at-n (Ip, k, (5 6 7 8 9 10 11 12)))
union-at-n (I, k, > (9 10 11))

l>>s>>>>>>

THEOREM: m-k-in-1p9-12
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
union-at-n (I, k, > (9 10 11)))
union-at-n (Ip, k, > (9 10 11 12))

L >>>

THEOREM: lm-b3a-i-neq-k-j-eq-k
(molws (n, {, g, h)

A (i € nset(n))

A (k € nset(n))
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mrhoi (n, k, 1, g, b, Ip, gp, hp)

Ig(n, I, g)

lg (n, Ip, gp)

bla(l, i, k)

b3a(l, g, i, k)

at (1, i, 12)

union-at-n (lp, k, (5 6 7 8 9 10 11 12)))
at (gp, k, 4)

ls>s>>>>>

THEOREM: b3a-i-neq-k-j-eq-k
(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(i # k)

Ig(n, 1, g)

bla(l, i, k)

b3al(l, g, i, k))

b3a (lp, gp, i, k)

l>>s>>>>>

;* i-eq-k-j-neq-k

THEOREM: cond-1p12

(molws (n, 1, g, h)

(k € nset (n))

(j € nset (n))

wrhoi (n, k, I, g, h, Ip, gp, hp)
at (Ip, k, 12)

at (I, k, 11))

(G < nth (h, £))

l>>>>>

THEOREM: b3a-j-in-15-12
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)

lg(n, 1, g)

b3b (1, g, h, k, §)

at (1, k, 11)

at (Ip, k, 12)

union-at-n (I, 7, °(5 6 7 8 9 10 11 12)))
at (g, j, 4)

Il>>>>>>>>

THEOREM: m-k-in-111
(molws (n, I, g, h)
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(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
at (Ip, k, 12))

at (I, k, 11)

b>>>

THEOREM: Im-b3a-i-eq-k-j-neq-k
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

( # k)

lg(n, 1, g)

b3b(l, g, h, k, j)

at (Ip, k, 12)

union-at-n (Ip, j, (5 6 7 8 9 10 11 12)))
at (g, j, 4)

l>>>>>>>>

THEOREM: b3a-i-eq-k-j-neq-k
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
(J # k)

lg(n, I, g)

b3b (I, g, b, k, §))

b3a (Ip, gp, k, j)

I>s>>>>>

;¥ i-j-neq-k

THEOREM: b3a-i-j-neq-k
(molws (n, I, g, h)

(7 € nset (n))

(j € nset (n))
(k € nset (n))
mrhoi (n, k, 1, g, h, Ip, gp, hp)
(i # k)

(J#k)

b3a(l, g, i, j))

b3a (lp, gp, i, j)

l>>s>>>>>

THEOREM: b3a-i-neq-k
(molws (n, I, g, h)

A (i € nset(n))

A (j € nset(n))
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l>>>>>>

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(i # §)

Ig(n, I, g)

bla(l, i, )

b3a(l, g, i, §))

b3a (Ip, gp, 4, j)

;¥ i-j-eq-k

THEOREM: b3a-i-j-eq-k
(molws (n, I, g, h)

I >>>>>

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
Ig(n, I, g)

b3a(l, g, k, k)

b3b (1, g, h, k, k))

b3a (lp, gp, k, k)

THEOREM: b3a-i-eq-k
(molws (n, I, g, h)

L>>s>>>>

(j € nset(n))

(k € nset (n))

wmrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, 9)

b3a (1, g, k, j)

b3b(l, g, h, k, j))

b3a (lp, gp, k, j)

THEOREM: mrho-preserves-b3a
(molws (n, I, g, h)

l>>>>>>>>

(i € nset(n))

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
lg(n, 1, 9)

bla(l, i, j)

b3a(l, g, i, j)

b3b (1, g, h, i, J))

b3a (Ip, gp, i, j)

99999999999 b3b 9999999999399
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THEOREM: 110-then-unl0-12
at (I, k, 10) — union-at-n (I, k, > (10 11 12))

THEOREM: 111-then-un9-12
at (Ip, k, 11) — union-at-n (Ip, k, > (9 10 11 12))

THEOREM: 111-then-un8-12
at (I, 4, 11) — union-at-n (I, ¢, (8 9 10 11 12))

;¥ i-neq-k-j-eq-k

THEOREM: Im-b3b-k-in-19-11
(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
lg(n, 1, g)

b3b (I, g, h, i, k)

at (1, 4, 11)

(k < nth (h, 7))

union-at-n (I, k, (5 6 7 8 9 10 11)))
union-at-n (I, k, > (9 10 11))

l>>>>>>>>

THEOREM: b3b-k-in-19-11
(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

bla(l, i, k)

b3b (I, g, h, i, k)

lg(n, 1, )

at (1, i, 11)

(k < nth (h, 7))

union-at-n (lp, k, (5 6 7 8 9 10 11 12)))
union-at-n (I, k, (9 10 11))

l>>s>>>>>>>

THEOREM: lm-b3b-i-neqg-k-j-eq-k
(molws (n, I, g, h)

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)
lg(n, 1, g)

> > > >
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l>>>>>>

lg (n, Ip, gp)

bla(l, i, k)

b3b (1, g, h, i, k)

at (1, i, 11)

(k < nth (h, 7))

union-at-n (Ip, k, (5 6 7 8 9 10 11 12)))
at (gp, k, 4)

THEOREM: b3b-i-neq-k-j-eq-k
(molws (n, I, g, h)

l>>s>>>>>

(i € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(i # §)

Ig(n, I, g)

bla(l, i, k)

b3b (I, g, h, i, k))

b3b (Ip, gp, hp, i, k)

;* i-eq-k-j-neq-k

THEOREM: j-in-g4

l>>s>>>>>

(molws (n, I, g, h)
)

(4 € nset (n)

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)

lg(n, 1, g)

at (h, k, j)

(— union-at-n (g, nth (h, k), > (2 3)))
union-at-n (I, j, (5 6 7 8 9 10 11 12)))
at (g, j, 4)

THEOREM: 111-g14
(molws (n, I, g, h)

l>>>>>>

TH
(a

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)

at (h, k, j)

at (1, k, 11)

at (Ip, k, 11))

(— union-at-n (g, nth (h, k), > (2 3)))

EOREM: 111-nth-h-k-eq-j
t(h, k, j)
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A molws(n, I, g, h)

A (j € nset(n))

A (k € nset(n))

A mrhoi(n, k, I, g, h, Ip, gp, hp)

A lg(n, 1, g)

A at(l, k, 11)

A at(lp, k, 11)

A union-at-n(l,j,’(5 6 7 8 9 10 11 12)))
— at(g, ], 4)

THEOREM: lm-j-in-15-12
(molws (n, I, g, h)

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)

lg(n, 1, g)

b3b (1, g, h, k, 5)

at (I, k, 11)

at (Ip, k, 11)

(G — 1) < nth (1, )

union-at-n (I, j, °(5 6 7 8 9 10 11 12)))
at (g, j, 4)

THEOREM: cond-111

(molws (n, I, g, h)

(4 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, lp, gp, hp)
at (I, k, 11)

(G < nth (ip, £)))

(( —1) <nth(h, k))

l>>>>>>>>>

I >>>>>

THEOREM: j-in-15-12
(molws (n, I, g, h)
(j € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, h, Ip, gp, hp)
(G # k)
lg(n, I, g)
b3b(l, g, h, k, j)
at (1, k, 11)
at (Ip, k, 11)
(G < nth (hp, )
union-at-n (I, j, (56 6 7 8 9 10 11 12)))
at (g, J, 4)

ls>s>>>>>>>>
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THEOREM: j-leq-add1k-then-k-not-in-110
(molws (n, I, g, h)

(k € nset (n))

(j € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)

b2a(l, k, j)

union-at-n (I, j, (5 6 7 8 9 10 11 12))
( #Fk)

(U <(1+k))

(- at(l, k, 10))

l>>s>>>>>

THEOREM: not-j-leq-add1k-then-k-not-in-110
(molws (n, I, g, h)

(k € nset (n))

(j € nset (n))

mrhoi (n, k, I, g, b, Ip, gp, hp)

at (Ip, k, 11)

(J < nth (hp, k))

G # (1+E)

(= at (I, k, 10))

l>>>>>>

;5;The order of (member k (nset n)) and
;5 ; (member j (nset n)) are switched deliberately.

THEOREM: k-not-in-110

(molws (n, I, g, h)

(k € nset (n))

(4 € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(J #Fk)

b2a (I, k, j)

union-at-n (/, 7, (5 6 7 8 9 10 11 12))
at (Ip, k, 11)

(j < nth(hp, k)))

(= at (I, k, 10))

l>>s>>>>>>

THEOREM: Ipll-then-111-or-110
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
at (Ip, k, 11)

(= at (1, k, 10)))

at (I, k, 11)

>>>>

;;;When the order of (member j (nset n)) and
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;;; (member k (nset n)) is switched, the order of
;5 ;hints must be switched, in order to make the proof
;; ;successful.

THEOREM: b3b-k-in-111

(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, 1, g, b, Ip, gp, hp)
(G #Fk)

b2a (I, k, j)

union-at-n (I, j, (5 6 7 8 9 10 11 12))
at (Ip, k, 11)

(j < nth(hp, k)))

at(L k,ll)

l>>>>>>>>

;5 ;When the order of (member j (nset n)) and

;;; (member k (nset n)) is switched then the order of
;5 ;hints must be switched in order to make the proof
;5 ;successful.

THEOREM: lm-b3b-i-eq-k-j-neq-k
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, 1, g, b, Ip, gp, hp)
(J # k)

lg(n, 1, g)

b2a (I, k, j)

b3b(l, g, h, k, j)

at (Ip, k, 11)

(7 < nth (hp, k))
union-at-n (I, 7,’(5 6 7 8 9 10 11 12)))
at (g, j, 4)

l>>s>>>>>>>>

THEOREM: b3b-i-eq-k-j-neq-k
(molws (n, I, g, h)

(j € nset (n))

(k € nset (n))

mrhoi (n, k, 1, g, h, Ip, gp, hp)
(J # k)

lg(n, 1, g)

b3b(l, g, h, k, j)

b2a (I, k, 7))

b3b (Ip, gp, hp, k, j)

l>>>>>>>
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THEOREM: b3b-i-j-neq-k

(molws (n, I, g, h)

(i € nset (n))

(j € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(i 1)

G # k)

b3b (I, g, h, i, j))

b3b (Ip, gp, hp, i, j)

THEOREM: b3b-i-neq-k
(molws (n, I, g, h)

(i € nset( )

(7 € nset (n))

(k € nset (n))

mrhoi (n, k, I, g, h, Ip, gp, hp)
(i # §)

Ig(n, I, g)

bla(l, i, j)

b3b (1, g, h, i, j))

b3b (Ip, gp, hp. i, j)

I>>>>>>>

l>>s>>>>>>

THEOREM: b3b-i-j-eq-k
(molws (n, I, g, h)

(k € nset (n))

mrhoi (n, k, [, g, h, Ip, gp, hp)
Ig(n, 1, g)

b3b (I, g, h, k, k))

b3b (Ip, gp, hp, k, k)

L>>>>

%

HEOREM: b3b-i-eq-k
molws (n, I, g, h)
(€ nset ()
(k € nset (n))
mrhoi (n, k, I, g, h, Ip, gp, hp)
Ig(n, I, g)
bla(l, k, §)
b3b (1, g, b, k, j)
b2a (L, k. j))
b3b (Ip, gp, hp, k, j)

—~

l>s>s>>s>>>

THEOREM: mrho-preserves-b3b
(molws (n, I, g, h)
A (i € nset(n))
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l>>s>>>>>

(4 € nset (n))
(k € nset (n))
mrhoi (n, k, I, g, h, Ip, gp, hp)
Ig(n, I, g)

bla(l, i, §)

b3b (1, g, h, 1, j)

b2a(l, i, 7))

b3b (Ip, gp, hp, i, j)
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b3a-j-in-15-12, 99
b3a-k-in-19-11, 98
b3b, 19, 99-104, 106-108
b3b-i-eq-k, 107
b3b-i-eq-k-j-neq-k, 106
b3b-i-j-eq-k, 107
b3b-i-j-neq-k, 107



b3b-i-neg-k, 107
b3b-i-neqg-k-j-eq-k, 103
b3b-k-in-111, 106
b3b-k-in-19-11, 102

case-k, 8
case-k-in-110-11, 89
case-k-in-19, 88
cond-111, 104
cond-13, 54
cond-15, 47
cond-17, 58
cond-19, 95
cond-1p12, 99
cond-1p4, 48
contra-if4, 81

ex-cond-13, 72

ex-hint-in-g34, 63
ex-hint-in-int-8-12-3-4-17, 64
ex-hint-in-int-8-12-3-4-18-11, 67
ex-hint-in-112, 66
ex-hint-in-18-12, 63
ex-hint-l-g-h, 63
ex-hint-1-g-h-in-int-8-12-3-4, 72
ex-hint-leq-h-k, 71
ex-hint-1p-gp-h-in-int-8-12-3-4, 63
ex-hint-1p-gp-h-leq-h-j, 63
ex-hint-1p-gp-h-leq-hp-j, 69
ex-hint-neqg-h-k, 71
ex-hint-neq-k-imp, 63
ex-hint-neq-k-in-13, 72
ex-hint-neq-k-in-17, 64
ex-hint-not-in-g02, 63
ex-hint-not-in-112, 67
ex-hint-wtn-17, 64
ex-hint-wtn-18-11, 67

ex-if4, 6

ex-1-g-h-k-in-13, 72
ex-1p8-12-in-1p8-12, 6
ex-1p8-12-not-in-1p0, 9

exist-union, 3, 6, 7, 9, 11, 12

g-mrholemma, 22
gp3-then-un34, 8

h-i-in-g34-imp, 75
h-j-leg-i, 78

h-j-leq-k, 64

h-k-cond-17, 81
h-k-eq-add1-n, 57
h-k-eq-add1-n-k-not-in-13, 57
h-k-eq-add1-n-nex-hint, 57
h-k-g02, 53

h-k-g4, 82
h-k-leg-subl-ex-hint, 71
h-k-neq-add1-n, 57
h-k-not-g1, 50
h-mrholemma, 22
hint-8-12-3-4-at-n, 18
hint-in-18-11, 67
hint-member, 19

hint-wtn, 63
hp-k-leg-ex-l-g-h, 72
hp-k-leq-i, 73

i-eq-k-then-h-k-neq-k, 83
i-in-g34, 76
i-in-int-8-12-3-4, 76
i-in-15, 48

i-neqg-h-k, 53
i-neq-k-ex-hint-in-112, 78
i-neqg-k-ex-hint-not-in-112, 78
i-neq-k-in-int-8-12-3-4, 78
i-not-in-g34, 75
i-not-in-112, 12
i-not-110-12, 11

if1, 10

ifl-nth-h-k, 45

if3, 12

if4, 9
int-8-12-3-4-then-un34, 7

exist-hint-8-12-3-4, 18, 19, 57, 63, int-wtn, 7
64, 66-69, 71-73, 75-80 intersect-8-12-3-4-at-n, 3, 7, 18, 63,

exist-intersect-8-12-3-4, 3, 6-8 64, 66, 67, 72, 74, 76, 78

110



intersect-8-12-3-4-then-3-4, 8
intersect-8-12-3-4-then-8-12, 8

j-ex-18-12, 6

j-in-g4, 103

j-in-13, 52

j-in-15-12, 104
j-leq-add1k-then-k-not-in-110, 105
j-1t-h-k, 88

j-neg-h-k, 51
j-neqg-k-then-hp-eq-h, 69
j-not-in-14, 47

j-not-in-15-12, 95

k-in-g34, 65

k-in-int, 66
k-in-110-11-or-19, 89

k-in-12, 76

k-in-12-imp, 55

k-in-13, 73

k-in-13-imp, 54

k-in-15, 47
k-in-15-11-g4-then-19-11, 11
k-in-15-imp, 66
k-in-15-then-j-not-14, 59
k-in-17, 81

k-in-17-imp, 59
k-in-18-11-imp, 68

k-in-19, 95
k-in-1p5-7-or-1p8-or-1p9-12, 10
k-in-1p9-12; 83
k-in-1p9-12-imp, 68
k-in-1p9-12-or-1p8, 9
k-in-1p9-12-then-j-not-14, 59
k-in-not-17-imp, 60
k-neq-u-in-1p8-12, 74
k-not-0, 6

k-not-in-110, 105
k-not-in-112, 84
k-not-in-112-imp, 84
k-not-in-13, 77
k-not-in-17-imp, 68
k-not-in-17-then-1p9-12-or-15, 60

l-mrholemma, 21

111

110-then-un10-12, 102
111-g14, 103
111-nth-h-k-eqg-j, 103
111-then-un10-12, 12
111-then-un8-12, 102
111-then-un9-12, 102
112-then-un10-12, 62
112-then-un8-12, 12
112-then-un9-12, 12
134-empty, 7
15-12-eq-15-8-0r-19-12, 12
15-j-1t-h-k, 59
15-j-1t-nth-k, 46
15-not-gl, 45
15-nth-h-k-eq-j, 46
18-11-k-in-gp34, 62
18-11-k-in-1p8-12, 67
19-11-then-in-1p9-12, 83
19-g01, 94
19-nth-h-k-eq-j, 94
19-then-un&-12, 93
length, 2, 5, 13, 20-22, 26-43, 65,
87
lg, 4, 6-13, 26-48, 50-56, 59, 61-70,
73-86, 89, 90, 93-96, 98-
104, 106-108
lg-1-at-n, 3, 4
lg-2-at-n, 4
lg-3-at-n, 4
lg-at-mrhoi0, 26
lg-at-mrhoil0Q, 40
lg-at-mrhoilla, 42
lg-at-mrhoil2, 43
lg-at-mrhoila, 27
lg-at-mrhoi2, 29
lg-at-mrhoi3a, 30
lg-at-mrhoi4, 31
lg-at-mrhoiba, 33
lg-at-mrhoibb, 34
lg-at-mrhoi6, 35
lg-at-mrhoi7a, 36
lg-at-mrhoi8, 38
lg-at-mrhoi9a, 39
lg-at-n, 4, 26-43



lg-15-g3, 8

lg-mrhoi0, 26

lg-mrhoil0, 41
lg-mrhoilla, 42
lg-mrhoil2, 43
lg-mrhoila, 28

lg-mrhoi2, 29

lg-mrhoi3a, 30

lg-mrhoi4, 32

lg-mrhoiba, 33
lg-mrhoidb, 34

lg-mrhoi6, 35

lg-mrhoi7a, 37

lg-mrhoi8, 38

lg-mrhoi9a, 39

lg-nth-h-k, 94

list-In, 5
lm-b0a-i-eq-k-j-neq-k, 47
lm-b0a-i-neq-k-j-eq-k, 49
lm-bOb-i-eq-k-j-neq-k, 52
Im-b0b-i-neq-k-j-eq-k, 55
Im-bla-i-eq-k-j-neq-k, 61
Im-bla-i-neq-k-j-eq-k, 57
lm-b1b-i-eq-k-j-neqg-k, 69
lm-b1b-i-j-neq-k, 79
lm-blc-i-h-i-neq-k, 85
Im-blc-i-neq-k-h-i-eq-k, 85
Im-bld-i-eq-k, 87
lm-b2a-i-eq-k-j-neq-k, 89
lm-b2a-i-neq-k-j-eq-k, 92
lm-b2b-i-eq-k-j-neq-k, 95
Im-b2b-i-neq-k-j-eq-k, 96
Im-b3a-i-eq-k-j-neq-k, 100
Im-b3a-i-neq-k-j-eq-k, 98
lm-b3a-k-in-19-11, 98
lm-b3b-i-eq-k-j-neq-k, 106
Im-b3b-i-neqg-k-j-eq-k, 102
Im-b3b-k-in-19-11, 102
Im-case-k-in-19, 88
lm-g-mrholemma, 22
lm-h-k-eq-add1-n-nex-hint, 57
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