EVENT: Start with the initial ngthm theory.

DEFINITION:
delete (z, 1)
= if listp ()
then if z = car (I) then cdr(])
else cons (car (1), delete (z, c¢dr (1)) endif
else [ endif

DEFINITION:
bagdiff (z, y)
= if listp (y)
then if car (y) € ¢ then bagdiff (delete (car (y), z), cdr (y))
else bagdiff (z, cdr (y)) endif
else z endif

DEFINITION:
bagint (z, y)
= if listp ()
then if car (z) € y
then cons (car (z), bagint (cdr (z), delete (car (z), y)))
else bagint (cdr (z), y) endif
else nil endif

DEFINITION:
occurrences (z, 1)
= if listp ({)
then if z = car () then 1+ occurrences (z, cdr (1))
else occurrences (z, cdr (1)) endif
else 0 endif

DEFINITION:

permutation (a, b)

= if listp (a)
then (car (a) € b) A permutation (cdr (a), delete (car (a), b))
else — listp (b) endif

DEFINITION:

setp (1)

= if listp ({) then (car(I) & cdr (1)) A setp (cdr (1))
else t endif

DEFINITION:
subbagp (z, y)
= if listp (z)



then if car (z) € y then subbagp (cdr (z), delete (car (z), y))
else f endif
else t endif

THEOREM: listp-delete

listp (delete (z, 1))

= if listp () then (z # car ({)) V listp (cdr (1))
else f endif

THEOREM: delete-non-member
(z & y) — (delete (z, y) = y)

THEOREM: delete-delete
delete (y, delete (z, z)) = delete (z, delete (y, 2))

THEOREM: equal-occurrences-zero
(occurrences (z, 1) = 0) = (z € 1)

THEOREM: occurrences-in-a-set
setp (1)
—  (occurrences (z, 1)
= ifzel thent
else 0 endif)

THEOREM: occurrences-cons

occurrences (z, cons (y, 1))

= if x =y then 1+ occurrences (z, [)
else occurrences (z, !) endif

THEOREM: occurrences-delete
occurrences (z, delete (y, 1))
= ifz=y
then if z € | then occurrences (z, [) — 1
else 0 endif
else occurrences (z, [) endif

THEOREM: occurrences-bagdiff
occurrences (z, bagdiff (a, b)) = (occurrences (z, a) — occurrences (z, b))

THEOREM: occurrences-bagint

occurrences (z, bagint (a, b))

= if occurrences (z, a) < occurrences (z, b) then occurrences (z, a)
else occurrences (z, b) endif

THEOREM: member-non-list

(= listp (1)) — (= € 1)



THEOREM: member-cons
(z € cons(y, 1)) =((x=y)V(zel)

THEOREM: member-delete-implies-membership
(z € delete (y, 1)) — (z € 1)

THEOREM: member-delete
(z € delete (y, 1))
= ifzel
then if z = y then 1 < occurrences (z, 1)
else t endif
else f endif

THEOREM: permutation-implies-membership-equivalence
permutation (a, b) — ((z € a) = (z € b))

THEOREM: member-bagdiff
(z € bagdiff (a, b)) = (occurrences (z, b) < occurrences (z, a))

THEOREM: member-bagint
(z € bagint (a, b)) = ((z € a) A (z € b))

THEOREM: not-permutation
(listp (b) A (car (b) € a)) — (— permutation (a, b))

THEOREM: permutation-right-consl
(listp (b) A (car (b) € a))
—  (permutation (a, b) = permutation (delete (car (b), a), cdr (b)))

THEOREM: permutation-right-cons

permutation (a, cons (z, b))

= if € a then permutation (delete (z, a), b)
else f endif

THEOREM: commutativity-of-permutation
permutation (b, a) = permutation (a, b)

THEOREM: permutation-reflexivity
permutation (I, 1)

THEOREM: permutation-delete-delete
(permutation (a, b) A (z € a) A (x € b))
— permutation (delete (z, a), delete (z, b))



DEFINITION:
transitivity-of-permutation-induction (a, b, ¢)
= if listp (a)
then transitivity-of-permutation-induction (cdr (a),
delete (car (a), b),
delete (car (a), ¢))
else 0 endif

THEOREM: transitivity-of-permutation-base-case
((a@ ~ nil) A permutation (a, b) A permutation (b, ¢)) — permutation (a, ¢)

THEOREM: transitivity-of-permutation-induction-step
(listp (a)
A ((permutation (cdr (a), delete (car (a), b))
A permutation (delete (car (a), b), delete (car (a), ¢)))
—  permutation (cdr (a), delete (car (a), ¢)))
A permutation (a, b)
A permutation (b, c))
—  permutation (a, ¢)

THEOREM: transitivity-of-permutation
(permutation (a, b) A permutation (b, ¢)) — permutation (a, ¢)

THEOREM: setp-delete
setp (a) — setp (delete (z, a))

DEFINITION:

setp-permutation-induction (a, b)

= if listp (a) then setp-permutation-induction (cdr (a), delete (car (a), b))
else 0 endif

THEOREM: setp-permutation-base-case
(= listp (a)) — setp (a)

THEOREM: setp-permutation-induction-step
(listp (a)
A setp (b)
A permutation (a, b)
A ((setp (delete (car (a), b)) A permutation (cdr (a), delete (car (a), b)))
—  setp (cdr (a))))
—  setp(a)

THEOREM: setp-permutation
(setp (b) A permutation (a, b)) — setp (a)

THEOREM: subbagp-delete
subbagp (z, delete (u, y)) — subbagp (z, y)



THEOREM: subbagp-cdrl
subbagp (z, y) — subbagp (cdr (z), y)

THEOREM: subbagp-cdr2
subbagp (z, cdr (y)) — subbagp (z, y)

THEOREM: subbagp-bagintl
subbagp (bagint (z, y), z)

THEOREM: subbagp-bagint2
subbagp (bagint (z, y), y)

EVENT: Let us define the theory sets-and-bags to consist of the following events:
subbagp-bagint2, subbagp-bagint1, subbagp-cdr2, subbagp-cdrl, subbagp-delete,
setp-delete, permutation-delete-delete, permutation-reflexivity, commutativity-
of-permutation, permutation-right-cons, permutation-right-cons1, not-permutation,
member-bagint, member-bagdiff, member-delete, member-delete-implies-membership,
member-cons, member-non-list, occurrences-bagint, occurrences-bagdiff, occurrences-
delete, occurrences-cons, occurrences-in-a-set, equal-occurrences-zero, delete-
delete, delete-non-member, listp-delete.

THEOREM: open-plus
(I+a)+b) =004 (a+ b))

THEOREM: plus-stopper
(a~0) = ((a + b) = fix (b))

THEOREM: plus-right-id2
(y ~0) = ((z + y) = fix(z))

THEOREM: plus-addl

(@ + (14 1))

= ifyeN thenl+ (z +y)
else 1 + z endif

THEOREM: commutativity2-of-plus
(z+y+2)=H+z+2)

THEOREM: commutativity-of-plus
(z+y) =(y+uz)

THEOREM: associativity-of-plus
(z+y) +2)=(@+y+2)

THEOREM: equal-plus-0
((a +b)=0)=((a=0)A(b=0))



THEOREM: equal-plus-1
(a+b) =1)
= (((ea=0)A(b=1))V ((a=1)A(bx=0))

THEOREM: plus-cancellation
((a+b) = (a+c)) = (fix(b) = fix(c))

THEOREM: plus-difference-argl-casesplit
((a—1b)+c)
= ifb<a then (a+c¢)—b

else fix (¢) endif

THEOREM: plus-difference-argl
(b<a)=(((a=b)+c)=((atc)=b)

THEOREM: plus-difference-arg2-casesplit
(a + (b~ 0))
= ifc<b then (a +0) — ¢

else fix (a) endif

THEOREM: plus-difference-arg2
(¢ <b) = ((a+(b—-c)=((a+d)—c)

THEOREM: plus-difference-difference-casesplit
((a— b) + (c — d))
= ififa < b then f
else t endif
then if if ¢ < d then f
else t endif then (¢ + ¢) — (b + d)
else a — b endif
elseif if ¢ < d then f
else t endif then ¢ — d
else 0 endif

THEOREM: plus-difference-difference
(b<a)A(d<c)
— (((a=0) +(c—d))=((a+c)—(b+d))

THEOREM: difference-elim
(yeN)A(y L) — (24 (y—2)=y)

THEOREM: difference-leq-argl
if b < a then f

else t endif

— ((a—1b)=0)



THEOREM: difference-x-x
(z —2)=0

THEOREM: equal-difference-0

(0= -y)=wL2) Az —y) =0)=(y £2))
THEOREM: difference-plus

(((z +y) — ) =fix(y) A (((y + 2) — 2) = fix(y))

THEOREM: difference-plus-cancellationl
(z+y)—(@+2)=(—2)

THEOREM: difference-plus-cancellation2
((a+¢)=(b+¢)=(a—0)

THEOREM: difference-cancellation-0
(z=(z—y)=((z eN)A((z=0)V(y~0))

THEOREM: difference-cancellation-1
((z—y)=(2—-y))
= ifz <y then y £ 2
elseif z < y then y £
else fix (z) = fix (z) endif

THEOREM: difference-1
(2-1) = (0 —1)

THEOREM: difference-2
(1+ 1+ 2)) —2) =fix(z)

THEOREM: difference-add1-plus-cancellation
A+ (y+2)—2)=(0+y)

THEOREM: difference-subl-arg?2
(a— (b 1))
= ifif1 < b thenf
else t endif then fix (a)
elseif o < b then 0
else 1 + (a — b) endif

THEOREM: difference-difference-argl

((z—y) —2)=( - (y + 2)

THEOREM: difference-difference-arg?2
(a— (b—c))
= ifif b < c thenf
else t endif then (a + ¢) — b
else fix (a) endif



THEOREM: difference-difference-difference
(if a < b then f
else t endif
A if ¢ < d then f
else t endif)

— (((a=b)=(c—d)=((a+d)—(b+c)

THEOREM: difference-plus-cancellation3
(wt+z+a)—(y+z+a)=(v+z)-(y+2)

DEFINITION:

plus-fringe (z)

= if listp (z) A (car (z) = ’plus)
then append (plus-fringe (cadr (z)), plus-fringe (caddr (z)))
else list (z) endif

DEFINITION:

plus-tree (1)

= if [ ~nil then ’’0
elseif cdr (I) ~ nil then list (*fix, car (1))
elseif cddr (I) ~ nil then list (’plus, car (1), cadr (1))
else list (’plus, car (1), plus-tree (cdr (1))) endif

THEOREM: numberp-eval$-plus
(listp (z) A (car (z) = ’plus)) — (eval$ (t, z, a) € N)

THEOREM: numberp-eval$-plus-tree
eval$ (t, plus-tree (1), a) € N

THEOREM: member-implies-plus-tree-greatereqp
(z € y) — (eval$ (t, plus-tree (y), a) £ eval$ (t, z, a))

THEOREM: plus-tree-delete

eval$ (t, plus-tree (delete (z, y)), a)

= if z € y then eval$ (t, plus-tree (y), a) — eval$ (t, z, a)
else eval$ (t, plus-tree (y), a) endif

THEOREM: subbagp-implies-plus-tree-greatereqp
subbagp (z, y) — (eval$ (t, plus-tree (y), a) £ eval$ (t, plus-tree (z), a))

THEOREM: plus-tree-bagdiff
subbagp (z, y)
—  (eval$ (t, plus-tree (bagdiff (y, z)), a)
= (eval$ (t, plus-tree (y), a) — eval$ (t, plus-tree (z), a)))

THEOREM: numberp-eval$-bridge
(eval$ (t, z, a) = eval$ (t, plus-tree (z), a)) — (eval$ (t, z, a) € N)



THEOREM: bridge-to-subbagp-implies-plus-tree-greatereqp
(subbagp (y, plus-fringe (2))

A (eval$ (t, 2z, a) = eval$ (t, plus-tree (plus-fringe (2)), a)))
—  ((eval$ (t, z, a) < eval$ (t, plus-tree (y), a)) = f)

THEOREM: eval$-plus-tree-append
eval$ (t, plus-tree (append (z, y)), a)
= (eval$ (t, plus-tree (z), a) + eval$ (t, plus-tree (y), a))

THEOREM: plus-tree-plus-fringe
eval$ (t, plus-tree (plus-fringe (z)), a) = fix (eval$ (t, z, a))

THEOREM: member-implies-numberp
((c € plus-fringe (z)) A (eval$ (t, ¢, a) € N)) — (eval$ (t, z, a) € N)

THEOREM: cadr-eval$-list
(car (eval$ (*1list, =, a)) = eval$ (t, car (z), a))
A (cdr(eval$ (’1list, z, a))
= if listp (z) then eval$ (’list, cdr(z), a)
else 0 endif)

THEOREM: eval$-quote
eval$ (t, cons (’quote, args), a) = car (args)

THEOREM: listp-eval$
listp (eval$ (’1ist, z, a)) = listp (z)

DEFINITION:
cancel-equal-plus (z)
= if listp (z) A (car (z) = ’equal)
then if listp (cadr (z))
A (caadr (z) = ’plus)
A listp (caddr (z))
A (caaddr (z) = ’plus)
then list (’equal,
plus-tree (bagdiff (plus-fringe (cadr (z)),
bagint (plus-fringe (cadr (z)),
plus-fringe (caddr (z))))),
plus-tree (bagdiff (plus-fringe (caddr (z)),
bagint (plus-fringe (cadr (z)),
plus-fringe (caddr (z))))))
elseif listp (cadr (z))
A (caadr (z) = ’plus)
A (caddr (z) € plus-fringe (cadr (z)))
then list (’if,



list (’numberp, caddr (z)),
cons (’equal,
cons (plus-tree (delete (caddr (z),
plus-fringe (cadr (z)))),
1 (70) )),
list (’quote, f))
elseif listp (caddr (z))
A (caaddr (z) = ’plus)
A (cadr (z) € plus-fringe (caddr (z)))
then list (*if,
list (’numberp, cadr (z)),
list (? equal,
) ) 07

plus-tree (delete (cadr (z), plus-fringe (caddr (z))))),

list (*quote, f))
else z endif
else z endif

THEOREM: correctness-of-cancel-equal-plus
eval$ (t, z, a) = eval$ (t, cancel-equal-plus (z), a)

DEFINITION:
cancel-difference-plus ()

if listp (z) A (car (z) = >difference)
then if listp (cadr (z))
A (caadr (z) = ’plus)
A listp (caddr (z))
A (caaddr (z) = ’plus)
then list (*difference,
plus-tree (bagdiff (plus-fringe (cadr (z)),
bagint (plus-fringe (cadr (z)),
plus-fringe (caddr (2))))),
plus-tree (bagdiff (plus-fringe (caddr (),
bagint (plus-fringe (cadr (z)),
plus-fringe (caddr (z))))))
elseif listp (cadr (z))
A (caadr (z) = ’plus)
A (caddr (z) € plus-fringe (cadr (z)))
then plus-tree (delete (caddr (), plus-fringe (cadr (2))))
elseif listp (caddr (z))
A (caaddr (z) = ’plus)
A (cadr (z) € plus-fringe (caddr (z))) then ’’0
else z endif
else z endif
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THEOREM: correctness-of-cancel-difference-plus
eval$ (t, z, a) = eval$ (t, cancel-difference-plus (), a)

THEOREM: diff-diff-argl

((z —y) —2)=(z = (y + 2))

THEOREM: diff-diff-arg2-casesplit

(a—(b-c))

= ifc<b then (a+c¢)— b
else fix (a) endif

THEOREM: diff-diff-arg2
(¢ <b) = ((a = (b—c))=((a+tc)-0))

THEOREM: diff-diff-diff-casesplit
((a = b) = (c = d))
= ifb<a
then if d < ¢ then (a + d) — (b + ¢)
else a — b endif
else 0 endif

THEOREM: diff-diff-diff
((b<a)AN(d<c)
= (((a=b) —(c=d))=((a+d) = (b+¢))

THEOREM: diff-add1-arg2-casesplit

(a— (1+ b))

= ifb<a then (a —b) —1
else 0 endif

THEOREM: diff-add1-arg?2
(b<a)—((a—(1+0b)=(a-0)—-1)

THEOREM: diff-subl-arg2-casesplit
(a— (b—1))
= ifif1 <) thenf
else t endif then fix (a)
elseif ¢ < b then 0
else 1 + (a — b) endif

THEOREM: diff-subl-arg?2
(if b <1 then f
else t endif
A if a < b then f
else t endif)

= ((a=(0-1)=00+(a=1))
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THEOREM: diff-x-x
(z —2)=0

THEOREM: lessp-difference-cancellation
((a—c) < (b—0))
= ifif a < ¢ then f
else t endif then a < b
else ¢ < b endif

THEOREM: lessp-difference
((z£0) A (y#0)) = (((z —y) <z) =t

DEFINITION:
cancel-lessp-plus ()
= if listp (z) A (car (z) = ’lessp)
then if listp (cadr (z))
A (caadr (z) = ’plus)
A listp (caddr (z))
A (caaddr (z) = ’plus)
then list (*1lessp,
plus-tree (bagdiff (plus-fringe (cadr (z)),
bagint (plus-fringe (cadr (z)),
plus-fringe (caddr (z))))),
plus-tree (bagdiff (plus-fringe (caddr (z)),
bagint (plus-fringe (cadr (z)),
plus-fringe (caddr (2))))))
elseif listp (cadr (z))
A (caadr (z) = ’plus)
A (caddr (z) € plus-fringe (cadr (z)))
then list (*quote, f)
elseif listp (caddr (z)
A (caaddr (z) = ’plus)
A (cadr (z) € plus-fringe (caddr (z)))
then list (*not,
list (’ zerop,
plus-tree (delete (cadr (z), plus-fringe (caddr (z))))))
else z endif
else z endif

THEOREM: correctness-of-cancel-lessp-plus
eval$ (t, z, a) = eval$ (t, cancel-lessp-plus (z), a)

EVENT: Enable cancel-lessp-plus; name this event ‘cancel-lessp-plus-off’.

EVENT: Enable lessp-difference-cancellation; name this event ‘lessp-difference-
cancellation-off’.
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EVENT: Enable cancel-difference-plus; name this event ‘cancel-difference-plus-
off’.

EVENT: Enable cancel-equal-plus; name this event ‘cancel-equal-plus-off’.

EVENT: Enable listp-eval$; name this event ‘listp-eval$-off’.

EVENT: Enable eval$-quote; name this event ‘eval$-quote-off’.

EVENT: Enable cadr-eval$-list; name this event ‘cadr-eval$-list-off’.

EVENT: Enable member-implies-numberp; name this event ‘member-implies-
numberp-off’.

EVENT: Enable plus-tree-plus-fringe; name this event ‘plus-tree-plus-fringe-oft’.

EVENT: Enable eval$-plus-tree-append; name this event ‘eval$-plus-tree-append-
off’.

EVENT: Enable bridge-to-subbagp-implies-plus-tree-greatereqp; name this event
‘bridge-to-subbagp-implies-plus-tree-greatereqp-off’.

EVENT: Enable numberp-eval$-bridge; name this event ‘numberp-eval$-bridge-
off’.

EVENT: Enable plus-tree-bagdiff; name this event ‘plus-tree-bagdiff-off’.

EVENT: Enable subbagp-implies-plus-tree-greatereqp; name this event ‘subbagp-
implies-plus-tree-greatereqp-off’.

EVENT: Enable plus-tree-delete; name this event ‘plus-tree-delete-off’.

EVENT: Enable member-implies-plus-tree-greatereqp; name this event ‘member-
implies-plus-tree-greatereqp-off’.

EVENT: Enable numberp-eval$-plus-tree; name this event ‘numberp-eval$-plus-
tree-off’.
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EVENT: Enable numberp-eval$-plus; name this event ‘numberp-eval$-plus-off’.

EVENT: Enable difference-plus-cancellation3; name this event ‘difference-plus-
cancellation3-off’.

EVENT: Enable difference-difference-difference; name this event ‘difference-difference-
difference-off”’.

EVENT: Enable difference-difference-arg2; name this event ‘difference-difference-
arg2-off’.

EVENT: Enable difference-difference-argl; name this event ‘difference-difference-
argl-off’.

EVENT: Enable difference-subl-arg2; name this event ‘difference-subl-arg2-off’.

EVENT: Enable difference-add1-plus-cancellation; name this event ‘difference-
add1-plus-cancellation-off’.

EVENT: Enable difference-2; name this event ‘difference-2-off’.

EVENT: Enable difference-1; name this event ‘difference-1-off’.

EVENT: Enable difference-cancellation-1; name this event ‘difference-cancellation-
1-off’.

EVENT: Enable difference-cancellation-0; name this event ‘difference-cancellation-
0-off’.

EVENT: Enable difference-plus-cancellation2; name this event ‘difference-plus-
cancellation2-off’.

EVENT: Enable difference-plus-cancellationl; name this event ‘difference-plus-
cancellation1-off’.

EVENT: Enable difference-plus; name this event ‘difference-plus-off’.
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EVENT: Enable difference-x-x; name this event ‘difference-x-x-off’.
EVENT: Enable plus-cancellation; name this event ‘plus-cancellation-off’.
EVENT: Enable open-plus; name this event ‘open-plus-off’.

EVENT: Let us define the theory addition to consist of the following events: plus-
stopper, plus-right-id2, plus-addl, commutativity2-of-plus, commutativity-of-
plus, associativity-of-plus, equal-plus-0, equal-plus-1, plus-difference-argl-casesplit,
plus-difference-arg2-casesplit, plus-difference-difference-casesplit, plus-difference-
argl, plus-difference-arg2, plus-difference-difference, correctness-of-cancel-equal-
plus, difference-elim, difference-leq-argl, equal-difference-0, correctness-of-cancel-
difference-plus, diff-diff-argl, diff-diff-arg2-casesplit, diff-diff-diff-casesplit, diff-
addl-arg2-casesplit, diff-subl-arg2-casesplit, diff-diff-arg2, diff-diff-diff, diff-add1-
arg2, diff-subl-arg2, diff-x-x, lessp-difference, correctness-of-cancel-lessp-plus.

DEFINITION:

exp (i, j)
= if j ~0 then 1
else i * exp (i, j — 1) endif

THEOREM: times-zero
(y=0) = ((zxy) =0)

THEOREM: times-addl

(z* (1+y))
= ify €N then z + (z * y)
else fix (z) endif

THEOREM: times-subl

(b#£0) = ((ax(b—1))=((axb) - a))
THEOREM: commutativity-of-times

(zxy) = (y * z)

THEOREM: times-distributes-over-plus-proof
(zx(y+2) =((zxy) + (z  2))

THEOREM: times-distributes-over-plus
((z* (y + 2)) = ((z * y) + (z * 2)))
A (((z+y) *2) = ((z*2) + (y * 2)))

THEOREM: commutativity2-of-times
(zxyx*x2z)=(yx*xzx2)
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THEOREM: associativity-of-times

THEOREM: times-distributes-over-difference-proof

((a—=b)*xc)=((ax*xc)— (b=x*c))

THEOREM: times-distributes-over-difference
(((a =) = ¢) = ((a*c) — (b= c)))
A ((ax(b=1c))=((axb)— (ax*c)))

THEOREM: times-quotient-proof
((z #£0) A ((y mod z) = 0)) — (((y + z) x z) = fix(y))

THEOREM: times-quotient
((y #20) A ((z mod y) = 0))
= ((((z +y) xy) =fix(@) A ((y * (& + y)) = fix(2)))

THEOREM: equal-times-0
((zxy) =0) = ((z =0) vV (y ~0))

THEOREM: equal-times-1

((axd)=1) =(a=1)A(=1)

THEOREM: times-1-argl
(1 % 2) = fix(z)

THEOREM: lessp-timesl-proof

((a <b) A(c#0) = ((a <(bxc)) =t)

THEOREM: lessp-times1
((a < b) A(c#0))
— (((a <(bxc)) =t)A((a<(cxb))=1t))

THEOREM: lessp-times2-proof
(if b < a then f

else t endif

A (c#£0))

= (((bxc) <a)=1)

THEOREM: lessp-times2
(if b < a then f
else t endif
A (c#0))
= ((((b*c) <a)=1) A(((c*b) <a)=1)

THEOREM: lessp-times3-proofl
((a#0) A (1 <b)) — (a<(axb))
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THEOREM: lessp-times3-proof2

(@ <(axb)) = ((a£0)A(1<D))

THEOREM: lessp-times3
((a <(axb))=((a0)A(1<Db))
A ((a<(bxa))=((a0)A(1<D)))

THEOREM: lessp-times-cancellation-proof

((zx2) <(yx2) =((z£0) A (z<y))

THEOREM: lessp-times-cancellationl

(((z* 2) < (y x2)) = ((z £0) A (& < y)))

A (((zxe) < (yx2)=(( 99 0) A (z <y)))
A (e 2) <(zxy) = ((2#0) A (2 <y)))
A (((zxz) <(zxy) =((220) A (z <y)))

THEOREM: lessp-times-cancellation2
((b

(b axc)< (axd)=((a 0)A((bxc)< d)
A ((((axe) b) <

(a x d))
= ((a20) A ((bxc)<d)))
A (((bxaxc)<(d=*a))=((a20)A((bxc)<d)))
A ((((a*c)*b) < (dx*a))
= ((a20) A ((bx*c)<d)))
A (((bxecxa)<(axd)=((a20)A((bx*c)<d)))
A (e *xa)*b) < (ax*d))
= ((a#0) A ((bxc)<d)))
A (((bxcxa)<(d=a))=((a0)A((bx*c)<d)))
A ((((e*a)*b) < (dx*a))
= ((a20) A ((bxc)<d)))

THEOREM: lessp-plus-times-proof
(z<a) = (((z+ (axb)) <(axc))=(b<c))

THEOREM: lessp-plus-timesl

(((a+ (bxc) <b)=((a<bd)A(c=0))
A (((a+ (cxb)<b)=((a<b)A(c=0)))
A ((((c* ) + a) <b) =((a <b)A(c=0)))
A (b * ¢) + a) <b) =((a <b)A(c=0)))
THEOREM: lessp-plus-times2
((a #0) A (z < a))
= ((((z + (a* b)) <(axc))=(b<0))
A (((z 4+ (bxa)) <(axc))=(b<c))
A (x4 (axd)) <(cxa))=(b<c))
A (((z+ (bxa)) <(cxa))=(b<c))



A (((axd)+2z)<(axc)=(b<c))
A ((((b*a) +2) <(axc))=(b<c))
A ((((axd)+z)<(cxa))=(b< )
A (b *a) +2) < (cxa))=(b<c))

THEOREM: lessp-1-times
(1 < (axb))
= (- ((ax0) v (b=0)V ((a=1)A(b=1))

THEOREM: equal-subl-times-0
((a % b) —1) = 0)
= ((a=0)V(b=0)V ((ea=1)A(b=1)))

EVENT: Let us define the theory multiplication to consist of the following
events: equal-subl-times-0, lessp-1-times, lessp-plus-times2, lessp-plus-timesl,
lessp-times-cancellation2, lessp-times-cancellationl, lessp-times3, lessp-times2,
lessp-times1, times-1-argl, equal-times-1, equal-times-0, times-quotient, times-
distributes-over-difference, associativity-of-times, commutativity2-of-times, times-
distributes-over-plus, commutativity-of-times, times-subl, times-addl, times-
Z€ero.

THEOREM: lessp-remainder
((z mod y) < y) = (y #£0)

THEOREM: remainder-noop
(a < b) — ((a mod b) = fix(a))

THEOREM: remainder-of-non-number
(a € N) — ((a mod n) = (0 mod n))

THEOREM: remainder-zero
(z ~0) — ((y mod ) = fix(y))

THEOREM: plus-remainder-times-quotient
((z mod y) + (y = (z + y))) = fix(z)

THEOREM: remainder-quotient-elim
((y £0) A (z € N)) — (((z mod y) + (y * (z + y))) = z)

THEOREM: remainder-subl
((a #0) A (b #0)
—  (((a — 1) mod b)
= if (e mod b) =0 then b — 1
else (¢ mod b) — 1 endif)
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THEOREM: remainder-addl
((a mod b) =0) — (((1 + a) mod b) = (1 mod b))

THEOREM: remainder-plus-proof
((b mod ¢) =0) — (((¢ + b) mod ¢) = (¢ mod ¢))

THEOREM: remainder-plus
((e mod ¢) = 0)
— ((((a + b) mod ¢) = (b mod ¢))
A (((b + @) mod ¢) = (b mod ¢))
A (5 + y + a) mod ¢) = ((z + y) mod c))

THEOREM: equal-remainder-plus-0-proof
((a mod ¢) =0) — ((((a + b) mod ¢) = 0) = ((b mod ¢) = 0))

THEOREM: equal-remainder-plus-0
((a mod ¢) = 0)
— (((((a + b) mod ¢) =0) = ((b mod ¢) = 0))
A ((((b+ a) mod ¢) = 0) = ((b mod ¢) = 0))
A ((((x + y + a) mod ¢) = 0)
= (((z + y) mod c) = 0)))

THEOREM: equal-remainder-plus-remainder-proof
(a<c¢)—= ((((ea +b) mod ¢) = (b mod ¢)) = (a ~0))

THEOREM: equal-remainder-plus-remainder
(a < ¢)
—  (((({(a + b) mod ¢) = (b mod ¢)) = (a ~0)
A ((((b + a) mod ¢) = (b mod ¢)) = (a = 0)))

THEOREM: remainder-timesl-proof
((b mod ¢) =0) — (((a * b) mod ¢) = 0)

THEOREM: remainder-timesl
((b mod ¢) = 0)
—  ((((a * b) mod ¢) =0) A (((b * a) mod ¢) = 0))

THEOREM: remainder-timesl-instance-proof
((z * y) mod y) =0

THEOREM: remainder-timesl-instance
(((z * y) mod y) = 0) A (((z * y) mod z) = 0)

THEOREM: remainder-times-times-proof
((z * y) mod (z * z)) = (z * (y mod 2))
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THEOREM: remainder-times-times
(((z + y) mod ( * 2)) = (x % (y mod 2)))
*

A ((« 2) mod (y * 2)) = ((z mod y) * 2))

THEOREM: remainder-times2-proof
((a mod 2) =0) — ((e mod (z * y)) = (2 * ((a + 2z) mod y)))

THEOREM: remainder-times2
((a mod z) = 0)
— (((e mod (y * 2)) = (z x ((a + z) mod y)))
A ((emod (z x y)) = (2 * ((¢ + z) mod y))))

THEOREM: remainder-times2-instance
(((z x y) mod (z % 2)) = (z * (y mod z)))
%

A ((«' 2) mod (y * 2)) = ((z mod y) * 2))

THEOREM: remainder-differencel
((e mod ¢) = (b mod ¢))
— (((a = b) mod ¢) = ((a mod ¢) — (b mod c¢)))

DEFINITION:
double-remainder-induction (a, b, c)
= if ¢ ~0 then 0
elseif ¢ < ¢ then 0
elseif b < ¢ then 0
else double-remainder-induction (¢ — ¢, b — ¢, ¢) endif

THEOREM: remainder-difference2
(((a mod ¢) = 0) A ((b mod ¢) # 0))
— (((a — b) mod ¢)
= if b < a then ¢ — (b mod c¢)
else 0 endif)

THEOREM: remainder-difference3
(((b mod ¢) = 0) A ((ea mod ¢) # 0))
— (((a — b) mod ¢)
= if b < a then ¢ mod ¢
else 0 endif)

THEOREM: equal-remainder-difference-0
((a — b) mod ¢) = 0)
= ifif a < b then f
else t endif then (¢ mod ¢) = (b mod ¢)
else t endif
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THEOREM: lessp-plus-fact
(((b mod z) =0) A ((cmod z) =0) A (b < ¢)A (a<z))
— (((a+b)<c)=t)

THEOREM: remainder-plus-fact
(((b mod z) =0) A ((c mod z) =0) A (a < z))
— (((a + b) mod ¢) = (a + (b mod ¢)))

THEOREM: remainder-plus-times-times-proof
(a < b)
— (((a+ (b xc)) mod (b« d))

= (a+ ((b*c) mod (b * d))))

THEOREM: remainder-plus-times-times

(a < b)
— ((((a+ (b*c)) mod (b x d))
a+ ((b* ¢) mod (b * d))))
A (((a +(C*b))m0d( * b))
(a + ((c * b) mod (d * b)))))

THEOREM: remainder-plus-times-times-instance

(b x d)) mod (b * e))

¢ + d) mod e))))

) 4+ (d % b)) mod (e b))
((¢ + d) mod e))))

THEOREM: remainder-exp
(k #£0) — ((exp(n, k) mod n) = 0)

THEOREM: remainder-remainder
((b mod a) = 0) — (((n mod b) mod a) = (n mod a))

THEOREM: remainder-1-argl
(1 mod z)
= ifzx=1 then O

else 1 endif

THEOREM: remainder-1-arg?2
(y mod 1) =0

THEOREM: remainder-x-x
(z mod z) =0

THEOREM: transitivity-of-divides
(((a mod b) = 0) A ((b mod ¢) =0)) — ((e¢ mod ¢) = 0)
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DEFINITION:
double-number-induction (7, j)
= if i ~0 then 0
elseif j ~ 0 then 0
else double-number-induction (i — 1, j — 1) endif

THEOREM: remainder-exp-exp

if j < i then f

else t endif

—  ((exp(a, j) mod exp (a, i)) = 0)

EVENT: Enable lessp-plus-fact; name this event ‘lessp-plus-fact-off’.

EVENT: Enable equal-remainder-difference-0; name this event ‘equal-remainder-
difference-0-off’.

EVENT: Enable remainder-difference3; name this event ‘remainder-difference3-
off’.

EVENT: Enable remainder-times-times; name this event ‘remainder-times-times-
off’.

EVENT: Enable equal-remainder-plus-remainder; name this event ‘equal-remainder-
plus-remainder-off’.

EVENT: Enable plus-remainder-times-quotient; name this event ‘plus-remainder-
times-quotient-off’.

EVENT: Let us define the theory remainders to consist of the following events:
remainder-exp-exp, remainder-x-x, remainder-1-arg2, remainder-1-argl, remainder-
remainder, remainder-exp, remainder-plus-times-times-instance, remainder-plus-
times-times, remainder-difference2, remainder-differencel, remainder-times2-instance,
remainder-times2, remainder-timesl-instance, remainder-times1, equal-remainder-
plus-0, remainder-plus, remainder-addl, remainder-subl, remainder-quotient-

elim, remainder-zero, remainder-of-non-number, remainder-noop, lessp-remainder.

THEOREM: quotient-noop
(b=1) = ((a + b) = fix(a))

THEOREM: quotient-of-non-number

(a €N) = ((a+n)=(0+n))
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THEOREM: quotient-zero
(2~0) = ((y +2)=0)

THEOREM: quotient-addl
((ea mod b) = 0)
= (1+a)+0b)
= ifb=1 then 1+ (a + )
else a = b endif)

THEOREM: equal-quotient-0
((a+b)=0)=((b=0)V (a<b))

THEOREM: quotient-subl
((a #£0) A (b £0))
— (((a=1)+b)
= if (¢ mod b) =0 then (a = b) — 1
else a = b endif)

THEOREM: quotient-plus-proof
(b mod ¢) = 0) — (((a + b) + ¢) = ((a + ¢) + (b + )

THEOREM: quotient-plus
((a mod ¢) = 0)
— ((((a+b)+c)=((a+c)+ (b=+c))

A (b+a)=c)=({a+c)+ (b+0))

AN ((z+y+a)+c)

= (((z+y)+c)+(a+0)))
THEOREM: quotient-times-instance-temp-proof
((y x z) +y)
= if y~0 then 0
else fix (z) endif

THEOREM: quotient-times-instance-temp
(((y * 2) + 1)
= if y~0 then 0
else fix (z) endif)
A (e y) +y)
= if y~0 then 0
else fix (z) endif)

THEOREM: quotient-times-proof
((amod ¢) =0) — (((axb) ~¢)=(bx* (a+ ¢)))

THEOREM: quotient-times
((e mod ¢) = 0)
— ((((axb) +¢c)=(bx(a=+c))
A (((b*a)=c)=(bx*(a+c))))
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THEOREM: quotient-times-instance
(((y xz) +y)
= if y~0 then 0
else fix (z) endif)
A (((zxy) +y)
= if y~0 then O
else fix (z) endif)

THEOREM: quotient-times-times-proof
(z*y) + (z % 2))
= ifz ~0 then 0
else y =+ z endif

THEOREM: quotient-times-times
((z % y) + (@ * 2))
= if x ~0 then 0
else y = z endif)
A (e 2) = (y * 2))
= if 2 ~0 then 0
else z + y endif)

THEOREM: quotient-differencel
((ea mod ¢) = (b mod ¢))

= (((a=b)+¢c)=((a+c)=(b+0)

THEOREM: quotient-lessp-argl
(a <b)— ((a=+b)=0)

THEOREM: quotient-difference2
(((a mod ¢) = 0) A ((b mod ¢) # 0))
= ((a-b)+ o)
= ifb<a then (a +¢)— (1+ (b= ¢))
else 0 endif)

THEOREM: quotient-difference3
(((b mod ¢) = 0) A ((a mod ¢) # 0))
= (((a—b) = o)
= ifb<a then (a +¢)— (b + ¢)
else 0 endif)

THEOREM: remainder-equals-its-first-argument
(a=(amod b)) =((aeN)A((b~0)V (a <b)))

THEOREM: quotient-remainder-times
((zx mod (a * b)) + a) = ((z + a) mod b)
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THEOREM: quotient-remainder
((cmod a) =0) — (((b mod ¢) + a) = ((b + a) mod (¢ + a)))

THEOREM: quotient-remainder-instance
((z mod (a * b)) + a) = ((z + a) mod b)

THEOREM: quotient-plus-fact
(((b mod z) =0) A ((c mod z) =0) A (a < z))
- ((a+0b)+¢c)=(b=+0)

THEOREM: quotient-plus-times-times-proof
(a < b)
= (((a+(B=x*c)=(bxd)=({(bxc)+ (bxd)))

THEOREM: quotient-plus-times-times

(a < b)

= ((((a+ (bxc)) + (bxd)
a

)
A (((a+ (b xc)) + (b
= ((bxc)+ (b))
THEOREM: quotient-plus-times-times-instance

(a < b)
= (e + (bxc) + (b xd)) = (bxe))
= if b ~0 then 0
else (¢ + d) + e endif)
AN (((a+ (cxb)+ (dx*b)) + (exb))
= if b ~0 then 0
else (d + ¢) + e endif))

THEOREM: quotient-quotient

(b+a)+c¢)=(b+(ax*c)

THEOREM: quotient-exp
(k #0)
— " ((exp (n, k) + n)
= ifn~0 then 0O
else exp (n, k — 1) endif)

THEOREM: leq-quotient

(a < b)

— if (b+¢) < (a+c) thenf
else t endif

THEOREM: quotient-1-arg?2
(n + 1) = fix(n)
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THEOREM: quotient-1-argl-casesplit
(n~0)V(n=1)V(1<n)

THEOREM: quotient-1-argl

(1+n)

= if n =1 then 1
else 0 endif

THEOREM: quotient-x-x

(z#£0) = ((z+2)=1)

THEOREM: lessp-quotient

((i+7) <i)=(#0) N3G #1))

EVENT: Enable quotient-times-instance-temp; name this event ‘quotient-times-
instance-temp-off’.

EVENT: Enable remainder-equals-its-first-argument; name this event ‘remainder-
equals-its-first-argument-off’.

EVENT: Let us define the theory quotients to consist of the following events:
lessp-quotient, quotient-x-x, quotient-1-argl, quotient-1-argl-casesplit, quotient-
1-arg2, leq-quotient, quotient-exp, quotient-quotient, quotient-plus-times-times-
instance, quotient-plus-times-times, quotient-plus-times-times, quotient-lessp-
argl, quotient-remainder-instance, quotient-remainder, quotient-remainder-times,
quotient-difference3, quotient-difference2, quotient-differencel, quotient-times-
times, quotient-times-instance, quotient-times, quotient-plus, quotient-sub1l, equal-
quotient-0, quotient-add1, quotient-zero, quotient-of-non-number, quotient-noop.

THEOREM: exp-zero
(k ~0) — (exp(n, k) = 1)

THEOREM: exp-addl
exp(n, 1 + k) = (n xexp(n, k))

THEOREM: exp-plus
exp (i, j + k) = (exp (i, j) * exp (i, k))

THEOREM: exp-0-argl

exp (0, k)

= ifk ~0 then 1
else 0 endif

THEOREM: exp-l-argl
exp(1, k) =1
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THEOREM: exp-0O-arg2
exp(n,0) =1

THEOREM: exp-times

exp (i * j, k) = (exp (4, k) * exp (j, k))
THEOREM: exp-exp

exp (exp (i, j), k) = exp (i, j * k)

THEOREM: equal-exp-0
(exp (n, k) = 0) = ((n ~0) A (k #0))

THEOREM: equal-exp-1

(exp (n, k) = 1)

= ifk~0 thent
else n = 1 endif

THEOREM: exp-difference
(if b < ¢ then f
else t endif
A (a#0))
—  (exp(a, b — ¢) = (exp(a, b) + exp(a, ¢)))

EVENT: Let us define the theory exponentiation to consist of the following
events: equal-exp-0, equal-exp-1, exp-exp, exp-addl, exp-times, exp-l-argl,
exp-zero, exp-0-arg2, exp-0-argl, exp-difference, exp-plus.

DEFINITION:
log (base, n)
= if base < 2 then 0
elseif n ~ 0 then 0
else 1 + log (base, n + base) endif

THEOREM: equal-log-0
(log (base, n) = 0) = ((base < 2) V (n ~0))

THEOREM: log-0
(n ~0) — (log (base, n) = 0)

THEOREM: log-1
(1 < base) — (log (base, 1) = 1)

DEFINITION:
double-log-induction (base, a, b)
= if base < 2 then 0
elseif ¢ ~ 0 then 0
elseif b ~ 0 then 0
else double-log-induction (base, a + base, b + base) endif
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THEOREM: leg-log-log

if m < n then f

else t endif

— if log (¢, m) < log(c, n) then f
else t endif

THEOREM: log-quotient
(1 < ¢) = (log(c, n + ¢) = (log (¢, n) — 1))

THEOREM: log-quotient-times-proof
(1<e¢)— (log(e, n+ (c*m)) = (log(c, n +m) —1))

THEOREM: log-quotient-times
(1<o)
= ((log (e, n = (¢ + m) = (log (¢, m + m) — 1))
A (log(c, n + (mx ¢c)) = (log(c, n = m) —1)))

THEOREM: log-quotient-exp
(1 < ¢) — (log(c, n + exp (¢, m)) = (1og (¢, n) — m))

THEOREM: log-times-proof
(1 <e) A (n#0)) — (log(c, ¢ x n) = (1 + log(c, n)))

THEOREM: log-times
(1 <) A(n0))
= ((log(c, ¢ * n) = (14 log(c, n)))
A (log(e, n*x ¢) = (1+log(e, n))))

THEOREM: log-times-exp-proof
(1 <e)A(n#0)) — (log(c, n * exp(c, m)) = (log(c, n) + m))

THEOREM: log-times-exp
(1 <) A(n0))
—  ((log(c, n x exp (¢, m)) = (log (¢, n) + m))
A (log(c, exp(c, m) x n) = (log (¢, n) + m)))

THEOREM: log-exp
(1 <¢)— (log(c, exp(c, n)) = (1 4+ n))

EVENT: Let us define the theory logs to consist of the following events: log-exp,

log-times-exp, log-times, log-quotient-exp, log-quotient-times, log-quotient, log-
1, log-0, equal-log-0, exp-exp.

DEFINITION:
ged (7, y)
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= if £ ~ 0 then fix(y)
elseif y ~ 0 then z
elseif z < y then ged (z, y — )
else ged (z — y, y) endif

THEOREM: commutativity-of-ged
ged (b, a) = ged (a, b)

DEFINITION:
single-number-induction (n)
= ifn~0 then O
else single-number-induction (n — 1) endif

THEOREM: gcd-0
(ged (0, z) = fix (2)) A (ged (, 0) = fix ()

THEOREM: gcd-1
(ged (1, 2) = 1) A (ged (, 1) = 1)

THEOREM: equal-gcd-0
(ged (a, b) = 0) = ((a ~0) A (b ~0))

THEOREM: lessp-gcd
(b #0) = (((b < ged(a, b)) = £) A ((b < ged (b, a)) = 1))

THEOREM: gcd-plus-instance-temp-proof
ged (a, a + b) = ged (a, b)

THEOREM: gcd-plus-instance-temp
(ged (a, a + b) = ged (a, b)) A (ged (a, b + a) = ged (a, b))

THEOREM: gcd-plus-proof
((b mod a) = 0) — (ged (a, b + ¢) = ged (a, ¢))

THEOREM: gcd-plus

((b mod a) = 0)

~ ((ged(a, b+ o) =g
A (ged(a, ¢ + b) = ged (a, c))
A (ged (b + ¢, a)
A (ged(c 4+ b, a) =

THEOREM: gcd-plus-instance
(ged (a, a + b) = ged (a, b)) A (ged (a, b + a) = ged (a, b))

THEOREM: remainder-ged
((ea mod ged (a, b)) = 0) A ((b mod ged (a, b)) = 0)
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THEOREM: distributivity-of-times-over-ged-proof
ged (o + 2, y + 2) = (2 * ged (3, 9)

THEOREM: distributivity-of-times-over-ged
(ged (z % 2z, y x z) = (2 * ged (z, y)))

A (ged(z % 2, 3 % 2) = (2 5 god (2, 9)
A (ged(z x 2, 2z x y) = (2 * ged (z, y)))
A (ged(z * z, 2z x y) = (2 * ged (z, y)))

THEOREM: gcd-is-the-greatest
((z #£0) A (y #0) A ((z mod z) = 0) A ((y mod z) = 0))
— if ged (2, y) < z then f

else t endif

THEOREM: common-divisor-divides-ged
(((z mod z) = 0) A ((y mod 2) = 0)) — ((ged (z, y) mod z) = 0)

THEOREM: associativity-of-gcd-zero-case
((a=0) v (b=0) V (c=0)) — (ged (ged (a, b), ¢) = ged (a, ged (b, c)))

THEOREM: associativity-of-gcd
ged (ged (a, b), ¢) = ged (a, ged (b, c))

THEOREM: commutativity2-of-gcd-zero-case
((a=0) V (b=0)V (c=0)) — (ged (b, ged (a, ¢)) = ged (a, ged (b, c)))

THEOREM: commutativity2-of-ged
ged (b, ged (a, ¢)) = ged (a, ged (b, ¢))

THEOREM: gcd-x-x
ged (z, z) = fix (z)

THEOREM: gcd-idempotence
(ged (z, ged (z, y)) = ged (z, y)) A (ged (y, ged (z, y)) = ged (2, y))

EVENT: Let us define the theory gcds to consist of the following events: commutativity2-
of-ged, associativity-of-ged, common-divisor-divides-ged, distributivity-of-times-
over-ged, lessp-ged, equal-ged-0, ged-0, ged-idempotence, ged-x-x, remainder-

ged, ged-plus, ged-plus-instance, ged-1, commutativity-of-ged.

EVENT: Let us define the theory arithmetic to consist of the following events:
addition, multiplication, remainders, quotients, exponentiation, logs, gcds.

DEFINITION:
integerp (z) = ((z € N) V (negativep (z) A (negative-guts (z) % 0)))
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DEFINITION:

fix-int (z)

= if integerp (z) then z
else 0 endif

DEFINITION:

izerop (i)

= if integerp (i) then i =0
else t endif

DEFINITION:
ilessp (¢, 7)
= if negativep (%)
then if negativep (j) then negative-guts (j) < negative-guts (7)
else t endif
elseif negativep (j) then f
else i < j endif

DEFINITION: ileq (i, j) = (ilessp (¢, 7) V (i = j))

DEFINITION:
iplus (z, y)
= if negativep (z)
then if negativep (y)
then if (negative-guts (z) ~ 0) A (negative-guts (y) ~ 0) then 0
else — (negative-guts (z) 4+ negative-guts (y)) endif
elseif y < negative-guts (z) then — (negative-guts (z) — y)
else y — negative-guts (z) endif
elseif negativep (y)
then if z < negative-guts (y) then — (negative-guts (y) — )
else © — negative-guts (y) endif
else z + y endif

DEFINITION:

ineg (z)

= if negativep (z) then negative-guts (z)
elseif x ~ 0 then 0
else — z endif

DEFINITION: idifference (z, y) = iplus (z, ineg (y))
DEFINITION:
iabs (1)

= if negativep (i) then negative-guts (%)
else fix (i) endif
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DEFINITION:
itimes (4, j)
= if negativep (1)
then if negativep (j) then negative-guts (i) * negative-guts (j)
else fix-int (— (negative-guts (¢) * j)) endif
elseif negativep (j) then fix-int (— (¢ * negative-guts (j)))
else i * j endif

THEOREM: integerp-fix-int
integerp (fix-int (z))

THEOREM: integerp-iplus
integerp (iplus (z, y))

THEOREM: integerp-idifference
integerp (idifference (z, y))

THEOREM: integerp-ineg
integerp (ineg (z))

THEOREM: integerp-iabs
integerp (iabs (z))

THEOREM: integerp-itimes
integerp (itimes (z, y))

THEOREM: fix-int-fix-int
fix-int (fix-int (z)) = fix-int ()

THEOREM: fix-int-iplus
fix-int (iplus (@, b)) = iplus (a, b)

THEOREM: fix-int-idifference
fix-int (idifference (a, b)) = idifference (a, b)

THEOREM: fix-int-ineg
fix-int (ineg (z)) = ineg ()

THEOREM: fix-int-iabs
fix-int (iabs (z)) = iabs (z)

THEOREM: fix-int-itimes
fix-int (itimes (z, y)) = itimes (z, y)

THEOREM: ineg-id
(— integerp (z)) — (ineg (z) = 0)
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THEOREM: ineg-iplus
ineg (iplus (a, b)) = iplus (ineg (a), ineg (b))

THEOREM: ineg-ineg
ineg (ineg (z)) = fix-int (x)

THEOREM: ineg-idifference
ineg (idifference (a, b)) = iplus (ineg (a), b)

THEOREM: ineg-fix-int
ineg (fix-int (z)) = ineg (z)

THEOREM: iplus-left-id
(— integerp (z)) — (iplus (z, y) = fix-int (y))

THEOREM: iplus-right-id
(— integerp (y)) — (iplus(z, y) = fix-int (z))

THEOREM: iplus-0
iplus (0, z) = fix-int ()

THEOREM: commutativity2-of-iplus
iplus (z, iplus (y, z)) = iplus (y, iplus (z, 2))

THEOREM: commutativity-of-iplus
iplus (z, y) = iplus (y, z)

THEOREM: associativity-of-iplus
iplus (iplus (z, y), z) = iplus (z, iplus (y, 2))

THEOREM: iplus-cancellation
(iplus (a, b) = iplus (@, ¢)) = (fix-int (b) = fix-int (¢))

THEOREM: iplus-inegl
iplus (a, ineg (a)) = 0

THEOREM: iplus-ineg?2
iplus (ineg (a), a) = 0

THEOREM: iplus-fix-int1
iplus (fix-int (@), b) = iplus (a, b)

THEOREM: iplus-fix-int2
iplus (@, fix-int (b)) = iplus (a, b)

THEOREM: iplus-idifference-argl
iplus (idifference (a, b), ¢) = idifference (iplus (a, ¢), b)
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THEOREM: iplus-idifference-arg2
iplus (a, idifference (b, ¢)) = idifference (iplus (a, b), ¢)

THEOREM: idifference-x-x
idifference (z, z) = 0

THEOREM: idifference-iplus-canonicalizerl
idifference (iplus (a, b), ¢) = iplus (a, idifference (b, ¢))

THEOREM: idifference-iplus
(idifference (iplus (z, y), z) = fix-int (y))
A (idifference (iplus (y, ), z) = fix-int (y))

THEOREM: idifference-right-id
(— integerp (b)) — (idifference (a, b) = fix-int (a))

THEOREM: idifference-idifference
idifference (idifference (z, y), z) = idifference (z, iplus (y, 2))

THEOREM: idifference-fix-int
idifference (a, fix-int (b)) = idifference (a, b)

THEOREM: idifference-0
idifference (z, 0) = fix-int ()

THEOREM: idifference-cancellation-1
(idifference (z, y) = idifference (z, y)) = (fix-int () = fix-int (2))

THEOREM: equal-idifference-0
(0 = idifference (z, y)) = (fix-int () = fix-int (y))

DEFINITION:

iplus-fringe ()

= if listp (z) A (car (z) = ’iplus)
then append (iplus-fringe (cadr (z)), iplus-fringe (caddr (z)))
else list (z) endif

DEFINITION:

iplus-tree (1)

= if | ~nil then ’’0
elseif cdr (I) ~ nil then list (’fix-int, car ({))
elseif cddr () ~ nil then list (*iplus, car ({), cadr (1))
else list (’iplus, car (1), iplus-tree (cdr (1))) endif
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DEFINITION:
cancel-iplus (z)
= if listp (z) A (car (z) = ’equal)
then if listp (cadr (z))
A (caadr (z) = ’iplus)
A listp (caddr (z))
A (caaddr (z) = ’iplus)
then list (’equal,
iplus-tree (bagdiff (iplus-fringe (cadr (),
bagint (iplus-fringe (cadr (z)),
iplus-fringe (caddr ())))),
iplus-tree (bagdiff (iplus-fringe (caddr (z)),
bagint (iplus-fringe (cadr (z)),
iplus-fringe (caddr (z))))))
elseif listp (cadr (z))
A (caadr(z) = ’iplus)
A (caddr (z) € iplus-fringe (cadr (z)))
then list (’if,
list (> integerp, caddr ()),
cons (’equal,
cons (iplus-tree (delete (caddr (z),
iplus-fringe (cadr (z)))),
7 (°0))),
list (*quote, f))
elseif listp (caddr (z))
A (caaddr (z) = ’iplus)
A (cadr (z) € iplus-fringe (caddr (z)))
then list (*if,
list (’ integerp, cadr (z)),
list (’equal,
100,
iplus-tree (delete (cadr (z), iplus-fringe (caddr (z))))),
list (’quote, f))
else z endif
else z endif

THEOREM: integerp-eval$-iplus
(listp (z) A (car (z) = ’iplus)) — integerp (eval$ (t, x, a))

THEOREM: integerp-eval$-iplus-tree
integerp (eval$ (t, iplus-tree (1), a))

THEOREM: integerp-eval$-bridge
(eval$ (t, z, a) = eval$ (t, iplus-tree (z), a)) — integerp (eval$ (t, 2, a))
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DEFINITION:

eval$-iplus-tree-append-induction (a, b, c)

= if listp (a) then eval$-iplus-tree-append-induction (cdr (a), b, ¢)
else nil endif

THEOREM: eval$-iplus-tree-append
eval$ (t, iplus-tree (append (z, y)), a)
= iplus (eval$ (t, iplus-tree (z), a), eval$ (t, iplus-tree (y), a))

THEOREM: iplus-tree-iplus-fringe
eval$ (t, iplus-tree (iplus-fringe (z)), a) = fix-int (eval$ (t, z, a))

THEOREM: iplus-tree-delete

eval$ (t, iplus-tree (delete (z, y)), a)

= if z € y then idifference (eval$ (t, iplus-tree (y), a), eval$ (t, z, a))
else eval$ (t, iplus-tree (y), a) endif

THEOREM: iplus-tree-bagdiff
subbagp (z, y)
—  (eval$ (t, iplus-tree (bagdiff (y, z)), a)
= idifference (eval$ (t, iplus-tree (y), a), eval$ (t, iplus-tree (z), a)))

THEOREM: not-integerp-implies-not-equal-iplus
(- integerp (a)) — ((a = iplus (b, <)) = )

THEOREM: correctness-of-cancel-iplus
eval$ (t, z, a) = eval$ (t, cancel-iplus (z), a)

THEOREM: iplus-idifference-idifference
iplus (idifference (a, b), idifference (¢, d))
= idifference (iplus (a, c), iplus (b, d))

DEFINITION:
cancel-idifference (z)
= if listp (z) A (car (z) = ’*idifference)
then if listp (cadr (z))
A (caadr (z) = ’iplus)
A listp (caddr (z))
A (caaddr(z) = ’iplus)
then list (’idifference,
iplus-tree (bagdiff (iplus-fringe (cadr (z)),
bagint (iplus-fringe (cadr (z)),
iplus-fringe (caddr (z))))),
iplus-tree (bagdiff (iplus-fringe (caddr (z)),
bagint (iplus-fringe (cadr (z)),
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iplus-fringe (caddr (z))))))
elseif listp (cadr (z))
A (caadr (z) = ’iplus)
A (caddr (z) € iplus-fringe (cadr (z)))
then iplus-tree (delete (caddr (z), iplus-fringe (cadr (z))))
elseif listp (caddr (z))
A (caaddr (z) = ’iplus)
A (cadr (z) € iplus-fringe (caddr (z)))
then list (’ ineg,
iplus-tree (delete (cadr (z), iplus-fringe (caddr (2)))))
else z endif
else z endif

THEOREM: correctness-of-cancel-idifference
eval$ (t, z, a) = eval$ (t, cancel-idifference (z), a)

THEOREM: itimes-zerol
izerop (z) — (itimes (z, y) = 0)

THEOREM: itimes-zero2
izerop (y) — (itimes (z, y) = 0)

THEOREM: itimes-fix-int1
itimes (fix-int (a), b) = itimes (a, b)

THEOREM: itimes-fix-int2
itimes (a, fix-int (b)) = itimes (a, b)

THEOREM: commutativity-of-itimes
itimes (z, y) = itimes (y, x)

THEOREM: itimes-distributes-over-iplus-proof

itimes (z, iplus (y, z)) = iplus (itimes (z, y), itimes (z, 2))
THEOREM: itimes-distributes-over-iplus

(itimes (z, iplus (y, z)) = iplus (itimes (z, y), itimes (z, 2)))

A (itimes (iplus (z, y), z) = iplus (itimes (z, 2), itimes (y, 2)))

THEOREM: commutativity2-of-itimes
itimes (z, itimes (y, 2)) = itimes (y, itimes (z, 2))

THEOREM: associativity-of-itimes
itimes (itimes (z, y), z) = itimes (z, itimes (y, 2))

THEOREM: itimes-distributes-over-idifference-proof
itimes (idifference (a, b), ¢) = idifference (itimes (@, c), itimes (b, ¢))
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THEOREM: itimes-distributes-over-idifference
(itimes (idifference (a, b), ¢) = idifference (itimes (a, c), itimes (b, c)))
A (itimes (a, idifference (b, ¢)) = idifference (itimes (a, b), itimes (a, ¢)))

THEOREM: equal-itimes-0
(itimes (z, y) = 0) = (izerop (z) V izerop (y))

THEOREM: equal-itimes-1
(itimes (a, b) = 1)

= (((a=)AB=1)V(a=-1)A(b=-1))

THEOREM: equal-itimes-minus-1
(itimes (a, b) = -1)

= (((a=-1)Ab=1)V((a=1)A(b=-1))

THEOREM: itimes-1-argl
itimes (1, z) = fix-int (z)

THEOREM: quotient-remainder-uniqueness

((a=(r+(bxq))A(r<b))
—  ((fix(r) = (¢ mod b)) A (fix(g) = (a =+ b)))

DEFINITION:
iquotient (4, j)
= if izerop (j) then 0
elseif negativep (i)
then if negativep (j)
then if (negative-guts (i) mod negative-guts (j)) = 0
then negative-guts (i) + negative-guts (5)
else 1 + (negative-guts (i) + negative-guts (7)) endif
elseif (negative-guts (i) mod j) = 0
then fix-int (— (negative-guts (i) + 7))
else fix-int (— (1 + (negative-guts (i) = j))) endif
elseif negativep (j) then fix-int (— (i + negative-guts (5)))
else i + j endif

DEFINITION:
iremainder (4, j) = idifference (fix-int (¢), itimes (j, iquotient (4, 5)))

THEOREM: division-theorem-partl
integerp (i) — (iplus (iremainder (7, j), itimes (j, iquotient (¢, j))) = %)

THEOREM: division-theorem-part2
(integerp (j) A (j # 0)) — ileq (0, iremainder (4, j))

THEOREM: division-theorem-part3
(integerp (5) A (j # 0)) — ilessp (iremainder (7, ), iabs (j))
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THEOREM: division-theorem

(integerp (i) A integerp (j) A (j # 0))

—  ((iplus (iremainder (i, j), itimes (j, iquotient (4, 5))) = 1)
A ileq (0, iremainder (i, 7))
A ilessp (iremainder (4, ), iabs (5)))

THEOREM: quotient-difference-lessp-arg2
(((amod ¢) =0) A (b < ¢))
- (((a —b)+c)
= if b ~0 then a + ¢
elseif b < a then (¢ =~ ¢) — (1 + (b =+ ¢))
else 0 endif)

THEOREM: iquotient-iremainder-uniqueness
(integerp (1)

integerp (j)

integerp (r)

integerp (q)

(G £0)

(¢ = iplus (r, itimes (4, q)))

ileq (0, 7)

ilessp (7, iabs (4)))

((r = iremainder (4, j)) A (¢ = iquotient (¢, j)))

l>>s>>>>>

DEFINITION:
idiv (i, 7)
= if izerop (j) then 0
elseif negativep ()
then if negativep (j) then negative-guts (i) + negative-guts (j)
elseif (negative-guts (i) mod j) = 0
then fix-int (— (negative-guts (i) + j))
else fix-int (— (1 + (negative-guts (i) + 7))) endif
elseif negativep (j)
then if (¢ mod negative-guts (j)) = 0
then fix-int (— (7 + negative-guts (5)))
else fix-int (— (1 + (¢ + negative-guts (j)))) endif
else i + j endif

DEFINITION:
imod (4, j) = idifference (fix-int (¢), itimes (j, idiv (¢, §)))

THEOREM: division-theorem-for-truncate-to-neginf-part1
integerp (¢) — (iplus (imod (4, j), itimes (j, idiv (4, §))) = 1)

THEOREM: division-theorem-for-truncate-to-neginf-part2
ilessp (0, 7) — (ileq (0, imod (4, j)) A ilessp (imod (4, ), 7))
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THEOREM: division-theorem-for-truncate-to-neginf-part3
(integerp (j) A ilessp (7, 0))
—  (ileq (imod (¢, j), 0) A ilessp (j, imod (¢, j)))

THEOREM: division-theorem-for-truncate-to-neginf
(integerp () A integerp (5) A (j # 0))
—  ((iplus (imod (i, 7), itimes (7, idiv (4, 7))) = 1)
A if ilessp (0, j)
then ileq (0, imod (4, j)) A ilessp (imod (i, 7), )
else ileq (imod (4, j), 0) A ilessp (4, imod (4, j)) endif)

THEOREM: idiv-imod-uniqueness

(integerp (%)

A integerp (7)

A integerp (r)

A integerp (q)

A G £0)

A (i = iplus (r, itimes (§, ¢)))

A if ilessp (0, j) then ileq (0, 7) A ilessp (r, 7)

else ileq (r, 0) A ilessp (j, r) endif)
— ((r =1imod (i, j)) A (¢ = idiv (4, j)))

DEFINITION:
iquo (i, j)
= if izerop (j) then 0
elseif negativep (i)
then if negativep (j) then negative-guts (i) + negative-guts (j)
else fix-int (— (negative-guts (i) + 7)) endif
elseif negativep (j) then fix-int (— (i + negative-guts (5)))
else i + j endif

DEFINITION:
irem (i, j) = idifference (fix-int (7), itimes (§, iquo (¢, 7)))

THEOREM: division-theorem-for-truncate-to-zero-partl

integerp (¢) — (iplus (irem (4, ), itimes (4, iquo (4, j))) = )

THEOREM: division-theorem-for-truncate-to-zero-part2
(integerp () A integerp (j) A (j # 0) A ileq (0, 7))
—  (ileq (0, irem (¢, j)) A ilessp (irem (4, ), iabs (5)))

THEOREM: division-theorem-for-truncate-to-zero-part3

(integerp (i) A integerp (j) A (j # 0) A ilessp (i, 0))
—  (ileq (irem (7, 7), 0) A ilessp (ineg (iabs (7)), irem (4, 5)))
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THEOREM: division-theorem-for-truncate-to-zero
(integerp (i) A integerp (j) A (j # 0))
—  ((iplus (irem (4, ), itimes (7, iquo (z, 5))) = %)
A if ileq (0, ©)
then ileq (0, irem (4, j)) A ilessp (irem (g, 5), iabs (5))
else ileq (irem (i, 7), 0)
A ilessp (ineg (iabs (7)), irem (4, j)) endif)

THEOREM: iquo-irem-uniqueness
(integerp (%)
A integerp (4)
integerp ()
integerp (q)
(j #0)
(i = iplus (r, itimes (j, ¢)))
if ileq (0, i) then ileq (0, ) A ilessp (r, iabs (§))
else ileq (r, 0) A ilessp (ineg (iabs (5)), r) endif)
(= irem (i, j)) A (g = iquo (i, 7))

> > > > >

THEOREM: integerp-iquotient
integerp (iquotient (7, 7))

THEOREM: integerp-iremainder
integerp (iremainder (i, j))

THEOREM: integerp-idiv
integerp (idiv (7, 7))

THEOREM: integerp-imod
integerp (imod (4, j))

THEOREM: integerp-iquo
integerp (iquo (i, 7))

THEOREM: integerp-irem
integerp (irem (3, 7))

THEOREM: iquotient-fix-int1
iquotient (fix-int (¢), j) = iquotient (4, j)

THEOREM: iquotient-fix-int2
iquotient (4, fix-int (j)) = iquotient (4, j)

THEOREM: iremainder-fix-int1
iremainder (fix-int (), j) = iremainder (7, j)
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THEOREM: iremainder-fix-int2
iremainder (7, fix-int (j)) = iremainder (¢, j)

THEOREM: idiv-fix-int1l
idiv (fix-int (¢), j) = idiv (4, 7)

THEOREM: idiv-fix-int2
idiv (4, fix-int (5)) = idiv (4, 7)

THEOREM: imod-fix-int1
imod (fix-int (¢), ) = imod (¢, j)

THEOREM: imod-fix-int2
imod (4, fix-int (§)) = imod (4, 5)

THEOREM: iquo-fix-int1
iquo (fix-int (¢), j) = iquo (4, 7)

THEOREM: iquo-fix-int2
iquo (i, fix-int (§)) = iquo (4, j)

THEOREM: irem-fix-intl
irem (fix-int (7), j) = irem (4, j)

THEOREM: irem-fix-int2
irem (4, fix-int (§)) = irem (4, j)

THEOREM: fix-int-iquotient
fix-int (iquotient (7, j)) = iquotient (4, j)

THEOREM: fix-int-iremainder
fix-int (iremainder (¢, j)) = iremainder (¢, j)

THEOREM: fix-int-idiv
fix-int (idiv (¢, j)) = idiv (4, j)

THEOREM: fix-int-imod
fix-int (imod (4, j)) = imod (¢, 7)

THEOREM: fix-int-iquo
fix-int (iquo (7, 7)) = iquo (4, j)

THEOREM: fix-int-irem
fix-int (irem (7, 7)) = irem (4, 5)
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EVENT: Enable irem; name this event ‘irem-off’.

EVENT: Enable iquo; name this event ‘iquo-off’.

EVENT: Enable imod; name this event ‘imod-off’.

EVENT: Enable idiv; name this event ‘idiv-oft’.

EVENT: Enable quotient-difference-lessp-arg2; name this event ‘quotient-difference-
lessp-arg2-off’.

EVENT: Enable iremainder; name this event ‘iremainder-off’.

EVENT: Enable iquotient; name this event ‘iquotient-off’.

EVENT: Enable cancel-idifference; name this event ‘cancel-idifference-off’.

EVENT: Enable not-integerp-implies-not-equal-iplus; name this event ‘not-integerp-
implies-not-equal-iplus-off’.

EVENT: Enable iplus-tree-bagdiff; name this event ‘iplus-tree-bagdiff-off’.

EVENT: Enable iplus-tree-delete; name this event ‘iplus-tree-delete-off’.

EVENT: Enable iplus-tree-iplus-fringe; name this event ‘iplus-tree-iplus-fringe-
off’.

EVENT: Enable eval$-iplus-tree-append; name this event ‘eval$-iplus-tree-append-
off’.

EVENT: Enable integerp-eval$-bridge; name this event ‘integerp-eval$-bridge-
off’.

EVENT: Enable integerp-eval$-iplus-tree; name this event ‘integerp-eval$-iplus-
tree-off’.
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EVENT: Enable integerp-eval$-iplus; name this event ‘integerp-eval$-iplus-off’.

EVENT: Enable cancel-iplus; name this event ‘cancel-iplus-off’.

EVENT: Enable itimes; name this event ‘itimes-off’.

EVENT: Enable iabs; name this event ‘iabs-off’.

EVENT: Enable idifference; name this event ‘idifference-off’.

EVENT: Enable ineg; name this event ‘ineg-off’.

EVENT: Enable iplus; name this event ‘iplus-off’.

EVENT: Enable ileq; name this event ‘ileg-off’.

EVENT: Enable ilessp; name this event ‘ilessp-off’.

EVENT: Enable izerop; name this event ‘izerop-off’.

EVENT: Enable fix-int; name this event ‘fix-int-off’.

EVENT: Enable integerp; name this event ‘integerp-off’.

EVENT: Let us define the theory integers to consist of the following events: fix-
int-irem, fix-int-iquo, fix-int-imod, fix-int-idiv, fix-int-iremainder, fix-int-iquotient,
irem-fix-int2, irem-fix-int1, iquo-fix-int2, iquo-fix-int1, imod-fix-int2, imod-fix-
int1, idiv-fix-int2, idiv-fix-int1, iremainder-fix-int2, iremainder-fix-int1, iquotient-
fix-int2, iquotient-fix-int1, integerp-irem, integerp-iquo, integerp-imod, integerp-
idiv, integerp-iremainder, integerp-iquotient, itimes-1-argl, equal-itimes-minus-

1, equal-itimes-1, equal-itimes-0, itimes-distributes-over-idifference, itimes-distributes-
over-idifference-proof, associativity-of-itimes, commutativity2-of-itimes, itimes-
distributes-over-iplus, commutativity-of-itimes, itimes-distributes-over-iplus-proof,
itimes-fix-int2, itimes-fix-int1, itimes-zero2, itimes-zerol, correctness-of-cancel-
idifference, iplus-idifference-idifference, correctness-of-cancel-iplus, equal-idifference-
0, idifference-cancellation-1, idifference-0, idifference-fix-int, idifference-idifference,
idifference-right-id, idifference-iplus, idifference-iplus-canonicalizerl, idifference-
x-X, iplus-idifference-arg2, iplus-idifference-argl, iplus-fix-int2, iplus-fix-int1, iplus-
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ineg2, iplus-inegl, iplus-cancellation, associativity-of-iplus, commutativity-of-
iplus, commutativity2-of-iplus, iplus-0, iplus-right-id, iplus-left-id, ineg-fix-int,
ineg-idifference, ineg-ineg, ineg-iplus, ineg-id, fix-int-itimes, fix-int-iabs, fix-int-
ineg, fix-int-idifference, fix-int-iplus, fix-int-fix-int, integerp-itimes, integerp-iabs,
integerp-ineg, integerp-idifference, integerp-iplus, integerp-fix-int.

DEFINITION:

times-tree ()

= if 2 ~ nil then ’’1
elseif cdr (z) ~ nil then list (’fix, car(z))
elseif cddr (z) ~ nil then list (’times, car (z), cadr (z))
else list (’times, car (z), times-tree (cdr (z))) endif

DEFINITION:

times-fringe ()

= if listp (z) A (car (z) = ’times)
then append (times-fringe (cadr (z)), times-fringe (caddr (z)))
else list (z) endif

DEFINITION:
or-zerop-tree ()
= if 2 ~ nil then ’(false)
elseif cdr (z) ~ nil then list (*zerop, car (z))
elseif cddr (z) ~ nil
then list (’or, list (’zerop, car (z)), list (’zerop, cadr (z)))
else list (?or, list (> zerop, car (x)), or-zerop-tree (cdr (z))) endif

DEFINITION:
and-not-zerop-tree ()
= if 2 ~ nil then ’ (true)
elseif cdr (z) ~ nil then list (’not, list (’zerop, car (z)))
else list (’and,
list (’not, list (’zerop, car (x))),
and-not-zerop-tree (cdr (z))) endif

THEOREM: numberp-eval$-times
(car (z) = ’times) — (eval$ (t, z, a) € N)

THEOREM: eval$-times
eval$ (t, list (’times, z, y), a) = (eval$ (¢, z, a) * eval$ (¢, y, a))

THEOREM: eval$-times?2

(car (z) = ’times)
—  (eval$ (t, z, a) = (eval$ (t, cadr (z), a) * eval$ (¢, caddr (), a)))
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THEOREM: eval$-or
eval$ (t, list (’or, z, y), a) = (eval$ (t, z, a) V eval$ (t, y, a))

THEOREM: eval$-or2
(car (z) = ’or)
—  (eval$ (t, z, a) = (eval§ (t, cadr (z), a) V eval$ (t, caddr (z), a)))

THEOREM: eval$-equal
(car (z) = ’equal)
—  (eval$ (t, z, a) = (eval$ (t, cadr (z), a) = eval$ (t, caddr (z), a)))

THEOREM: eval$-lessp
eval$ (t, list (’lessp, z, y), a) = (eval$ (t, z, a) < eval$ (t, y, a))

THEOREM: eval$-lessp2
(car (z) = ’lessp)
—  (eval$ (¢, z, a) = (eval$ (t, cadr (), a) < eval$ (t, caddr (z), a)))

THEOREM: eval$-quotient
eval$ (t, list (’quotient, =, y), a) = (eval§ (t, z, a) = eval$ (¢, y, a))

THEOREM: eval$-quotient2
(car (z) = ’quotient)
—  (eval$ (t, z, a) = (eval$ (t, cadr (z), a) + eval$ (t, caddr (z), a)))

THEOREM: eval$-if

eval$ (t, list (’if, z, y, 2), a)

= if eval§ (t, z, a) then eval$(t, y, a)
else eval$ (t, z, a) endif

THEOREM: eval$-if2
(car (z) = ’if)
—  (eval$ (t, z, a)
= if eval$ (¢, cadr (z), a) then eval$ (t, caddr (z), a)
else eval$ (t, cadddr (z), a) endif)

THEOREM: numberp-eval$-times-tree
eval$ (t, times-tree (z), a) € N

THEOREM: bagdiff-delete
bagdiff (delete (e, z), y) = delete (e, bagdiff (z, y))

THEOREM: lessp-times-argl

(a#0) = (((a*2z) £ (axy))=(z£y))

THEOREM: stupid-hack

((a eN) A (b eN)) = (((a £ D) A (b £ a)) = (a=0))
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THEOREM: equal-times-argl

(a#0) = (((a*z) = (a xy)) = (fix(z) = fix(y)))

THEOREM: equal-times-bridge
((axbd)=(cxaxd)=((a=0)V (fix(d) = (c x d)))

THEOREM: eval$-times-member
(e € x)
—  (eval$ (t, times-tree (z), a)
= (eval$ (t, e, a) x eval$ (t, times-tree (delete (e, x)), a)))

THEOREM: zerop-makes-times-tree-zero
((— eval$ (t, and-not-zerop-tree (z), a)) A subbagp (z, y))
—  (eval$ (t, times-tree (y), a) = 0)

THEOREM: or-zerop-tree-is-not-zerop-tree
eval$ (t, or-zerop-tree (z), a) = (- eval$ (t, and-not-zerop-tree (z), a))

THEOREM: zerop-makes-times-tree-zero2
(eval$ (t, or-zerop-tree (z), a) A subbagp (z, y))
—  (eval$ (t, times-tree (y), a) = 0)

THEOREM: times-tree-append
eval$ (t, times-tree (append (z, y)), a)
= (eval$ (t, times-tree (z), a) x eval$ (t, times-tree (y), a))

THEOREM: times-tree-of-times-fringe
eval$ (t, times-tree (times-fringe (z)), a) = fix (eval$ (¢, z, a))

DEFINITION:
cancel-lessp-times (z)
= if (car (z) = ’lessp)
A (caadr (z) = ’times)
A (caaddr (z) = ’times)
then if listp (bagint (times-fringe (cadr (z)), times-fringe (caddr (z))))
then list (*and,
and-not-zerop-tree (bagint (times-fringe (cadr (z)),
times-fringe (caddr (z)))),

times-tree (bagdiff (times-fringe (cadr (z)),
bagint (times-fringe (cadr (z)),
times-fringe (caddr (z))))),
times-tree (bagdiff (times-fringe (caddr (z)),
bagint (times-fringe (cadr (z)),
times-fringe (caddr (z)))))))

list (*1essp,

else z endif
else z endif
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THEOREM: eval$-lessp-times-tree-bagdiff
(subbagp (z, y) A subbagp (z, z) A eval$ (t, and-not-zerop-tree (z), a))
—  ((eval$ (t, times-tree (bagdiff (y, z)), a)

< eval$ (t, times-tree (bagdiff (z, z)), a))

= (eval$ (t, times-tree (y), a) < eval$ (t, times-tree (2), a)))

THEOREM: zerop-makes-lessp-false-bridge
((car (z) = ’times)
A (car(y) = ’times)
A (= eval$ (¢,
and-not-zerop-tree (bagint (times-fringe (z), times-fringe (y))),
2)))
—  (((eval$ (t, cadr (z), a) * eval$ (t, caddr (z), a))
< (eval$ (t, cadr (y), a) * eval$ (¢, caddr (y), a)))
- 9

THEOREM: correctness-of-cancel-lessp-times
eval$ (t, z, a) = eval$ (t, cancel-lessp-times (z), a)

DEFINITION:
cancel-quotient-times ()
= if (car (z) = ’quotient)
A (caadr (z) = ’times)
A (caaddr (z) = ’times)
then if listp (bagint (times-fringe (cadr (z)), times-fringe (caddr (z))))
then cons (’if,
cons (and-not-zerop-tree (bagint (times-fringe (cadr ()),
times-fringe (caddr (z)))),
cons (list (’quotient,
times-tree (bagdiff (times-fringe (cadr (z)),
bagint (times-fringe (cadr (z)),
times-fringe (caddr (z))))),
times-tree (bagdiff (times-fringe (caddr (z)),
bagint (times-fringe (cadr (z)),
times-fringe (caddr (2)))))),
? ((zero)))))
else z endif
else z endif

THEOREM: zerop-makes-quotient-zero-bridge
((car (z) = ’times)
A (car(y) = ’times)
A (= eval$ (t,
and-not-zerop-tree (bagint (times-fringe (z), times-fringe (y))),

a)))
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—  (((eval$ (t, cadr (z), a) * eval$ (t, caddr (z), a))
+ ()eval$ (t, cadr (y), a) * eval$ (t, caddr (y), a)))
= 0

THEOREM: eval$-quotient-times-tree-bagdiff
(subbagp (z, y) A subbagp (z, z) A eval$ (t, and-not-zerop-tree (z), a))
—  ((eval$ (t, times-tree (bagdiff (y, z)), a)

+ eval$ (t, times-tree (bagdiff (z, z)), a))

= (eval$ (t, times-tree (y), a) + eval$ (t, times-tree (2), a)))

THEOREM: correctness-of-cancel-quotient-times
eval$ (t, =, a) = eval$ (t, cancel-quotient-times (), a)

DEFINITION:
cancel-equal-times ()
= if (car(z) = ’equal)
A (caadr (z) = ’times)
A (caaddr (z) = ’times)
then if listp (bagint (times-fringe (cadr (z)), times-fringe (caddr (z))))
then list (’or,
or-zerop-tree (bagint (times-fringe (cadr (z)),
times-fringe (caddr (z)))),
list (’equal,
times-tree (bagdiff (times-fringe (cadr (z)),
bagint (times-fringe (cadr (z)),
times-fringe (caddr (z))))),
times-tree (bagdiff (times-fringe (caddr (z)),
bagint (times-fringe (cadr (z)),
times-fringe (caddr (z)))))))
else z endif
else z endif

THEOREM: zerop-makes-equal-true-bridge
((car (z) = ’times)
A (car (y) = ’times)
A eval$ (t, or-zerop-tree (bagint (times-fringe (z), times-fringe (v))), a))
—  (((eval$ (t, cadr (z), a) * eval$ (t, caddr (z), a))
= (eval$ (¢, cadr (y), a) * eval$ (t, caddr (y), a)))
— 1)

THEOREM: eval$-equal-times-tree-bagdiff
(subbagp (z, y) A subbagp (z, z) A (- eval$ (t, or-zerop-tree (z), a)))
—  ((eval$ (t, times-tree (bagdiff (y, z)), a)

= eval$ (t, times-tree (bagdiff (z, z)), a))

= (eval$ (t, times-tree (y), a) = eval$ (t, times-tree (2), a)))
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THEOREM: cancel-equal-times-preserves-inequality
(subbagp (z, z)
A subbagp (z, y)
A (eval$ (t, times-tree (z), a) # eval$ (t, times-tree (y), a)))
—  (eval$ (t, times-tree (bagdiff (z, 2)), a)
# eval$ (t, times-tree (bagdiff (y, z)), a))

THEOREM: cancel-equal-times-preserves-inequality-bridge
((car (z) = ’times)
A (car (y) = ’times)
A ((eval$ (t, cadr (), a) * eval$ (t, caddr (z), a))
#  (eval$ (t, cadr (y), a) x eval$ (t, caddr (y), a))))
—  (eval$ (¢,
times-tree (bagdiff (times-fringe (),
bagint (times-fringe (), times-fringe (y)))),
a)

# eval$ (t,
times-tree (bagdiff (times-fringe (y),
bagint (times-fringe (z),
times-fringe (y)))),

a))

THEOREM: correctness-of-cancel-equal-times
eval$ (t, z, a) = eval$ (t, cancel-equal-times (z), a)

EVENT: Enable numberp-eval$-times; name this event ‘numberp-eval$-times-
off’.

EVENT: Enable eval$-times; name this event ‘eval$-times-off’.
EVENT: Enable eval$-times2; name this event ‘eval$-times2-off’.
EVENT: Enable eval$-or; name this event ‘eval$-or-off’.

EVENT: Enable eval$-or2; name this event ‘eval$-or2-off’.
EVENT: Enable eval$-equal; name this event ‘eval$-equal-off’.
EVENT: Enable eval$-lessp; name this event ‘eval$-lessp-off’.
EVENT: Enable eval$-lessp2; name this event ‘eval$-lessp2-off’.
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EVENT: Enable eval$-if; name this event ‘eval$-if-off’.

EVENT: Enable eval$-if2; name this event ‘eval$-if2-off’.

EVENT: Enable eval$-quotient; name this event ‘eval$-quotient-off’.

EVENT: Enable eval$-quotient2; name this event ‘eval$-quotient2-off’.

EVENT: Enable numberp-eval$-times-tree; name this event ‘numberp-eval$-
times-tree-off’.

EVENT: Enable bagdiff-delete; name this event ‘bagdiff-delete-off’.

EVENT: Enable lessp-times-argl; name this event ‘lessp-times-argl-off’.

EVENT: Enable stupid-hack; name this event ‘stupid-hack-off’.

EVENT: Enable equal-times-argl; name this event ‘equal-times-argl-off’.

EVENT: Enable equal-times-bridge; name this event ‘equal-times-bridge-off’.

EVENT: Enable eval$-times-member; name this event ‘eval$-times-member-off’.

EVENT: Enable zerop-makes-times-tree-zero; name this event ‘zerop-makes-
times-tree-zero-off’.

EVENT: Enable or-zerop-tree-is-not-zerop-tree; name this event ‘or-zerop-tree-
is-not-zerop-tree-off’.

EVENT: Enable zerop-makes-times-tree-zero2; name this event ‘zerop-makes-
times-tree-zero2-off’.

EVENT: Enable times-tree-append; name this event ‘times-tree-append-oft’.

EVENT: Enable times-tree-of-times-fringe; name this event ‘times-tree-of-times-
fringe-off’.
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EVENT: Enable eval$-lessp-times-tree-bagdiff; name this event ‘eval$-lessp-times-
tree-bagdiff-off’.

EVENT: Enable zerop-makes-lessp-false-bridge; name this event ‘zerop-makes-
lessp-false-bridge-off”.

EVENT: Enable zerop-makes-quotient-zero-bridge; name this event ‘zerop-makes-
quotient-zero-bridge-off’.

EVENT: Enable eval$-quotient-times-tree-bagdiff; name this event ‘eval$-quotient-
times-tree-bagdiff-off’.

EVENT: Enable zerop-makes-equal-true-bridge; name this event ‘zerop-makes-
equal-true-bridge-off’.

EVENT: Enable eval$-equal-times-tree-bagdiff; name this event ‘eval$-equal-
times-tree-bagdiff-off’.

EVENT: Enable cancel-equal-times-preserves-inequality; name this event ‘cancel-
equal-times-preserves-inequality-off’.

EVENT: Enable cancel-equal-times-preserves-inequality-bridge; name this event
‘cancel-equal-times-preserves-inequality-bridge-off’.

EVENT: Add the shell rational, with recognizer function symbol rational-formp
and 2 accessors: numerator, with type restriction (one-of numberp negativep)
and default value zero; demominator, with type restriction (one-of numberp)
and default value zero.

EVENT: Let us define the theory rational-defns to consist of the following events:
count-rational, numerator-denominator-elim, rational-numerator-denominator,
rational-equal, denominator-lesseqp, denominator-lessp, denominator-type-restriction,
denominator-nrational-formp, denominator-rational, numerator-lesseqp, numerator-
lessp, numerator-type-restriction, numerator-nrational-formp, numerator-rational,
denominator, numerator, *1*rational-formp, rational-formp.

DEFINITION:
rationalp ()
= (rational-formp (z)

92



A integerp (numerator ())
A (denominator (z) # 0))

DEFINITION:

fix-rational ()

= if rationalp (z) then z
else rational (0, 1) endif

DEFINITION:
reduce (1)
= if rationalp (1)
then if negativep (numerator (7))
then rational (— (negative-guts (numerator (7))
+  ged (negative-guts (numerator (7)),
denominator (7))),
denominator (r)
+  ged (negative-guts (numerator (r)),
denominator (7)))
else rational (numerator ()
+  ged (numerator (), denominator (7)),
denominator (r)
+  ged (numerator (), denominator (r))) endif
else rational (0, 1) endif

DEFINITION:

simple-rplus (z, y)

= rational (iplus (itimes (numerator (fix-rational (z)),
denominator (fix-rational (y))),

itimes (numerator (fix-rational (y)),
denominator (fix-rational (z)))),
itimes (denominator (fix-rational (z)),
denominator (fix-rational (y))))

DEFINITION: rplus(z, y) = reduce (simple-rplus (z, y))

DEFINITION:

simple-rneg (z)

= rational (ineg (numerator (fix-rational (z))),
denominator (fix-rational (z)))

DEFINITION: rneg (z) = reduce (simple-rneg (z))

DEFINITION: rdifference (a, b) = rplus (a, rneg (b))

DEFINITION:
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simple-rtimes (z, y)

= rational (itimes (numerator (fix-rational (z)), numerator (fix-rational (y))),
denominator (fix-rational (z))
* denominator (fix-rational (y)))

DEFINITION: rtimes (z, y) = reduce (simple-rtimes (z, y))

DEFINITION:
rzerop (z) = ((— rationalp (z)) V (numerator (z) = 0))

DEFINITION:

simple-rinverse (r)

= if rzerop (r) then rational (0, 1)
elseif negativep (numerator (7))
then rational (ineg (denominator (7)), ineg (numerator (r)))
else rational (denominator (r), numerator (7)) endif

DEFINITION: rinverse (1) = reduce (simple-rinverse (1))
DEFINITION: rquotient (z, y) = rtimes (z, rinverse (y))

DEFINITION:

simple-rmagnitude (z)

= if negativep (numerator (fix-rational (z))) then rneg (fix-rational (z))
else fix-rational (z) endif

DEFINITION: rmagnitude (z) = reduce (simple-rmagnitude (z))

DEFINITION:

rlessp (z, y)

= ilessp (itimes (numerator (fix-rational (z)), denominator (fix-rational (y))),
itimes (numerator (fix-rational (y)), denominator (fix-rational (z))))

DEFINITION:
requal (z, y)
= (itimes (numerator (fix-rational (z)), denominator (fix-rational (y)))
= itimes (numerator (fix-rational (y)),
denominator (fix-rational (z))))

THEOREM: integerp-minus
integerp (— z) = (0 < z)

THEOREM: fix-int-on-integers
integerp (z) — (fix-int (z) = )

THEOREM: itimes-ineg-argl
itimes (ineg (z), y) = ineg (itimes (z, y))
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THEOREM: itimes-ineg-arg?2
itimes (z, ineg (y)) = ineg (itimes (z, y))

THEOREM: integerp-if-negativep-non-zero
(negativep (z) A (z # (— 0))) — integerp (z)

THEOREM: integerp-if-numberp
(z € N) — integerp (z)

THEOREM: itimes-negativep-argl
negativep (z) — (itimes (z, y) = ineg (itimes (negative-guts (), y)))

THEOREM: itimes-negativep-arg?2
negativep (y) — (itimes (z, y) = ineg (itimes (z, negative-guts (y))))

THEOREM: equal-ineg-ineg
(integerp (z) A integerp (y)) — ((ineg (z) = ineg (y)) = (x = y))

THEOREM: itimes-is-times
((z € N) A (y € N)) — (itimes (z, y) = (2 * y))

THEOREM: iplus-is-plus
((z € N) A (y € N)) — (iplus (z, y) = (z + y))

THEOREM: rationalp-reduce
rationalp (reduce (z))

THEOREM: rationalp-rplus
rationalp (rplus (z, y))

THEOREM: rationalp-fix-rational
rationalp (fix-rational (z))

THEOREM: rationalp-rtimes
rationalp (rtimes (z, y))

THEOREM: rationalp-rneg
rationalp (rneg (z))

THEOREM: rationalp-rdifference
rationalp (rdifference (z, y))

THEOREM: rationalp-rquotient
rationalp (rquotient (z, y))

THEOREM: rationalp-rmagnitude
rationalp (rmagnitude (z))

95



THEOREM: fix-rational-reduce
fix-rational (reduce (z)) = reduce (z)

THEOREM: fix-rational-rplus
fix-rational (rplus (z, y)) = rplus (z, y)

THEOREM: fix-rational-fix-rational
fix-rational (fix-rational (z)) = fix-rational (z)

THEOREM: fix-rational-rtimes
fix-rational (rtimes (z, y)) = rtimes (z, y)

THEOREM: fix-rational-rneg
fix-rational (rneg (z)) = rneg ()

THEOREM: fix-rational-rdifference
fix-rational (rdifference (z, y)) = rdifference (z, y)

THEOREM: fix-rational-rquotient
fix-rational (rquotient (z, y)) = rquotient (z, y)

THEOREM: fix-rational-rmagnitude
fix-rational (rmagnitude (z)) = rmagnitude ()

THEOREM: rational-generalization
(rationalp (z) — integerp (numerator (z)))

A (rationalp () — (denominator (z) € N))
A (rationalp (z) — (denominator (z) % 0))

THEOREM: gcd-remainder-factl
(1 < b) A (ged (a, b) = 1)) — ((a mod b) # 0)

THEOREM: gcd-remainder-fact2
((1 < b) A (ged (b, a) =1)) — ((a mod b) # 0)

DEFINITION:
ged-timesl-induct (z, y)
= ify~0 thent
else ged-timesl-induct (z, y — 1) endif

THEOREM: gcd-timesl
ged (z, z x y) = fix (z)

THEOREM: gcd-times?2
ged (y, = * y) = fix (y)
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THEOREM: gcd-quotient-quotient
((0<a)A(0<b)) — (ged(a + ged(a, b), b + ged(a, b)) =1)

THEOREM: divides-each-equality
(((a mod b) = 0) A ((b mod a) = 0)) = (fix(a) = fix (b))

EVENT: Enable idifference-iplus-canonicalizerl; name this event ‘idifference-
iplus-canonicalizer1-off’.

EVENT: Disable ilessp; name this event ‘ilessp-on’.

EVENT: Disable idifference; name this event ‘idifference-on’.
EVENT: Disable iplus; name this event ‘iplus-on’.

EVENT: Disable itimes; name this event ‘itimes-on’.
EVENT: Disable ineg; name this event ‘ineg-on’.

EVENT: Disable integerp; name this event ‘integerp-on’.
EVENT: Disable fix-int; name this event ‘fix-int-on’.
EVENT: Disable izerop; name this event ‘izerop-on’.

DEFINITION:
ged-factors (z, y)
= ifz ~0 then ’(0 . 1)
elseif y ~ 0 then (1 . 0)
elseif z < y
then couns (idifference (car (ged-factors (z, y — z)),
cdr (ged-factors (z, y — z))),
cdr (ged-factors (z, y — x)))
else cons (car (ged-factors (z — y, v)),
idifference (cdr (ged-factors (xz — vy, y)),
car (ged-factors (z — v, y)))) endif

THEOREM: gcd-factors-gives-linear-combination

((z eN) A (y €N))
—  (iplus (itimes (car (ged-factors (z, y)), ),
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itimes (cdr (ged-factors (z, v)), ¥))
= ged(z, y))

EVENT: Disable iremainder; name this event ‘iremainder-on’.
EVENT: Disable iquotient; name this event ‘iquotient-on’.

THEOREM: gcd-factors-gives-linear-combination-rewrite
((z eN) A (y €N))
— (ged (s, y)
= iplus (itimes (car (gcd-factors (z, y)), z),
itimes (cdr (ged-factors (z, y)), y)))

THEOREM: dpr-hackl
itimes (z, iplus (itimes (¢, a), itimes (b, q)))
= iplus (itimes (¢, itimes (a, x)), itimes (b, itimes (g, z)))

THEOREM: dpr-hack2
((x e N) A (y € N) A (¢ € N) A (iremainder (itimes (¢, y), z) = 0))
—  (itimes (iquotient (itimes (¢, y), z), ) = itimes (¢, y))

THEOREM: dpr-hack3
iplus (itimes (¢, itimes (a, x)), itimes (b, itimes (¢, y)))
= iplus (itimes (¢, itimes (a, x)), itimes (¢, itimes (b, y)))

THEOREM: dpr-hack4
iplus (itimes (¢, itimes (a, x)), itimes (¢, itimes (b, y)))
= itimes (¢, iplus (itimes (a, z), itimes (b, y)))

THEOREM: dpr-hackb

((x e N) A (y € N) A (¢ € N) A (iremainder (itimes (¢, y), z) = 0))

—  (itimes (z, iplus (itimes (¢, a), itimes (b, iquotient (itimes (¢, y), z))))
= itimes (¢, iplus (itimes (a, z), itimes (b, y))))

THEOREM: remainder-0-sufficiency
((x e N) A (¢ € N) A (itimes (z, p) = ¢))
— (((c mod z) =0) =t)

THEOREM: divides-product-reduction
((z e N)
AN (y eN)
A (c eN)
A (ged(z, y) = 1)
A (((c *x y) mod z) = 0))
—  ((¢ mod z) = 0)
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EVENT: Enable remainder-0-sufficiency; name this event ‘remainder-0-sufficiency-
off’.

EVENT: Enable dpr-hackl; name this event ‘dpr-hackl-off’.

EVENT: Enable dpr-hack2; name this event ‘dpr-hack2-off’.

EVENT: Enable dpr-hack3; name this event ‘dpr-hack3-off’.

EVENT: Enable dpr-hack4; name this event ‘dpr-hack4-off’.

EVENT: Enable dpr-hackb; name this event ‘dpr-hack5-off’.

EVENT: Enable gcd-factors-gives-linear-combination-rewrite; name this event
‘ged-factors-gives-linear-combination-rewrite-off’.

EVENT: Enable gcd-factors-gives-linear-combination; name this event ‘ged-factors-
gives-linear-combination-off’.

EVENT: Enable gcd-factors; name this event ‘ged-factors-off’.

EvVENT: Disable idifference-iplus-canonicalizerl; name this event ‘idifference-
iplus-canonicalizerl-on’.

EVENT: Enable ilessp; name this event ‘ilessp-offl’.

EVENT: Enable idifference; name this event ‘idifference-off1’.

EVENT: Enable iplus; name this event ‘iplus-offl’.

EVENT: Enable itimes; name this event ‘itimes-off1’.

EVENT: Enable ineg; name this event ‘ineg-off1’.

EVENT: Enable fix-int; name this event ‘fix-int-off1’.
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EVENT: Enable izerop; name this event ‘izerop-off1’.
EVENT: Enable iremainder; name this event ‘iremainder-off1’.
EVENT: Enable iquotient; name this event ‘iquotient-off1’.

THEOREM: gcd-remainder-times-fact1-proof
(ged(a, b) = 1) — ((((b * ¢) mod a) = 0) = ((¢ mod a) = 0))

THEOREM: times-gcd-fact
((ged(a, ¢) = 1) A (ged (b, d) = 1))
— (((axb)=(cx*d))
= ((fix (a) = fix (d)) A (fix (b) = fix (¢)))

THEOREM: equal-times-times-quotient-arg?2
(((b mod e) = 0) A ((d mod e) = 0))
— ((((ax (b +e)) =(cx(d+e))
ax*xb)=(cx*d)))
(b+e)xa)=(cx(d=+e)))
((ax b) = (c * d)))
((b+e)*xa)=((d+e)x*c))
((a x b) = (¢ * d))))

THEOREM: quotient-ged-times-fact
(((v*2)=(w=x2z) A 0<w)A(0<2))
— (v +ged(v, w)) = (z + ged (z, 2)))

—_ —
—_—

A

A

—~

THEOREM: quotient-ged-times-factl
(((v*2)=(w=x2z)) AN0<w)A(0<2))

— (v + ged (v, w)) = (z + ged (2, 2))) = t)
THEOREM: quotient-gcd-times-fact2
(((v*2)=(w=x2x) A0 <w)A(0<2))

— (v + ged(w, v)) = (z + ged (2, 2))) = t)
THEOREM: quotient-gcd-times-fact3
(((v*2)=(w=x2x) A 0<w)A(0<2))

— (v + ged (v, w)) = (z + ged (2, 7)) = t)

THEOREM: quotient-gcd-times-fact4
((v*z)=(w=*x2x) A0<w)A(0<2))
— (v + ged(w, v)) = (z + ged (2, 7)) = t)
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THEOREM: quotient-gcd-times-facth
((vxz)=(w=xz)) A0 <v)A(0<1z))
= (((v + ged (v, w)) = (z + ged (2, 2))) = t)

THEOREM: equal-times-gcd-bridgel

(b + ged (e, b)) = (d + ged (a, d)))

A ((c = ged(c, b)) = (a + ged (a, d))))
— (((a*b) =(cxd))=t)

THEOREM: numberp-if-integerp-and-not-negativep
(integerp (z) A (— negativep (z))) — (z € N)

THEOREM: negativep-if-integerp-and-not-numberp
(integerp (z) A (z ¢ N)) — negativep ()

EVENT: Enable numberp-if-integerp-and-not-negativep; name this event ‘numberp-
if-integerp-and-not-negativep-off’.

EVENT: Enable negativep-if-integerp-and-not-numberp; name this event ‘negativep-
if-integerp-and-not-numberp-off’.

THEOREM: requal-reduce-reduce-equal
requal (a, b) = (reduce (a) = reduce (b))

EVENT: Enable requal-reduce-reduce-equal; name this event ‘requal-reduce-
reduce-equal-off’.

THEOREM: commutativity-of-requal
requal (z, y) = requal (y, z)

THEOREM: requal-reducel
requal (reduce (z), y) = requal (z, y)

THEOREM: requal-reduce2
requal (z, reduce (y)) = requal (z, y)

THEOREM: reduce-reduce
reduce (reduce (z)) = reduce (z)

THEOREM: rplus-open-up
rplus (a, b)
= if rationalp (a)
then if rationalp (b)
then reduce (rational (iplus (itimes (numerator (a), denominator (b)),
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itimes (numerator (b), denominator (a))),
itimes (denominator (a), denominator ())))
else reduce (fix-rational (a)) endif
else reduce (fix-rational (b)) endif

EVENT: Enable rplus-open-up; name this event ‘rplus-open-up-off’.
THEOREM: commutativity-of-rplus
rplus (z, y) = rplus (y, z)

THEOREM: rplus-requal-argl
requal (a, b) — requal (rplus (a, z), rplus (b, x))

EVENT: Enable rplus-requal-argl; name this event ‘rplus-requal-argl-off’.
THEOREM: requal-x-x
requal (z, z)

THEOREM: rplus-reduce-argl
requal (rplus (reduce (z), y), rplus(z, y))

THEOREM: rplus-reduce-arg?2
requal (rplus (z, reduce (y)), rplus (z, y))

THEOREM: requal-simple-rplus-reduce-argl
requal (simple-rplus (reduce (z), y), simple-rplus (z, y))

THEOREM: requal-simple-rplus-reduce-arg2
requal (simple-rplus (z, reduce (y)), simple-rplus (z, y))

THEOREM: reduce-nrationalp
(= rationalp (z)) — (reduce (z) = rational (0, 1))

THEOREM: numberp-numerator-reduce
(numerator (reduce (z)) € N) = (numerator (fix-rational (z)) € N)

THEOREM: negativep-ineg
negativep (ineg (z)) = (0 < z)

THEOREM: numberp-ineg
(ineg (z) € N) = (0 £ z)

THEOREM: rational-ineg-numerator-reduce-bridge
rational (ineg (numerator (reduce (z))), denominator (reduce (x)))
= reduce (rational (ineg (numerator (z)), denominator (z)))

62



THEOREM: reduce-0
reduce (rational (0, z)) = rational (0, 1)

THEOREM: simple-rneg-reduce
simple-rneg (reduce (z)) = reduce (simple-rneg (z))

THEOREM: rneg-reduce
rneg (reduce (z)) = rneg (z)

THEOREM: simple-rneg-simple-rneg
requal (simple-rneg (simple-rneg (z)), z)

THEOREM: requal-rneg-rneg
requal (rneg (rneg (z)), z)

THEOREM: rneg-rneg
rneg (rneg (z)) = reduce (z)

THEOREM: rationalp-means
rationalp ()
—  (rational-formp ()
A integerp (numerator (z))
A (0 < denominator (z)))

THEOREM: means-rationalp
(integerp (n) A (0 < d)) — rationalp (rational (n, d))

THEOREM: nrational-rplus-argl
(= rationalp (z)) — (rplus (z, y) = reduce (y))

THEOREM: nrational-rplus-arg2
(= rationalp (z)) — (rplus (y, ) = reduce (y))

THEOREM: nrational-simple-rplus-argl
(= rationalp (2)) — (simple-rplus (z, y) = fix-rational (y))

THEOREM: nrational-simple-rplus-arg?2
(= rationalp (z)) — (simple-rplus (y, z) = fix-rational (y))

THEOREM: simple-rplus-fix-rational-argl
simple-rplus (fix-rational (z), y) = simple-rplus (z, y)

THEOREM: simple-rplus-fix-rational-arg2
simple-rplus (z, fix-rational (y)) = simple-rplus (z, y)

THEOREM: fix-rational-of-rationalp
rationalp (z) — (fix-rational (z) = z)
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THEOREM: negative-guts-ineg
negative-guts (ineg (z))
= if 0 < z then z

else 0 endif

THEOREM: rationalp-simple-rplus
rationalp (simple-rplus (z, y))

THEOREM: fix-rational-simple-rplus
fix-rational (simple-rplus (z, y)) = simple-rplus (z, y)

THEOREM: requal-associativity-of-simple-rplus
requal (simple-rplus (simple-rplus (z, y), z), simple-rplus (z, simple-rplus (y, 2)))

THEOREM: equal-times-bridgel
(((ax b) = (cx d)) A((axz)=(c*y))A(az0)
— ((bxy)=(dxxz))=1t)

THEOREM: equal-times-bridge2
(((a % b) = (cxd)) A((axz)=(cxy)) A(a?0)
— (((y*b)=(dx*z))=t)

THEOREM: equal-times-bridge3
(((a % b) = (cxd)) A ((axz)=(cxy)) A(a?0)
= (((bxy) =(zxd))=t)

THEOREM: equal-times-bridged
(((a % b) = (cxd)) A ((axz)=(cxy)) A(a?0))
— (((y xb) = (z % d)) =t)

THEOREM: transitivity-of-requal-bridge
(requal (@, b) A requal (b, ¢)) — requal (a, ¢)

EVENT: Enable transitivity-of-requal-bridge; name this event ‘transitivity-of-
requal-bridge-off’.

THEOREM: transitivity-of-requal

((requal (a, b) A requal (b, ¢)) — requal (a, ¢))

A ((requal (a, b) A requal (¢, b)) — requal (a, c))
A ((requal (b, a) A requal (b, ¢)) — requal (a, c))
A ((requal (b, a) A requal (¢, b)) — requal (a, ¢))

THEOREM: equal-requal-rewrite

(requal (b, ¢) — (requal (a, b) = requal (a, ¢)))

A (requal (b, ¢) — (requal (a, b) = requal (¢, a)))
A (requal (b, ¢) — (requal (b, a) = requal (¢, a)))
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EVENT: Enable equal-requal-rewrite; name this event ‘equal-requal-rewrite-off’.

THEOREM: requal-simple-rplus-bridge

(requal (simple-rplus (reduce (z), y), z) = requal (simple-rplus (z, y), 2))

A (requal (simple-rplus (z, reduce (y)), z) = requal (simple-rplus (z, y), 2))
A (requal (z, simple-rplus (reduce (z), y)) = requal (z, simple-rplus (z, y)))
A (requal (z, simple-rplus (z, reduce (y))) = requal (z, simple-rplus (z, y)))

THEOREM: requal-associativity-of-rplus
requal (rplus (rplus (z, y), 2), rplus (z, rplus(y, 2)))

THEOREM: associativity-of-rplus
rplus (rplus (z, y), z) = rplus (z, rplus (y, 2))

THEOREM: commutativity2-of-rplus
rplus (z, rplus (y, 2)) = rplus (y, rplus (z, 2))

THEOREM: rplus-rdifference-argl
rplus (rdifference (z, y), z) = rdifference (rplus (z, 2), y)

THEOREM: rplus-rdifference-arg?2
rplus (z, rdifference (y, z)) = rdifference (rplus (z, y), z)

THEOREM: reduce-rplus
reduce (rplus (z, y)) = rplus (z, y)

THEOREM: reduce-rtimes
reduce (rtimes (z, y)) = rtimes (z, y)

THEOREM: reduce-difference
reduce (rdifference (z, y)) = rdifference (z, y)

THEOREM: reduce-rquotient
reduce (rquotient (z, y)) = rquotient (z, y)

THEOREM: reduce-rmagnitude
reduce (rmagnitude (z)) = rmagnitude (z)

THEOREM: reduce-rneg
reduce (rneg (z)) = rneg ()

THEOREM: rplus-reduce-argl-rewrite
rplus (reduce (z), y) = rplus (z, y)

THEOREM: rplus-reduce-arg2-rewrite
rplus (z, reduce (y)) = rplus (z, y)
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THEOREM: requal-rneg-simple-rplus
requal (simple-rplus (simple-rneg (z), simple-rneg (y)),
simple-rneg (simple-rplus (z, y)))

THEOREM: requal-rplus-rneg
requal (rneg (rplus (z, y)), rplus (rneg (z), rneg (v)))

THEOREM: rneg-rplus
rneg (rplus (z, y)) = rplus (rneg (z), rneg (y))

THEOREM: rdifference-rdifference-argl
rdifference (rdifference (z, y), z) = rdifference (z, rplus (y, 2))

THEOREM: rdifference-rdifference-arg2
rdifference (z, rdifference (y, z)) = rdifference (rplus (z, 2), y)

THEOREM: rplus-rneg-argl
rplus (rneg (z), y) = rdifference (y, z)

THEOREM: rplus-rneg-arg2
rplus (z, rneg (y)) = rdifference (z, y)

THEOREM: commutativity-of-simple-rtimes
simple-rtimes (z, y) = simple-rtimes (y, z)

THEOREM: commutativity-of-rtimes
rtimes (z, y) = rtimes (y, z)

THEOREM: simple-rtimes-rzerop
rzerop (z)
—  ((numerator (simple-rtimes (z, y)) = 0)
A (numerator (simple-rtimes (y, z)) = 0))

THEOREM: associativity-of-simple-rtimes-when-not-rzerop

((= rzerop (z)) A (= rzerop (y)) A (= rzerop (2)))

— requal (simple-rtimes (simple-rtimes (z, y), 2),
simple-rtimes (z, simple-rtimes (y, 2)))

THEOREM: numerator-zero-rzerop-bridge
(numerator (z) = 0) — rzerop (z)

THEOREM: associativity-of-simple-rtimes

requal (simple-rtimes (simple-rtimes (z, y), 2),
simple-rtimes (z, simple-rtimes (y, z)))

THEOREM: requal-simple-rtimes-requal-argl

requal (z, y) — requal (simple-rtimes (z, z), simple-rtimes (y, z))
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THEOREM: requal-simple-rtimes-requal-arg?2
requal (z, y) — requal (simple-rtimes (z, x), simple-rtimes (z, y))

THEOREM: requal-simple-rtimes-reduce-argl
requal (simple-rtimes (reduce (), y), simple-rtimes (z, y))

THEOREM: requal-simple-rtimes-reduce-arg?2
requal (simple-rtimes (z, reduce (y)), simple-rtimes (z, y))

THEOREM: requal-simple-rtimes-bridge

(requal (simple-rtimes (reduce (z), y), z) = requal (simple-rtimes (z, y),

z)
Y))

A (requal (simple-rtimes (z, reduce (y)),
= requal (simple-rtimes (z, y), 2))

A (requal (z, simple-rtimes (reduce (),
= requal (z, simple-rtimes (z, y)))

A (requal (z, simple-rtimes (z, reduce (y)))
= requal (z, simple-rtimes (z, y)))

)
)
)
)

THEOREM: requal-associativity-of-rtimes
requal (rtimes (rtimes (z, y), z), rtimes (z, rtimes (y, 2)))

THEOREM: associativity-of-rtimes
rtimes (rtimes (z, y), z) = rtimes (z, rtimes (y, 2))

THEOREM: simple-rplus-rzerop

rzerop () — (requal (simple-rplus (z, y), y) A requal (simple-rplus (y,

THEOREM: numerator-type
(numerator (z) € N) V negativep (numerator (z))

THEOREM: rationalp-simple-rtimes
rationalp (simple-rtimes (z, y))

THEOREM: fix-rational-simple-rtimes
fix-rational (simple-rtimes (z, y)) = simple-rtimes (z, y)

THEOREM: requal-simple-rtimes-simple-rplus-when-not-rzerop
((= rzerop (z)) A (— rzerop (y)) A (= rzerop (2)))
—  requal (simple-rtimes (simple-rplus (z, y), z),
simple-rplus (simple-rtimes (z, z), simple-rtimes (y, 2)))

THEOREM: requal-rzerop-simple-rplus
rzerop ()
—  (requal (simple-rplus (z, y), fix-rational (y))
A requal (simple-rplus (y, z), fix-rational (y)))
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THEOREM: commutativity-of-simple-rplus
simple-rplus (z, y) = simple-rplus (y, )

THEOREM: simple-rplus-bridge
(rzerop (x) V rzerop (y) V rzerop (2))
—  requal (simple-rtimes (simple-rplus (z, y), z),
simple-rplus (simple-rtimes (z, z), simple-rtimes (y, 2)))

THEOREM: requal-simple-rtimes-simple-rplus-argl
requal (simple-rtimes (simple-rplus (z, y), 2),

simple-rplus (simple-rtimes (z, z), simple-rtimes (y, z)))

THEOREM: requal-rtimes-rplus-bridge
requal (rtimes (rplus (z, y), z), rplus (rtimes (z, z), rtimes (y, 2)))

THEOREM: rtimes-rplus-argl
rtimes (rplus (z, y), z) = rplus (rtimes (z, 2), rtimes (y, 2))

THEOREM: rtimes-rplus-arg2
rtimes (z, rplus (y, z)) = rplus (rtimes (z, y), rtimes (z, 2))

THEOREM: requal-simple-rtimes-simple-rneg
requal (simple-rtimes (simple-rneg (z), ), simple-rneg (simple-rtimes (z, y)))

THEOREM: requal-rtimes-rneg
requal (rtimes (rneg (), y), rneg (rtimes (z, y)))

THEOREM: rtimes-rneg-argl
rtimes (rneg (z), y) = rneg (rtimes (z, y))

THEOREM: rtimes-rneg-arg2
rtimes (z, rneg (y)) = rneg (rtimes (z, y))

THEOREM: rtimes-rdifference-argl
rtimes (rdifference (z, y), z) = rdifference (rtimes (z, z), rtimes (y, 2))

THEOREM: rtimes-rdifference-arg2
rtimes (z, rdifference (y, z)) = rdifference (rtimes (z, y), rtimes (z, 2))

THEOREM: rneg-rdifference
rneg (rdifference (z, y)) = rdifference (y, z)

THEOREM: rdifference-rneg-arg?2
rdifference (z, rneg (y)) = rplus(z, y)
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EVENT: Enable rdifference-rneg-arg2; name this event ‘rdifference-rneg-arg2-
off’.

EVENT: Enable rneg-rdifference; name this event ‘rneg-rdifference-off’.

EVENT: Enable rtimes-rdifference-arg2; name this event ‘rtimes-rdifference-
arg2-off’.

EVENT: Enable rtimes-rdifference-argl; name this event ‘rtimes-rdifference-
argl-off’.

EVENT: Enable rtimes-rneg-arg2; name this event ‘rtimes-rneg-arg2-off’.

EVENT: Enable rtimes-rneg-argl; name this event ‘rtimes-rneg-argl-off’.

EVENT: Enable requal-rtimes-rneg; name this event ‘requal-rtimes-rneg-off’.

EVENT: Enable requal-simple-rtimes-simple-rneg; name this event ‘requal-simple-
rtimes-simple-rneg-off’.

EVENT: Enable rtimes-rplus-arg2; name this event ‘rtimes-rplus-arg2-off’.

EVENT: Enable rtimes-rplus-argl; name this event ‘rtimes-rplus-argl-off’.

EVENT: Enable requal-rtimes-rplus-bridge; name this event ‘requal-rtimes-rplus-
bridge-off’.

EVENT: Enable requal-simple-rtimes-simple-rplus-argl; name this event ‘requal-
simple-rtimes-simple-rplus-argl-off’.

EVENT: Enable simple-rplus-bridge; name this event ‘simple-rplus-bridge-off’.

EVENT: Enable commutativity-of-simple-rplus; name this event ‘commutativity-
of-simple-rplus-off’.

EVENT: Enable requal-rzerop-simple-rplus; name this event ‘requal-rzerop-simple-
rplus-off’.
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EVENT: Enable requal-simple-rtimes-simple-rplus-when-not-rzerop; name this
event ‘requal-simple-rtimes-simple-rplus-when-not-rzerop-off’.

EVENT: Enable fix-rational-simple-rtimes; name this event ‘fix-rational-simple-
rtimes-off’.

EVENT: Enable rationalp-simple-rtimes; name this event ‘rationalp-simple-rtimes-
off’.

EVENT: Enable numerator-type; name this event ‘numerator-type-oft’.

EVENT: Enable simple-rplus-rzerop; name this event ‘simple-rplus-rzerop-off’.

EVENT: Enable associativity-of-rtimes; name this event ‘associativity-of-rtimes-
off’.

EVENT: Enable requal-associativity-of-rtimes; name this event ‘requal-associativity-
of-rtimes-off’.

EVENT: Enable requal-simple-rtimes-bridge; name this event ‘requal-simple-
rtimes-bridge-off”’.

EVENT: Enable requal-simple-rtimes-reduce-arg2; name this event ‘requal-simple-
rtimes-reduce-arg2-off’.

EVENT: Enable requal-simple-rtimes-reduce-argl; name this event ‘requal-simple-
rtimes-reduce-argl-off’.

EVENT: Enable requal-simple-rtimes-requal-arg2; name this event ‘requal-simple-
rtimes-requal-arg2-off’.

EVENT: Enable requal-simple-rtimes-requal-argl; name this event ‘requal-simple-
rtimes-requal-argl-off’.

EVENT: Enable associativity-of-simple-rtimes; name this event ‘associativity-
of-simple-rtimes-off’.
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EVENT: Enable numerator-zero-rzerop-bridge; name this event ‘numerator-
zero-rzerop-bridge-off’.

EVENT: Enable associativity-of-simple-rtimes-when-not-rzerop; name this event
‘associativity-of-simple-rtimes-when-not-rzerop-off’.

EVENT: Enable simple-rtimes-rzerop; name this event ‘simple-rtimes-rzerop-
off’.

EVENT: Enable rzerop; name this event ‘rzerop-off’.

EVENT: Enable commutativity-of-rtimes; name this event ‘commutativity-of-
rtimes-off’.

EVENT: Enable commutativity-of-simple-rtimes; name this event ‘commutativity-
of-simple-rtimes-off’.

EVENT: Enable rplus-rneg-arg2; name this event ‘rplus-rneg-arg2-off’.

EVENT: Enable rplus-rneg-argl; name this event ‘rplus-rneg-argl-off’.

EVENT: Enable rdifference-rdifference-arg2; name this event ‘rdifference-rdifference-
arg2-off’.

EVENT: Enable rdifference-rdifference-argl; name this event ‘rdifference-rdifference-
argl-off’.

EVENT: Enable rneg-rplus; name this event ‘rneg-rplus-off’.

EVENT: Enable requal-rplus-rneg; name this event ‘requal-rplus-rneg-off’.

EVENT: Enable requal-rneg-simple-rplus; name this event ‘requal-rneg-simple-
rplus-off’.

EVENT: Enable rplus-reduce-arg2-rewrite; name this event ‘rplus-reduce-arg2-
rewrite-off’.
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EVENT: Enable rplus-reduce-argl-rewrite; name this event ‘rplus-reduce-argl-
rewrite-off’.

EVENT: Enable reduce-rneg; name this event ‘reduce-rneg-off’.

EVENT: Enable reduce-rmagnitude; name this event ‘reduce-rmagnitude-off’.

EVENT: Enable reduce-rquotient; name this event ‘reduce-rquotient-off’.

EVENT: Enable reduce-difference; name this event ‘reduce-difference-off’.

EVENT: Enable reduce-rtimes; name this event ‘reduce-rtimes-off’.

EVENT: Enable reduce-rplus; name this event ‘reduce-rplus-off’.

EVENT: Enable rplus-rdifference-arg2; name this event ‘rplus-rdifference-arg2-
off’.

EVENT: Enable rplus-rdifference-argl; name this event ‘rplus-rdifference-argl-
off’.

EVENT: Enable commutativity2-of-rplus; name this event ‘commutativity2-of-
rplus-off’.

EVENT: Enable associativity-of-rplus; name this event ‘associativity-of-rplus-
off’.

EVENT: Enable requal-associativity-of-rplus; name this event ‘requal-associativity-
of-rplus-off’.

EVENT: Enable requal-simple-rplus-bridge; name this event ‘requal-simple-rplus-
bridge-off’.

EVENT: Enable equal-requal-rewrite; name this event ‘equal-requal-rewrite-
off1’.

EVENT: Enable transitivity-of-requal; name this event ‘transitivity-of-requal-
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off’.

EVENT: Enable transitivity-of-requal-bridge; name this event ‘transitivity-of-
requal-bridge-off1’.

EVENT: Enable equal-times-bridge4; name this event ‘equal-times-bridge4-off’.

EVENT: Enable equal-times-bridge3; name this event ‘equal-times-bridge3-off’.

EVENT: Enable equal-times-bridge2; name this event ‘equal-times-bridge2-off’.

EVENT: Enable equal-times-bridgel; name this event ‘equal-times-bridgel-off’.

EVENT: Enable requal-associativity-of-simple-rplus; name this event ‘requal-
associativity-of-simple-rplus-off’.

EVENT: Enable fix-rational-simple-rplus; name this event ‘fix-rational-simple-
rplus-off’.

EVENT: Enable rationalp-simple-rplus; name this event ‘rationalp-simple-rplus-
off’.

EVENT: Enable negative-guts-ineg; name this event ‘negative-guts-ineg-off’.

EVENT: Enable fix-rational-of-rationalp; name this event ‘fix-rational-of-rationalp-
off’.

EVENT: Enable simple-rplus-fix-rational-arg2; name this event ‘simple-rplus-
fix-rational-arg2-oft’.

EVENT: Enable simple-rplus-fix-rational-argl; name this event ‘simple-rplus-
fix-rational-argl-off’.

EVENT: Enable nrational-simple-rplus-arg2; name this event ‘nrational-simple-
rplus-arg2-off’.

EVENT: Enable nrational-simple-rplus-argl; name this event ‘nrational-simple-

73



rplus-argl-off’.

EVENT: Enable nrational-rplus-arg2; name this event ‘nrational-rplus-arg2-off’.

EVENT: Enable nrational-rplus-argl; name this event ‘nrational-rplus-argl-off’.

EVENT: Enable means-rationalp; name this event ‘means-rationalp-off’.

EVENT: Enable rationalp-means; name this event ‘rationalp-means-off’.

EVENT: Enable rneg-rneg; name this event ‘rneg-rneg-off’.

EVENT: Enable requal-rneg-rneg; name this event ‘requal-rneg-rneg-oft’.

EVENT: Enable simple-rneg-simple-rneg; name this event ‘simple-rneg-simple-
rneg-off’.

EVENT: Enable rneg-reduce; name this event ‘rneg-reduce-off’.

EVENT: Enable simple-rneg-reduce; name this event ‘simple-rneg-reduce-off’.

EVENT: Enable reduce-0; name this event ‘reduce-0-off’.

EVENT: Enable rational-ineg-numerator-reduce-bridge; name this event ‘rational-
ineg-numerator-reduce-bridge-off’.

EVENT: Enable numberp-ineg; name this event ‘numberp-ineg-off’.

EVENT: Enable negativep-ineg; name this event ‘negativep-ineg-off’.

EVENT: Enable numberp-numerator-reduce; name this event ‘numberp-numerator-
reduce-off’.

EVENT: Enable reduce-nrationalp; name this event ‘reduce-nrationalp-off’.

EVENT: Enable requal-simple-rplus-reduce-arg2; name this event ‘requal-simple-
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rplus-reduce-arg2-off’.

EVENT: Enable requal-simple-rplus-reduce-argl; name this event ‘requal-simple-
rplus-reduce-argl-off’.

EVENT: Enable rplus-reduce-arg2; name this event ‘rplus-reduce-arg2-off’.

EVENT: Enable rplus-reduce-argl; name this event ‘rplus-reduce-argl-off’.

EVENT: Enable requal-x-x; name this event ‘requal-x-x-off’.

EVENT: Enable rplus-requal-argl; name this event ‘rplus-requal-argl-off1’.

EVENT: Enable commutativity-of-rplus; name this event ‘commutativity-of-
rplus-off’.

EVENT: Enable rplus-open-up; name this event ‘rplus-open-up-off1’.

EVENT: Enable reduce-reduce; name this event ‘reduce-reduce-off’.

EVENT: Enable requal-reduce2; name this event ‘requal-reduce2-off’.

EVENT: Enable requal-reducel; name this event ‘requal-reducel-off’.

EVENT: Enable commutativity-of-requal; name this event ‘commutativity-of-
requal-off’.

EVENT: Enable requal-reduce-reduce-equal; name this event ‘requal-reduce-
reduce-equal-off1’.

EVENT: Enable negativep-if-integerp-and-not-numberp; name this event ‘negativep-
if-integerp-and-not-numberp-off1’.

EVENT: Enable numberp-if-integerp-and-not-negativep; name this event ‘numberp-
if-integerp-and-not-negativep-off1’.
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EVENT: Enable equal-times-gcd-bridgel; name this event ‘equal-times-gcd-bridgel-
off’.

EVENT: Enable quotient-gcd-times-facth; name this event ‘quotient-ged-times-
fact5-off’.

EVENT: Enable quotient-gcd-times-fact4; name this event ‘quotient-gcd-times-
factd-off’.

EVENT: Enable quotient-ged-times-fact3; name this event ‘quotient-ged-times-
fact3-off’.

EVENT: Enable quotient-ged-times-fact2; name this event ‘quotient-ged-times-
fact2-off’.

EVENT: Enable quotient-gcd-times-fact1l; name this event ‘quotient-gcd-times-
fact1-off’.

EVENT: Enable quotient-gcd-times-fact; name this event ‘quotient-gcd-times-
fact-off’.

EVENT: Enable equal-times-times-quotient-arg2; name this event ‘equal-times-
times-quotient-arg2-off’.

EVENT: Enable times-gcd-fact; name this event ‘times-gcd-fact-off’.

EVENT: Enable gcd-remainder-times-fact1-proof; name this event ‘ged-remainder-
times-fact1-proof-off’.

EVENT: Enable divides-product-reduction; name this event ‘divides-product-
reduction-off’.

EVENT: Enable remainder-0-sufficiency; name this event ‘remainder-0-sufficiency-
off1’.

EVENT: Enable dpr-hack5; name this event ‘dpr-hack5-off1’.
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EVENT: Enable dpr-hack4; name this event ‘dpr-hack4-off1’.

EVENT: Enable dpr-hack3; name this event ‘dpr-hack3-off1’.

EVENT: Enable dpr-hack2; name this event ‘dpr-hack2-off1’.

EVENT: Enable dpr-hackl; name this event ‘dpr-hackl-off1’.

EVENT: Enable gcd-factors-gives-linear-combination-rewrite; name this event
‘ged-factors-gives-linear-combination-rewrite-off1’.

EVENT: Enable gcd-factors-gives-linear-combination; name this event ‘ged-factors-
gives-linear-combination-off1’.

EVENT: Enable gcd-factors; name this event ‘ged-factors-off1’.

EVENT: Enable divides-each-equality; name this event ‘divides-each-equality-
off’.

EVENT: Enable ged-quotient-quotient; name this event ‘ged-quotient-quotient-
off’.

EVENT: Enable gcd-times2; name this event ‘ged-times2-off’.

EVENT: Enable gcd-timesl; name this event ‘ged-timesl-off’.

EVENT: Enable gcd-timesl-induct; name this event ‘ged-timesl-induct-off’.

EVENT: Enable gcd-remainder-fact2; name this event ‘ged-remainder-fact2-off’.

EVENT: Enable gcd-remainder-factl; name this event ‘ged-remainder-fact1-off’.

EVENT: Enable rational-generalization; name this event ‘rational-generalization-
off”.

EVENT: Enable fix-rational-rmagnitude; name this event ‘fix-rational-rmagnitude-

7



off’.

EVENT:

off’.

EVENT:

off’.

EVENT:

EVENT:

EVENT:

off’.

EVENT:

EVENT:

EVENT:

off’.

EVENT:

EVENT:

EVENT:

EVENT:

EVENT:

off’.

EVENT:

EVENT:

Enable fix-rational-rquotient; name this event ‘fix-rational-rquotient-

Enable fix-rational-rdifference; name this event ‘fix-rational-rdifference-

Enable fix-rational-rneg; name this event ‘fix-rational-rneg-off’.

Enable fix-rational-rtimes; name this event ‘fix-rational-rtimes-off’.

Enable fix-rational-fix-rational; name this event ‘fix-rational-fix-rational-

Enable fix-rational-rplus; name this event ‘fix-rational-rplus-off’.

Enable fix-rational-reduce; name this event ‘fix-rational-reduce-off’.

Enable rationalp-rmagnitude; name this event ‘rationalp-rmagnitude-

Enable rationalp-rquotient; name this event ‘rationalp-rquotient-off’.

Enable rationalp-rdifference; name this event ‘rationalp-rdifference-off’.

Enable rationalp-rneg; name this event ‘rationalp-rneg-off’.

Enable rationalp-rtimes; name this event ‘rationalp-rtimes-oft’.

Enable rationalp-fix-rational; name this event ‘rationalp-fix-rational-

Enable rationalp-rplus; name this event ‘rationalp-rplus-off’.

Enable rationalp-reduce; name this event ‘rationalp-reduce-off’.
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EVENT:

EVENT:

EVENT:

EVENT:

off’.

EVENT:

off’.

EVENT

EVENT

Enable iplus-is-plus; name this event ‘iplus-is-plus-off’.

Enable itimes-is-times; name this event ‘itimes-is-times-off’.

Enable equal-ineg-ineg; name this event ‘equal-ineg-ineg-off’.

Enable itimes-negativep-arg2; name this event ‘itimes-negativep-arg2-

Enable itimes-negativep-argl; name this event ‘itimes-negativep-argl-

: Enable integerp-if-numberp; name this event ‘integerp-if-numberp-off’.

: Enable integerp-if-negativep-non-zero; name this event ‘integerp-if-

negativep-non-zero-off’.

EVENT

EVENT:

EVENT:

EVENT:

EVENT:

EVENT:

EVENT:

EVENT:

EVENT:

EVENT:

: Enable itimes-ineg-arg2; name this event ‘itimes-ineg-arg2-off’.

Enable itimes-ineg-argl; name this event ‘itimes-ineg-argl-off’.

Enable fix-int-on-integers; name this event ‘fix-int-on-integers-off’.

Enable integerp-minus; name this event ‘integerp-minus-off’.

Enable requal; name this event ‘requal-off’.

Enable rlessp; name this event ‘rlessp-oft’.

Enable rmagnitude; name this event ‘rmagnitude-off’.

Enable simple-rmagnitude; name this event ‘simple-rmagnitude-off’.

Enable rquotient; name this event ‘rquotient-off’.

Enable rtimes; name this event ‘rtimes-off’.
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EVENT: Enable simple-rtimes; name this event ‘simple-rtimes-off’.
EVENT: Enable rdifference; name this event ‘rdifference-off’.
EVENT: Enable rneg; name this event ‘rneg-off’.

EVENT: Enable simple-rneg; name this event ‘simple-rneg-off’.
EVENT: Enable rplus; name this event ‘rplus-off’.

EVENT: Enable simple-rplus; name this event ‘simple-rplus-off’.
EVENT: Enable reduce; name this event ‘reduce-off’.

EVENT: Enable fix-rational; name this event ‘fix-rational-off’.
EVENT: Enable rationalp; name this event ‘rationalp-off’.

EVENT: Let us define the theory r1 to consist of the following events: rdifference-
rneg-arg2, rneg-rdifference, rtimes-rdifference-arg2, rtimes-rdifference-argl, rtimes-
rneg-arg2, rtimes-rneg-argl, rtimes-rplus-arg2, rtimes-rplus-argl, associativity-
of-rtimes, rzerop, commutativity-of-rtimes, rplus-rneg-arg2, rplus-rneg-argl, rdifference-
rdifference-arg2, rdifference-rdifference-argl, rneg-rplus, rplus-reduce-arg2-rewrite,
rplus-reduce-argl-rewrite, reduce-rneg, reduce-rmagnitude, reduce-rquotient, reduce-
difference, reduce-rtimes, reduce-rplus, rplus-rdifference-arg2, rplus-rdifference-

argl, commutativity2-of-rplus, associativity-of-rplus, equal-requal-rewrite, transitivity-
of-requal, fix-rational-of-rationalp, nrational-rplus-arg2, nrational-rplus-argl, rationalp-
means, means-rationalp, rneg-rneg, rneg-reduce, reduce-0, numberp-numerator-
reduce, reduce-nrationalp, rplus-reduce-arg2, rplus-reduce-argl, requal-x-x, rplus-
requal-argl, commutativity-of-rplus, reduce-reduce, requal-reduce2, requal-reducel,
commutativity-of-requal, rational-generalization, fix-rational-rmagnitude, fix-
rational-rquotient, fix-rational-rdifference, fix-rational-rneg, fix-rational-rtimes,
fix-rational-fix-rational, fix-rational-rplus, fix-rational-reduce, rationalp-rmagnitude,
rationalp-rquotient, rationalp-rdifference, rationalp-rneg, rationalp-rtimes, rationalp-
fix-rational, rationalp-rplus, rationalp-reduce.

DEFINITION:
rplus-tree ()
= if £ ~ nil then ’(rational ’0 ’1)
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elseif cdr (z) ~ nil then list (’reduce, car(z))
elseif cddr (z) ~ nil then list (’rplus, car (z), cadr (z))
else list (’rplus, car (z), rplus-tree (cdr (z))) endif

DEFINITION:

rplus-fringe (z)

= if listp (z) A (car (z) = ’rplus)
then append (rplus-fringe (cadr (z)), rplus-fringe (caddr (z)))
else list (z) endif

DEFINITION:
split-by-parity (z)
= if listp (z)
then if (caar (z) = ’rneg)
A (caadar (z) # ’rneg)
A (cddar (z) = nil)
then cons (car (split-by-parity (cdr (z))),
cons (cadar (z), cdr (split-by-parity (cdr (2)))))
else cons (cons (car (z), car (split-by-parity (cdr (z)))),
cdr (split-by-parity (cdr (z)))) endif
else ’ (nil) endif

DEFINITION:

make-negs (z)

= if listp (z) then couns (list (’rneg, car (z)), make-negs (cdr (z)))
else nil endif

THEOREM: rplus-rzerop-bridge

((v£0) A (z €N))

—  (reduce (rational (v * z, v * w)) = reduce (rational (z, w)))

THEOREM: rplus-rzerop-bridge2
(v #0)
—  (reduce (rational (— (d * v), v * w))
= reduce (rational (— d, w)))
THEOREM: rplus-rzerop
rzerop () — ((rplus (z, y) = reduce (y)) A (rplus (y, ) = reduce (y)))

THEOREM: eval$-rplus

(car (z) = ’rplus)

—  (eval$ (t, z, a) = rplus (eval$ (t, cadr (z), a), eval$ (t, caddr (z), a)))
THEOREM: eval$-reduce

(car (z) = reduce) — (eval$ (t, z, a) = reduce (eval$ (t, cadr (z), a)))
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THEOREM: reduce-eval$-rplus-tree
reduce (eval$ (t, rplus-tree (y), a)) = eval$ (t, rplus-tree (y), a)

THEOREM: rplus-eval$-rplus-tree
eval$ (t, rplus-tree (append (z, y)), a)
= rplus (eval$ (t, rplus-tree (z), a), eval$ (t, rplus-tree (y), a))

THEOREM: member-append
(a € append (z, y)) = ((a € ) V (a € y))

THEOREM: delete-append

delete (z, append (a, b))

= if € a then append (delete (z, a), b)
else append (a, delete (z, b)) endif

THEOREM: member-subbagp
((a € z) A subbagp (z, y)) — (a € y)

DEFINITION:
badguy (z, y)
= if listp (z)
then if car (z) € y then badguy (cdr (z), delete (car (z), y))
else car (z) endif
else 0 endif

THEOREM: member-occur
(a € z) = (0 < occurrences (a, ))

THEOREM: occurrences-delete2

occurrences (a, delete (b, x))

= if a = b then occurrences (a, z) — 1
else occurrences (a, z) endif

THEOREM: subbagp-wit-lemma
subbagp (7, y)
= (occurrences (badguy (z, y), y) £ occurrences (badguy (z, y), x))

THEOREM: occurrences-append
occurrences (a, append (z, y)) = (occurrences (a, ) + occurrences (a, y))

THEOREM: subbagp-append
subbagp (append (z, y), append (y, z))

EVENT: Enable member-occur; name this event ‘member-occur-off’.

EVENT: Enable subbagp-wit-lemma; name this event ‘subbagp-wit-lemma-off’.
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THEOREM: subbagp-delete-same
subbagp (z, y) — subbagp (delete (a, z), delete (a, y))

THEOREM: subbagp-delete-same-means
((a € y) A subbagp (delete (a, ), delete (a, y))) — subbagp (z, y)

THEOREM: subbagp-delete-car
subbagp (z, y) — subbagp (delete (car (y), z), cdr (y))

THEOREM: subbagp-delete-car2
subbagp (z, y) — subbagp (cdr (z), delete (car (z), y))

THEOREM: subbagp-permutation
(subbagp (z, y) A subbagp (y, 2)) — permutation (z, y)

THEOREM: permutation-a-b
permutation (append (a, b), append (b, a))

THEOREM: not-subbagp-not-permutation
(- subbagp (z, y)) — ((— permutation (z, y)) A (- permutation (y, z)))

THEOREM: permutation-as-subbagp-helper
permutation (z, y) < (subbagp (z, y) A subbagp (y, x))

THEOREM: permutation-as-subbagp
permutation (z, y) = (subbagp (z, y) A subbagp (y, z))

EVENT: Enable permutation-as-subbagp-helper; name this event ‘permutation-

as-subbagp-helper-off’.

EVENT: Enable permutation-as-subbagp; name this event ‘permutation-as-subbagp-
off’.

THEOREM: subbagp-necc
subbagp (z, y) — (occurrences (a, y) £ occurrences (a, x))

THEOREM: subbagp-transitive
(subbagp (z, y) A subbagp (y, z)) — subbagp (z, 2)

THEOREM: not-member-make-negs-fact
(z & y) — (delete (list (’rneg, z), make-negs (y)) = make-negs (y))

THEOREM: make-negs-delete
make-negs (delete (a, z)) = delete (list (’rneg, a), make-negs (z))
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THEOREM: make-negs-bagdiff
make-negs (bagdiff (z, y)) = bagdiff (make-negs (z), make-negs (y))

THEOREM: append-bagdiff-argl
subbagp (a, b) — (append (bagdiff (b, a), ¢) = bagdiff (append (b, ¢), a))

THEOREM: append-bagdiff-arg2
(bagint (a, ¢) = nil)
—  (append (¢, bagdiff (b, a)) = bagdiff (append (¢, b), a))

THEOREM: bagdiff-bagdiff
bagdiff (bagdiff (a, b), ¢) = bagdiff (a, append (b, ¢))

THEOREM: member-rneg-make-negs
(list (’rneg, z) € make-negs (y)) = (z € y)

THEOREM: subbagp-make-negs
subbagp (make-negs (z), make-negs (y)) = subbagp (z, y)

THEOREM: rdifference-reduce
(rdifference (reduce (z), y) = rdifference (z, y))
A (rdifference (z, reduce (y)) = rdifference (z, y))

THEOREM: requal-simple-rplus-x-simple-rneg-x
requal (simple-rplus (z, simple-rneg (z)), rational (0, 1))

THEOREM: requal-rplus-x-simple-rneg-x
requal (rplus (z, simple-rneg (z)), rational (0, 1))

THEOREM: rplus-x-rneg-x
rplus (z, rneg (z)) = rational (0, 1)

THEOREM: rdifference-x-x
rdifference (z, z) = rational (0, 1)

THEOREM: rdifference-rplus-hack
rdifference (rplus (a, b), a) = reduce (b)

THEOREM: rdifference-rplus-hack2
rdifference (rplus (b, a), a) = reduce (b)

THEOREM: rplus-rdifference-hack
(rplus (a, rdifference (b, a)) = reduce (b))
A (rplus (rdifference (b, a), a) = reduce (b))

THEOREM: equal-difference-hackl
(a = rdifference (b, ¢)) — (rplus (¢, a) = reduce (b))
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THEOREM: equal-difference-hack2
(reduce (a) = rdifference (b, ¢)) — (rplus (¢, a) = reduce (b))

THEOREM: equal-difference-rewrite
(fix (b) = fix (d))
— (((a—b)=(c — )
= (((b£a)n(bLc)V(a=c))

THEOREM: equal-difference-rewrite2

(fix (a) = fix (c))

— (((a = b) =(c—d))

(((b £ a) A (d £ c)) Vv (fix(b) = fix(d))))

THEOREM: equal-times-bridged
(((b* a) = (cxd)) A ((z* a) = (c*y)) A (az#0)
= (((bxy) =(zxd)=t)

THEOREM: equal-plus-difference-rewrite
(fix (a) = fix(c))
— ((((a+b)=(c—d))=((b=0)A((a~0)V(d=~0))))

—~

A (b + a) = (¢ = d))

= ((b=0)A ((a~0)V(d=0))))
A (e = d) = (a + b))

= ((b~0)A ((a>~0)V(d=~0)))
A (e —d) = (b + a))

= ((b=0)A((a=0)V(d=0))

THEOREM: lessp-times-bridgel

(((c x v) < (x1 * 21))
A ((w=zl)=(c*d))

A (c#0)
A (d#£0)
= ((vxw) <(dx*z1))

THEOREM: equal-difference
((a=(a—1))=((aeN)A((a=0)V(bx>0))
A (((a=b)=a)=((a eN) A ((a~0)V(b=0))

THEOREM: requal-simple-rplus-x-x-rewrite
requal (simple-rplus (z, y), simple-rplus (z, z)) = requal (y, 2)

THEOREM: equal-rplus-x-x-rewrite
(rplus (z, y) = rplus (z, z)) = (reduce (y) = reduce (z))

THEOREM: equal-rplus-rdifference-hack
(rplus (z, y) = rdifference (rplus (z, z), v))
= (reduce (y) = rdifference (z, v))
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THEOREM: eval$-rplus-tree-delete

eval$ (t, rplus-tree (delete (m, z)), a)

= if m € z then rdifference (eval$ (t, rplus-tree (z), a), eval$ (t, m, a))
else eval$ (t, rplus-tree (z), a) endif

THEOREM: permutation-does-not-effect-rplus
permutation (z, y)
—  (eval$ (t, rplus-tree (z), a) = eval$ (t, rplus-tree (y), a))

THEOREM: eval$-rplus-tree-zero
eval$ (t, rplus-tree (append (make-negs (z), z)), a) = rational (0, 1)

THEOREM: cancel-zero-fact
(eval$ (t, rplus-tree (z), a) = rational (0, 1))
—  (eval$ (t, rplus-tree (append (z, 2)), a) = eval$ (t, rplus-tree (z), a))

THEOREM: member-car-x-x
(car (z) € z) = listp (z)

THEOREM: member-bagdiff-append
(e € bagdiff (append (z, 2), 2)) = (e € z)

THEOREM: permutation-transitive
(permutation (z, y) A permutation (y, z)) — permutation (z, 2)

DEFINITION:

last-cdr ()

= if listp (z) then last-cdr (cdr (z))
else z endif

THEOREM: bagdiff-x-x
bagdiff (z, z) = last-cdr ()

THEOREM: bagdiff-append-argl
bagdiff (append (z, z), z) = z

THEOREM: bagdiff-cons-z-z
bagdiff (cons (z, z), z) = cons (z, last-cdr (2))

THEOREM: bagdiff-not-listp
(= listp (z)) — (bagdiff (z, z) = z)

THEOREM: bagdiff-car-in

(listp (z) A (car (z) € z))
—  (bagdiff (z, z) = bagdiff (cdr (), delete (car (z), 2)))
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THEOREM: last-cdr-delete
last-cdr (delete (e, z)) = last-cdr (z)

THEOREM: member-subbagp2
(subbagp (z, y) A (e € z)) — (e € y)

THEOREM: member-subbagp-delete
(e € z) — (subbagp (z, delete (e, y)) = subbagp (z, y))

THEOREM: subbagp-bagdiff
subbagp (z, y) — subbagp (bagdiff (z, z), bagdiff (y, z))

THEOREM: permutation-bagdiff
permutation (z, y) — permutation (bagdiff (z, z), bagdiff (y, z))

THEOREM: permutation-append-argl-arg2-bridge
permutation (bagdiff (append (z, z), z), bagdiff (append (z, z), 2))

THEOREM: subbagp-transitive-bridge-helper
(subbagp (y, z) A subbagp (2, y))
—  (((subbagp (y, ) < subbagp (2, )) = t)

A ((subbagp (z, y) < subbagp (z, z)) = t))

THEOREM: subbagp-transitive-bridge
(subbagp (y, z) A subbagp (z, y))
—  (((subbagp (y, z) = subbagp (z, z)) = t)
A ((subbagp (z, y) = subbagp (z, 2)) = t))

THEOREM: equal-permutation
(permutation (y, z) — ((permutation (z, y) = permutation (z, z)) = t))
A (permutation (y, z) — ((permutation (y, ) = permutation (z, z)) = t))

THEOREM: permutation-bagdiff-append-helper
(permutation (bagdiff (append (2, z), ), y)
= permutation (bagdiff (append (z, 2), z), y))
A (permutation (y, bagdiff (append (z, z), z))
= permutation (y, bagdiff (append (z, 2), z)))

THEOREM: permutation-bagdiff-append
permutation (z, bagdiff (append (2, 2), 2))

THEOREM: cancel-zero-fact-bridge
(subbagp (z, z) A (eval$ (t, rplus-tree (z), a) = rational (0, 1)))
—  (eval$ (t, rplus-tree (bagdiff (z, 2)), a) = eval$ (t, rplus-tree (z), a))

THEOREM: rnegs-cancel-list
eval$ (t, rplus-tree (append (z, make-negs (z))), a) = rational (0, 1)
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THEOREM: subbagp-append-simplify1l
subbagp (a, z) — subbagp (a, append (z, y))

THEOREM: subbagp-permutation-equiv
(permutation (z, y) A subbagp (a, x)) — subbagp (a, y)

THEOREM: subbagp-append-simplify2
subbagp (a, z) — subbagp (a, append (y, z))

THEOREM: subbagp-append-bridge
(subbagp (z, b) A subbagp (y, a)) — subbagp (append (z, y), append (b, a))

THEOREM: subbagp-append-bridge2
(subbagp (z, b) A subbagp (y, a)) — subbagp (append (z, y), append (a, b))

THEOREM: cancelling-from-rplus

(subbagp (z, =) A subbagp (z, y) A (bagint (make-negs (z), ) = nil))

—  (eval$ (t, rplus-tree (append (bagdiff (z, z), make-negs (bagdiff (y, 2)))), a)
= eval$ (t, rplus-tree (append (z, make-negs (y))), a))

THEOREM: eval$-rplus-tree-rplus-fringe
(car (z) = ’rplus)
—  (eval$ (t, rplus-tree (rplus-fringe (2)), a) = eval$ (t, z, a))

THEOREM: subbagp-x-x
subbagp (z, )

THEOREM: rnegs-not-car-split-by-parity
((car (z) = ’rneg) A (caadr (z) # ’rneg) A (cddr (z) = nil))
—  (z ¢ car (split-by-parity (y)))

THEOREM: permutation-append-split-by-parity-bridge
permutation (append (car (split-by-parity (z)),
make-negs (cdr (split-by-parity (z)))),
7)

THEOREM: member-cdr-split-by-parity
(e € cdr (split-by-parity (z))) — (car (e) # ’rneg)

DEFINITION:
all-rnegs (z)
= if listp (z)
then (caar (z) = ’rneg)
A (caadar (z) # ’rneg)
A (cddar (z) = nil)
A all-rnegs (cdr (z))
else t endif
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THEOREM: all-rnegs-make-negs-bagint-fact
(all-rnegs (make-negs (bagint (z, w))) A (v € w))
— all-rnegs (make-negs (bagint (z, delete (v, w))))

THEOREM: all-rnegs-make-negs-bagint
all-rnegs (make-negs (bagint (car (split-by-parity (z)), cdr (split-by-parity (y)))))

THEOREM: bagint-all-rnegs-car-split-by-parity
all-rnegs (z) — (bagint (z, car (split-by-parity (y))) = nil)

THEOREM: bagint-make-negs-split-by-parity

bagint (make-negs (bagint (car (split-by-parity (y)), cdr (split-by-parity (y)))),
car (split-by-parity (y)))

= nil

THEOREM: commutativity2-of-rtimes
rtimes (x, rtimes (y, z)) = rtimes (y, rtimes (z, z))

EVENT: Enable eval$-rplus-tree-rplus-fringe; name this event ‘eval$-rplus-tree-
rplus-fringe-off’.

EVENT: Enable cancelling-from-rplus; name this event ‘cancelling-from-rplus-
off’.

EVENT: Enable rnegs-cancel-list; name this event ‘rnegs-cancel-list-off’.

EVENT: Enable cancel-zero-fact-bridge; name this event ‘cancel-zero-fact-bridge-
off’.

EVENT: Enable cancel-zero-fact; name this event ‘cancel-zero-fact-off’.
EVENT: Enable eval$-rplus-tree-zero; name this event ‘eval$-rplus-tree-zero-off’.

EVENT: Enable permutation-does-not-effect-rplus; name this event ‘permutation-
does-not-effect-rplus-off’.

EVENT: Enable eval$-rplus-tree-delete; name this event ‘eval$-rplus-tree-delete-
off’.

EVENT: Enable rplus-eval$-rplus-tree; name this event ‘rplus-eval$-rplus-tree-
off’.
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EVENT: Enable reduce-eval$-rplus-tree; name this event ‘reduce-eval$-rplus-
tree-off’.

EVENT: Enable bagint-make-negs-split-by-parity; name this event ‘bagint-make-
negs-split-by-parity-off’.

EVENT: Enable bagint-all-rnegs-car-split-by-parity; name this event ‘bagint-all-
rnegs-car-split-by-parity-off’.

EVENT: Enable all-rnegs-make-negs-bagint; name this event ‘all-rnegs-make-
negs-bagint-off’.

EVENT: Enable all-rnegs-make-negs-bagint-fact; name this event ‘all-rnegs-make-
negs-bagint-fact-off’.

EVENT: Enable member-cdr-split-by-parity; name this event ‘member-cdr-split-
by-parity-off’.

EVENT: Enable permutation-append-split-by-parity-bridge; name this event
‘permutation-append-split-by-parity-bridge-off’.

EVENT: Enable rnegs-not-car-split-by-parity; name this event ‘rnegs-not-car-
split-by-parity-off’.

EVENT: Enable subbagp-x-x; name this event ‘subbagp-x-x-oft’.

EVENT: Enable subbagp-append-bridge2; name this event ‘subbagp-append-
bridge2-off’.

EVENT: Enable subbagp-append-bridge; name this event ‘subbagp-append-
bridge-off’.

EVENT: Enable subbagp-append-simplify2; name this event ‘subbagp-append-
simplify2-off’.

EVENT: Enable subbagp-permutation-equiv; name this event ‘subbagp-permutation-
equiv-off’.
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EVENT: Enable subbagp-append-simplifyl; name this event ‘subbagp-append-
simplify1-off’.

EVENT: Enable permutation-bagdiff-append; name this event ‘permutation-
bagdiff-append-off’.

EVENT: Enable permutation-bagdiff-append-helper; name this event ‘permutation-
bagdiff-append-helper-off’.

EVENT: Enable equal-permutation; name this event ‘equal-permutation-off’.

EVENT: Enable subbagp-transitive-bridge; name this event ‘subbagp-transitive-
bridge-off’.

EVENT: Enable subbagp-transitive-bridge-helper; name this event ‘subbagp-
transitive-bridge-helper-off’.

EVENT: Enable permutation-append-argl-arg2-bridge; name this event ‘permutation-
append-argl-arg2-bridge-off’.

EVENT: Enable permutation-bagdiff; name this event ‘permutation-bagdiff-off’.

EVENT: Enable subbagp-bagdiff; name this event ‘subbagp-bagdiff-off’.

EVENT: Enable member-subbagp-delete; name this event ‘member-subbagp-
delete-off”.

EVENT: Enable member-subbagp2; name this event ‘member-subbagp2-off’.

EVENT: Enable last-cdr-delete; name this event ‘last-cdr-delete-off’.

EVENT: Enable bagdiff-car-in; name this event ‘bagdiff-car-in-off’.

EVENT: Enable bagdiff-not-listp; name this event ‘bagdiff-not-listp-off’.

EVENT: Enable bagdiff-cons-z-z; name this event ‘bagdiff-cons-z-z-off’.
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EVENT: Enable bagdiff-append-argl; name this event ‘bagdiff-append-argl-off’.

EVENT: Enable bagdiff-x-x; name this event ‘bagdiff-x-x-off’.

EVENT: Enable permutation-transitive; name this event ‘permutation-transitive-
off’.

EVENT: Enable member-bagdiff-append; name this event ‘member-bagdiff-append-
off’.

EVENT: Enable member-car-x-x; name this event ‘member-car-x-x-off’.

EVENT: Enable equal-rplus-rdifference-hack; name this event ‘equal-rplus-rdifference-
hack-off”’.

EVENT: Enable equal-rplus-x-x-rewrite; name this event ‘equal-rplus-x-x-rewrite-
off’.

EVENT: Enable requal-simple-rplus-x-x-rewrite; name this event ‘requal-simple-
rplus-x-x-rewrite-off’.

EVENT: Enable equal-difference; name this event ‘equal-difference-off’.

EVENT: Enable lessp-times-bridgel; name this event ‘lessp-times-bridgel-off’.

EVENT: Enable equal-plus-difference-rewrite; name this event ‘equal-plus-difference-
rewrite-off’.

EVENT: Enable equal-times-bridge5; name this event ‘equal-times-bridge5-off’.

EVENT: Enable equal-difference-rewrite2; name this event ‘equal-difference-
rewrite2-off’.

EVENT: Enable equal-difference-rewrite; name this event ‘equal-difference-rewrite-
off’.

EVENT: Enable equal-difference-hack2; name this event ‘equal-difference-hack2-
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off’.

EVENT: Enable equal-difference-hackl; name this event ‘equal-difference-hack1-
off’.

EVENT: Enable rplus-rdifference-hack; name this event ‘rplus-rdifference-hack-
off’.

EVENT: Enable rdifference-rplus-hack2; name this event ‘rdifference-rplus-hack2-
off’.

EVENT: Enable rdifference-rplus-hack; name this event ‘rdifference-rplus-hack-
off’.

EVENT: Enable rdifference-x-x; name this event ‘rdifference-x-x-off’.

EVENT: Enable rplus-x-rneg-x; name this event ‘rplus-x-rneg-x-off’.

EVENT: Enable requal-rplus-x-simple-rneg-x; name this event ‘requal-rplus-x-
simple-rneg-x-off’.

EVENT: Enable requal-simple-rplus-x-simple-rneg-x; name this event ‘requal-
simple-rplus-x-simple-rneg-x-off’.

EVENT: Enable rdifference-reduce; name this event ‘rdifference-reduce-off’.

EVENT: Enable subbagp-make-negs; name this event ‘subbagp-make-negs-off’.

EVENT: Enable member-rneg-make-negs; name this event ‘member-rneg-make-
negs-off’.

EVENT: Enable bagdiff-bagdiff; name this event ‘bagdiff-bagdiff-off’.

EVENT: Enable append-bagdiff-arg2; name this event ‘append-bagdiff-arg2-off’.

EVENT: Enable append-bagdiff-argl; name this event ‘append-bagdiff-argl-off’.
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EVENT: Enable make-negs-bagdiff; name this event ‘make-negs-bagdiff-off’.

EVENT: Enable make-negs-delete; name this event ‘make-negs-delete-off’.

EVENT: Enable not-member-make-negs-fact; name this event ‘not-member-
make-negs-fact-off’.

EVENT: Enable subbagp-transitive; name this event ‘subbagp-transitive-off’.

EVENT: Enable subbagp-necc; name this event ‘subbagp-necc-off’.

EVENT: Enable not-subbagp-not-permutation; name this event ‘not-subbagp-
not-permutation-off’.

EVENT: Enable permutation-a-b; name this event ‘permutation-a-b-off’.

EvVENT: Enable subbagp-permutation; name this event ‘subbagp-permutation-
off’.

EVENT: Enable subbagp-delete-car2; name this event ‘subbagp-delete-car2-off’.

EVENT: Enable subbagp-delete-car; name this event ‘subbagp-delete-car-off’.

EVENT: Enable subbagp-delete-same-means; name this event ‘subbagp-delete-
same-means-off’.

EVENT: Enable subbagp-delete-same; name this event ‘subbagp-delete-same-
off’.

EVENT: Enable subbagp-append; name this event ‘subbagp-append-off’.

EVENT: Enable occurrences-append; name this event ‘occurrences-append-oft’.

EVENT: Enable occurrences-delete2; name this event ‘occurrences-delete2-off’.

EVENT: Enable member-subbagp; name this event ‘member-subbagp-off’.
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EVENT: Enable delete-append; name this event ‘delete-append-off’.

EVENT: Enable member-append; name this event ‘member-append-off’.
EVENT: Enable eval$-reduce; name this event ‘eval$-reduce-off’.

EVENT: Enable eval$-rplus; name this event ‘eval$-rplus-off’.

EVENT: Enable rplus-rzerop; name this event ‘rplus-rzerop-off’.

EVENT: Enable rplus-rzerop-bridge2; name this event ‘rplus-rzerop-bridge2-oft’.
EVENT: Enable rplus-rzerop-bridge; name this event ‘rplus-rzerop-bridge-off’.

DEFINITION:
cancel-rplus (z)
= if car(z) = ’rplus
then if listp (bagint (car (split-by-parity (rplus-fringe (z))),
cdr (split-by-parity (rplus-fringe (z)))))
then rplus-tree (append (bagdiff (car (split-by-parity (rplus-fringe (z))),
bagint (car (split-by-parity (rplus-fringe (z))),
cdr (split-by-parity (rplus-fringe (z))))),
make-negs (bagdiff (cdr (split-by-parity (rplus-fringe ())),
bagint (car (split-by-parity (rplus-fringe (z))),
cdr (split-by-parity (rplus-fringe (z))))))))
else z endif
else z endif

THEOREM: correctness-of-cancel-rplus
eval$ (t, z, a) = eval$ (t, cancel-rplus (z), a)

EVENT: Enable correctness-of-cancel-rplus; name this event ‘correctness-of-
cancel-rplus-off’.

EVENT: Enable cancel-rplus; name this event ‘cancel-rplus-off’.

EVENT: Let us define the theory r2 to consist of the following events: rtimes-
rneg-arg2, rtimes-rneg-argl, rtimes-rplus-arg2, rtimes-rplus-argl, associativity-
of-rtimes, rzerop, commutativity-of-rtimes, rdifference-rdifference-arg2, rdifference-
rdifference-argl, rneg-rplus, rplus-reduce-arg2-rewrite, rplus-reduce-argl-rewrite,
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reduce-rneg, reduce-rmagnitude, reduce-rquotient, reduce-difference, reduce-rtimes,
reduce-rplus, commutativity2-of-rplus, associativity-of-rplus, equal-requal-rewrite,
transitivity-of-requal, fix-rational-of-rationalp, nrational-rplus-arg2, nrational-
rplus-argl, rationalp-means, means-rationalp, rneg-rneg, rneg-reduce, reduce-0,
numberp-numerator-reduce, reduce-nrationalp, rplus-reduce-arg2, rplus-reduce-
argl, requal-x-x, rplus-requal-argl, commutativity-of-rplus, reduce-reduce, requal-
reduce2, requal-reducel, commutativity-of-requal, rational-generalization, fix-
rational-rmagnitude, fix-rational-rquotient, fix-rational-rdifference, fix-rational-
rneg, fix-rational-rtimes, fix-rational-fix-rational, fix-rational-rplus, fix-rational-
reduce, rationalp-rmagnitude, rationalp-rquotient, rationalp-rdifference, rationalp-
rneg, rationalp-rtimes, rationalp-fix-rational, rationalp-rplus, rationalp-reduce,
commutativity2-of-rtimes, rdifference, correctness-of-cancel-rplus.

EVENT: Make the library "r2".
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