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1 Introduction

Programmability is a fundamental problem that faces us with the advent of
processors with multiple processing cores on a single chip. Developing simple
yet effective techniques for exploiting parallelism will become paramount with
the pervasive use of these multicore processors. As such, a parallel programming
paradigm will not gain widespread use if it is too complex for commonplace
developers to grasp and then implement. The proposed dissertation strives to
advance the understanding of parallel programming, restricted to the domain
of matrix computations, toward the goal of making it a science that can be
understood and applied by many rather than an art practiced by a few. I
focus on this problem domain because it provides a rich playground in which
to experiment without becoming unmanageable. An additional contribution of
this work will lie in the prototype libraries that have practical application in
computational science.

2 Proposed Solution

The proposed solution is to combine abstraction and separation of concerns with
theoretical analysis and empirical insight. The abstractions include viewing sub-
matrices (blocks) of a matrix as the unit of data and formulating algorithms to
compute with these units (algorithms-by-blocks). As a result, the computation
can be expressed as a directed acyclic graph (DAG) of operations on blocks
(tasks) that can be supplied to a runtime system that analyzes the DAG and
executes it in parallel. By defining an appropriate API for encoding blocked ma-
trices and implementing algorithms, the generation of a DAG can be attained
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without expressing parallelism in the code, thus achieving the desired separa-
tion of concerns. Theoretical and practical issues will be pursued in an effort
to achieve an efficient scheduling of the resulting DAG to multiple processors,
cores, and/or threads.

3 Background

This research is related to four fields of computer science: abstractions for
dense linear algebra library development, parallelizing matrix computations,
scheduling directed acyclic graphs, and autotuning.

The Basic Linear Algebra Subprograms (BLAS) [17, 18, 34] is a standardized
interface from which linear algebra operations can be implemented. Dense linear
algebra libraries, such as libFLAME [36] and LAPACK [3], are implemented
with blocked algorithms that call level-3 BLAS operations in order to obtain
high performance on processors with multiple levels of memory hierarchy. To
further enhance performance, different algorithmic variants for computing a
linear algebra operation, which can be mechanically derived [4, 5] using the
FLAME notation [22], can be employed on varying computer architectures.
Blocked algorithms can also be formulated as algorithms-by-blocks that operate
upon hierarchically stored matrices [10, 13, 14, 26, 27, 42, 51] for better spatial
locality of submatrix blocks. I encode algorithms-by-blocks using the FLASH
extension [37] to the FLAME API for the C programming language [6], which
encapsulates hierarchical matrices as a recursive data structure.

A simple technique for parallelizing dense linear algebra operations is to link
sequential algorithms to multithreaded BLAS libraries, but opportunities for
parallelism are lost since inherent synchronization points exist between calls to
multithreaded BLAS operations. In order to exploit parallelism at a coarser
level of granularity, lookahead [1, 31, 48] and wavefront [12, 40, 38] scheduling
techniques have been used where problem specific knowledge is used to expose
parallelism between operations interleaved with complex data dependencies.
While lookahead has been used to parallelize individual operations, such as the
Cholesky factorization [2, 24], programmability was never addressed, so these
techniques never gained a foothold because of the resulting obfuscated code. I
borrow out-of-order execution techniques, which have been utilized by super-
scalar computer architectures to exploit instruction-level parallelism [25, 49],
and apply those ideas to algorithms-by-blocks, hence the name SuperMatrix.
Expressing matrix computations as a DAG and scheduling tasks out-of-order
completely subsume the concepts of lookahead and wavefront scheduling with-
out the need for problem specific information.

Scheduling directed acyclic graphs with multiple processing elements in or-
der to minimize the total execution time is an NP-hard problem [50]. Numerous
scheduling heuristics exist to overcome this difficulty [28, 39]. For instance, crit-
ical path reduction heuristics [30, 32] typically aim to maximize load balancing
while clustering heuristics [20, 41] generally seek to minimize data communica-
tion. The application of DAG scheduling to matrix computations has previously
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focused on distributed-memory architectures with the implicit assumption that
data communication occurs at a fixed cost between any two processors [35, 53].
This simplifying assumption enables the use of static scheduling methods [33]
once a DAG is generated statically [29]. Using a workqueuing mechanism to
dispatch tasks to threads [47], I leverage different heuristics, such as first in,
first out (FIFO) order, to dynamically schedule tasks on multithreaded archi-
tectures assuming that data communication costs can vary. Even though many
dense linear algebra operations are inherently recursive [23], there has not been
work to systematically exploit the highly structured nature of DAGs formulated
from matrix computations for the purpose of scheduling.

Autotuning was first applied by performing an exhaustive empirical search to
find the best implementation on a particular computer architecture. This search
process has been effective for optimizing discrete Fourier transforms [19, 43].
The application of autotuning for matrix computations has been an inexact
science given the large search space of parameters [54]. As a result, the per-
formance of automatically tuned dense linear algebra libraries [11, 15, 16, 52]
has not approached that of handcoded libraries, such as the GotoBLAS [21]. I
seek to decouple the dependence between autotuning and empirical search. For
example, I can use a parameterized model based upon computational runtimes
estimated with the floating point operation count of each task in a DAG as a
tool for optimizing various parameters.

4 Scope

The applicability of the proposed solution depends on whether block formula-
tions of matrix computations can be expressed as a DAG. Factorizations for
solving linear systems and least squares problems such as the Cholesky [7],
LU [44], and QR [45] factorizations, inversion algorithms [8], and matrix-matrix
(level-3 BLAS-like) [9, 17] operations are all examples of linear algebra oper-
ations that SuperMatrix can parallelize. I define this class of operations as
loop-based algorithms, which sweep through matrices exposing submatrices for
computation.

While I will target operations for dense and banded matrices [46], I do not
intend to investigate sparse matrices or iterative methods.

5 Expected Contributions to Science

My expected contributions to science include providing abstractions to enable
the effective and intuitive development of parallel algorithms and implementa-
tions. I also intend to develop a theoretical framework for analyzing the parallel
scheduling of computationally intensive applications, such as matrix compu-
tations, in an effort to advance insight towards the efficient use of multicore
processors.
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6 Proposed Work

Preliminary experience of ours has shown this to be an approach that continues
to regularly spawn new research questions. Thus, I expect to pursue research
beyond the stated goals as additional opportunities arise. As such, the proposed
work for this dissertation includes:

A) Designing a flexible API with a clear separation of concerns between the
implementation of algorithms-by-blocks from the details of parallelization.
I will augment the current interface with annotations that will provide
semantic information to the runtime system, such as the input and output
parameters of each task. I will also extend the interface to allow multiple
levels of blocking which in turn may limit the time and space complexity
of scheduling.

B) Developing theoretical insight that motivates practical scheduling heuris-
tics.

C) Evaluating performance that is practically attained compared to perfor-
mance that is predicted under idealized circumstances.

D) Attempting to elevate autotuning to a science by creating a systematic
methodology for identifying and optimizing different parameters that af-
fect parallel performance.

Successful completion of these focus areas together will advance programma-
bility in the domain of dense linear algebra algorithms, with possible impact
beyond this narrow domain.

7 Measure of Success

The minimum set of requirements for this dissertation will be the completion of
all the proposed items. The measures of success for each are:

A) Anecdotal evidence that the API shields the library developer from details
related to parallel computing.

B) Ability to identify bottlenecks to computational efficiency on different mul-
tithreaded platforms, ranging from standard multicore processors to more
unique architectures such as the Cell B.E. and Multi-GPU processors, and
then apply scheduling heuristics to overcome those barriers under idealized
conditions.

C) Validation of the model of computation through scheduling algorithms
that exhibit the same performance characteristics when compared to ref-
erence implementations, such as a FIFO workqueuing mechanism under
idealized conditions and a sequential algorithm linked with multithreaded
BLAS libraries in practice.
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D) Capability to produce near-optimal parameter combinations given a par-
ticular operation and problem size without the need of an exhaustive em-
pirical search.

In addition, an outcome of this dissertation will be a prototype of the Super-
Matrix runtime system that embodies the successful completion of the proposed
work.
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[27] José Ramón Herrero. A Framework for Efficient Execution of Matrix Com-
putations. PhD thesis, Polytechnic University of Catalonia, Spain, 2006.

[28] Shiyuan Jin, Guy Schiavone, and Damla Turgut. A performance study of
multiprocessor task scheduling algorithms. The Journal of Supercomputing,
43(1):77–97, 2008.

[29] Ajita John and James C. Browne. Compilation of constraint programs with
noncyclic and cyclic dependencies to procedural parallel programs. Inter-
national Journal of Parallel Programming, 26(1):65–119, February 1998.

[30] S. J. Kim and J. C. Browne. A general approach to mapping of parallel
computation upon multiprocessor architectures. In ICPP ’88: Proceedings
of the 1988 International Conference on Parallel Processing, pages 1–8,
University Park, PA, USA, August 1988.

[31] Jakub Kurzak and Jack Dongarra. Implementing linear algebra routines
on multi-core processors with pipelining and a look ahead. In Applied
Parallel Computing. State of the Art in Scientific Computing, pages 147–
156. Springer Berlin / Heidelberg, September 2007.

[32] Yu-Kwong Kwok and Ishfaq Ahmad. Dynamic critical-path scheduling:
An effective technique for allocating task graphs to multiprocessors. IEEE
Transactions on Parallel and Distributed Systems, 7(5):506–521, 1996.

[33] Yu-Kwong Kwok and Ishfaq Ahmad. Static scheduling algorithms for allo-
cating directed task graphs to multiprocessors. ACM Computing Surveys,
31(4):406–471, 1999.

7



[34] C. L. Lawson, R. J. Hanson, D. R. Kincaid, and F. T. Krogh. Basic linear
algebra subprograms for Fortran usage. ACM Transactions on Mathemat-
ical Software, 5(3):308–323, September 1979.

[35] Heejo Lee, Jong Kim, Sung Je Hong, and Sunggu Lee. Task scheduling
using a block dependency DAG for block-oriented sparse Cholesky factor-
ization. Parallel Computing, 29(1):135–159, 2003.

[36] libFLAME. http://www.cs.utexas.edu/users/flame.

[37] Tze Meng Low and Robert van de Geijn. An API for manipulating matrices
stored by blocks. FLAME Working Note #12 TR-2004-15, The University
of Texas at Austin, Department of Computer Sciences, May 2004.

[38] Naraig Manjikian and Tarek S. Abdelrahman. Scheduling of wavefront
parallelism on scalable shared-memory multiprocessors. In ICPP ’96: Pro-
ceedings of the 1996 International Conference on Parallel Processing, pages
122–131, Bloomingdale, IL, USA, August 1996.

[39] C. L. McCreary, A. A. Khan, J. J. Thompson, and M. E. McArdle. A
comparison of heuristics for scheduling DAGs on multiprocessors. In IPPS
’94: Proceedings of the Eighth International Parallel Processing Sympo-
sium, pages 446–451, Cancun, Mexico, April 1994.

[40] Dianne P. O’Leary and G. W. Stewart. Data-flow algorithms for parallel
matrix computation. Communications of the ACM, 28(8):840–853, 1985.

[41] Michael A. Palis, Jing-Chiou Liou, and David S. L. Wei. Task cluster-
ing and scheduling for distributed memory parallel architectures. IEEE
Transactions on Parallel and Distributed Systems, 7(1):46–55, 1996.

[42] N. Park, B. Hong, and V. K. Prasanna. Tiling, block data layout, and mem-
ory hierarchy performance. IEEE Transactions on Parallel and Distributed
Systems, 14(7):640–654, 2003.
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