Examination 1
CS 336

1. [5] Consider integers in the set {1, 2, 3, ..., 1000}. How many are divisible by either 4 or
10?

Let D, ={set of integers between 1 and 1000 divisible by 4} and let D, = {set of integers between 1
and 1000 divisible by 10}. We have:
#(D, W D) =#(D,)+#(D,y) —#(D, N Dy,)
=250+100-50
=300.

2. a. [10] Present a combinatorial argument that forall n > 1:
"~ (n
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Let A = {a, b, ¢} and consider all strings of length n using elements of 4. Since there are

three options for each component of the string, there are 3" such strings. Alternatively,
consider first consider the positions of any ¢'s in the string. Let £ represent the number of
non-¢'s (i.e., a's and /'s) in the string. Clearly £ could range from 0 through 7. For a fixed

value of &, there are [Z] ways to choose the positions for the non-¢'s . Then for each of
the £ positions, there are two options (i.e., z or b) for the character in the position. The
remaining #-£ positions must be occupied by ¢'s. Thus there are (Z] 2" ways to assign

n

n
elements to the positions with £ non-¢'s. The total is Z(k]? and this must equal 3"

k=0

b. [10] Present a combinatorial argument that for all nonnegative integers p, 5, and #

satisfying p+s<n
n\n-p) ( n \p+s
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(Hint: Consider choosing two subsets.)

Let a set 4 have 7 elements and consider how many ways there are to select disjoint
subsets B and C of A so that B has p elements and C has s elements. First we could select

n
the p elements for B in (
p

] ways and then select the s elements for C from the remaining

. (n=p o njfn-=p
n-p elements of A~ B in ways. Together this yields such
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selections. Alternatively, we could first select the p+s elements for BUC in ( j
p+s

+s
ways and then select the p elements for B from BUCin {p
p

n p+s _ ) n\(n—p
such selections and this must equal
p+s)U p )% s

3.[10] For n>1,Let A= {1, 2, ..., 2z}. How many subsets of A contain exactly k,even

j ways. There are thus

numbers and k, odd numbers?

n\ n
There are 7 even numbers and 7 odd numbers in the set 4. Thus there are ( j(k j
1 2

such subsets.

4. [10] For n >1, how many ordered triples (n,,n,,n,) of non-negative numbers satisfy

n, +n, +n, = n? (Hint: think about putting balls into bins.)

n+3-1
There are

j arrays of 7 unordered components composed of elements selected

from {1, 2, 3} allowing repetition.. For a given array, let n, = the number of 1's, n, = the
number of 2's, and n, = the number of 3's. Since the array is of length 7,

n, +n, +n, = n and every decomposition of n into n, +n, +n, must be associated with

. n ..
a unique such array. Thus there are ( 5 j such decompositions.

5. [10] Given a finite event space E (in which all events are equally likely) and subsets .4 and
B of E, show that

Pr(4v B) > Pr(A)+Pr(B)—1.

Since Pr(4Au B) =Pr(A4)+Pr(B)—Pr(4AN B) and Pr(4AN B) <1, we have
—Pr(An B)>-1 and Pr(4 U B) > Pr(A4) + Pr(B) -1






