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Nell--ﬁ:undedne.ss and +he +ransitive closure

The Hransitive closure OP relation R is deﬁ?ﬁec\

os the slrongest relation S +hat SO\'}is]()ies '{c}:r‘
al\ X 54 Cin the domain o{) R)

(0) XSJ = XKRU v (EZ: z?a-. XSZ)
A corollary  of the {ollowing theorem s Fhak

the restriction Yo the strongesth reletion con

be omited in the cose o? wen~'§>oundecl R.

“Theorem O  For we\‘~{?>uncle.ci R, ot most 1
relabion S Sc\}':sﬁes (o)

/E_'E‘-_)f \l\len-—?ouno\ed Ness QP /l? YmEons )-]r)q)‘

{)or‘ omJ j;f‘ec\ic:cﬁ-e ’P (on )i‘)'\e ClOW\O\‘af) Q]P
R

(1) (93?‘3)%(93 /P‘j@‘CEXX’R'J /PX)) .

Ca r()ormm]& "H'\os’} QQP')'uf'eé +he hO‘]‘icm oF)

ProoF) ]rij mathematical induchon over the
domain o{) R

Let S and S' sc}is@ (o). We__fﬁfﬁ[?‘{ff?_‘f_,
demonstrandum S=5', that is
(ex:: (Brj XS\D = x,s_'jj ))
bU Fr—ovinﬁ e@r om:_) x
(By: x5y = xS’y )
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by moathemalical induction over . Record-
v, J
ins ‘o C'\) o Pr‘oo() o‘olgq}]oﬁ 1S }'O S}\ow

{)or‘ O\ﬂ\j :j
(XSJEXS":;)%‘ (9__2:2')?3: xSz= xS'z)
Slarting with the conseguent, we ochserve

xSy = x5
= {% and 53' 50\%5{5 (o}
X’Rj v (EZ: 2.,’?3: x S'Z) =
x’RD v (E2:2Ry: x S'z)
<= {Le‘tbh'aZ}
(E2: 2 Ry: xSz) = (Ea- Z(Rf:)‘ xS'2)
<= {Frecl‘mcﬁe <ol CM\\AS}
(Rz: 2/1?5: xSz = x S'z)

CF_—nd QP /PFOQ]p,)

Examples Lel R be X re}q']ﬁon on the ﬁO\)Mf“G)

Nnumers. W\-“'\ X’l?:j = x-}-'\:\j 5 —\-\ne onb
S So\}-is%'.rb (O) 'S xS‘L.‘ = X<J . Wi“\
__’_(‘.ZRU = x=yV x+'\=j , —Hnevs*)-r‘oerGS'? s
satis{ging (o) 15T x Sy = xsy 3 in this
case, howe.ver, (O) 15 cJSo Sc\)"ls ied ]o\‘j
XS\‘j = J.ﬂ_,\e . Our ’?FGS"J' /]? is we“~@;unded,
oufr sSecend ’R, be)rxs re@eﬁ?ave,is not.

CE'\C‘ QP EXQmIDIQ.S-)

The si ni-ﬁcomce o{; Theorem 0 is ’H'\of]‘, @:r‘

a well- ounded f‘e]cﬁ'ion, its dronsibive closure
neecd not be handled as extreme solution.
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This is Nusireted in The Pr—oof Q{POMr next

'\‘\'\QO rem,

Theorem 1 The Yransitive closure o)()a well-

Founded Fe}cw‘rion S wel\-?ouhcled.

Proo With R and S Sc.)'lsﬁ(jins (O) and (1)
W hove *o ]’Jr‘ove v-ror‘ c.n:j 1 (‘1) M'H\ Ri= S
lLe., - hamrnf) the most com]a\:ca}ecl su)oexpress:on-—

@) Qy = @xixSy P

Since the occurrence o? S s con—?ﬂea\

')‘0 Q , Wwe 5’]‘0\1"}' maanu\G}lnj Qj

9

§ C4)y

{ (o)}

(Ax: x’?:, v (E=: qu x32): Px )
= {SP\ H‘tnj 'H\e I"Grzﬁe.}

(A x xRy: Px) A (A x: (E2; z’?a x Sz Fx)
= { drading and WV olrs)rnbu}es over Q}
(Bx:xRy:'] Tx) A CAx: (R=zy ZKUA xSz 1% )

{I‘Encumlr:%j |n'}‘efchar:5€ cf) quon};fﬁcc‘-\}:onsg
(BZ:Z’RS: Yz ) A (BZ:Z’R\U: (Bx: xSz2: Px)
= {con\)oininj the terms; (4) with b::z};

(Rz: 2Ry: Yz A Qz2)

Thus we have estchlished —F?om (o)~

i

1

L}
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(5‘) QJ = CB'Z: ‘z.fRU: P2 A Qz)

Qur 8cn‘n ﬁ"om }he above wse of) (0) s
tha}, whereas (4 expressed Q in terms
of s , (s expresses Q@ in terms of W,
which s wen-'?ounc\eo\.

To Frove CB) wWe now obser-ve

= {8
(Qbﬁ; fPD = (Ez:z?\sj: Yz A @2))

= {£(58) and ?r‘ed-CQ\c.?f[‘ePO\r"'}_j @J‘“ O
Ay ’P:j A QD <« (R=z: z’P\d-. VY2 A Q2))

= { Ks we“-@:un ded: (1) with ’P,j = ’Pb ACO&_S
(Bb’—\jd ~ Q. D, o

= 5 Pred. c‘_a.\c.?

Ry fP-:j)

(End QF) /PFOOP )

We would like Yo skress thot —F‘OM the woint
gfvie.w o{) mo\ni)oulo&ion, 4}1@ S‘]'r'uc.]-ur‘e O the
o)oove PFDOP 15 ve@ nice. TThe GrS'}‘ )'Jc.r'} uses
(0) - which connects W and S =~ Yo elimni -
note S and to inkoduce I . The second
Pc;r} }her\ ASCS C’\), LJ]'\':H'\ statres /R‘s f‘e\evan}~

roper");j. We clso think we grec’l benem}ed
EOm the jnlroduckon o-P the icen\‘iﬁer‘

R . The g‘equenc\j with  which % occuis 8'3\165
cn  idea o? how mMmuch @& has shortened Hﬁe



QVSSB/E\J.Dw?Q -4

text. Moreover ¥ )ﬁig\w)iﬁ}w)rs Yrer in o number
8)‘6’05 —}He 'in)rer'r\o.] s.]-ru\c.)-v‘.f‘e o Q -—Qr\c(

Ca -ﬁ:r}ior\ the choice be}ween C4) aond CS)-
\s -}o}-c\\l\\j irrelevan® 1Tnh Yhe second Paﬂ* 0()

the preef’ we Fir's)‘ reP\acec\ Yre acntecedent
and Jr}'\en conoined 'H'le, C.CW‘ISQO\LAQG‘}‘ with Q.j

o show the heuriskics "gc):vl" the latter opera-
Hon. Sic.rhnj with

- {Fred co.\c?x
(93:: /Pj A Q.:j < Q'Cj)

\.—JOu\d }‘)O«\!Q f'eo\u\c.ec\ %‘}We Y‘\u»m)’.)@f‘ o()o\}))’;faq\s
Jo (5) . butr the above ﬁrs)‘ s%a};) is wore
o-Po.. robbik

of

mnql(& we prove

Theorem 2 I? Y}he Jransitive closure o
Bon is welLf)ounde.c\, so s the relation i}se\f.

=N l“elcx-

“Proo We have o rove (1) ,(5'|ve1n {(0) and

Yhe @\c)- Yhet § is we\\—--FOuncleo\. To this end
we ohserve {z:r cny %

(B:j'.: /Pn < (@X: X,R:.j; /Px))
{{’mm (0): xRy = xsg,qnl-imono)ronicib Jw:c.eg

=-> i
(Pﬁb:: rP\‘-J = (@x X.sz ’PX))

r—

= {S is wen--f)oundeds
(R ys Py .
(End OP ?I‘aop)
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__We point out that one can base the Proofs
of) theorems 1 and 2 on an clernative delinition
ojlo we\l-{%undeclness, viz, thot all decreasing chains
ore O-F {?f\l)‘e |er5'}\w. C]:n —H’\a%‘ Se'\'}-in@, H\e.oreM‘\ is
sim}bler‘ Yo prove than the orem 2..’) One Moy he
under the 'sm?i‘e.ss'nor\ +halt the alernoBve )cruof?s
ore shorter and s':m)oief‘ Yhan Yhe ones deve]o]:ec\

\ﬂei‘e, but ‘Hﬂo\} impr‘essior\ COu)cl~ veb we” e
weeme,. TOr o inr com):)o.r'ison, Yhe olermoMve

?roo\?

they use; we mention arithmehic, the nohon of
‘mé?nib, and the __cipt_vlea)*‘\m behveen decreaﬁih:éi
c\f‘no.ins Fﬁsr‘ 4)'16_ Oridjiﬂoj ;;e\c‘)r'ror\ and i}s

Jransitive closure.

s should e c.5 eX)’)}ic}} QS Owurs on VJ)’IOJ‘

Tinally, please note thar we have eshoblished
the equivalence helween the classical mathem a¥ical
induckhorn  with base and s)rep, and  course of)
values 'anduc}ionj with X,R:j 2 X#1=4 , Yhe trons-

ibive closwure I is XSJ = X<y
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