
Final Examination Solutions 
 
1. [10] For , how many subsets of size 7 from {  are there that either con-
tain both a  and a  or both a  and a (or all four)? 

7≥n

1
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There are   subsets of size 7 from { that contain both  and 

 since there are only 5 elements to choose from the remaining  Similarly 

there are   subsets of size 7 that contain both a  and a .  There are   

subsets that contain all four, therefore there are subsets that ei-

ther contain both  and  or both  and (or all four) 
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2. [10] Given , in how many ways can  identical balls be placed into 1≥≥ rn n r  distinct 
bins such that each bin contains at least one ball? (Hint: Consider dot diagrams.) 
 

Consider arrays of the form:  1        2       3      … r 
with  dots •  interspersed in such a manner that at least one dot follows each num-
ber and no dot precedes 1. The number dots correspond to the number of balls in 
each bin. Since one dot must follow each number in the array, it must look like 
   1•         2

n

•        3•       … r•  
The leading symbol pair “1• ” is fixed. There remain 1−r  symbol pairs (number fol-
lowed by dot) and rn  dots to be distributed in the (− 1)() −=−1 +− nrnr  posi-

tions. Thus, there are   positions for the dots.  
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3. a. [10] Using a combinatorial argument, prove that for and : 2≥n 2≥m
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Consider subsets of two elements from the union of disjoint subsets  and A B  with 

cardinalities  and , respectively. Since n m mnBA +=∪ )(# , there are  

subsets of size two.  Alternatively, consider that either one element comes from each 

of  and 
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A B , both from , or both from A B . These can be done in , and 

 ways, respectively, and the total is n . We conclude that 
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b. [10] Using a combinatorial argument, prove that for : n ≥ 1
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(Hint: Let A be a set of cardinality n. Consider pairs <B, a> where  and .) AB ⊆ BAa ~∈
 

Employing the notation from the hint, and considering the left side of the equation 
first, there are  choices for a  and then  subsets from the remaining  ele-
ments.  Alternatively, let  be the number of elements in { . The value of  

could range from 1 through n .  For a fixed value of , there are 


 ways to 

choose{ , and then k  choices from this for  (with the remaining chosen 

elements forming 
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equal .  
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4. a. [10] For consider strings of length using elements of { . Assume all such 
strings are equally likely.  What is the probability that a string has exactly two 3’s?  

,5≥n n }3,2,1

 
There are 3  equally likely strings of length using elements of { . However, if 

there are exactly two 3’s, then there are   ways to choose the positions for the 

two 3’s and two options for each of the other 

n n }3,2,1
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 positions yielding   pos-

sibilities.  The probability of such a string thus is . 
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    b. [5] What is the probability that such a string has exactly three 2’s given that it has ex-
actly two 3’s?  
 

There are   ways to chose the positions for the two 3’s,   ways to chose 

the positions for the three 2’s, and just one options for each of the other  posi-

tions yielding  possibilities.  The probability of having exactly three 2’s 

and exactly two 3’s is then , so the probability that such a string has 

exactly three 2’s given that it has exactly two 3’s is 
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5. [10] Using definition 2’ (and no cardinality theorems) prove that the set of all integral mul-
tiples of 17 (i.e., { is infinite.  }|17 Ζ∈kk
 

Let  and consider  defined by .  This does 
map  into  since if n is an integral multiple of 17 so is 2n.  Furthermore, it is 
one-to-one since for 

}|17{ Ζ∈= kkA
A A

AAf →: nnf 2)( =

ji ≠ , )()( jfif *2*2 ji =≠= . Lastly,  maps  into a 
proper subset of itself since for no integer n  is 

f A
172 =n  and yet 17 . Dy defini-

tion 2’,  is infinte. 
A∈

A
 
6. [10] Let }}1,0{:|{ →Ν= ffS

S
 (i.e., the set of functions mapping the natural numbers 

into {0,1}).  Is  finite, countably infinite, or uncountably infinite?  State then prove your 
assertion. 
 

S  is uncountably infinite.  Consider the mapping g  from [0, 1] into S defined in the 
following manner: for , express ]1,0[∈x x  in binary as …210. bbbx = (terminating in 
an infinite string of 1’s if there is an option between an infinite string of 0’s or an in-
finite string of 1’s). Define )(xgf =  as nbnf =)(  (thus for …011010.=x , 

 maps 0 to 0, 1 to 1, 2 to 1, 3 to 0, etc.). The function )(xg=f g  is one-to-one 
since for yx ≠ , the binary representation of x  must differ form that for  in some 
digit .  So with  and 

y
k …210 bbb.x = …21cc0.cy = , we have b kk c≠ . But then  

maps  to b  and  maps  to , so 
)(xg

k k )y(g k kc ).(yg)(xg ≠  Since g  maps the un-
countably infinite set [0, 1] one-to-one into , by Theorem 9,  is uncounatbly in-
finite. [Note: this could also be proved with a diagonalization argument.] 
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7. [10] Prove that . )( 423 nnnn ο=++
 

For 0>ε , let   1/3 += εN . For , we have  and Nn ≥ 1>n ε/3>n , so 
3>nε and  ||3| 4333 nnnnnn ε=+++| 323 nnn =++ 3nnε ⋅<3n =2 n <+

 
8. a. [10] .Recalling that bxx aba logloglog ⋅=

)(log nbΟ=
, prove that for all , if 

 then . 
1, >ba

)(log nf aΟ= f
 

Since , there exist )(log nf aΟ= M  and  so that if n , | . 
But then, if , |
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   b. [10]. Consider the following assertion:  

For all , if  then . 1, >ba )( naf Ο= )( nbf Ο=
Using a simple example, prove that this assertion is false. Notice your example function 
must be Ο but not Ο . )( na )( nb
 



Let  and b . Clearly  is Ο , since for , 
.  But if , then there would have to exist 

4=a
4|)n =

2=
|4|1 n⋅

nnf 4)( =
)2( nf Ο=

)4( n 0≥n
(| nf ≤ M  and  

so that if n , | . Let 
N

N f (≥ nM 2⋅≤nn 4|) = }1log|,max{ +|2= MNn . We have 
 and also n , so Nn ≥ M2log≥M2log ||> Mn >2 .  We conclude that 

. We conclude that is Ο  but is not 
. 

|2| nn M ⋅=2M ⋅>22 nn ⋅4|)n =
)2n

(| nf =
(Ο

f )4( n

 
9. [10] Prove the following code is partially correct with respect to precondition “ ” and 
postcondition “ ”: 

1≥n
},,,max{ 21 naaam …=

 
m :=a[1] 
i := 2 
while i n do ≤
 if m<a[i] then 
  m := a[i] 
 endif 
 i := i+1 
endwhile 

 
You may assume that m, i, n, and the array a are integer variables. You may also assume that 
the array components  are defined.  Finally you may use the following axioms: 
 

naaa …,, 21

}, 1− },,max{},,max{,max{ 1111 −=⇒ia…≤ iii aaaaaa …… ) 
   iiii aaaaaa =⇒> − },,max{},,max{ 111 ……  
 

_________________________  1≥n
m :=a[1] 
_________________________ 11 ≥∧= nam  
i := 2 
_________________________ 12 1 ≥∧=∧= nami  
_________________________ },,max{1 11 −=∧+≤ iaamn …i  
while i n do ≤
 ___________________ },,max{1 11 −=∧+≤∧≤ iaamnin …i  
 if m<a[i] then 
  _____________ },,max{ 11 −=∧≤∧< ii aamniam …  
  _____________ niaaa ii ≤∧<− },, 11 …max{  
  _____________ niaaa ii ≤∧=},,max{ 1 …  
  m := a[i] 
  _____________ niaaaam iii ≤∧=∧= },,max{ 1 …  
  _____________m niaa i ≤∧= },,max{ 1 …  
 endif 
 __________________ ∨≤∧= )},,max{( 1 niaam i…    
     ( }),,max{ 11 −=∧≤∧> i mniam iaa …  



 __________________ ∨≤∧= )},,max{ 1 niaam i…
,max{ 1am

(    
      ( )}, niai ≤∧= …  
 __________________ niaam i ≤∧= },,max{ 1 …  
 i := i+1 
 __________________ i niaami i ≤′∧=∧+′= ′},,max{1 1 …  
 __________________ 1},,max{ 11 +≤∧= − niaa i…m  
endwhile 
________________________ },,max{1 11 −=∧+≤∧> iaamnin …i  
________________________ },,max{1 11 −=∧+= iaamn …i  
________________________m },,max{ 1 naa …=  
 

 
10. a. [10] Prove the following code is partially correct with respect to precondition “  

and ” and postcondition “b ” (assume b, m, n, and k are integer variables.): 
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b :=m 
k := 2 
while k n do ≤
 b := (b*(m-k+1)/k 
 k := k+1 
endwhile 

 
You may use the following axiom:  

  For 1≥m and ,2≥k 
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_________________________ 11 ≥∧≥ nm  
b :=m 
_________________________ 11 ≥∧≥∧= nmmb  
k := 2 
_________________________ 112 ≥∧≥∧=∧= nmmbk  
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 b := (b*(m-k+1)/k 
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 k := k+1 
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…b. [5] Prove that the loop terminates. 

 
while k n do ≤
 ___________________T 
 b := (b*(m-k+1)/k 
 ___________________T 
 k := k+1 
 ___________________ 1+′= kk  
 ___________________ n knk ′−<−  
endwhile 

 
Since the integer quantity kn − strickly decreases in the loop, it must eventually sat-
isfy n  which is equivalent to k , and the loop terminates. 0<− k n>

11. [10] Determine the weakest precondition with respect to the postcondition “z=10” for 
the following code (assume z, y, and x are integer variables and that y is defined): 
 

x := 3 
z := x-y 
if y<0 then 
 z := 0 
else 
 z := 2*z 
endif 

 
wp (if y<0 then z := 0 elsez := 2*z endif, 10=z ) 
   = ( (z := 0, wpy ⇒< 0 10=z ))∧ wpy ⇒≥ 0( (z := 2*z0,  )) 10=z
   = ∨≥ 0(y false)∧ ∨< 0(y 5=z ) 
   = 0( ≥y )∧ ∨< 0(y 5=z ) 
   = 0( 0<∧≥y )y ∨ ∧≥ 0(y 5=z ) 



   =false∨ ∧≥ 0(y 5=z ) 
   = ∧≥ 0y 5=z  
wp (z :=x-y, )=(50 =∧≥ zy 50 =−∧≥ yxy ) 
wp (x :=3, )=(50 =−∧≥ yxy 530 =−∧≥ yy ) 
    =( y y=−∧≥ 0 ) 2
    =false 

 
12. [10] Determine the weakest precondition with respect to the postcondition 
“ ” for the following (assume a, b, c, y, and x are integer variables and that 
a, b, c, and x are defined): 

cbxaxy ++= 2

 
y := ax 
y:= (y+b)*x 
y := y+c 

 
(Hint: Be careful regarding x =0.) 
 

wp (y := y+c, )= (  cbxaxy ++= 2 )2 cbxaxcy ++=+
        = ( axy =  )2 bx+
wp (y := (y+b)*x, )=  bxaxy += 2 )*)(( 2 bxaxxby +=+
        = (yx +  )2 bxaxbx +=
        = (yx =  )2ax
wp (y := a*x, )=  2axyx = )( 22 axax =
        = true 
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