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fBool N Conne&'v e nctual expressions
[e} e s L\}I ]d Pu | P

Let gl ‘H'\row.:s)'\ +his litHe note «V,j stand

,@:r ]’Dl‘ec{ic:a"-e -)-r‘anss-ﬁprmers. " In thet case, Wwe
.(g)rmula‘l'e Leibriz's Princi}'),e C.S

(0) [X Ej] =3 [fx E{)tj] .@ﬂ‘ oll X,j

or -in the skle of [__ 594:] " %= s [va\ic(,
ie. ] true inba” S a‘l'eg, +then SO() is j{-’xz-ﬁfj .

9 -g)unc*l-}on —F \S Punc‘l‘ual means "H')Q”
W+ satisfies +he S‘\T‘érn(jer

(’\) [(X£j> =3 (fx E()j)] —()c::f‘ all xw

/F\?e.mqu /ljmr)erb (1') s CJUS‘}.l CGned !'5“)’)"01’)‘52{':'

since (1) = (0) , GS —()onows fom —he mono-
—)—onicib O](D [J :

[ x %J] = ([x) = (jD
(End opfl?emar\o

An equi\raleﬁ+ deinition of (J’s punc-
"'u.ali}'(j s

(2) [stj) A\ F).x = Cx:"“\vD /\.rjj

’Pr-oo()_ To c\emons~\'rc~.+e the eqbtivc.]enc.e o{?
(1) and (2) we observe —F)Ot" inj a,b,c



EWD)i87-)

[ (b=c))
fn o =3
[a A (b=c) =a

{/\ over ==
[cnb = anc)

(:B Om}")')"inﬁ n ’H*Ie G.,l:)O\fe '”’\& square

brackets, e could have Provecl a s-}ronjer

theorem.)
CEr\c{ offljroof)

Tn the remoinder o() Hus hO'}‘e, Yhe
GSSuthon of q's Punc)-uc.)i-}j 1S ex-
Pfﬂssed Qﬂ&loSQuSy

(3) [(xs:j)/\ﬁ.x = CXE&)A&&] .

1)

i

!

The simp)e -l'lﬁeorem 4o w\m’clq 'Hms note
i devoted s

Theorem Qﬂ exl’)res:ﬁOn )Du.ilal —Fr‘om VGf‘iab’eS
and +he boolean connectives -—quanl-u‘ ica -

tion '(n._::']udecl-—- IS o punc.hor\ql -(anm'-ion
Ui

o‘p its global mé_gme%me's-cc.neol "—F’lee -

Varicﬂales _.

Such o theorem has Yo he Provec} bj
mo.']-lr-lema.)'}cd induction over the s:jn)-ax ,

;.e. {)or Yhe bese one proves +he )oro!oer\&

%r em:j expﬁ?ssmn wi’rhou'?' Subexpressic.ms
_t.e withoutr connectives — , and —@:r the S')‘e’o

i
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one Froves —Yc’:r- each Conneclive -qu Puncl-uc.lib

o() the exPression it f(érms. under +Hhe asSump-
“'I'Oﬂ "H")O“’ Jf!ﬁe COﬂneC'}')UeiS oPer‘amds afre Punc-

tual,

Tor 4he lbase we have 4o consider.

(i)  he constaont —@nc)-i on , i.e. Cfx = Z] >
—()or' which | c(ccorclmﬁ 4o, so, (1) we hove

+o 5)‘) oW

[{x=z9) > Cz = 2)) . and

(i) +Hhe iden»)-i%-j {&nc}i()ﬂ, ie. rfx-.-x] ,
—()c»f‘ w\"liC]n' o.c:cc::r‘dirlﬁ '}-0,50;7,(1) we howve

o 5)'|ow CCXE_‘_‘]) = <XEJ)]
Dot Fr*oo]()s are +rivial.

For the s*eP we hauve 4o consider the

connectives in turn .

For -qu. &?q;.mivalence 11‘ Suﬁ?‘ces 40 derive
(_szj) A ({.’x = 9.x> = ngfj> N ((’BE 9'3)]
G-om (2) and (3) . We cbserve

(X=zy) A (Cx = S.X)

——

N over =—=
(xztj) A -f.x = (xzj)/\ gx = (xab)
'{ CZ) cancl C?J).S
(x2y) A ?_‘j = (XE_'j) N gy B (XEj)

—
——

n
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{/’\ ol EE}

= CXEJ) Fal (?35—:59)
Tor +he d};\)'unc)-ion we have to derive

[stj) A ({)x vﬁ.x> = (xsj) A <¢U \/3.3);]
(formn (2D & (3D, the exercise s \e@ to

the rtvecder Since A,s, and 1 can be

ex?nas_seol LEaY Arer‘ms o = , WV and +he con -

S“c\n‘l' :£G|S€ , Onlfj Quan}-iﬁca ]—ion 18 \6@ +o
be dealt with; becowse OF de \"for;qn's Leeo,
+ suffices Yo deal wath existendial GQuan -

-‘-iﬁca\'\-ior\ on\y. “That s, fo be T)r'ec'.r se,

we have Yo show

[(ij) /\<312=1(~)i-x> = (xab)A <‘3i== ‘P'j>]

under +the 3enerq\52ecl C\Ssum]:)}"'loh hat

(ZI)E(X.EU)/\(),X = Cx ED.)/\ flﬂ] —ggrc.” X,:j,(:

e, We assumde fH’)e_ {"“'f‘__CH"_’f‘ pc' n '-'H‘:e ﬁrm
"!'D be_ FunCMa,, ‘l'ﬁdePer\ c:leﬁ')‘b -o—g}m-”ﬁe vo.'ue UF
+the dumm‘j {

The ?f00€ is ver s":milar* }o +he Tareuiws

ones. We observe éf‘ cmj ‘F*SQHS{)jwzﬁ (2")

and any X,y

(xaj> A< ix)
{ A over 5]3

{
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CH (xzﬂ) /\-r'.‘i.x>
£ (25 ’F >
i (x=y) A L
= ‘L/\ ov?r as J
CXEj) FaS <af‘()éj>

Note —}ha-} there is no constraint oFf all on

the domain OC -\r}\e c\ummj}' Qs {)a.r‘ as we are
concerned 4+ could be uncoun*c.\ob ‘mﬁm!—e,

') #
and as il {éunc{ec{ " as 4he recls. We are
/2 . 4
Carrainﬁ Oovl- /)ndueHcrn oN ‘Hﬂe 3T'O|mmaf

ol i 70 ‘ initel ik ula.
an <3 {) x>,’r 1S c{efn* @j c. nite a@:rm

X

]

T‘ﬂe above has been .wl"i"'H‘en down in Such
detail because C9594] is here rahier
con u.sinﬁ‘ 1 o'u.o%‘e J(?om P 60

“LEIBNIZS “RULE AS AN QXIoM

On P.12> we introduced Leibniz C‘l,S);

X':Y or X:Y
Elz=X] = E[2:Y] By - B2
[On P.M. 'Hfle:j ”I‘“E’_POf‘mu\\o\'}-e. (".5') as
X=Y |
3.>§= 3.\r EwD]

Now thet we howe introduced o)oerc.}or‘
" = , we can 3?'\!6 c Vérsion o?-Leianiz,
as an G Xijom scheme :
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(3.83) RAxiom, Leibniz - (e:?)—:?;CE;}E;;)
CE 012-\7 ex)':ressiun3

Inference rule Leibniz Sc;js, "";{-9 X=Y s

valid, l.e. trae in all stafes | then s0 s

E[:z'.«-_X] =E[2:=Yj.” QA xiom (3.83), on +he
oJr,\er' })Gnd. 50;95 “'1{) E.-:f (K5 —}rue oo
.SJ‘OU]‘C, Yhen E['Z::e]:EEZta J IS hue in

thot state. Thus, the inference rule and
the cxiom are not clu.i')'e 'Hf)e same.»

The cbove quo']-o.}ion is so c_on@sinﬁ that
all by itself it jushiffes the writing of this
note. The \/erbc:{ e)(]'.)lcmafl‘ion suwes-}s that +heir

/i
(l,l:T) "in{erence ru)e Leibniz Corl’es‘f)onds

’

‘o our (O) , w herecas (3.83) ,
ccrrecpcmds Yo our 1) . Bulk ... here s

1@ in “E om(j EeXpressien " E wma reol
be “an exy)ressicm LT su33e5+ [: == 8.257
-(g)r G hcn~]ouncjrua] 5 o In Yhet cese |
Elz=e]) = E[z= f] be come s g-e =8€) , Which
can be alse in & s*‘c}e where €=]C> is
live. So +then the Bxiom s Lorong .

We Con )-zj '}0 sSaue ’“'ne P—)xiam bﬂ
exphcﬂb rés}ric}iné expressions +o what
con be huwlt ﬁum boolean variables,
Censtants and  +the (Punc\"uo\]b connec Hves.

'

4
axiom Leibniz
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But —+hen my FroblEm 15 +‘hal under those

constraints | __H—:e;r- (3.83) s nor an axiom

bt o +theorem.

Compari son of their (1,50 3 (3.83) with
our (03 3 C1D res)'ye,c*\‘ivelctj ‘3(43366% ‘Hﬂa)‘
[9594] Su%ers Frum +he imp\icil‘ SCO}O?S o
}he wuniversal qucm}{gca.'}'ncms over all states.
Has Yhe 2-line @rma} oFJ the in%rence

ru\es ]oean chosen bui“w Hne undef's}anc\ina
that the chr)oe oF Hre universal Quon’-iﬁmﬁ

lien  does nol extend over bhoth lines?
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