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Neuroimaging Application

•  Tensor: Time by Subjects by 
Voxel Correlation Matrix

•  Test: Rest à Activity à 
Recovery

•  Subjects: Control, MDD, 
SAD, COMO

Time



Quick Introduction to Tensors

Multidimensional arrays, an N-dimensional 
tensors is said to be N-way or order-N.

1-way	 2-way	

5-way	

3-way	

4-way	



CP Decomposition

Canonical Polyadic 
Decomposition (CP):
•  Decomposes a tensor 

into a sum of rank 1 
tensors

𝒳≈∑𝑐=0↑𝐶−1▒​𝑢↓𝑖𝑐 ∘ ​𝑣↓𝑗𝑐 ∘ ​𝑤↓𝑘𝑐  


𝒳≈⟦𝑈,𝑉,𝑊⟧	



CP via Alternating Least Squares



Hadamard Product

Element wise matrix product denoted *


𝐶 = 𝐴∗𝐵	
​𝐶↓𝑖𝑗 = ​𝐴↓𝑖𝑗 ∗​𝐵↓𝑖𝑗 	

​𝐶↓𝑖𝑗 	 ​𝐴↓𝑖𝑗 	 ​𝐵↓𝑖𝑗 	

*=	𝐼	

𝐽	 𝐽	 𝐽	

𝐻= ​(𝑈↓0↑𝑇 ​𝑈↓0 )∗…∗​(𝑈↓𝑛−1↑𝑇 ​𝑈↓𝑛−1 )∗​(𝑈↓𝑛+1↑𝑇 ​𝑈↓𝑛+1 )∗…∗​(𝑈↓𝑁−1↑𝑇 ​𝑈↓𝑁−1 )



Khatri Rao Product


Khatri Rao Product (KRP):
𝐾 = 𝐴⊙𝐵	

Column-wise Kronecker Product
𝐾(:,𝑖)= 𝐴(:,𝑖)⊙𝐵(:,𝑖)	
	
Or Hadamard Product of Rows
𝐾(​𝑟↓𝐵 + ​𝑟↓𝐴 ​𝐼↓𝐵 ,:)= 𝐴(​𝑟↓𝐴 ,:)∗𝐵(​𝑟↓𝐵 ,:)	

𝐶	

𝐾(​𝑟↓𝐵 + ​𝑟↓𝐴 ​𝐼↓𝐵 ,:)	

=	
A(​𝑟↓𝐴 ,:)	

B(​𝑟↓𝐵 ,:)	

⊙	

𝐶	
𝐶	

​𝐼↓𝐴 ∙ ​𝐼↓𝐵 	

𝐌= ​𝑿↓(𝒏) ( ​𝑼↓𝑵−𝟏 ⨀…⨀ ​𝑼↓𝒏+𝟏 ⨀ ​𝑼↓𝒏−𝟏 ⨀…⨀ ​𝑼↓𝟎 )



Tensor Fibers

​𝑛=0,  𝒳↓(:𝑗𝑘) 	 ​𝑛=1,  𝒳↓(𝑖:𝑘) 	 ​𝑛=2,  𝒳↓(𝑖𝑗:) 	



Unfolding Tensors

•  The nth mode matricization of a N-
way tensor 𝒳 that is ​𝐼↓0 × ​𝐼↓1 ×…× ​𝐼↓𝑁−1  
is denoted ​𝑋↓(𝑛)  and is ​𝐼↓𝑛 × ​𝐼↓≠𝑛 
o  ​𝐼↓≠𝑛 =∏𝑛≠𝑘∈[𝑁]↑▒​𝐼↓𝑘  

•  ​𝑋↓(𝑚:𝑛)  denotes a matricization 
where {𝑚,𝑚+1,…,𝑛} are the row 
modes

​𝐼↓≠𝑛 	

​𝐼↓𝑛 	

∏𝑘={𝑚,𝑚+1,…,𝑛}↑▒​𝐼↓𝑘  	

​𝑋↓(𝑛)  	

​𝑋↓(𝑚:𝑛)  	

𝐌= ​𝑿↓(𝒏) ( ​𝑼↓𝑵−𝟏 ⨀…⨀ ​𝑼↓𝒏+𝟏 ⨀ ​𝑼↓𝒏−𝟏 ⨀…⨀ ​𝑼↓𝟎 )



Matricized Tensor Times Khatri Rao 
Product

𝑀= ​𝑋↓(𝑛) ( ​𝑈↓0 ⨀…⨀ ​𝑈↓𝑛−1 ⨀ ​𝑈↓𝑛+1 ⨀…⨀ ​𝑈↓𝑁−1 )

•  Naïve algorithm 
1.  Permute 𝒳 to ​𝑋↓(𝑛) 
2.  Form K= ​(𝑈↓0 ⨀…⨀ ​𝑈↓𝑛−1 ⨀ ​𝑈↓𝑛+1 ⨀…⨀ ​𝑈↓𝑁−1 )
3.  Call DGEMM

•  1-Step and 2-Step MTTKRP
1.  Avoid permuting 𝒳
2.  Efficiently form the KRP

§  1Step
o  ( ​𝑈↓𝑁−1 ⨀…⨀ ​𝑈↓𝑛+1 ⨀ ​𝑈↓𝑛−1 ⨀…⨀ ​𝑈↓0 )

§  2Step
o  ​𝐾↓𝐿 =  ​(𝑈↓0 ⨀…⨀ ​𝑈↓𝑛−1 )
o  ​𝐾↓𝑅 = ​(𝑈↓𝑛+1 ⨀…⨀ ​𝑈↓𝑁 )	

3.  Utilize BLAS

=	​𝐼↓𝑛 	

𝐶	

​𝐼↓≠𝑛 	

𝐶	

​𝐼↓𝑛 	

​𝑋↓(𝑛) 	

K	



Computing the KRP

Consider	𝐾=𝐴⨀𝐵⨀𝐶	
•  𝐾(𝑗,:)=𝐴(𝑎,:)∗𝐵(𝑏,:)∗𝐶(𝑐,:)	

𝐴	 𝐵	 𝐶	⨀	 ⨀	 =	
​𝐼↓𝐴 ​𝐼↓𝐵 ​𝐼↓𝑐 	

𝐴(0,:)∗𝐵(0,:)⨀𝐶	

𝐾	



Timings for KRPs of naïve and reuse algorithms. 



1-Step MTTKRP


•  Avoid permuting tensor entries
•  Cast computation as matmul

Key observation: the nth mode 
matricization of a tensor can be 
obtained by chunking the tensor 
into contiguous submatrices of 
equal size.
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Parallel 1-Step MTTKRP

•  Form ​𝐾↓𝐿 
•  Form ​𝐾↓𝑅 (𝑗,:)
•  Form 𝐾(𝑗,:)
•  MatMul
•  Reduce 



2-Step MTTKRP

•  First Compute a Partial MTTKRP
1.  Compute ​𝐾↓𝐿  and ​𝐾↓𝑅 
2.   ℒ ​← 𝑋↓(0:𝑛−1)↑𝑇 ∙ ​𝐾↓𝐿 

o  ℒ is ​𝐼↓𝑛 ×…× ​𝐼↓𝑁−1 ×𝐶

•  Second Compute a Series of ___?___ operations.
a.  Tensor Times Vector (TTVs)
b.  Tensor Times Matrix (TTMs)
c.  Quasi-Tensor Times Matrix (q-TTMs)



2-Step MTTKRP: ℒ

•  First Compute a Partial MTTKRP
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2-Step MTTKRP: ℒ 

•  Second Compute a series of TTVs

!	blocks	

)*

+(-)[0] 2(: , 0)

!

)*

!

56(: , 0)

)*7

)*7

8 =



Parallel 2-Step MTTKRP

Call Parallel BLAS
WOW!!!



60×60×60×60×60	
	





Per iteration time of a CP decomposition via ALS. Matlab used the 
Tensor Toolbox cp_als function, version 2.6. [1]



Findings

•  Two interesting networks
•  Positive affect
•  Negative affect

•  Tobia M., Hayashi K., Ballard G., 
Gotlib I. Dynamic Functional 
Connectivity and Individual 
Differences in Emotions During 
Social Stress - to appear in 
Human Brain Mapping
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End

Thanks for listening


