Example of Peano Analysis for Trapezoidal Rule

For a < b, we consider the linear functional
b
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E(f)=[f(2)dz ===(f (@) + [ )

The support of E is the interval [a,b]. We have E(1)=0 and E(x)=0 but
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E(x*)= —% , 50 E is exact for polynomials of degree one but not for polynomials of

degree two. We compute
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which is negative since both b—¢ and t—a are positive on [a,b]. From Corollary 2 we

have
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for some & €[a,b].
Extension to Composite Trapezoidal Rule

For a < 8, we consider the linear functional based upon the composite trapezoidal rule:
B
= 1 1
E(f)= [ f(2)dz=h( f(@)+ fa+h)+...+ f(B=h)+— [(B),

where h= for some positive n. We could express E in terms of the linear func-

n
tional in the previous analysis by defining for i =0,1,...,n -1
a+(i+1)h
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E(N)= | f)dz=Z(f(a+ib)+ fla+i+Dh)
a+ih

and then noting that

E(f)=LE).



According to the conclusion reached above
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for & ela+ih,a+(i+1)h] and i=0,1,..,n—1, thus

E(f)= ——"Zf"(z:)
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However, since f"is continuous on [a, f] and — z f"(&) is a value between r%lln f'(1)
i=0

n—1
and max f (1), then there exists some & €[a, ] such that (&) = ! Zf"(f) SO we

i=0
conclude that
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E(f)=——"—/1"($).

Higher Order Terms

We have just determined the first power — namely two — in the error expansion for the com-
posite trapezoidal rule. To see how Peano Theory can be used to obtain higher powers, we
construct a new functional based upon our analysis of E. Noticing the unknown value

f"(&) we hypothesize that this might be close to Mand thus propose the new
—a

functional
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E(f)ZJ-f(Z)dZ—T(f(a)Jrf(b)) (f'(b)=f'(a)),
that is a
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E(f)=E(f)+———(f"(b)- f(a)).

As before, the support of E is the interval [a,b]. We have E(l):O,E(x)ZO,E(xz)ZO, and

E(x*)=0, but E(x“)zM

, so E is exact for polynomials of degree three but not for

polynomials of degree four. Since the derivatives of (x—¢)’ evaluated at x=a and b are

3(a—t)> =0 and 3(b—1t)> =3(b—1)’, respectively, we compute
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It’s clear that this is positive on [a,b]. From Corollary 2 we have

E(f)= iE(x%f“”(é)
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for some gg €la,b].

Now we return to the cornposite trapezoidal rule. Analogously to above, define

a+(i+1)h
E(f)— I f(z)dz——(f(a+1h)+f(a+(z+l)h))+—(f(a+(l+l)h) f(a+ih))
and

E(N=2E).

Noting that because of cancellation in the first derivative terms we have

n—1

E(f)= ZE (f)+ —(f'(ﬂ)—f’(a))

ZE(f)+E(f'(ﬂ)—f'(06))-

According to the conclusion reached above
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for & e[a+ih,a+(i+1)h] and i=0,1,...n—1, thus
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However, since ™ is continuous on [, ] and —Z FP(E) is a value between
i=0

mllﬂl] () and maX f @ (¢), then there exists some f €la, f] such that
te a

f(4)(é?) Zf(4)(§) so we conclude that

(,b’ a)h

E(f) = p (@),

But recalling that

E(N)=E(f)+ f—2<f'(ﬂ) ~ fl@)),

we have
E()=E = (/) - f'(@)
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We have now determined the second power — namely four — in the error expansion for the
composite trapezoidal rule. The process could be continued to show that

E(f)=ch* +c,h* +...+O(h*")

For appropriately defined ¢,,c,, etc..
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