EVENT: Start with the initial ngthm theory.

THEOREM: plus-right-id2
(y €N) = ((z + y) = fix(2))

THEOREM: plus-addl

(@ + (14 1))

= ifyeN thenl+ (z +y)
else 1 + z endif

THEOREM: commutativity2-of-plus
(r+y+2)=W+z+2)

THEOREM: commutativity-of-plus
(z+y) =(y+=z)

THEOREM: associativity-of-plus
(z+y)+2)=(@+y+2)

THEOREM: plus-equal-0
((a+0b)=0)=((a=0)A (b=0))

THEOREM: difference-x-x
(z —2)=0

THEOREM: difference-plus
(((z +y) — z) =fix(y) A ((y + z) — z) = fix(y))

THEOREM: plus-cancellation
((a+b) = (a + ¢)) = (fix(b) = fix(c))

THEOREM: difference-0

(y £2) = ((z —y)=0)

THEOREM: equal-difference-0

0=(z—vy)=(y £

THEOREM: difference-cancellation-0
(z=(—-y)=(zeN)A((z=0)V(y=0)))

THEOREM: difference-cancellation-1
(2 —y)=(z—-y)
= ifz <y then y £ 2
elseif z < y then y £ z
else fix (z) = fix (z) endif



THEOREM: times-zero2
(y ¢N) — ((z * y) =0)

THEOREM: distributivity-of-times-over-plus
(zx(y+2)=(zxy) + (zx2))

THEOREM: times-addl

(z* (1+y))
= ify €N then z + (z * y)
else fix (z) endif

THEOREM: commutativity-of-times
(z*y) = (y * )

THEOREM: commutativity2-of-times
(rxyxz)=(y*zxz)

THEOREM: associativity-of-times

THEOREM: equal-times-0
((zxy)=0)=((z ~0)V(y=0))

DEFINITION:

exp (4, )
= ifj ~0 then 1
else i x exp (i, j — 1) endif

THEOREM: exp-plus
exp (i, j + k) = (exp (i, j) * exp (i, k))

THEOREM: equal-lessp

((z <y)=2)
= ifz <y thent =2
else f = 2z endif

THEOREM: difference-elim
(yeN)A(y£z)—(z+(y—2)=y)

THEOREM: remainder-quotient
((z mod y) + (y x (z + y))) = fix(z)

THEOREM: remainder-wrt-1
(ymod 1) =0

THEOREM: remainder-wrt-12
(z ¢ N) — ((y mod z) = fix(y))



THEOREM: lessp-remainder2
((z mod y) < y) = (y #0)

THEOREM: remainder-x-x
(r mod z) =0

THEOREM: remainder-quotient-elim
((y 20) A(z €N)) — (((z mod y) + (y * (z + y))) = z)

THEOREM: lessp-times-1

(i £0) = ((# % 4) £ )

THEOREM: lessp-times-2

(i £0) = (G * i) £7)

THEOREM: lessp-quotient1

(i +5) <) =((#0)A((G=0)V([#1)

THEOREM: lessp-remainderl

((zmod y) <z) = ((y £20) A (z £0) A (z £ y))

THEOREM: difference-plusl
((z +y) — =) =fix(y)

THEOREM: difference-plus2
((y + z) — =) =fix(y)

THEOREM: difference-plus-cancelation
((z+y)—(z+2)=(-2)

THEOREM: times-difference

(z % (¢ —w)) =((c*xz)— (wx*x))
DEFINITION: divides (z, y) = ((y mod z) ~ 0)

THEOREM: divides-times
((z * z) mod z) =0

THEOREM: difference-plus3
(b+a+c¢c)—a)=(b+ ¢

THEOREM: difference-addl-cancellation
A+ (y+2)—2)=0+y)

THEOREM: remainder-addl

((y£0) Ay #1)) = (1 + (z * y)) mod y) # 0)



THEOREM: divides-plus-rewritel
(((x mod 2z) =0) A ((y mod 2) =0)) — (((z + y) mod z) = 0)

THEOREM: divides-plus-rewrite2
(= mod z) = 0) A ((y mod z) # 0)) — (((x + y) mod z) # 0)

THEOREM: divides-plus-rewrite
((z mod z) = 0) — ((((z + y) mod z) = 0) = ((y mod z) = 0))

THEOREM: lessp-plus-cancelation
(z+y) <(@z+2)=(y<2)

THEOREM: divides-plus-rewrite-commuted
((z mod z) = 0) — ((((y + =) mod z) = 0) = ((y mod z) = 0))

THEOREM: euclid
((z mod z) = 0)
— ((((y — #) mod z) = 0)
= ifz < y then (y mod 2) =0
else t endif)

THEOREM: lessp-times-cancellation

((zx2) <(yx2) =((z£0) A (z<y))

THEOREM: lessp-plus-cancellation3
(y<(z+y)=(z#0)

THEOREM: quotient-timesl
((y e N) A (z € N) A (z # 0) A divides (z, y))
= ((ax(y+2) =)

THEOREM: quotient-lessp

(2 #£0) A (z <) = ((y +z) #0)

DEFINITION:
greatereqpr (w, z)
= if w~0 then z ~0
elseif w = z then t
else greatereqpr (w — 1, z) endif

THEOREM: times-id-iff-1
(z=(w=2z2)=((zeN)A((z=0)V (v =1))

THEOREM: greatereqpr-lessp
greatereqpr (z, y) = (z £ y)



THEOREM: greatereqpr-remainder
((z # (1 + v)) A divides (z, 1 4+ v)) — greatereqpr (v, z)

THEOREM: divides-timesl
(a = (z+y)) — ((a mod z) = 0)

THEOREM: times-identityl

(g eN)A(y#1) A (y#0) Az #0) = (¢ # (zxy))

THEOREM: times-identity
(z=(@xy)=(z=0V((zeN)A(y=1))

THEOREM: quotient-divides
((y eN) A ((z + (y + 2)) # y)) — ((y mod z) # 0)

THEOREM: remainder-times
((y * #) mod y) = 0

THEOREM: quotient-times

((y * 2) +y)
= ify>~0 then O
else fix (z) endif

THEOREM: distributivity-of-divides
((a 2 0) A divides (a, w)) — ((c * (w + a)) = ((¢ * w) + a))

THEOREM: if-times-then-divides
(¢ #0) A (= divides (c, 7)) — ((c % y) # )

THEOREM: times-equal-1

((axb) =1)
= ((a #0)
A (b#0)
A (a €N)
A (b eN)
A ((a—=1)=0)
A ((b—1)=0))

THEOREM: divides-implies-times
((a#0) A(ceN) A ((axc)=1b)) = ((c=(b+a))=t)

THEOREM: difference-1
(0-1)= (1)

THEOREM: difference-2
(Q+ 1+ 2)) —2) = fix(z)



THEOREM: half-plus
((z+z+y)+2)=(x+(y=+2)

THEOREM: times-1
(1% z) = fix(x)

THEOREM: exp-of-0

exp (0, k)

= ifk~0 then 1
else 0 endif

THEOREM: exp-of-1
exp(1, k) =1

THEOREM: exp-by-0
exp(z,0) =1

THEOREM: exp-times
exp (i * j, k) = (exp (4, k) = exp (j, k))

THEOREM: exp-exp
exp (exp (i, j), k) = exp (i, j * k)

THEOREM: remainder-plus-times-1
((z + (i * j)) mod j) = (z mod j)

THEOREM: remainder-plus-times-2
((z + (j * i)) mod j) = (z mod j)

THEOREM: remainder-times-1
((b*xax*c)moda)=0

THEOREM: remainder-of-1

(1 mod z)

= ifz =1 then 0
else 1 endif

DEFINITION:

length (Ist)

= if listp (Ist) then 1 + length (cdr (Ist))
else 0 endif

THEOREM: equal-length-0
(length (z) = 0) = (z ~ nil)

THEOREM: remainder-difference-times
(((p*2) = (p*y)) mod p) =0



THEOREM: lessp-remainder-divisor
(y #0) = ((z mod y) < y)

EVENT: Make the library "arith".
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