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Preface

Linear Algebra: Foundations to Frontiers (LAFF) is an experiment in a number of different dimensions.

It is a resource that integrates a text, a large number of videos (more than 270 by last count), and hands-on activities.
It connects hand calculations, mathematical abstractions, and computer programming.

In encourages you to develop the mathematical theory of linear algebra by posing questions rather than outright stating
theorems and their proofs.

It introduces you to the frontier of linear algebra software development.

Our hope is that this will enable you to master all the standard topics that are taught in a typical introductory undergraduate
linear algebra course.

Who should LAFF? From our experience offering LAFF as a Massive Open Online Course (MOOC) on @ edX, it has become
clear that there are a number of audiences for LAFF.

The

The

The

Independent Beginner. There were MOOC participants for whom LAFF was their first introduction to linear algebra
beyond the matrix manipulation that is taught in high school. These were individuals who possess a rare talent for self-
learning that is unusual at an early stage in one’s schooling. For them, LAFF was a wonderful playground. Others like
them may similarly benefit from these materials.

Guide. What we also hope to deliver with LAFF is a resource for someone who is an effective facilitator of learning
(what some would call an instructor) to be used, for example, in a small to medium size classroom setting. While this
individual may or may not have our level of expertise in the domain of linear algebra, what is important is that she/he
knows how to guide and inspire.

Refresher. At some point, a student or practitioner of mathematics (in engineering, the physical sciences, the social
sciences, business, and many other subjects) realizes that linear algebra is as fundamental as is calculus. This often
happens after the individual has already completed the introductory course on the subject and now he/she realizes it
is time for a refresher. From our experience with the MOOC, LAFF seems to delight this category of learner. We
sequence the material differently from how a typical course on “matrix computations” presents the subject. We focus on
fundamental topics that have practical importance and on raising the participant’s ability to think more abstractly. We
link the material to how one should translate theory into algorithms and implementations. This seemed to appeal even to
MOOC participants who had already taken multiple linear algebra courses and/or already had advanced degrees.

The Graduate Student. This is a subcategory of The Refresher. The material that is incorporated in LAFF are meant in part

to provide the foundation for a more advanced study of linear algebra. The feedback from those MOOC participants who
had already taken linear algebra suggests that LAFF is a good choice for those who want to prepare for a more advanced
course. Robert expects the students who take his graduate course in Numerical Linear Algebra to have the material
covered by LAFF as a background, but not more. A graduate student may also want to study these undergraduate
materials hand-in-hand with Robert’s notes for Linear Algebra: Foundations to Frontiers - Notes on Numerical Linear
algebra, also available from @ http://www.ulaff.net.
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If you are still trying to decide whether LAFF is for you, you may want to read some of the @ Reviews of LAFF (The MOOC)
on CourseTalk.

A typical college or university offers at least three undergraduate linear algebra courses: Introduction to Linear Algebra;
Linear Algebra and Its Applications; and Numerical Linear Algebra. LAFF aims to be that first course. After mastering this
fundamental knowledge, you will be ready for the other courses, or a graduate course on numerical linear algebra.


https://www.coursetalk.com/edx/ut501x-linear-algebra-foundations-to-frontiers-c2?sort=most_helpful
https://www.coursetalk.com/edx/ut501x-linear-algebra-foundations-to-frontiers-c2?sort=most_helpful
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Week

Getting Started

0.1 Opening Remarks

0.1.1 Welcome to LAFF

@ View at edX

Welcome to UT.5.04x Linear Algebra: Foundations to Frontiers (LAFF), a Massive Open Online Course offered on the edX
platform.

This course is not only designed to teach the standard topics in a typical linear algebra course, but also investigates how to
translate theory into algorithms. Like typical linear algebra courses, we will often start studying operations with small matrices.
In practice, however, one often wants to perform operations with large matrices so we generalize the techniques to formulate
practical algorithms and their implementations. To understand how to create software for solving matrix problems, we must
thoroughly understand the underlying theory of linear algebra. Upon completion, you will grasp basic linear algebra concepts
and get a glimpse of cutting edge research on the development of high-performance linear algebra libraries, which are used
throughout computational science.

What is LAFF? LAFF is an online course on linear algebra that mirrors an undergraduate course taught by the authors through
the Department of Statistics and Data Sciences.

Why is linear algebra important? Linear algebra is generally considered as important a tool for science (including the social
sciences) as is calculus. There is an interesting post on reddit.com that started with the question “What is the point of linear
algebra?”. It generated a flood of comments that are worth reading.

What level does LAFF target? At a typical university, a number of different linear algebra courses are often offered: Intro-
ductory Linear Algebra, Applications of Linear Algebra, and Numerical Methods (which often includes other topics). LAFF
corresponds to the first, introductory course and prepares you for subsequent courses. We added optional “enrichments” that
also expose you to some of the frontiers of the subject.

Who is the audience for LAFF? Judging by who completed LAFF last year (in Spring 2014), people with very different
kinds of background found the course useful. Participants included novice high school students as well as PhDs with decades
of experience, and every level of education in between. You may want to check out reviews of the course on CourseTalk to see
what former participants are saying.


https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/aee06a0ad35c4c38991676d23f375b0f/1
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/aee06a0ad35c4c38991676d23f375b0f/1
http://www.reddit.com/r/askscience/comments/2ozkcv/whats_the_point_of_linear_algebra/
http://www.reddit.com/r/askscience/comments/2ozkcv/whats_the_point_of_linear_algebra/
https://www.edx.org/course/linear-algebra-foundations-frontiers-utaustinx-ut-5-02x
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How and what will I learn? Through: short videos, exercises, visualizations, and programming assignments you will study
standard topics in an introductory linear algebra course.

Linear algebra deals with functions of many variables. These many variables are viewed as ”vectors” of numbers. Thus,
we start by discussing vectors. The functions we focus on have special properties: they are “linear transformations”, which are
extensions of the linear functions you studied in high school algebra. In Week 2 we define linear transformations as well as
investigate and prove properties of these functions. This then allows us to link linear transformations to their representation as
matrices. Next, you discover why multiplying a matrix times a vector or times a matrix is defined the way you may have been
taught in high school. The reason comes from how matrices represent linear transformations. In the first third of the course you
will also learn how to slice and dice matrices into pieces. This extends your concrete knowledge about operations with small
matrices to operations with matrices of any size.

Solving systems of linear equations is a core topic in linear algebra. By the time you encounter this topic, in Week 6, you
will be very comfortable with matrices and vectors. You build on this as you discover practical methods for finding solutions.

In the remainder of the course, you study how to solve linear systems with more or fewer equations than unknowns and find
that there may be one, many, or no solutions. If there is no solution, what is the best approximate solution? The course wraps
up with eigenvalues and eigenvectors.

All along, you not only learn what (the methods), but also why (the theory that underlies the methods).

Will we learn how to program? This is not a course that focuses on teaching you how to program for Matlab or in any
other programming language. We teach just enough about how to program with M-script to support what we want you to learn
about linear algebra. We link abstractions in mathematics to abstractions in code. That is not the same as teaching you how to
program.

Will we see applications? LAFF tries to give you the background so that you can understand the application of linear
algebra rather than focusing on applications themselves. We do use a few simple applications to motivate. We will point you to
applications of linear algebra in some of the “enrichment” sections. We encourage you to share applications that have caught
you interest on the discussion board.

This spring, there are at least two MOOC:s offered that do focus on the application of linear algebra:

* Applications of Linear Algebra by Tim Chartier (Davidson College) on edX.

* Coding the Matrix: Linear Algebra through Computer Science Applications by Philip Klein (Brown University) on
Coursera.

We suspect that both courses require an introductory course in linear algebra. Thus, LAFF may prepare you for those “applica-
tion of linear algebra” courses.

Wish You Were Here

@ View at edX

Since most of you are not The University of Texas at Austin students, we thought we’d give you a tour of our new building: the
Gates Dell Complex. Want to see more of The University of Texas at Austin? Take the @ Virtual Campus Tour.



https://www.edx.org/course/applications-linear-algebra-part-1-davidsonx-d003x-1
https://www.coursera.org/course/matrix
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/aee06a0ad35c4c38991676d23f375b0f/1
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/aee06a0ad35c4c38991676d23f375b0f/1
https://www.utexas.edu/opa/photo/virtual_tour/tourfiles/flash/index_fs.html

0.1. Opening Remarks

0.1.2 Outline

Following the “opener” we give the outline for the week:
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0.1.3 What You Will Learn

The third unit of the week informs you of what you will learn. This describes the knowledge and skills that you can expect to
acquire. In addition, this provides an opportunity for you to self-assess upon completion of the week.
Upon completion of this week, you should be able to

* Navigate through LAFF on the edX platform.
* Keep track of your homework and progress through LAFF.
* Download and start MATLAB.

* Recognize the structure of a typical week.
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0.2 How to LAFF

0.2.1 When to LAFF

The beauty of an online course is that you get to study when you want, where you want. Still, deadlines tend to keep people
moving forward. To strike a balance between flexibility and structure, we release the material one week at a time and give a
generous yet finite period during which to complete the homeworks.

The course schedule can be found by clicking the @ Calendar tab in the edX navigation bar.

Please reference this schedule often as any official changes will appear here.

0.2.2 How to Navigate LAFF

@ View at edX

0.2.3 Homework and LAFF

‘ ‘
@ View at edX

When future weeks become available, you will notice that homework appears both in the notes and in the various units on
the edX platform. Most of the time, the questions will match exactly but sometimes they will be worded slightly differently.

Realize that the edX platform is ever evolving and that at some point we had to make a decision about what features
we would embrace and what features did not fit our format so well. As a result, homework problems have frequently been
(re)phrased in a way that fits both the platform and our course.

Some things you will notice:

* “Open” questions in the text are sometimes rephrased as multiple choice in the units.

* Video answers appear as embedded YouTube, with then a link to the end of the week where the same video, with
captioning and optional download from an alternative source, can be found. This was because edX’s video player could
not (yet) be embedded in answers.

Please be patient with some of these decisions. Our course and the edX platform are both evolving, and sometimes we had
to improvise.

0.2.4 Grading and LAFF

How to grade the course was another decision that required compromise. Our fundamental assumption is that you are taking
this course because you want to learn the material, and that the homework and exams are mostly there to help you along. For
this reason, for the homework, we

* Give you multiple chances to get an answer right;
* Provide you with detailed answers; and
* Allow you to view the answer if you believe it will help you master the material efficiently.

In other words, you get to use the homework in whatever way helps you learn best.

Don’t forget to click on “Check” or you don’t get credit for the exercise!



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2018/3b39b7df8cc543259c734c4f1d3f3ed0/
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/767a29af70474e84b4be2dc0a364ed5d/2
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/767a29af70474e84b4be2dc0a364ed5d/2
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/767a29af70474e84b4be2dc0a364ed5d/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/767a29af70474e84b4be2dc0a364ed5d/3
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How your progress is measured is another interesting compromise. The homework for each week is worth 5% of the total
points in the course. There are 12 graded weeks, and hence this adds up to 60%. Now, within each week, limitations of the edX
platform did not match with how we wanted to present the course. We very much wanted the homework close to the material
so that the homework helps you along. This means that homeworks are scattered throughout the units and subsections. But the
edX grade book starts with 100 points, and allows only integers to be assigned to subsections within weeks, unless subsections
are equally weighted...

Let us explain how this now in practice works, using Week 1 as an example.

* Homework from Week 1 is worth 5 points towards the 100 point total.

* Week 1 has 6 graded subsections (1.2, 1.3, 1.4, 1.5, 1.6, and 1.8). Some of these subsections have a lot of homework
problems, others have a few. Still, each subsection is worth the same. So, if you get all homework points in Subsection
1.2, then that gives you 1/6 x 5 = 5/6 points towards the total 100 points for the course. Subsection 1.3, which has a
different number of homework problems, also gives you 1/6 x 5 = 5/6 points towards the total 100 points for the course.

Not much we can do about it without totally reformatting the course.

To view your progress, click on “Progress” in the edX navigation bar. If you find out that you missed a homework, scroll
down the page, and you will be able to identify where to go to fix it. Don’t be shy about correcting a missed answer. The
primary goal is to learn.

Some of you will be disappointed that the course is not more rigorously graded, thereby (to you) diminishing the value
of a certificate. The fact is that MOOC:s are still evolving. People are experimenting with how to make them serve different
audiences. In our case, we decided to focus on quality material first, with the assumption that for most participants the primary
goal for taking the course is to learn.

Let’s focus on what works, and be patient with what doesn’t!

0.2.5 Programming and LAFF

In this course, we invite you to learn the theory of linear algebra hand-in-hand with the practice of developing a software library.

Programming is about abstracting. It will help us extend our concrete knowledge of how matrix operations work with small
sized matrices to any size matrices. We encourage you, as you engage in LAFF, to take an active part in the abstraction process
by extending what you know and thinking in general terms to construct algorithms and think about their costs.

We will be using the MATLAB tool. In Week 0 we include instructions on how to set up your environment to use these
tools. You do not need any previous programming knowledge or experience. You do not need to know how to program with
MATLAB nor is the purpose of this course to teach you MATLAB. We will use this language in a very targeted way so that you
master just enough of it to be able to use it for our purposes. In the beginning, we will completely talk you through the package
construction. Later we will provide program skeletons and you will be asked to use your knowledge about the slicing and
dicing of matrices for performing the linear algebra operations to fill in commands. We hope that you will come to appreciate,
understand, and, PRODUCE components of a layered library.

We will share our own implementation of this library so you can build implementations of more complex operations. Please
get into the habit of trying on your own before peeking at our solutions. If you encounter any implementation issues try
conferring with others on the discussion boards.

In no time, you will be experiencing the frontier of linear algebra library development. Our FLAME research group prides
itself on writing the most beautiful and among the highest performing code for many linear algebra operations. We will share
this brilliance with you. If you don’t agree you can laugh at us otherwise LAFF with us!

0.2.6 Proving and LAFF

Traditionally, Linear Algebra is a course that develops one’s ability to prove mathematical facts. In this course, we invite you
to expand upon your reasoning skills.

Proofs are first and foremost persuasive arguments. They help us connect, justify, and communicate our ideas. We encourage
you, as you engage in LAFF, to question your developing intuitions and take an active part in the abstraction process by
extending what you know and thinking in general terms.

In the beginning, communicating your ideas in your own words to convince yourself is valuable. However, to convince
others and reveal your thought processes, making your arguments more formal is beneficial. We hope that you will come to
appreciate, understand, and, YES, produce proofs.
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Users
L rvdg
L LAFF-2.0%M. ettt e We suggest you place the PDFs for the course notes here. (Download
from the @ Course page.) .
|  WeekO.pdf
-
| Weekl2.pdf
| Programming
L laff . Subdirectory with a small library that we will use.
util
matvec
matmat
vecvec
L Weekl oo e Subdirectory for the coding assignments for Week 01.
laff Ccopy .Mueeeneenneennnnn. Implementation of a routine that copies one vector to another that you
will write.
test_copy.M...ovvinniniinnn. Script for testing your implementation of tt laff_copy.m.
|
| Weekl2 . Subdirectory for the coding assignments for Week 12.

Figure 1: Directory structure for your LAFF materials. Items in red will be placed into the materials by you. In this example,
we placed LAFF-2. 0xM in the home directory Users -> rvdg. You may want to place it on your account’s “Desktop” instead.

Throughout this course, you will be asked to think a little deeper, extending your knowledge of properties of number systems
to new structures that we encounter. Our Always/Sometimes/Never as well as True/False exercises are designed to do this. In
addition to your answer, we urge you to think first, and then write a convincing argument explaining why you selected this
answer. We will share with you, in text and video, our own formal proofs. Please get into the habit of trying on your own before
peeking. Even if your proof differs from ours, remember that there is often more than one way to prove a result. You may want
to discuss your proof with others on the discussion boards.

0.2.7 Setting Up to LAFF

It helps if we all set up our environment in a consistent fashion. The easiest way to accomplish this is to download the file @
LAFF-2.0xM.zip and to “unzip” this in a convenient place. We suggest that you put it either in your home directory or on your
desktop.

Once you unzip the file, you will find a directory LAFF-2.0xM, with subdirectories. I did this in my home directory,
yielding the directory structure in Figure 1.

0.3 Software to LAFF

0.3.1 Why MATLAB

We use MATLAB as a tool because it was invented to support learning about matrix computations. You will find that the syntax
of the language used by MATLAB very closely resembles the mathematical expressions in linear algebra.

0.3.2 Installing MATLAB

For information on how to activite MATLAB for the course, visit @ Unit 0.3.2 on the edX platform.



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2018/course/
http://edx-org-utaustinx.s3.amazonaws.com/UT501x/Summer2015/LAFF-2.0xM.zip
http://edx-org-utaustinx.s3.amazonaws.com/UT501x/Summer2015/LAFF-2.0xM.zip
http://mathworks.com
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2018/courseware/46e747ace4b54c94bb04af4c07123931/d9329173d78e4bcfa9d2ac032da56341/2
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0.3.3 MATLAB Basics

Below you find a few short videos that introduce you to MATLAB. For a more comprehensive tutorial, you may want to visit
@ MATLAB Tutorials at MathWorks and clicking “Launch Tutorial”.

HOWEVER, you need very little familiarity with MATLAB in order to learn what we want you to learn about how abstrac-
tion in mathematics is linked to abstraction in algorithms. So, you could just skip these tutorials altogether, and come back to
them if you find you want to know more about MATLAB and its programming language (M-script).

What is MATLAB?

What is MATLAB?

@ View at edX

The MATLAB Environment

The MATLAB Environment

@ View at edX

MATLAB Variables

MATLAB Variables

_ @ View at edX

MATLAB as a Calculator

@ View at edX

0.4 Enrichments

0.4.1 The Origins of MATLAB

@ View at edX

0.5 Wrap Up

0.5.1 Additional Homework

For a typical week, additional assignments may be given in this unit.



https://www.mathworks.com/academia/student_center/tutorials/mltutorial_launchpad.html?confirmation_page
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/d9329173d78e4bcfa9d2ac032da56341/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/d9329173d78e4bcfa9d2ac032da56341/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/d9329173d78e4bcfa9d2ac032da56341/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/d9329173d78e4bcfa9d2ac032da56341/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/d9329173d78e4bcfa9d2ac032da56341/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/d9329173d78e4bcfa9d2ac032da56341/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/d9329173d78e4bcfa9d2ac032da56341/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/d9329173d78e4bcfa9d2ac032da56341/3
http://www.mathworks.com/videos/origins-of-matlab-70332.html
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/46e747ace4b54c94bb04af4c07123931/29465e48e72d4b89941e7c1c903606ab/1
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0.5.2 Summary

You will see that we develop a lot of the theory behind the various topics in linear algebra via a sequence of homework exercises.
At the end of each week, we summarize theorems and insights for easy reference.
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v 1

Week

Vectors in Linear Algebra

1.1 Opening Remarks

1.1.1 Take Off
”Co-Pilot Roger Murdock (to Captain Clarence Oveur): We have clearance, Clarence.

Captain Oveur: Roger, Roger. What's our vector, Victor?”

From Airplane. Dir. David Zucker, Jim Abrahams, and Jerry Zucker. Perf. Robert Hays, Julie
Hagerty, Leslie Nielsen, Robert Stack, Lloyd Bridges, Peter Graves, Kareem Abdul-Jabbar, and
Lorna Patterson. Paramount Pictures, 1980. Film.

You can find a video clip by searching “What’s our vector Victor?”

Vectors have direction and length. Vectors are commonly used in aviation where they are routinely provided by air traffic
control to set the course of the plane, providing efficient paths that avoid weather and other aviation traffic as well as assist
disoriented pilots.

Let’s begin with vectors to set our course.

11
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1.1.3 What You Will Learn

Upon completion of this week, you should be able to

Represent quantities that have a magnitude and a direction as vectors.

Read, write, and interpret vector notations.

Visualize vectors in R2.

Perform the vector operations of scaling, addition, dot (inner) product.

Reason and develop arguments about properties of vectors and operations defined on them.

Compute the (Euclidean) length of a vector.

Express the length of a vector in terms of the dot product of that vector with itself.

Evaluate a vector function.

Solve simple problems that can be represented with vectors.

Create code for various vector operations and determine their cost functions in terms of the size of the vectors.

Gain an awareness of how linear algebra software evolved over time and how our programming assignments fit into this
(enrichment).

Become aware of overflow and underflow in computer arithmetic (enrichment).
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1.2 What is a Vector?

1.2.1 Notation

@ View at edX

Definition
Definition 1.1 We will call a one-dimensional array of n numbers a vector of size n:

X0
X1

Xn—1
* This is an ordered array. The position in the array is important.
e We will call the ith number the ith component or element.

* We denote the ith component of x by ;. Here 7 is the lower case Greek letter pronounced as “ki1”. (Learn more about our
notational conventions in Section 1.7.1.)
As arule, we will use lower case letters to name vectors (e.g., x,,...). The “corresponding” Greek lower case letters are
used to name their components.

* We start indexing at 0, as computer scientists do. MATLAB, the tool we will be using to implement our libraries,
naturally starts indexing at 1, as do most mathematicians and physical scientists. You’ll have to get use to this...

* Each number is, at least for now, a real number, which in math notation is written as x; € R (read: “ki sub i (is) in 1’ or
“ki sub i is an element of the set of all real numbers”).

* The size of the vector is n, the number of components. (Sometimes, people use the words “length” and “size” inter-
changeably. We will see that length also has another meaning and will try to be consistent.)

e We will write x € R” (read: “x” in “r” “n”) to denote that x is a vector of size n with components in the real numbers,
denoted by the symbol: R. Thus, R" denotes the set of all vectors of size n with components in R. (Later we will talk
about vectors with components that are complex valued.)

A vector has a direction and a length:

— Its direction is often visualized by drawing an arrow from the origin to the point (Xo,%1,---,Xs—1), but the arrow
does not necessarily need to start at the origin.

— Its length is given by the Euclidean length of this arrow,

\/x%+x%+---+xﬁ_1,
It is denoted by ||x||2 called the rwo-norm. Some people also call this the magnitude of the vector.

* A vector does not have a location. Sometimes we will show it starting at the origin, but that is only for convenience. It
will often be more convenient to locate it elsewhere or to move it.



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/f6a00dd4dfa949248b0adb0ae90585b8/1
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/f6a00dd4dfa949248b0adb0ae90585b8/1
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Examples
Example 1.2
. 4
Consider x = . Then
-3
e Components 4 and —3 are the first and second compo-
nent, respectively.
* xo =4, 1 = —3 so that 4 is the component indexed with
0 and —3 the component indexed with 1.
« The vector is of size 2, so x € R2.
Exercises

Homework 1.2.1.1 Consider the following picture:

Using the grid for units,

-2
(@) x= (b) x=
2 _
() x= (d x=
-3 -2

(e) None of these
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Homework 1.2.1.2

Consider the following picture: Using the grid for units,
/f (@) a= b) b=
8
(©)c= d)d=
4‘ () e= 0 f=
(@g=

While a vector does not have a location, but has direction and length, vectors are often used to show the direction and length

4
of movement from one location to another. For example, the vector from point (1,—2) to point (5, 1) is the vector . We

4
might geometrically represent the vector by an arrow from point (1, —2) to point (5, 1).
3

Homework 1.2.1.3 Write each of the following as a vector:

* The vector represented geometrically in R? by an arrow from point ,2) to point (0,0).

(=1
* The vector represented geometrically in R? by an arrow from point (0,0) to point (—1,2).
» The vector represented geometrically in R? by an arrow from point (—1,2,4) to point (0,0, 1).
(1,

* The vector represented geometrically in R? by an arrow from point (1,0,0) to point (4,2, —1).

1.2.2 Unit Basis Vectors

@ View at edX

Definition

Definition 1.3 An important set of vectors is the set of unit basis vectors given by

0
J zeroes
0
ej=11 <— component indexed by j
0
n— j—1 zeroes
0



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/f6a00dd4dfa949248b0adb0ae90585b8/2
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/f6a00dd4dfa949248b0adb0ae90585b8/2

1.3. Simple Vector Operations 17

where the “1” appears as the component indexed by j. Thus, we get the set {eq,ey,...,e,—1} CR" given by

1 0
0 1
e=| : |, e=|: |, - e1=
0 0 0
0 0 1

In our presentations, any time you encounter the symbol e}, it always refers to the unit basis vector with the ““1”” in the component
indexed by j.

These vectors are also referred to as the standard basis vectors. Other terms used for these vectors are natural basis and
canonical basis. Indeed, “unit basis vector” appears to be less commonly used. But we will use it anyway!

Homework 1.2.2.1 Which of the following is not a unit basis vector?

(d) 0 (e) None of these are unit basis
vectors.

0 0
(@) (b) ()
1 1

SR

(=)

1.3 Simple Vector Operations

1.3.1 Equality (=), Assighment (:=), and Copy

@ View at edX

Definition
Definition 1.4 Two vectors x,y € R" are equal if all their components are element-wise equal.:
x=yifand only if y; = ;, forall 0 <i < n.

This means that two vectors are equal if they point in the same direction and are of the same length. They don’t, however,
need to have the same location.

The assignment or copy operation assigns the content of one vector to another vector. In our mathematical notation, we will
denote this by the symbol := (pronounce: becomes). After the assignment, the two vectors are equal to each other.

Algorithm

The following algorithm copies vector x € R" into vector y € R”, performing the operation y := x:

Yo X0
Vi X1

Yn-1 An—1



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/2fbd39e751554603899d65b73496eb9c/1
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/2fbd39e751554603899d65b73496eb9c/1
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fori=0,....n—1

Vi =i
endfor

Cost

(Notice: we will cost of various operations in more detail in the future.)
Copying one vector to another vector requires 2z memory operations (memops).

* The vector x of length n must be read, requiring n» memops and

* the vector y must be written, which accounts for the other n memops.

Homework 1.3.1.1 Decide if the two vectors are equal.

* The vector represented geometrically in R? by an arrow from point (—1,2) to point (0,0) and the vector
represented geometrically in R? by an arrow from point (1, —2) to point (2, —1) are equal.
True/False

* The vector represented geometrically in R? by an arrow from point (1, —1,2) to point (0,0,0) and the vector
represented geometrically in R? by an arrow from point (1,1, —2) to point (0,2, —4) are equal.

True/False

1.3.2 Vector Addition (ADD)

@ View at edX

Definition

Definition 1.5 Vector addition x+y (sum of vectors) is defined by

X0 Yo X0+ VYo
X1 Vi X1+
x+ty= . + = .
Xn—1 Yn—1 An—1 + Yn—1

In other words, the vectors are added element-wise, yielding a new vector of the same size.

Exercises
-1 -3
Homework 1.3.2.1 + =
2 -2
-3 -1
Homework 1.3.2.2 + =
-2 2



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/2fbd39e751554603899d65b73496eb9c/2
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/2fbd39e751554603899d65b73496eb9c/2
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Homework 1.3.2.3 For x,y € R",

xt+y=y+x
Always/Sometimes/Never
-1 -3 1
Homework 1.3.2.4 + + =
2 -2 2
—1 -3 1
Homework 1.3.2.5 + + =
2 -2 2
Homework 1.3.2.6 For x,y,z e R", (x+y)+z=x+(y+2). Always/Sometimes/Never
— 0
Homework 1.3.2.7 + =
2 0

Homework 1.3.2.8 For x € R”, x40 = x, where 0 is the zero vector of appropriate size.
Always/Sometimes/Never

Algorithm

The following algorithm assigns the sum of vectors x and y (of size n and stored in arrays x and y) to vector z (of size n and
stored in array z), computing z := x+y:

o Xo +Wo
] B X1 +VYi1
[ Xn—1+WVn—1

fori=0,....n—1

Gii=xi+wi
endfor

Cost

On a computer, real numbers are stored as floating point numbers, and real arithmetic is approximated with floating point
arithmetic. Thus, we count floating point operations (flops): a multiplication or addition each cost one flop.

Vector addition requires 3n memops (x is read, y is read, and the resulting vector is written) and »n flops (floating point
additions).

For those who understand “Big-O” notation, the cost of the SCAL operation, which is seen in the next section, is O(n).
However, we tend to want to be more exact than just saying O(n). To us, the coefficient in front of n is important.

Vector addition in sports
View the following video and find out how the “parallelogram method” for vector addition is useful in sports:

http://www.nsf.gov/news/special_reports/football/vectors. jsp

Discussion: Can you find other examples of how vector addition is used in sports?



http://www.nsf.gov/news/special_reports/football/vectors.jsp
http://www.nsf.gov/news/special_reports/football/vectors.jsp
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1.3.3 Scaling (SCAL)

@ View at edX

Definition

Definition 1.6 Multiplying vector x by scalar o yields a new vector, 0, in the same direction as x, but scaled by a factor o.
Scaling a vector by oL means each of its components, ¥, is multiplied by o.:

X0 X0
X1 oy
ox =0 =
anl aanl
Exercises
—1 —1 —1
Homework 1.3.3.1 + + =
2 2 2

Homework 1.3.3.2 3 =

Homework 1.3.3.3 Consider the following picture:

Which vector equals 2a?; (1/2)a? ; and —(1/2)a?



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/2fbd39e751554603899d65b73496eb9c/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/2fbd39e751554603899d65b73496eb9c/3
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Algorithm

The following algorithm scales a vector x € R” by o, overwriting x with the result oux:

X0 X0
X1 B OX1
Xn —1 (XXn —1

fori=0,...,n—1

Xi = O
endfor

Cost

Scaling a vector requires n flops and 2n + 1 memops. Here, o is only brought in from memory once and kept in a register for
reuse. To fully understand this, you need to know a little bit about computer architecture.

“Among friends” we will simply say that the cost is 2n memops since the one extra memory operation (to bring o in from
memory) is negligible.

1.3.4 Vector Subtraction

@ View at edX

Recall the geometric interpretation for adding two vectors, x,y € R":

Subtracting y from x is defined as
x—y=x+(-y).

We learned in the last unit that —y is the same as (— 1)y which is the same as pointing y in the opposite direction, while keeping
it’s length the same. This allows us to take the parallelogram that we used to illustrate vector addition



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/2fbd39e751554603899d65b73496eb9c/4
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/2fbd39e751554603899d65b73496eb9c/4
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and change it into the equivalent picture

Since we know how to add two vectors, we can now illustrate x + (—y):

Which then means that x — y can be illustrated by
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Finally, we note that the parallelogram can be used to simulaneously illustrate vector addition and subtraction:

(Obviously, you need to be careful to point the vectors in the right direction.)
Now computing x —y when x,y € R” is a simple matter of subtracting components of y off the corresponding components
of x:

Xo Yo X0 — Vo
X1 Vi X1—W
X — y = —_ =
An—1 WYn—1 Xn—1—WYn—1

Homework 1.3.4.1 Forx ¢ R", x—x =0.
Always/Sometimes/Never

Homework 1.3.4.2 Forx,yc R", x—y=y—x.

Always/Sometimes/Never

1.4 Advanced Vector Operations

1.4.1 Scaled Vector Addition (AXPY)

@ View at edX



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/de9876de14394df395423b596b7884d4/1
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/7a78687246af4d3788684962136f949b/de9876de14394df395423b596b7884d4/1
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Definition

Definition 1.7 One of the most commonly encountered operations when implementing more complex linear algebra operations
is the scaled vector addition, which (given x,y € R") computes y := 0x+y:

Xo Yo Yo + Yo
X1 Vi X1+ VY1
w+y=o| + . =
Xn—1 \lfnfl oYX n—1 +\|fn71

It is often referred to as the AXPY operation, which stands for alpha times x plus y. We emphasize that it is typically used in
situations where the output vector overwrites the input vector y.
Algorithm

Obviously, one could copy x into another vector, scale it by o, and then add it to y. Usually, however, vector y is simply updated
one element at a time:

Yo X0 + Yo
Vi B X1+
Vn—1 Y n—1 +Wn71

fori=0,....n—1

Wi i= 0+ Vi
endfor

Cost

In Section 1.3 for many of the operations we discuss the cost in terms of memory operations (memops) and floating point
operations (flops). This is discussed in the text, but not the videos. The reason for this is that we will talk about the cost of
various operations later in a larger context, and include these discussions here more for completely.

Homework 1.4.1.1 What is the cost of an axpy operation?

* How many memops?

* How many flops?

1.4.2 Linear Combinations of Vectors

@ View at edX

Discussion

There are few concepts in linear algebra more fundamental than linear combination of vectors.
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Definition

Definition 1.8 Let u,v € R™ and o, € R. Then au+ Bv is said to be a linear combination of vectors u and v:

Vo Vo (4] Bvo oo + Bvo
V] Vi o Bvi oy +Bvy
owtpr=al| - |+B| = : + =
V-1 Vi1 Oy BVi—1 Oy 1+ PVim—1

The scalars o, and P are the coefficients used in the linear combination.
More generally, if vy, ...,v,—1 € R™ are n vectors and X, ..., Xn—1 € R are n scalars, then Yovo+Y1v1 + -+ Xn—1Vn—1 is
a linear combination of the vectors, with coefficients Yo, ..., Xn—1-

We will often use the summation notation to more concisely write such a linear combination:

n—1
Xovo+Xi1vi+ - +Xn—1Vn—1 = Z Xjvj-
j=0

Homework 1.4.2.1
4 0
3 +2 =
—1 1
0 0
Homework 1.4.2.2
1 0
-3 +2] 1 |+4 =
0 1
Homework 1.4.2.3 Find o, 3, y such that
1 0 2
ol o |+B| 1 [|+7v = -1
0 0 1 3
Algorithm

Given vy, ...,v,—1 € R™ and Yp,...,Xsn—1 € R the linear combination w = Xgvo +X1v1 + - + Xu—1vn—1 can be computed by
first setting the result vector w to the zero vector of size m, and then performing n AXPY operations:

w=0 (the zero vector of size m)
for j=0,...,.n—1
wi=Yxjvi+w

endfor

The axpy operation computed y := o +y. In our algorithm, ) ; takes the place of o, v; the place of x, and w the place of y.
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Cost

We noted that computing w = Yovo + X1v1 + - - - Xn—1Vn—1 can be implementated as n AXPY operations. This suggests that the
cost is n times the cost of an AXPY operation with vectors of size m: n x (2m) = 2mn flops and (approximately) n X (3m)
memops.

However, one can actually do better. The vector w is updated repeatedly. If this vector stays in the L1 cache of a computer,
then it needs not be repeatedly loaded from memory, and the cost becomes m memops (to load w into the cache) and then
for each AXPY operation (approximately) m memops (to read v; (ignoring the cost of reading y ;). Then, once w has been
completely updated, it can be written back to memory. So, the total cost related to accessing memory becomes m+n x m+m =
(n+2)m ~ mn memops.

An important example

Xo
. . X1 . . . I
Example 1.9 Given any x € R" with x = ] , this vector can always be written as the linear combination
Xn—1
of the unit basis vectors given by
0
X0
0
X1 . )
x o= : =Xo| oo |t o [t Xe
0 0 0
An—1
! 0 0 1
n—1
= Xoeo+Xier+ - +Yn-1€n-1= Z Xiéi.
i=0
Shortly, this will become really important as we make the connection between linear combinations of vectors,
linear transformations, and matrices.

1.4.3 Dot or Inner Product (DOT)

@ View at edX

Definition

The other commonly encountered operation is the dot (inner) product. It is defined by

n—1
dot(x,y) = Y %iWi = XoWo + X1W1 + -+ Xn— 1 Wn—1-
i=0
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Alternative notation

‘We will often write

T
X0
X
Ay = dot(xy)=|
anl
= (Xo P AT Xn—l)

for reasons that will become clear later in the course.

Yo

Yn—1

Yo
Vi

anl

=XoVo+X1V1+ - +Xn—1Vn-1

Exercises
1
T
2 1
1
Homework 1.4.3.1 =
-6 1
1 1
1
T
2 1
5 1
Homework 1.4.3.2 =
-6 1
1 1
T
1 2
1 5
Homework 1.4.3.3 =
1 —6
1 1
Homework 1.4.3.4 For x,y ¢ R", x"y = yTx.
Always/Sometimes/Never
T
1 2 1
1 5 2
Homework 1.4.3.5 +
1 -6 3
1 1 4
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T T
1 2 1 1
1 5 1 2
Homework 1.4.3.6 + =
1 —6 1 3
1 1 1 4
T
2 1 1
5 2 0
Homework 1.4.3.7 + =
—6 3 0
1 4 2

Homework 1.4.3.8 For x,y,z € R, xT (y+z) =xTy+xlz.
Always/Sometimes/Never

Homework 1.4.3.9 Forx,y,z € R", (x+y) z=xTz+yTz.
Always/Sometimes/Never

Homework 1.4.3.10 For x,y € R", (x+y)" (x+y) =xTx+2xTy+yTy.
Always/Sometimes/Never

Homework 1.4.3.11 Let x,y € R”. When x”y =0, x or y is a zero vector.
Always/Sometimes/Never

Homework 1.4.3.12 For x € R", e/ x = xT¢; = y;, where ; equals the ith component of x.
Always/Sometimes/Never

Algorithm

An algorithm for the DOT operation is given by

a:=0
fori=0,....n—1

o= X+ o
endfor

Cost

Homework 1.4.3.13 What is the cost of a dot product with vectors of size n?

1.4.4 Vector Length (NORM2)

@ View at edX
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Definition

Let x € R”. Then the (Euclidean) length of a vector x (the two-norm) is given by

n—1
Ixll2 = \/x%+x%+---+xﬁ_1 =/ L%
i=0

Here ||x||2 notation stands for “the two norm of x”, which is another way of saying “the length of x”.

A vector of length one is said to be a unit vector.

Exercises

Homework 1.4.4.1 Compute the lengths of the following vectors:

1/2 0

/ 1 0
1/2

@ | o (b) © -2 @ | 1
1/2

U 2 0

0

Homework 1.4.4.2 Let x € R". The length of x is less than zero: x| < 0.
Always/Sometimes/Never

Homework 1.4.4.3 If x is a unit vector then x is a unit basis vector.

TRUE/FALSE
Homework 1.4.4.4 If x is a unit basis vector then x is a unit vector.

TRUE/FALSE
Homework 1.4.4.5 If x and y are perpendicular (orthogonal) then x”y = 0.

TRUE/FALSE

Hint: Consider the picture

X+Yy
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Homework 1.4.4.6 Let x,y € R" be nonzero vectors and let the angle between them equal 6. Then

T
cosO = ﬁ.
[xll20lyll2

Always/Sometimes/Never

Hint: Consider the picture and the “Law of Cosines” that you learned in high school. (Or look up this law!)

y—x

X

Homework 1.4.4.7 Let x,y € R" be nonzero vectors. Then x”y = 0 if and only if x and y are orthogonal (perpen-
dicular).

True/False
Algorithm
Clearly, ||x||2 = v xT x, so that the DOT operation can be used to compute this length.
Cost
If computed with a dot product, it requires approximately » memops and 2x flops.
1.4.5 Vector Functions
@ View at edX

Last week, we saw a number of examples where a function, f, takes in one or more scalars and/or vectors, and outputs a
vector (where a scalar can be thought of as a special case of a vector, with unit size). These are all examples of vector-valued
functions (or vector functions for short).

Definition

A vector(-valued) function is a mathematical functions of one or more scalars and/or vectors whose output is a vector.

Examples
Example 1.10

o+ —2+41 —1
flo,B) = P sothat f(-2,1)= =
oa—P -2-1 -3
Example 1.11
%o Xo+o 1 1+ (=2) -1

Il
o

fl, ] x1 D=1 x1+a sothat f(=2,[ 2 |)=] 24(-2)
x2 X2 +0 3 34(-2) 1
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Example 1.12 The AXPY and DOT vector functions are other functions that we have already encountered.

XO Xo+ X : 142 3
O x ):( 0 1) sothat f(| 2 ):( ):( )
X1+%2 2+3 5
X2 3

Example 1.13

Exercises

X0 Xo + o
Homework 1.4.5.1 If f(o, | %; [)=]| x1+o |[.find

X2 A2+ o
6
cf(1,] 2 |)=
3
. flo, )=
X0
® f(oa Xl ) =
X2
X0
® f(Bv X1 ) =
X2
X0
° (X'f(B7 X1 ) =
X2
X0
* f(Baa X1 ) =
X2
X0 Yo
cflas] xi |+ wi )=
X2 %)
X0 Yo
* f((xa X1 )+f(a7 i ):

X2 2
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1.4.6 Vector Functions that Map a Vector to a Vector

@ View at edX

Now, we can talk about such functions in general as being a function from one vector to another vector. After all, we can
take all inputs, make one vector with the separate inputs as the elements or subvectors of that vector, and make that the input
for a new function that has the same net effect.

Example 1.14 Instead of

o+ —2+1 -1
flo,B) = P sothat f(-2,1)= —
o — —2-1 -3
we can define
o o -2 —2+1 -1
a( )= +P so that g( )= + —
§ o— 1 -2-1 -3
Example 1.15 Instead of
X0 X0 + o 1 1+(-2) -1
flool x D=1 x+o sothat f(=2,] 2 |)=| 2+(-2) | = o |,
X2 X2+ o 3 3+(-2) 1
we can define
o o -2
Xo+ o . 1+(-2) -1
X0 X0
8( ) =g( )= x+a so that g( )=1 2+(-2) | = 0
X1 X1 2
X2+ 3+(-2)
X2 X2 3

The bottom line is that we can focus on vector functions that map a vector of size n into a vector of size m, which is written
as

f:R"— R™.
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Exercises

X0
Homework 1.4.6.1 If f(| x;
X2
f(l 2 =
< S )=
X0
cf2l w =
X2
X0
< 2f( w P=
X2
X0
s fla] xi [)=
X2
X0
cof(f x1 )=
X2
X0 Yo
Sl || v D=
X2 Y2
X0 Yo
s (] i DTS v
X2 Y2

Xo+1
X142
X2 +3
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Always/Sometimes/Never

X0 X0
Homework 1.4.6.2 If f(| %, |)= %0 + X1 , evaluate
X2 Xo+X1+X2
6
il 2 =
3
s f( )=
X0
cf2l x =
X2
X0
* 2f( X1 )=
X2
X0
s flaf xi )=
X2
X0
caf(| v |)=
X2
X0 Yo
cf(l o || v =
X2 V2
X0 Yo
Sl x P v )=
X2 )
Homework 1.4.6.3 If f: R” — R™, then
f(0)=0.
Homework 1.4.6.4 If f: R" — R" A€ R, and x € R”, then
JF(Ax) =Af(x).

Always/Sometimes/Never
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Homework 1.4.6.5 If f: R" — R" and x,y € R”, then

fO+y) =F) + ).

Always/Sometimes/Never

1.5 LAFF Package Development: Vectors

1.5.1 Starting the Package

In this course, we will explore and use a rudimentary dense linear algebra software library. The hope is that by linking the
abstractions in linear algebra to abstractions (functions) in software, a deeper understanding of the material will be the result.

We will be using the MATLAB interactive environment by MATHWORKS® for our exercises. MATLAB is a high-level
language and interactive environment that started as a simple interactive “laboratory” for experimenting with linear algebra. It
has since grown into a powerful tool for technical computing that is widely used in academia and industry.

For our Spring 2017 offering of LAFF on the edX platform, MATHWORKS® has again graceously made temporary licenses
available for the participants. Instructions on how to install and use MATLAB can be found in Section 0.3.

The way we code can be easily translated into other languages. For example, as part of our FLAME research project we
developed a library called 1ibflame. Even though we coded it in the C programming language, it still closely resembles the
MATLAB code that you will write and the library that you will use.

A library of vector-vector routines

The functionality of the functions that you will write is also part of the "laff” library of routines. What this means will become
obvious in subsequent units.
Below is a table of vector functions, and the routines that implement them, that you will be able to use in future weeks.

Operation Abbrev. Definition Function MATLAB Approx. cost

intrinsic flops | memops

Vector-vector operations

Copy (COPY) yi=x y = laff copy( x, vy ) y = X 0 2n
Vector scaling (SCAL) | x:= 0w x = laff_scal( alpha, x ) x = alpha * x n 2n
Scaled addition (AXPY)| y:=ox+y | y = laff_axpy( alpha, x, vy ) y = alpha * x + vy 2n 3n
Dot product (DOT) o:=xTy alpha = laff.dot( x, y ) alpha = x' *y 2n 2n
Length (NORM2) o= ||x||2 alpha = laff_norm2( x ) alpha = norm2( x ) 2n n

A couple of comments:
* The operations we will implement are available already in MATLAB. So why do we write them as routines? Because

1. It helps us connect the abstractions in the mathematics to the abstractions in code; and
2. Implementations in other languages (e.g. C and Fortran) more closely follow how we will implement the operations
as functions/routines.

¢ In, for example, laff_copy, why not make the function

y = laff copy( x )?
1. Often we will want to copy a column vector to a row vector or a row vector to a column vector. By also passing y
into the routine, we indicate whether the output should be a row or a column vector.
2. Implementations in other languages (e.g. C and Fortran) more closely follow how we will implement the operations

as functions/routines.

The way we will program translates almost directly into equivalent routines for the C or Python programming languages.
Now, let’s dive right in! We’ll walk you through it in the next units.
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1.5.2 A Copy Routine (copy)

@ View at edX

Homework 1.5.2.1 Implement the function laff_copy that copies a vector into another vector. The function is
defined as

function [ y-out ] = laff copy( x, vy )
where
* x and y must each be either an n x 1 array (column vector) or a 1 X n array (row vector);

* y_out must be the same kind of vector as y (in other words, if y is a column vector, so is y_out and if y is a
row vector, so is y_out).

* The function should “transpose” the vector if x and y do not have the same “shape” (if one is a column vector
and the other one is a row vector).

e If x and/or y are not vectors or if the size of (row or column) vector x does not match the size of (row or
column) vector y, the output should be ' FAILED’ .

@ Additional instructions. If link does not work, open LAFF-2.0xM/1521Instructions.pdf.

@ View at edX

1.5.3 A Routine that Scales a Vector (scal)

Eressss————es | @ View at edX

Homework 1.5.3.1 Implement the function 1aff_scal that scales a vector x by a scalar o.. The function is defined
as

function [ x_out ] = laff_scal( alpha, x )
where
* x must be either an n x 1 array (column vector) or a 1 X n array (row vector);
¢ x_out must be the same kind of vector as x; and
 If x or alpha are not a (row or column) vector and scalar, respectively, the output should be ' FATLED' .

Check your implementation with the script in LAFF-2. 0xM/Programming/Week01/test_scal.m.
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1.5.4 A Scaled Vector Addition Routine (axpy)

— @ View at edX

Homework 1.5.4.1 Implement the function laff_axpy that computes ox + y given scalar o and vectors x and y.
The function is defined as

function [ y-out ] = laff_axpy( alpha, x, vy )
where
* x and y must each be either an n x 1 array (column vector) or a 1 X n array (row vector);
e y_out must be the same kind of vector as y; and

e If x and/or y are not vectors or if the size of (row or column) vector x does not match the size of (row or
column) vector y, the output should be ' FAILED’.

e If alpha is not a scalar, the output should be ' FAILED’.

Check your implementation with the script in LAFF-2. 0xM/Programming/Week01/test_axpy.m.

1.5.5 An Inner Product Routine (dot)

e ey @ View at edX

Homework 1.5.5.1 Implement the function laff_dot that computes the dot product of vectors x and y. The
function is defined as

function [ alpha ] = laff.dot( x, y )
where
* x and y must each be either an n X 1 array (column vector) or a 1 X n array (row vector);

e If x and/or y are not vectors or if the size of (row or column) vector x does not match the size of (row or
column) vector y, the output should be ' FAILED’.

Check your implementation with the script in LAFF-2. 0xM/Programming/Week01/test_dot.m.

1.5.6 A Vector Length Routine (norm2)

@ View at edX
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Homework 1.5.6.1 Implement the function laff_norm2 that computes the length of vector x. The function is
defined as

function [ alpha ] = laff norm2( x )
where
* xis ann X 1 array (column vector) or a 1 X n array (row vector);
* If x is not a vector the output should be ' FAILED’ .

Check your implementation with the script in LAFF-2. 0xM/Programming/Week01/test_norm2.m..

1.6 Slicing and Dicing

1.6.1 Slicing and Dicing: Dot Product

@ View at edX

In the video, we justify the following theorem:

Theorem 1.16 Let x,y € R" and partition (Slice and Dice) these vectors as

X0 Yo
X1 Y1
xX= and y= ,
XN-1 YN-1

where x;,y; € R™ with ):?L_Ol n; = n. Then

N—1
Xy =X0yo+X] Y1+ Xy yN-1 = Y X Y
i=0

1

1.6.2 Algorithms with Slicing and Redicing: Dot Product

@ View at edX
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Algorithm: [0] := DOT(x,y)

. AT yr
Partition x » | —| ,y > [ —

XB YB

wherex7y and yr have 0 elements

oa:=0

while m(xr) <m(x) do

Repartition
X0 Yo
XT — yr —
1 x || W
XB - yB
X2 Y2

wherey; has 1 row, y; has 1 row

=91 X Yy o

Continue with

X0 Yo
Xr - yr
— ||l x ||| W
XB - YB

X2 »

endwhile

1.6.3 Coding with Slicing and Redicing: Dot Product

@ View at edX

@ View at edX
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There are a number of steps you need to take with MATLAB Online before moving on with this unit. If you do this right,
it will save you a lot of grief for the rest of the course:

When you uploaded LAFF-2.0xM. zip and unzipped it, that directory and all its subdirectories were automatically placed
on the ”path”. In theory, in Unit 1.5.2, you removed LAFF-2.0xM from the path. If not: right-click on that folder, choose
“"Remove from path” and choose ”Selected folder and subfolders”. LAFF-2 . 0xM should now turn from black to gray. Next,
there is a specific set of functions that we do want on the path. To accomplish this

» Expand folder LAFF-2. 0xM.
e Expand subfolder Programming.

* Right-click on subfolder 1aff , choose “Add to path” and choose “Selected folder and subfolders”. laff should
now turn from gray to black. This should be the last time you need to set the path for this course.

Finally, you will want to make LAFF-2.0xM -> Programming -> Week01 your current directory for the Command Win-
dow. You do this by double clicking on LAFF-2.0xM -> Programming -> Week01l. To make sure the Command Window
views this directory as the current directory, type “pwd” in the Command Window.

The video illustrates how to do the exercise using a desktop version of MATLAB. Hopefully it will be intuitively obvious
how to do the exercise with MATLAB Online instead. If not, ask questions in the discussion for the unit.

Homework 1.6.3.1 Follow along with the video to implement the routine
Dot_unb(x, y ).
The “Spark webpage” can be found at
http://edx-org-utaustinx.s3.amazonaws.com/UT501x/Spark/index.html
or by opening the file
LAFF-2.0xM — Spark — index.html

that should have been in the LAFF-2.0xM. zip file you downloaded and unzipped as described in WeekO (Unit
0.2.7).

1.6.4 Slicing and Dicing: axpy

@ View at edX

In the video, we justify the following theorem:

Theorem 1.17 Let o € R, x,y € R", and partition (Slice and Dice) these vectors as

X0 Yo

X1 Y1
and y= - ,

XN—1 YN—1
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where x;,y; € R™ with Z?I;OI n; = n. Then

X0 Yo Oxo + Yo
X i oy +y1
ox+y=a +
XN-1 YN-1 OXy—1 +YN-1

1.6.5 Algorithms with Slicing and Redicing: axpy

@ View at edX

Algorithm: [y] := AXPY(t,x,y)

. AT yr
Partition x - | — ) ,y > | ——

XB VB
wherex7y and y7r have 0 elements

while m(xr) <m(x) do

Repartition
X0 Yo
XT — yr —
=l xt ||| W
XB - YB
X2 »2

wherey; has 1 row, y; has 1 row

Y=o xXy+y;

Continue with

X0 Yo
Xr - yr
-_— X1 > — Vi
XB - VB
X2 »

endwhile

1.6.6 Coding with Slicing and Redicing: axpy

@ View at edX
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Homework 1.6.6.1 Implement the routine
Axpy-unb( alpha, x, y ).
The “Spark webpage” can be found at
http://edx-org-utaustinx.s3.amazonaws.com/UT501x/Spark/index.html
or by opening the file
LAFF-2.0xM — Spark — index.html

that should have been in the LAFF-2.0xM.zip file you downloaded and unzipped as described in WeekO (Unit
0.2.7).

@ View at edX

1.7 Enrichment

1.7.1 Learn the Greek Alphabet

In this course, we try to use the letters and symbols we use in a very consistent way, to help communication. As a general rule
» Lowercase Greek letters (a., B, etc.) are used for scalars.
¢ Lowercase (Roman) letters (a, b, etc) are used for vectors.
* Uppercase (Roman) letters (A, B, etc) are used for matrices.

Exceptions include the letters i, j, k, [, m, and n, which are typically used for integers.

Typically, if we use a given uppercase letter for a matrix, then we use the corresponding lower case letter for its columns
(which can be thought of as vectors) and the corresponding lower case Greek letter for the elements in the matrix. Similarly,
as we have already seen in previous sections, if we start with a given letter to denote a vector, then we use the corresponding
lower case Greek letter for its elements.

Table 1.1 lists how we will use the various letters.

1.7.2 Other Norms

A norm is a function, in our case of a vector in R”, that maps every vector to a nonnegative real number. The simplest example
is the absolute value of a real number: Given o € R, the absolute value of o, often written as |o|, equals the magnitude of o

a ifa>0
lof = ‘
—o.  otherwise.

Notice that only o = 0 has the property that || = 0 and that |a+ B| < | + |B|, which is known as the triangle inequality.
Similarly, one can find functions, called norms, that measure the magnitude of vectors. One example is the (Euclidean)
length of a vector, which we call the 2-norm: for x € R",

n—1
x> = X
i=0

Clearly, ||x||2 = 0 if and only if x = O (the vector of all zeroes). Also, for x,y € R", one can show that ||x+y||2 < ||x||2 + ||¥]|2-
A function || - || : R" — R is a norm if and only if the following properties hold for all x,y € R":

* ||x|| > 0; and
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Matrix | Vector Scalar Note
Symbol | KX Code
A a o \alpha alpha
B b B \beta beta
C c Y \gamma gamma
D d ) \delta delta
E e € \epsilon | epsilon || e; = jth unit basis vector.
F f (] \phi phi
G g € \x1i x1i
H h n \eta eta
1 Used for identity matrix.
K k K \kappa kappa
L l A \lambda | lambda
M m U \mu mu m(-) = row dimension.
N n v \nu nu v is shared with V.
n(-) = column dimension.
P p b \pi pi
(0] 0 \theta theta
R r P \rho rho
S s c \sigma sigma
T t T \tau tau
U u v \upsilon | upsilon
Vv v v \nu nu v shared with N.
w w (0] \omega omega
X X X \chi chi
Y y \) \psi psi
4 Z 4 \zeta zeta

Figure 1.1: Correspondence between letters used for matrices (uppercase Roman),vectors (lowercase Roman), and the symbols

used to denote their scalar entries (lowercase Greek letters).
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* ||x|[| = 0 if and only if x = 0; and
o |lx+y| < |lx|l+ly]| (the triangle inequality).

The 2-norm (Euclidean length) is a norm.
Are there other norms? The answer is yes:

¢ The taxi-cab norm, also known as the 1-norm:

n—1
Ixlle =Y [l

i=0

It is sometimes called the taxi-cab norm because it is the distance, in blocks, that a taxi would need to drive in a city like
New York, where the streets are laid out like a grid.

n—1 n—1 1/p
Ixllp = {/ X Ixil? = (ZIXiI”) :
i=0 i=0

Notice that the 1-norm and the 2-norm are special cases.

n—1
—1
= i /|P = max [y].
[ pgrgoﬂ;/igolle max [

The bottom line is that there are many ways of measuring the length of a vector. In this course, we will only be concerned with
the 2-norm.

e For 1 < p < oo, the p-norm:

¢ The co-norm:

We will not prove that these are norms, since that, in part, requires one to prove the triangle inequality and then, in turn,
requires a theorem known as the Cauchy-Schwarz inequality. Those interested in seeing proofs related to the results in this unit
are encouraged to investigate norms further.

Example 1.18 The vectors with norm equal to one are often of special interest. Below we plot the points to which
1

vectors x with ||x||2 = 1 point (when those vectors start at the origin, (0,0)). (E.g., the vector points to the
0

point (1,0) and that vector has 2-norm equal to one, hence the point is one of the points to be plotted.)
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Example 1.19 Similarly, below we plot all points to which vectors x with ||x||; = 1 point (starting at the origin).

Example 1.20 Similarly, below we plot all points to which vectors x with ||x|| = 1 point.

Example 1.21 Now consider all points to which vectors x with ||x||, = 1 point, when 2 < p < co. These form a
curve somewhere between the ones corresponding to ||x||> = 1 and ||x]| = 1:
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1.7.3 Overflow and Underflow

A detailed discussion of how real numbers are actually stored in a computer (approximations called floating point numbers)
goes beyond the scope of this course. We will periodically expose some relevant properties of floating point numbers througout
the course.

What is import right now is that there is a largest (in magnitude) number that can be stored and a smallest (in magnitude)
number not equal to zero, that can be stored. Try to store a number larger in magnitude than this largest number, and you cause
what is called an overflow. This is often stored as a “Not-A-Number” (NAN). Try to store a number not equal to zero and
smaller in magnitude than this smallest number, and you cause what is called an underflow. An underflow is often set to zero.

Let us focus on overflow. The problem with computing the length (2-norm) of a vector is that it equals the square root of
the sum of the squares of the components. While the answer may not cause an overflow, intermediate results when squaring
components could. Specifically, any component greater in magnitude than the square root of the largest number that can be
stored will overflow when squared.

The solution is to exploit the following observation: Let o0 > 0. Then

B B ] B o () )

Now, we can use the following algorithm to compute the length of vector x:

» Choose 0. = max?’;()l %il-
¢ Scale x:= x/q.

 Compute ||x]|; = avxx.
Notice that no overflow for intermediate results (when squaring) will happen because all elements are of magnitude less than

or equal to one. Similarly, only values that are very small relative to the final results will underflow because at least one of the
components of x/a equals one.

1.7.4 A Bit of History
The functions that you developed as part of your LAFF library are very similar in functionality to Fortran routines known as
the (level-1) Basic Linear Algebra Subprograms (BLAS) that are commonly used in scientific computing libraries. These were

first proposed in the 1970s and were used in the development of one of the first linear algebra libraries, LINPACK. Classic
references for that work are

e C. Lawson, R. Hanson, D. Kincaid, and F. Krogh, “Basic Linear Algebra Subprograms for Fortran Usage,” ACM Trans-
actions on Mathematical Software, 5 (1979) 305-325.

* J.J. Dongarra, J. R. Bunch, C. B. Moler, and G. W. Stewart, LINPACK Users’ Guide, STAM, Philadelphia, 1979.

The style of coding that we use is at the core of our FLAME project and was first published in

e John A. Gunnels, Fred G. Gustavson, Greg M. Henry, and Robert A. van de Geijn, “FLAME: Formal Linear Algebra
Methods Environment,” ACM Transactions on Mathematical Software, 27 (2001) 422-455.

* Paolo Bientinesi, Enrique S. Quintana-Orti, and Robert A. van de Geijn, “Representing linear algebra algorithms in code:
the FLAME application program interfaces,” ACM Transactions on Mathematical Software, 31 (2005) 27-59.
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1.8 Wrap Up

1.8.1 Homework

Homework 1.8.1.1 Let

2 o
x= , y= , and x=y.

-1 B—a

Indicate which of the following must be true (there may be multiple correct answers):

(a) =2

b Bp=PB-a)+ta=(-1)+2=1
(©) B-a=-1

@ p-2=-1

(e) x=2e9— e
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Homework 1.8.1.2 A displacement vector represents the length and direction of an imaginary, shortest, straight
path between two locations. To illustrate this as well as to emphasize the difference between ordered pairs that
represent positions and vectors, we ask you to map a trip we made.

In 2012, we went on a journey to share our research in linear algebra. Below are some displacement vectors to de-
scribe parts of this journey using longitude and latitude. For example, we began our trip in Austin, TX and landed
in San Jose, CA. Austin has coordinates 30° 15’ N(orth),97° 45’ W(est) and San Jose’s are 37° 20’ N, 121° 54’ W.
(Notice that convention is to report first longitude and then latitude.) If we think of using longitude and latitude
as coordinates in a plane where the first coordinate is position E (positive) or W (negative) and the second co-
ordinate is position N (positive) or S (negative), then Austin’s location is (—97° 45’,30° 15’) and San Jose’s are
(—121° 54',37° 20/). (Here, notice the switch in the order in which the coordinates are given because we now
want to think of E/W as the x coordinate and N/S as the y coordinate.) For our displacement vector for this, our
first component will correspond to the change in the x coordinate, and the second component will be the change in
the second coordinate. For convenience, we extend the notion of vectors so that the components include units as
well as real numbers. Notice that for convenience, we extend the notion of vectors so that the components include
units as well as real numbers (60 minutes ()= 1 degree(®). Hence our displacement vector for Austin to San Jose

—24° 09’
7° 05’
After visiting San Jose, we returned to Austin before embarking on a multi-legged excursion. That is, from Austin

we flew to the first city and then from that city to the next, and so forth. In the end, we returned to Austin.
The following is a table of cities and their coordinates:

is

City Coordinates City Coordinates

London 00° 08’ W, 51°30'N | Austin —97°45'E, 30°15'N
Pisa 10° 21" E, 43° 43’ N | Brussels 04°21'E, 50°51'N
Valencia 00° 23’ E, 39°28 N | Darmstadt 08°39'E, 49°52'N
Ziirich 08°33'E, 47°22'N | Krakow 19°56'E, 50° 4N

Determine the order in which cities were visited, starting in Austin, given that the legs of the trip (given in order)
had the following displacement vectors:

102° 06’ 04° 18’ —00° 06’ 01° 48
— — —
20° 36 —00° 59’ —02° 30/ —03° 39/

09° 35’ —20° 04/ 00° 31’ —98° 08’
— — —
06° 21’ 01° 26 —12° 02 —09° 13’
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Homework 1.8.1.3 These days, high performance computers are called clusters and consist of many compute
nodes, connected via a communication network. Each node of the cluster is basically equipped with a central
processing unit (CPU), memory chips, a hard disk, and a network card. The nodes can be monitored for average
power consumption (via power sensors) and application activity.

A system administrator monitors the power consumption of a node of such a cluster for an application that executes
for two hours. This yields the following data:

Component H Average power (W) | Time in use (in hours) | Fraction of time in use

CPU 90 1.4 0.7
Memory 30 1.2 0.6
Disk 10 0.6 0.3
Network 15 0.2 0.1
Sensors 5 2.0 1.0

The energy, often measured in KWh, is equal to power times time. Notice that the total energy consumption can
be found using the dot product of the vector of components’ average power and the vector of corresponding time
in use. What is the total energy consumed by this node in KWh? (The power is in Watts (W), so you will want to
convert to Kilowatts (KW).)

Now, let’s set this up as two vectors, x and y. The first records the power consumption for each of the components
and the other for the total time that each of the components is in use:

90 0.7

30 0.6

x=1 10 and y=2| 03
15 0.1

5 1.0

Instead, compute x” y. Think: How do the two ways of computing the answer relate?
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Homework 1.8.1.4 (Examples from statistics) Linear algebra shows up often when computing with data sets.
In this homework, you find out how dot products can be used to define various sums of values that are often

encountered in statistics.
Assume you observe a random variable and you let those sampled values be represented by y;,i =0,1,2,3,--- ,n—

1. We can let x be the vector with components ; and T be a vector of size n with components all ones:
X0 1
x= , and 1=
An—1 1

For any x, the sum of the values of x can be computed using the dot product operation as

ox_’

The sample mean of a random variable is the sum of the values the random variable takes on divided by the number
of values, n. In other words, if the values the random variable takes on are stored in vector x, then X = %er'zol Xi-
Using a dot product operation, for all x this can be computed as

17x

I

- (ITT)71(7T)

For any x, the sum of the squares of observations stored in (the elements of) a vector, x, can be computed using a
dot product operation as
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1.8.2 Summary of Vector Operations

X0
Vector scaling o = X1
Y n—1
Xo + Vo
Vector addition xty= O
Xn—1+Yn—1
X0 — Vo
Vector subtraction | x—y = X1—W
Xn—1—Vn—1
X0 + Yo
AXPY oty = X1 '+\l’1
OXn—1+Wn_1
dot (inner) product | x7y = Z;l:—ol Vi
vector length lx]la = VaTx = ;1;01 i

1.8.3 Summary of the Properties of Vector Operations
Vector Addition
* Is commutative. That is, for all vectors x,y € R", x+y=y+x.
* Is associative. That is, for all vectors x,y,z € R", (x+y) +z=x+ (y+2).
* Has the zero vector as an identity.
* For all vectors x € R",x+0 = 04 x = x where 0 is the vector of size n with O for each component.

* Has an inverse, —x. That is x+ (—x) = 0.

The Dot Product of Vectors
« Is commutative. That is, for all vectors x,y € R? xTy = yTx.
« Distributes over vector addition. That is, for all vectors x,y,z € R", xT (y+2)= xTy +x7zand (x+ y)TZ =xTz +yTz.
Partitioned vector operations
For (sub)vectors of appropriate size
X0 Yo Xo + Yo
X1 Y1 X1+y1

° . + . —

XN—1 YN—1 XN—1+YN-1
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T
X0 Yo
X1 Y1
T T T N—1.T
. . ) =XgYo+X| Y1+ F Xy IN-1 = Xiig X Vi
XN—1 YN—1

Other Properties
s Forx,y € R", (x +y)T (x +y) = xTx+2xTy +yTy.
* For x,y € R",x"y = 0 if and only if x and y are orthogonal.
s Letx,y € R" be nonzero vectors and let the angle between them equal 8. Then cos(0) = xTy/|x[2|ly|2-

e Forx € R" xTe; = el x = x; where y; equals the ith component of x.

1.8.4 Summary of the Routines for Vector Operations

Operation Abbrev. Definition | Function Approx. cost

flops | memops

Vector-vector operations

Copy (COPY) yi=Xx laff.copy( %, v ) 0 2n
Vector scaling (SCAL) | x:= o laff.scal( alpha, x ) n 2n
Scaled addition (AXPY)| y:=o0x+y | laff.axpy( alpha, x, vy ) 2n 3n
Dot product (DOT) o:=xTy alpha = laff.dot( x, y ) 2n 2n
Length (NORM?2) o= ||x]|2 alpha = laff.norm2( x ) 2n n




Week

Linear Transformations and Matrices

2.1 Opening Remarks

2.1.1 Rotating in 2D

@ View at edX

Let Ry : R? — R? be the function that rotates an input vector through an angle 8:

Figure 2.1 illustrates some special properties of the rotation. Functions with these properties are called called linear transfor-
mations. Thus, the illustrated rotation in 2D is an example of a linear transformation.
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Rg(0wx)
n
l" ax
] X >
:' 0 -
0Rg(x)
n
! Ro(x) +Ro(y)
! Re X
Ro(x) A il
. R
Yy $ .
x 1 |
' x
0 Ro(y) A ;

| atRo (x) = Ro(0ux) |

n
Rg(x)
o
X >
0 -

Figure 2.1: The three pictures on the left show that one can scale a vector first and then rotate, or rotate that vector first and
then scale and obtain the same result. The three pictures on the right show that one can add two vectors first and then rotate, or
rotate the two vectors first and then add and obtain the same result.
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Homework 2.1.1.1 A reflection with respect to a 45 degree line is illustrated by

Think of the dashed green line as a mirror and M : R? — R? as the vector function that maps a vector to its mirror
image. If x,y € R? and o € R, then M (o) = aM(x) and M(x+y) = M(x) + M(y) (in other words, M is a linear
transformation).

True/False
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2.1.3 What You Will Learn
Upon completion of this unit, you should be able to
* Determine if a given vector function is a linear transformation.
¢ Identify, visualize, and interpret linear transformations.
* Recognize rotations and reflections in 2D as linear transformations of vectors.
* Relate linear transformations and matrix-vector multiplication.
* Understand and exploit how a linear transformation is completely described by how it transforms the unit basis vectors.
* Find the matrix that represents a linear transformation based on how it transforms unit basis vectors.
* Perform matrix-vector multiplication.
* Reason and develop arguments about properties of linear transformations and matrix vector multiplication.

* Read, appreciate, understand, and develop inductive proofs.
(Ideally you will fall in love with them! They are beautiful. They don’t deceive you. You can count on them. You can
build on them. The perfect life companion! But it may not be love at first sight.)

* Make conjectures, understand proofs, and develop arguments about linear transformations.
* Understand the connection between linear transformations and matrix-vector multiplication.

* Solve simple problems related to linear transformations.
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2.2 Linear Transformations

2.2.1 What Makes Linear Transformations so Special?

@ View at edX

Many problems in science and engineering involve vector functions such as: f: R” — R™. Given such a function, one often
wishes to do the following:

* Given vector x € R”, evaluate f(x); or
* Given vector y € R™, find x such that f(x) =y; or
* Find scalar A and vector x such that f(x) = Ax (only if m = n).

For general vector functions, the last two problems are often especially difficult to solve. As we will see in this course, these
problems become a lot easier for a special class of functions called linear transformations.

For those of you who have taken calculus (especially multivariate calculus), you learned that general functions that map
vectors to vectors and have special properties can locally be approximated with a linear function. Now, we are not going to
discuss what make a function linear, but will just say “it involves linear transformations.” (When m = n = 1 you have likely
seen this when you were taught about “Newton’s Method”) Thus, even when f : R” — R is not a linear transformation, linear
transformations still come into play. This makes understanding linear transformations fundamental to almost all computational
problems in science and engineering, just like calculus is.

But calculus is not a prerequisite for this course, so we won’t talk about this... : - (

2.2.2 What is a Linear Transformation?

@ View at edX

Definition
Definition 2.1 A vector function L : R" — R™ is said to be a linear transformation, if for all x,y € R" and oo € R

» Transforming a scaled vector is the same as scaling the transformed vector:

L(owx) = aL(x)

* Transforming the sum of two vectors is the same as summing the two transformed vectors:

L{x+y) = L(x) +L(y)

Examples
+
Example 2.2 The transformation f( X0 )= xowx is a linear transformation.
X1 Xo
- . . X0 Yo .
The way we prove this is to pick arbitrary o. € R, x = ,andy = for which we then show that f(ox) =
X1 Vi

of (x) and f(x+y) = f(x) + f(y):
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o Show f(ox) = ouf(x):

f(ooc):f(a< Xo )):f(( o >): ( 0tXo + 01 ) _ ( oo +X1) )
X1 oy oo o
ocf(x):aﬂ( Xo )):a( Xo+X1 ) _ ( a(xo+%1) )
X1 %0 oo

Both f(owx) and o.f (x) evaluate to the same expression. One can then make this into one continuous sequence of equiva-
lences by rewriting the above as

flaw) = | X D= ** |)= oo + 0X 1
X1 oY1 oo
_ ( oo+ 1) ) :a< X0+ ) :af(( %o )):af(x).
a0 Xo X1

o Show f(x+y) = f(x)+ f(y):

f(x+y):f(( X0 ) n ( Yo )):f(( Xo + Wo )): ( (o +wo)+ (1 +w1) )

X1 V1 X1+ %o+ Wo

f(( o ))+f(( Vo )): ( Ko+ X1 )+( Vo + i )
X Wi Xo Yo

_ [ Gotx)+ (ot
Xo+ VYo

and

)+ 1)

Both f(x+Yy) and f(x)+ f(y) evaluate to the same expression since scalar addition is commutative and associative. The
above observations can then be rearranged into the sequence of equivalences

f((Xo )+(\Vo )):f((xﬁ-\lfo ))
X1 Vi X1+ VY

(Xo+Wo) +(x1+w1) | _ [ (to+x1)+(Wot+w1)
Xo +VWYo %o + Vo

_ ( X0+ ) T ( vorn ) =f(< " ))+f(( v ))=f<x>+f<Y>-
%o Yo X1 Wi

+
Example 2.3 The transformation f( ( X ) )= ( Xy ) is not a linear transformation.
vy x+1
We will start by trying a few scalars o and a few vectors x and see whether f(ox) = of (x). If we find even one example
such that f(ow) # f(ox) then we have proven that f is not a linear transformation. Likewise, if we find even one pair of vectors
xandy such that f(x+y) # f(x) + f(y) then we have done the same.

flx+y)
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A vector function f : R” — R is a linear transformation if for all scalars o and for all vectors x,y € R”" it is that case that
+ flox) = of(x) and
* flxty) =fx)+ )

If there is even one scalar o and vector x € R” such that f(ow) # o.f (x) or if there is even one pair of vectors x,y € R” such
that f(x+y) # f(x)+ f(y), then the vector function f is not a linear transformation. Thus, in order to show that a vector
function f is not a linear transformation, it suffices to find one such counter example.

Now, let us try a few:

X 1
e Letao=1and = . Then
\j 1
X 1 1 1+1 2
fla )= f(1x )= f( )= =
v 1 1 1+1 2
and
X 1 1+1 2
of( )=1xf( )=1x =
v 1 1+1 2

For this example, f(ox) = of (x), but there may still be an example such that f(ox) # of (x).

X 1
e Letao=0and = . Then
\j 1
X 1 0 040 0
fla )= f(0x )= f( = =
v 1 0 0+1 1
and
X 141 0
of( ) =0xf( )=0 =
) 1+1 0

had
X

Homework 2.2.2.1 The vector function f( is a linear transformation.

TRUE/FALSE

X2 +3

function as in Homework 1.4.6.1.)
TRUE/FALSE

X0

%o + %1 is a linear transformation. (This is the

Xo Xo+1
Homework 2.2.2.2 The vector function f(| %; |)=| x;+2 | isalinear transformation. (This is the same
Homework 2.2.2.3 The vector function f( | ) (

Xo +X1+X2
same function as in Homework 1.4.6.2.)

TRUE/FALSE
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Homework 2.2.2.4 If L: R" — R™ is a linear transformation, then L(0) = 0.
(Recall that 0 equals a vector with zero components of appropriate size.)
Always/Sometimes/Never

Homework 2.2.2.5 Let f: R" — R" and f(0) # 0. Then f is not a linear transformation.
True/False

Homework 2.2.2.6 Let f: R" — R™ and f(0) = 0. Then f is a linear transformation.
Always/Sometimes/Never

Homework 2.2.2.7 Find an example of a function f such that f(ow) = ouf(x), but for some x,y it is the case that
f(x+y) # f(x)+ f(y). (This is pretty tricky!)

X1

0 o .
x )= is a linear transformation.
X1 Xo

Homework 2.2.2.8 The vector function f(

TRUE/FALSE

2.2.3 Of Linear Transformations and Linear Combinations

@ View at edX

Now that we know what a linear transformation and a linear combination of vectors are, we are ready to start making the
connection between the two with matrix-vector multiplication.

Lemma 2.4 L:R" — R™ is a linear transformation if and only if (iff) for all u,v € R" and o, € R

L(ow+Bv) = aL(u) +BL(v).

Proof:

(=) Assume that L : R" — R™ is a linear transformation and let u,v € R" be arbitrary vectors and o, B € R be arbitrary scalars.

Then
L(ow+Pv)
= <since ow and Pv are vectors and L is a linear transformation >
L(ow)+L(Bv)
= < since L is a linear transformation >
OL(u) +PBL(v)

(<) Assume that for all #,v € R" and all o, € R it is the case that L(ow + Pv) = aL(u) + BL(v). We need to show that
o L(ow) = aL(u).
This follows immediately by setting B = 0.

o L(u+v)=L(u)+L(v).
This follows immediately by setting o = = 1.
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@ View at edX

Lemma 2.5 Letvy,vy,...,vik—1 € R* and let L : R" — R™ be a linear transformation. Then
L(V() +vi+... +vk,1) = L(V()) +L(V1) +... +L(Vk,1). 2.1)

While it is tempting to say that this is simply obvious, we are going to prove this rigorously. When one tries to prove a
result for a general k, where k is a natural number, one often uses a “proof by induction”. We are going to give the proof first,
and then we will explain it.

Proof: Proof by induction on k.
Base case: k = 1. For this case, we must show that L(vg) = L(vo). This is trivially true.
Inductive step: Inductive Hypothesis (IH): Assume that the result is true for k = K where K > 1:
Livo+vi—+...+vk—1) =L(vo) +L(v1) +...+L(vg_1).
We will show that the result is then also true for kK = K + 1. In other words, that

Livo+vi+...4vk_1+vk) =L(vo)+L(v1)+...+L(vk—1) + L(vk).

Livo+vi+...4+vk)

= < expose extra term — We know we can do
this, since K > 1 >

Livo+vi+...+vk_1+vk)

= < associativity of vector addition >
L((vo+vi+...4+vg_1)+vk)

= < L is a linear transformation) >
Livo+vi+...+vk_1)+L(vk)

= < Inductive Hypothesis >
L(vo)+L(vi)+...+L(vk—1)+L(vg)

By the Principle of Mathematical Induction the result holds for all .

The idea is as follows:
¢ The base case shows that the result is true for k = 1: L(vg) = L(vp).

* The inductive step shows that if the result is true for k = 1, then the result is true for k = 1+ 1 =2 so that L(vg +v;) =
L(vo) +L(v1).

* Since the result is indeed true for k = 1 (as proven by the base case) we now know that the result is also true for k = 2.
* The inductive step also implies that if the result is true for k = 2, then it is also true for k = 3.

* Since we just reasoned that it is true for k = 2, we now know it is also true for k = 3: L(vo+v; +v2) = L(vo) + L(v1) +
L(vy).

¢ And so forth.
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2.3 Mathematical Induction

2.3.1 What is the Principle of Mathematical Induction?

@ View at edX

The Principle of Mathematical Induction (weak induction) says that if one can show that
* (Base case) a property holds for k = k;; and
* (Inductive step) if it holds for kK = K, where K > k;, then it is also holds for k = K + 1,

then one can conclude that the property holds for all integers k > k. Often k, = 0 or k;, = 1.

If mathematical induction intimidates you, have a look at in the enrichment for this week (Section 2.5.2) :Puzzles and
Paradoxes in Mathematical Induction”, by Adam Bjorndahl.

Here is Maggie’s take on Induction, extending it beyond the proofs we do.

If you want to prove something holds for all members of a set that can be defined inductively, then you would use mathe-
matical induction. You may recall a set is a collection and as such the order of its members is not important. However, some
sets do have a natural ordering that can be used to describe the membership. This is especially valuable when the set has an
infinite number of members, for example, natural numbers. Sets for which the membership can be described by suggesting
there is a first element (or small group of firsts) then from this first you can create another (or others) then more and more by
applying a rule to get another element in the set are our focus here. If all elements (members) are in the set because they are
either the first (basis) or can be constructed by applying ”The” rule to the first (basis) a finite number of times, then the set can
be inductively defined.

So for us, the set of natural numbers is inductively defined. As a computer scientist you would say 0 is the first and the rule
is to add one to get another element. So 0, 1,2,3,... are members of the natural numbers. In this way, 10 is a member of natural
numbers because you can find it by adding 1 to O ten times to get it.

So, the Principle of Mathematical induction proves that something is true for all of the members of a set that can be defined
inductively. If this set has an infinite number of members, you couldn’t show it is true for each of them individually. The idea
is if it is true for the first(s) and it is true for any constructed member(s) no matter where you are in the list, it must be true for
all. Why? Since we are proving things about natural numbers, the idea is if it is true for 0 and the next constructed, it must
be true for 1 but then its true for 2, and then 3 and 4 and 5 ...and 10 and ... and 10000 and 10001 , etc (all natural numbers).
This is only because of the special ordering we can put on this set so we can know there is a next one for which it must be true.
People often picture this rule by thinking of climbing a ladder or pushing down dominoes. If you know you started and you
know where ever you are the next will follow then you must make it through all (even if there are an infinite number).

That is why to prove something using the Principle of Mathematical Induction you must show what you are proving holds
at a start and then if it holds (assume it holds up to some point) then it holds for the next constructed element in the set. With
these two parts shown, we know it must hold for all members of this inductively defined set.

You can find many examples of how to prove using PMI as well as many examples of when and why this method of proof
will fail all over the web. Notice it only works for statements about sets ’that can be defined inductively”. Also notice subsets
of natural numbers can often be defined inductively. For example, if [ am a mathematician I may start counting at 1. Or I may
decide that the statement holds for natural numbers > 4 so I start my base case at 4.

My last comment in this very long message is that this style of proof extends to other structures that can be defined
inductively (such as trees or special graphs in CS).

2.3.2 Examples

—— @ View at edX
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Later in this course, we will look at the cost of various operations that involve matrices and vectors. In the analyses, we will
often encounter a cost that involves the expression Z;’;Ol i. We will now show that

n—1

Y i=n(n-1)/2.

i=0

Proof:

Base case: n = 1. For this case, we must show that Zil:_ol i=1(0)/2.

L

= < Definition of summation>
0

= < arithmetic>
1(0)/2

This proves the base case.

Inductive step: Inductive Hypothesis (IH): Assume that the result is true for n = k where k > 1:

k—1
;)i: k(k—1)/2.

We will show that the result is then also true for n = k+ 1:
(k+1)—1

Y i (k- 1)((k+1)—1)/2.

i=0

Assume that k > 1. Then

(k4+1)—1 .

Liog i

= < arithmetic>
Yioi

= < split off last term>
g itk

= < I.H->
k(k—1)/2+k.

= < algebra>
(k> —k)/2+2k/2.

= < algebra>
(K +k)/2.

= < algebra>
(k+1)k/2.

= < arithmetic>
(k+1D)((k+1)—1)/2.

This proves the inductive step.

By the Principle of Mathematical Induction the result holds for all n.
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As we become more proficient, we will start combining steps. For now, we give lots of detail to make sure everyone stays on
board.

; @ View at edX
There is an alternative proof for this result which does not involve mathematical induction. We give this proof now because
it is a convenient way to rederive the result should you need it in the future.

Proof:(alternative)
Yylio= 0+ 1 + + (n=2) + (n—1)
Yrlio= (n—-1) + (n-2) + - + 1 + 0
2y i o= (n—1) + (n—1) + + (n=1) + (n—1)

n times the term (n— 1)

so that 2y )i = n(n—1). Hence Y} i =n(n—1)/2.

For those who don’t like the *“- - -” in the above argument, notice that
2500 = X i+ Yy < algebra >
= ?;01 i+ Z(])»:n,l J < reverse the order of the summation >
= Y ity (n—i—1) < substituting j=n—i—1>
Yl (itn—i—1) < merge sums >
Y (n—1) < algebra >
= nn—1) < (n—1) is summed n times >.

Hence Y i=n(n—1)/2.

Homework 2.3.2.1 Letn > 1. Then Y ;i =n(n+1)/2.
Always/Sometimes/Never

Homework 2.3.2.2 Letn > 1. Y/ ) 1 =n.
Always/Sometimes/Never

Homework 2.3.2.3 Let n > 1 and x € R™. Then

n—1

Zx: X+x+---+x =nx
h —————
i=0

n times

Always/Sometimes/Never

Homework 2.3.2.4 Letn> 1. Y7 )2 = (n—1)n(2n—1)/6.

Always/Sometimes/Never
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2.4 Representing Linear Transformations as Matrices

2.4.1 From Linear Transformation to Matrix-Vector Multiplication

@ View at edX

Theorem 2.6 Let v,,vi,...,vy—1 € R, 0, 0,...,0,—1 €R, and let L : R" — R™ be a linear transformation. Then

L(otovo +0qvi+ -+ 0y 1vp—1) = &L(vo) + 01 L(vi) + - 4+ Oy 1 L(vy—1). (2.2)

Proof:
L(0lgvg + vy + -+ 4 Oy 1Vp—1)
= < Lemma 2.5: L(vo+---+vp—1) =L(vo) + -+ L(vp—1) >
L(agvo) +L(0vi) 4 -+ + L(Cy 1V, 1)
= <Definition of linear transformation, n times >

0oL(vo) + 0 L(vi)+ -+ 01 L(vk—1) + Oy 1 L(vp—1).

Homework 2.4.1.1 Give an alternative proof for this theorem that mimics the proof by induction for the lemma
that states that L(vo+ - +v,—1) = L(vo) +- -+ L(vy—1).

Homework 2.4.1.2 Let L be a linear transformation such that

L( )= . and L( (1) )=

2
Then L( )=
3

For the next three exercises, let L be a linear transformation such that

L( )= 2 and L( ! )=

3
Homework 2.4.1.3 L( )=
3

1
Homework 2.4.1.4 L( )=
0

2
Homework 2.4.1.5 L( )=
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Homework 2.4.1.6 Let L be a linear transformation such that

3
Then L( )=
2

Homework 2.4.1.7 Let L be a linear transformation such that

L( )= i and L( 2 )=

3
Then L( )=
2

Now we are ready to link linear transformations to matrices and matrix-vector multiplication.
Recall that any vector x € R” can be written as

Xo 1 0 0
X1 0 1 0 n—1
X = . = X0 . + X1 . T+ An—1 . =ijej.
. . . : Jj=0
Xn—1 0 0 1
N—— —— SN——
) el €n—1

Let L : R" — R™ be a linear transformation. Given x € R”, the result of y = L(x) is a vector in R™. But then

n—1 n—1 n—1
y=Lx)=L (Z x,e,:) =Y xLe)) =Y xjaj,
j=0 =0 j=0

where we let a; = L(e;).

The Big Idea. The linear transformation L is completely described by the vectors
ap,ai,...,ap—1, Wherea;=L(e))

because for any vector x, L(x) = Z’;;(l) Xjaj.

By arranging these vectors as the columns of a two-dimensional array, which we call the matrix A, we arrive at the obser-
vation that the matrix is simply a representation of the corresponding linear transformation L.

3 —
Homework 2.4.1.8 Give the matrix that corresponds to the linear transformation f( X0 )= X~k
X1 X1
X0 3
Homework 2.4.1.9 Give the matrix that corresponds to the linear transformation f(| x; |)= X~k
X2

X2




Week 2. Linear Transformations and Matrices

68

If we let
Q0,0 o, 1
1,0 1,1
A p—
Op—1,0 Oyp—1,1
N N~
ap a

so that o ; equals the ith component of vector a;, then

L(x)

= Yoao+xYi1a1+ - +An-1an-1

0o, n—1

o1 n—1

amflmfl

an—1

n—1 n—1 n—1 n—1
L(Y xjej) =Y Lxjej) = Y xiLlej) = Y xja;
Jj=0 j=0 Jj=0 j=0

Q0,0 Qo,1 o, n—1
1,0 o1 Ol n—1
= Xo . +X1 + A A1
On—1,0 Olpn—1,1 Opn—1,n—1
X000,0 X10o,1 An—100,n—1
X010 A100 1 An—101 p—1
= . + +- 4
X00n—1,0 X106,—11 An—10n—1,n—1
X000, 0+ X101+ An—1000 n—1
X000+ X101+ Xn—100 n—1
X00n—1,0+ X10m—1,1+ Xn—10n—1n—1
0lo,0X0+ Olo,1X1+ 0o, n—1Xn—1
o1,0X0+ o1+ o1 n—1Xn—1
Oy—1,000+  Ohu—1,1X1+ Oly—1,n—1Xn—1
0,0 0,1 0o,n—1 X0
01,0 0,1 O n—1 X1
= :Ax.
On—1,0 On—1,1 Oln—1,n—1 Xn—1

Definition 2.7 (R™*")
The set of all m x n real valued matrices is denoted by R™*",

Thus, A € R™*" means that A is a real valued matrix of size m X n.

Definition 2.8 (Matrix-vector multiplication or product)
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Let A € R™" and x € R" with

Q0,0 0,0 0o, n—1
1,0 1,0 O n—1
A=
On—1,0 Om—1,0 Oln—1,n—1
then
.0 o, 1 0o n—1
1,0 1,1 Oy n—1
am—l,O 0Lm—l,l 0('m—l,n—l
0lo,0X0+ Olo,1X1+
O,0X0+ 11+
Op—1,0X0+  Om—1,1X1+

2.4.2 Practice with Matrix-Vector Multiplication

X0
X1

and x=

An—1

X0
X1

An—1

-+ 00,n—1Xn—1

-+ O n—1Xn—1

-+ On—1,n—1Xn—1

(2.3)

-1 0 2

Homework 2.4.2.1 Compute Ax whenA = | -3 1 —1 Jandx=]| 0
-2 -1 2
-1 0 2

Homework 2.4.2.2 Compute Ax whenA = | —3 1 —1 Jandx=| 0
-2 -1 2

the jth column of matrix A.

Homework 2.4.2.3 If A is a matrix and e; is a unit basis vector of appropriate length, then Ae; = a;, where a; is

Always/Sometimes/Never

equals the ith entry in x, ;.

Homework 2.4.2.4 If x is a vector and e; is a unit basis vector of appropriate size, then their dot product, e/ x,

Always/Sometimes/Never

Homework 2.4.2.5 Compute
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Homework 2.4.2.6 Compute

T
0 —1 0 2 1
1 -3 I -1 =
0 -2 -1 2

Homework 2.4.2.7 Let A be a m x n matrix and @ its (i, j) element. Then o; ; = e! (Ae;).
Always/Sometimes/Never

Homework 2.4.2.8 Compute
> - 0
-2 3
2 -1 0
o (=2) 1 0 : =
-2 3
2 —1
0 1
° 1 0 + =
1 0
-2
2 - 2 -
0 1
. 1 0 + 1 0 =
1 0
-2 -2

Homework 2.4.2.9 Let A € R™*"; x,y € R"; and o € R. Then
o A(ox) = o (Ax).

* A(x+y) =Ax+Ay.

Always/Sometimes/Never
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Homework 2.4.2.10 You can practice as little or as much as you want!

Some of the following instructions are for the desktop version of Matlab, but it should be pretty easy to figure out
what to do instead with Matlab Online.

Start up Matlab or log on to Matlab Online and change the current directory to Programming/Week02/.

MATLAB R2014b.

Hone pLots AveS RN Qsearch Do S i
I v . (1] b Newvariable Analyze Code os| | FO 2) €3 Community
Z o 9 Cedne 5 O e @8 | D @ erererences| () ©
(53 Open Variable ~ | £ Runand Time 5 = Request Support

New New Open | jcompare Import Swe Sk Lyout e Help
G e S Daia i vorispacad2 Cleae arkssacalioli 2 lear Commanislio Al Uirary % Sl add-ons
< % 5 & [/ » Users » rvdg » LAFFSpring2015 » PracticeGemv v o
Current Folder ® Command Window ®

fe>>

“ PracticeGemv.m
) PrintMVProblem.m

Details ~

Workspace ®

Then type PracticeGemv in the command window and you get to practice all the matrix-vector multiplications
you want! For example, after a bit of practice my window looks like

o = = B ] CRTETT - |
N ] T e = B3 commr
L3 9f O [grndries & 0 L3 B | B @rreterencs 2 8
B Openvariatie v | £ Runand Time 9 RequestSupport
New New Open | |Compare Import  Save Simulink Layout () secpath  Help
oS Data i Works aaca 7 Clear W pacali =l Clear Commands =l Licrary H = < &5 add-ons +
< & [0 5 [/ * Users » vdg » LAFFSpring2015 » PracticeGemv. B
Current Folder ® Command Window ®

>> PracticeGemv

To end practice, enter Control-C
evaluate
/-2 -2
| 2-1
10

© PracticecGemv.m
& PrintMVProblem.m

2\ / 2\
20 2]
\ -2/ N0/
1
1
o
try again!

valu

o

te
-2 -2 2
2-1 2
1 0-2

NN -—N0
~— -
—_
[SENEN)
~—~

Correct!

Deal 3 evaluate
Workspace ® / 0\ <2>
Name & Value K2

Waiting for input

Practice all you want!

2.4.3 It Goes Both Ways

@ View at edX
The last exercise proves that the function that computes matrix-vector multiplication is a linear transformation:

Theorem 2.9 Let L: R" — R™ be defined by L(x) = Ax where A € R™*". Then L is a linear transformation.

A function f: R" — R is a linear transformation if and only if it can be written as a matrix-vector multiplication.



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/b39776b93e54417bbd359e40b15dbfed/a97b0caa357241c280ec5b39a4c0110c/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/b39776b93e54417bbd359e40b15dbfed/a97b0caa357241c280ec5b39a4c0110c/3

Week 2. Linear Transformations and Matrices

72

Homework 2.4.3.1 Give the linear transformation that corresponds to the matrix

2 1 0 -1
00 1 -1

Homework 2.4.3.2 Give the linear transformation that corresponds to the matrix

2 1
0 1
10
11
+
Example 2.10 We showed that the function f( xo )= o is a linear transformation in an earlier
X1 Xo

example. We will now provide an alternate proof of this fact.

We compute a possible matrix, A, that represents this linear transformation. We will then show that f(x) = Ax,
which then means that f is a linear transformation since the above theorem states that matrix-vector multiplications
are linear transformations.

To compute a possible matrix that represents f consider:

1 140 1 0 0+1 1
f( )= = and  f( ) = -
0 1 1 1 0 0
Thus, if f is a linear transformation, then f(x) = Ax where A = Now,
1 0
L1 X0 Xo+X1 X0
Ax= 8= =f( )=f(x)
1 0 X1 Xo X1

Hence f is a linear transformation since f(x) = Ax.
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+
Example 2.11 In Example 2.3 we showed that the transformation f( x )= v is not a linear trans-

v x+1
formation. We now show this again, by computing a possible matrix that represents it, and then showing that it
does not represent it.
To compute a possible matrix that represents f consider:

1 1+0 1 0 0+1 1
f( )= = and  f( )= =
0 1+1 2 1 0+1 1
L . 1
Thus, if f is a linear transformation, then f(x) = Ax where A = . Now,
2 1
11 X0 Xo+X1 Xo+ X1 X0
Ax = = # = f( ) =f(x)
2 1 X1 2%0 +%1 Xo+1 X1

Hence f is not a linear transformation since f(x) # Ax.

The above observations give us a straight-forward, fool-proof way of checking whether a function is a linear transformation.
You compute a possible matrix and then you check if the matrix-vector multiply always yields the same result as evaluating
the function.

2
Homework 2.4.3.3 Let f be a vector function such that f( xo )= Xo Then
X1 X1

* (a) f is a linear transformation.
e (b) f is not a linear transformation.
* (c) Not enough information is given to determine whether f is a linear transformation.

How do you know?

Homework 2.4.3.4 For each of the following, determine whether it is a linear transformation or not:

X0 X0
cf(l o D=1] 0
X2 X2
X0 X
. /( )= "
X1 0

2.4.4 Rotations and Reflections, Revisited

@ View at edX
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Recall that in the opener for this week we used a geometric argument to conclude that a rotation Rg : R* — R? is a linear
transformation. We now show how to compute the matrix, A, that represents this rotation.

Given that the transformation is from R? to R2, we know that the matrix will be a 2 x 2 matrix. It will take vectors of size
two as input and will produce vectors of size two. We have also learned that the first column of the matrix A will equal Rg(eg)
and the second column will equal Rg(e1).

1
We first determine what vector results when ey = is rotated through an angle 6:
1 cos(8)
Re( =1 .
0 sin(0)
sin(0)
’\ 0
cos(0) Y | f
0
. 0.
Next, we determine what vector results when e} = is rotated through an angle 0:
1
0 in(8) "
—sin
Re( )=
1 cos(0) A
cos(0) ‘9(_

R 4

sin(0)
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This shows that

cos(0) —sin()
Ro(eo) = | . ( and Re(e1) = (
sin(0) cos(0)
We conclude that
A cos(0) —sin(B)
sin(8)  cos(0)
This means that an arbitrary vector x = X0 is transformed into
X1
Ro(x) = Ax — cos(B) —sin(0) Xo | _ cos(0)xo — sin(0)x1
sin(0)  cos(B) X1 sin(0)x0 +cos(0)x1

This is a formula very similar to a formula you may have seen in a precalculus or physics course when discussing change
of coordinates. We will revisit to this later.

Homework 2.4.4.1 A reflection with respect to a 45 degree line is illustrated by

Again, think of the dashed green line as a mirror and let M : R?> — R? be the vector function that maps a vector to
its mirror image. Evaluate (by examining the picture)

1

(=

o M( 0 ) =

 M( ! )=
2
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Homework 2.4.4.2 A reflection with respect to a 45 degree line is illustrated by

Again, think of the dashed green line as a mirror and let M : R* — R? be the vector function that maps a vector to
its mirror image. Compute the matrix that represents M (by examining the picture).

2.5 Enrichment

2.5.1 The Importance of the Principle of Mathematical Induction for Programming

@ View at edX

Read the ACM Turing Lecture 1972 (Turing Award acceptance speech) by Edsger W. Dijkstra:
The Humble Programmer.

Now, to see how the foundations we teach in this class can take you to the frontier of computer science, I encourage you to
download (for free)

The Science of Programming Matrix Computations
Skip the first chapter. Go directly to the second chapter. For now, read ONLY that chapter!

Here are the major points as they relate to this class:

» Last week, we introduced you to a notation for expressing algorithms that builds on slicing and dicing vectors.
* This week, we introduced you to the Principle of Mathematical Induction.
* In Chapter 2 of “The Science of Programming Matrix Computations”, we

— Show how Mathematical Induction is related to computations by a loop.

— How one can use Mathematical Induction to prove the correctness of a loop.
(No more debugging! You prove it correct like you prove a theorem to be true.)

— show how one can systematically derive algorithms to be correct. As Dijkstra said:

Today [back in 1972, but still in 2014] a usual technique is to make a program and then to test it. But:
program testing can be a very effective way to show the presence of bugs, but is hopelessly inadequate
for showing their absence. The only effective way to raise the confidence level of a program significantly
is to give a convincing proof of its correctness. But one should not first make the program and then
prove its correctness, because then the requirement of providing the proof would only increase the poor
programmer’s burden. On the contrary: the programmer should let correctness proof and program grow
hand in hand.
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To our knowledge, for more complex programs that involve loops, we are unique in having made this comment of
Dijkstra’s practical. (We have practical libraries with hundreds of thousands of lines of code that have been derived
to be correct.)

Teaching you these techniques as part of this course would take the course in a very different direction. So, if this interests you,
you should pursue this further on your own.

2.5.2 Puzzles and Paradoxes in Mathematical Induction

Read the article “Puzzles and Paradoxes in Mathematical Induction” by Adam Bjorndahl.

2.6 Wrap Up

2.6.1 Homework

Homework 2.6.1.1 Suppose a professor decides to assign grades based on two exams and a final. Either all three
exams (worth 100 points each) are equally weighted or the final is double weighted to replace one of the exams to
benefit the student. The records indicate each score on the first exam as ¥, the score on the second as ¥, and the
score on the final as ). The professor transforms these scores and looks for the maximum entry. The following
describes the linear transformation:

X0 Xo+X1+X2
Il x |)= X0+ 2%2
X2 X1+ 2%2

What is the matrix that corresponds to this linear transformation?
68

If a student’s scores are 80 |, what is the transformed score?

95

2.6.2 Summary
A linear transformation is a vector function that has the following two properties:

 Transforming a scaled vector is the same as scaling the transformed vector:
L(owx) = aL(x)
 Transforming the sum of two vectors is the same as summing the two transformed vectors:

L(x+y) = L(x) + L(y)

L:R" — R™ is a linear transformation if and only if (iff) for all u,v € R” and o, € R

L(ow+Bv) = oL(u) + BL(v).

If L : R" — R™ is a linear transformation, then

L(Boxo 4 Brxr + -+ -+ Bre—1xk—1) = BoL(x0) + B1L(x1) +--- + Br—1 L(xx—1)-

A vector function L : R” — R™ is a linear transformation if and only if it can be represented by an m x n matrix, which is a
very special two dimensional array of numbers (elements).
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The set of all real valued m x n matrices is denoted by R™*",

Let A is the matrix that represents L : R" — R™, x € R", and let

A= (awlalfa)
00,0 Qo,1 o, n—1
o0 .1 oy n—1
On—1,0 Ohn—1,1 Oln—1,n—1
X0
X1

x =
An—1

Then
e A€ R™™

(aj equals the jth column of A)

(o, j equals the (i, j) element of A).

* aj=L(ej) = Ae; (the jth column of A is the vector that results from transforming the unit basis vector e;).

* L(x) = L(Z)Zonje)) = Yo Lxje)) = Yo xiLle;) = Yo x ;-

Ax

= L(x)
Xo
X1
= (wlaf o)
An—1
= Xoao+Xiar+--+Xn—1an-1
00,0 0,1
10 o1
= Xo +X1
On—1,0 Oln—1,1

00,0 Qo, 1 Qo n—1
0.0 O,1 O n—1
On—1,0 Op—1,1 Oln—1,n—1

How to check if a vector function is a linear transformation:

¢ Check if f(0) = 0. If it isn’t, it is not a linear transformation.

e X

X000,0 +X100,1 + -+ + Xn—100,n—1

X000+ X101+ +Xn—101 n—1

X00m—1,0 F X111+ +An—10m—1n-1

X0
X1

anl

0o,n—1

1 n—1

Ocm—l,n—l
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o If £(0) = 0 then either:

— Prove it is or isn’t a linear transformation from the definition:

* Find an example where f(ow) # of(x) or f(x+y) # f(x) + f(y). In this case the function is not a linear
transformation; or

x Prove that f(ax) = of (x) and f(x+y) = f(x) + f(y) for all o, x,y.
or

— Compute the possible matrix A that represents it and see if f(x) = Ax. If it is equal, it is a linear transformation. If
it is not, it is not a linear transformation.

Mathematical induction is a powerful proof technique about natural numbers. (There are more general forms of mathematical
induction that we will not need in our course.)

The following results about summations will be used in future weeks:
. 27;()11: n(n— 1)/2 %n2/2.
o Y1 i=n(n+1)/2=n/2.

« Y 2 =(n-1n2n—1)/6~ in’.
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s 3

Week

Matrix-Vector Operations

3.1 Opening Remarks

3.1.1 Timmy Two Space

@ View at edX

Homework 3.1.1.1 Click on the below link to open a browser window with the “Timmy Two Space” exercise.
This exercise was suggested to us by our colleague Prof. Alan Cline. It was first implemented using an [Python
Notebook by Ben Holder. During the Spring 2014 offering of LAFF on the edX platform, one of the partici-
pants, Ed McCardell, rewrote the activity as @ Timmy! on the web. (If this link does not work, open
LAFF-2.0xM/Timmy/index.html).

If you get really frustrated, here is a hint:

@ View at edX

81
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3.1.3 What You Will Learn

Upon completion of this unit, you should be able to

Recognize matrix-vector multiplication as a linear combination of the columns of the matrix.
Given a linear transformation, determine the matrix that represents it.

Given a matrix, determine the linear transformation that it represents.

Connect special linear transformations to special matrices.

Identify special matrices such as the zero matrix, the identity matrix, diagonal matrices, triangular matrices, and sym-
metric matrices.

Transpose a matrix.

Scale and add matrices.

Exploit properties of special matrices.

Extrapolate from concrete computation to algorithms for matrix-vector multiplication.
Partition (slice and dice) matrices with and without special properties.

Use partitioned matrices and vectors to represent algorithms for matrix-vector multiplication.

Use partitioned matrices and vectors to represent algorithms in code.
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3.2 Special Matrices

3.2.1 The Zero Matrix

@ View at edX

Homework 3.2.1.1 Let Ly : R* — R™ be the function defined for every x € R" as Ly(x) = 0, where 0 denotes the
zero vector “of appropriate size”. Ly is a linear transformation.

True/False

We will denote the matrix that represents Ly by 0, where we typically know what its row and column sizes are from context
(in this case, 0 € R™*"). If it is not obvious, we may use a subscript (0,,,) to indicate its size, that is, m rows and n columns.

By the definition of a matrix, the jth column of matrix 0 is given by Lo(e;) = 0 (a vector with m zero components). Thus,
the matrix that represents Ly, which we will call the zero matrix, is given by the m X n matrix

0
0

It is easy to check that for any x € R", 05X, = Op,.

Definition 3.1 A matrix A € R™*" equals the m X n zero matrix if all of its elements equal zero.

Througout this course, we will use the number 0 to indicate a scalar, vector, or matrix of “appropriate size”.

In Figure 3.1, we give an algorithm that, given an m x n matrix A, sets it to zero. Notice that it exposes columns one at a
time, setting the exposed column to zero.

MATLAB provides the function “zeros” that returns a zero matrix of indicated size. Your are going to write your own, to
helps you understand the material.

Make sure that the path to the 1aff subdirectory is added in MATLAB, so that the various routines form the laff library that
we are about to use will be found by MATLAB. How to do this was discussed in Unit 1.6.3.

Homework 3.2.1.2 With the FLAME API for MATLAB (FLAME @1ab) implement the algorithm in Figure 3.1.
You will use the function laff_zerov( x ), which returns a zero vector of the same size and shape (column or
row) as input vector x. Since you are still getting used to programming with M-script and FLAME @lab, you may
want to follow the instructions in this video:

@ View at edX

Some links that will come in handy:

e @ Spark
(alternatively, open the file ® LAFF-2.0xM/Spark/index.html)

o @& PictureFLAME
(alternatively, open the file ® LAFF-2.0xM/PictureFLAME/PictureFLAME. html

You will need these in many future exercises. Bookmark them!
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Algorithm: [A] := SET_TO_ZERO(A)

Partition A — ( Ap | AR )
whereA; has 0 columns

while n(AL) <n(A) do

Repartition

(4| ax)= (40| [22)

wherea; has 1 column

a;:=0 (Set the current column to zero)

Continue with

(4] an) (o fa]a)

endwhile

Figure 3.1: Algorithm for setting matrix A to the zero matrix.

Homework 3.2.1.3 In the MATLAB Command Window, type
A = zeros( 5,4 )

What is the result?

Homework 3.2.1.4 Apply the zero matrix to Timmy Two Space. What happens?
1. Timmy shifts off the grid.
2. Timmy disappears into the origin.
3. Timmy becomes a line on the x-axis.

4. Timmy becomes a line on the y-axis.

5. Timmy doesn’t change at all.

3.2.2 The Identity Matrix

@ View at edX

Homework 3.2.2.1 Let L; : R” — R” be the function defined for every x € R” as L;(x) = x. Ly is a linear transfor-
mation.
True/False

We will denote the matrix that represents L; by the letter I (capital “T”) and call it the identity matrix. Usually, the size of
the identity matrix is obvious from context. If not, we may use a subscript, I,,, to indicate the size, that is: a matrix that has n
rows and n columns (and is hence a “square matrix”).
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Again, by the definition of a matrix, the jth column of / is given by L;(e;) = e;. Thus, the identity matrix is given by

1lo]-]o
ol1]--]o
I:(eo‘el‘m‘e"’l): S R IR B
0l0|-|1

Here, and frequently in the future, we use vertical lines to indicate a partitioning of a matrix into its columns. (Slicing and
dicing again!) It is easy to check that Ix = x.

Definition 3.2 A matrix I € R™" equals the n X n identity matrix if all its elements equal zero, except for the elements on the
diagonal, which all equal one.

The diagonal of a matrix A consists of the entries 0, o, {1 1, etc. In other words, all elements o; ;.

Througout this course, we will use the capital letter / to indicate an identity matrix “of appropriate size”.

We now motivate an algorithm that, given an n X n matrix A, sets it to the identity matrix.
We’ll start by trying to closely mirror the Set_to_zero algorithm from the previous unit:

Algorithm: [A] := SET_TO_IDENTITY (A)

Partition A — ( Ap | Ap )
whereA; has 0 columns

while n(AL) <n(A) do

Repartition

(4| ax) = (40| [4:)

wherea; has 1 column

ay:=e; (Set the current column to the correct unit basis vector)

Continue with

(4] ) (o fa]a)

endwhile

The problem is that our notation doesn’t keep track of the column index, j. Another problem is that we don’t have a routine to
set a vector to the jth unit basis vector.

To overcome this, we recognize that the jth column of A, which in our algorithm above appears as aj, and the jth unit basis
vector can each be partitioned into three parts:

apl 0
ar=a;=| oy and e;j=1 1 |,
any 0

where the 0’s refer to vectors of zeroes of appropriate size. To then set a; (= a;) to the unit basis vector, we can make the
assignments

0

aot
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(V451

any = 0

The algorithm in Figure 3.2 very naturally exposes exactly these parts of the current column.

Algorithm: [A] := SET_TO_IDENTITY(A)

A A
Partition A — e IR

Apr | Agr
whereA7; is 0 x 0

while m(Ar) <m(A) do

Repartition
Ago | aor | Aoz
Arp | Arr - -
ayp | %1 | ap
AL | Agr
Ay | a1 | A

whereo;;is 1 x 1

set current column to appropriate unit basis vector

ap; ;=0 set ap;’s components to zero
o1 := 1
az; =0 set ax1’s components to zero

Continue with

Ago | ap1 | Aoz
Arp | ATR

— T 11

Apr | Agr

Ay | ax | Axn

endwhile

Figure 3.2: Algorithm for setting matrix A to the identity matrix.

Why is it guaranteed that o refers to the diagonal element of the current column?

Answer: A7y starts as a 0 x 0 matrix, and is expanded by a row and a column in every iteration. Hence, it is always square.
This guarantees that oy is on the diagonal.

MATLAB provides the routine “eye” that returns an identity matrix of indicated size. But we will write our own.
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Homework 3.2.2.2 With the FLAME API for MATLAB (FLAME @lab) implement the algorithm in Figure 3.2.
You will use the functions laff_zerov( x ) and laff_onev( x ), which return a zero vector and vector of all
ones of the same size and shape (column or row) as input vector x, respectively. Try it yourself! (Hint: in Spark,
you will want to pick Direction TL->BR.) Feel free to look at the below video if you get stuck.

Some links that will come in handy:

e @ Spark
(alternatively, open the file ® LAFF-2.0xM/Spark/index.html)

* @& PictureFLAME
(alternatively, open the file ® LAFF-2.0xM/PictureFLAME/PictureFLAME. html)

You will need these in many future exercises. Bookmark them!

@ View at edX

Homework 3.2.2.3 In the MATLAB Command Window, type
A =ceye( 4,4)

What is the result?

Homework 3.2.2.4 Apply the identity matrix to Timmy Two Space. What happens?

1. Timmy shifts off the grid.

2. Timmy disappears into the origin.

3. Timmy becomes a line on the x-axis.
4. Timmy becomes a line on the y-axis.

5. Timmy doesn’t change at all.

Homework 3.2.2.5 The trace of a matrix equals the sum of the diagonal elements. What is the trace of the identity
[ e RV

3.2.3 Diagonal Matrices

@ View at edX

Let Lp : R" — R” be the function defined for every x € R” as

X0 doX0
X1 311
L(f . pP= , ;
An—1 6,,71)(,171

where 9, ...,d,_; are constants.
Here, we will denote the matrix that represents Lp by the letter D. Once again, by the definition of a matrix, the jth column
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of D is given by

0 3y x 0 0 0
0 8j71 x 0 0 0
Lp(ej)=Lp(| 1 |)=] §x1 |=[ &x1 | =8| 1 |=3je.
0 Ojr1x0 0 0
0 0,-1 %0 0 0
This means that
6 0 - 0
0 6, -- 0
D:( dpeo ‘ die ‘ ‘ Op—1€n—1 )Z
0 0 - &4

Definition 3.3 A matrix A € R™" is said to be diagonal if o; j = 0 for all i # j so that

(x070 0 - 0
0 o, 0
A =
0 0 - Op1p-1
0 0 2
Homework 3.2.3.1 LetA=] 0 —1 0 |andx= 1 |. Evaluate Ax.
0 2 -2
2 0
Homework 3.2.3.2 Let D = 0 -3 0 . What linear transformation, L, does this matrix represent? In
0o 0 -1

particular, answer the following questions:
e L:R" — R™ What are m and n?

* A linear transformation can be described by how it transforms the unit basis vectors:

X2

An algorithm that sets a given square matrix A to a diagonal matrix that has as its ith diagonal entry the ith entry of vector
x ig given in Figure 3.3.
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Algorithm: [A] := SET_TO_DIAGONAL_MATRIX(A,x)
. Arp | Arr X7
Partition A — X — | —
Apr | Ar Xp
whereAr; is 0 x 0, x7 has 0 elements
while m(A7r.) <m(A) do
Repartition
Ago | aor | Aoz X0
Arp | ATr - - xr —_—
| ap | |an | |7 7| w
Apr | Agr XB -
Ay | a2 | A2 X2
wherea; is 1 x 1, is a scalar
apl - — 0
011 == X1
ajz| = 0
Continue with
Ago | ao1 | Aoz X0
Arp | Arr T T Xr —
“— ajo (0411 ap, , | —] %1
Apr | Agr XB —
Ay | ax | Ax X2
endwhile

Figure 3.3: Algorithm that sets A to a diagonal matrix with the entries of x on its diagonal.

Homework 3.2.3.3 Implement a function
[ Aout ] = DiagonalMatrix_unb( A, x )

based on Figure 3.3.

Homework 3.2.3.4 In the MATLAB Command Window, type

x = [ -1; 2; -3 ]
A = diag( x )

What is the result?

In linear algebra an element-wise vector-vector product is not a meaningful operation: when x,y € R" the product xy has
no meaning. However, MATLAB has an “element-wise multiplication” operator “. *’’. Try

Ky
diag( x ) *y
Conclude that element-wise multiplication by a vector is the same as multiplication by a diagonal matrix with diagonal
elements equal to the elements of that vector.
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Homework 3.2.3.5 Apply the diagonal matrix to Timmy Two Space. What happens?
0 2

1. Timmy shifts off the grid.

2. Timmy is rotated.

3. Timmy doesn’t change at all.

4. Timmy is flipped with respect to the vertical axis.

5. Timmy is stretched by a factor two in the vertical direction.

-1 0
Homework 3.2.3.6 Compute the trace of
0 2
3.2.4 Triangular Matrices
@ View at edX
Xo 200 — X1+ X2
Homework 3.2.4.1 Let Ly : R* — R3 be defined as Ly (| x; |) = 31 —%2 |- We have proven for
X2 —2%2

similar functions that they are linear transformations, so we will skip that part. What matrix, U, represents this
linear transformation?

A matrix like U in the above practice is called a triangular matrix. In particular, it is an upper triangular matrix.
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The following defines a number of different special cases of triangular matrices:

Definition 3.4 (Triangular matrix)
A matrix A € R"*" is said to be

Q0,0 0
o o
lower Lo bl
triangular | o; j =0ifi < j
Oy—20 Op—21 Oly—2.n-2 0
Oyp—1,0 Oy—1,1 Oyp—1n—2  Op—1n-1
. 0 0 0
strictly 0 o
o
lower 1o
triangular | o; ; =0ifi < j
Op—20 Oy—21 0 0
Op—1,0 01,1 Oy—1,n—2 0
. 1 0 0 0
;‘”” o o0 1 0 0
ower 0 ifi<j
triangular | o; j =
1 ifi=j
(xn72,0 Op—2,1 1 0
Oy—10 Op—11 Op—1p-2 1
Qoo Qo1 Qo,n—2 Qo n—1
upper 0 oy, 0 p—2 O -1
triangular | o; j =0ifi> j
0 Op—2.n—2 Opy—2.n—1
0 0 Op—1,n—1
strictl 0o, 1 0lo,n—2 0lo,n—1
uppery 0 Oip-2  Oip-i
triangular | o; ; =0ifi> j
0 0 Op—2,n—1
0 0 0
) 1 oo 0o -2  Olopu—1
unit
o 0 1 O1p—2  Opp—1
up.per O lf‘l > j
triangular | o; j =
1 ifi=j
1 Oly—2.n—1
0 1

If a matrix is either lower or upper triangular, it is said to be triangular.

Homework 3.2.4.2 A matrix that is both lower and upper triangular is, in fact, a diagonal matrix.

Always/Sometimes/Never

Homework 3.2.4.3 A matrix that is both strictly lower and strictly upper triangular is, in fact, a zero matrix.

Always/Sometimes/Never

The algorithm in Figure 3.4 sets a given matrix A € R"*" to its lower triangular part (zeroing the elements above the

diagonal).

Homework 3.2.4.4 In the above algorithm you could have replaced ag; := 0 with al, := 0.

Always/Sometimes/Never
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Algorithm: [A] := SET_TO_LOWER_TRIANGULAR_MATRIX(A)

Partition A —

whereAr; is0x 0
while m(A7r.) <m(A) do

Repartition
Arp | Arr
Apr | Agr

whereo;; is 1 x

Arp | Arr
Apr | Asr

Ago | ao1 | Aoz

T
ajg | %11 | app

Ay | a2 | A2
1

apl =0

set the elements of the current column above the diagonal to zero

set ap;’s components to zero

Continue with

Arp | Arr
Apr | Asr

endwhile

Ago | ao1 | Aoz

T T
— aj | 011 ajn

Ay | ax | Axn

Figure 3.4: Algorithm for making a matrix A a lower triangular matrix by setting the entries above the diagonal to zero.

Homework 3.2.4.5 Consider the

following algorithm.

Algorithm: [A] := SET_TO_???_TRIANGULAR_MATRIX(A)

Apr | Asr
whereAr; is 0 x 0

. Arp | Arr
Partition A —

while m(Ar;) <m(A) do

Repartition

Arp | Arr
H
Apr | Asr

whereois 1 x 1

Continue with

Aoo
Arr | Arr T
«— | d

ApL | Asr

aor | Aoz
T
o aj,
Ay | an | A

endwhile
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The MATLAB functions tril and triu, when given an n X n matrix A, return the lower and upper triangular parts of A,
respectively. The strictly lower and strictly upper triangular parts of A can be extracted by the calls tril ( A, -1 ) and triu(
A, 1 ), respectively. We now write our own routines that sets the appropriate entries in a matrix to zero.

(Implement as many as you enjoy implementing. Then move on.)

* the upper triangular part. (Set_to_upper_triangular_matrix)

* the strictly upper triangular part. (Set_to_strictly_upper_triangular matrix)
* the unit upper triangular part. (Set_to_unit_upper_triangular matrix)

* strictly lower triangular part. (Set_to_strictly_lower_triangular matrix)

* unit lower triangular part. (Set _to_unit_lower_triangular matrix)

Homework 3.2.4.6 Implement functions for each of the algorithms from the last homework. In other words,
implement functions that, given a matrix A, return a matrix equal to

Homework 3.2.4.7 In MATLAB try this:

A=11,2,3;4,56;7,8,9 1]

tril( A )

tril( A, -1)

tril( A, -1 ) + eye( size( A ) )
triu( A )

triu( A, 1)

triu( A, 1) + eye( size( A ) )

1. Timmy shifts off the grid.

2. Timmy becomes a line on the x-axis.
3. Timmy becomes a line on the y-axis.
4. Timmy is skewed to the right.

5. Timmy doesn’t change at all.

11
Homework 3.2.4.8 Apply to Timmy Two Space. What happens to Timmy?
0 1

3.2.5 Transpose Matrix

@ View at edX

Definition 3.5 Ler A € R™*" and B € R"™. Then B is said to be the transpose of A if, for 0 <i<mand 0 < j <n, Bj; = 0y ;.

The transpose of a matrix A is denoted by AT so that B = AT

has been transposed.

We have already used T to indicate a row vector, which is consistent with the above definition: it is a column vector that
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-1 0 2 1 —1
Homework 3.2.5.1 LetA = 2 —1 1 2 |andx= 2 |. What are AT and x7?
3 1 -1 3 4

Clearly, (AT)T = A.

Notice that the columns of matrix A become the rows of matrix AT Similarly, the rows of matrix A become the columns of
matrix A .

The following algorithm sets a given matrix B € R to the transpose of a given matrix A € R"™*":

Algorithm: [B] := TRANSPOSE(A, B)
Br
Partition A — ( AL | Ag ) ,B—
Bg
whereA; has O columns, By has O rows
while n(AL) <n(A) do
Repartition
By
Br —
(L) = (ol ) () 32
Bg —
B;
wherea; has 1 column, b has 1 row
bl :=al (Set the current row of B to the current col-
umn of A)
Continue with
By
Br —
(lae ) (aofa ). (22) < | 2
Bp
B,
endwhile

The T in b is part of indicating that b1 is a row. The T in al in the assignment changes the column vector a; into a row
vector so that it can be assigned to b
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Homework 3.2.5.2 Consider the following algorithm.

Algorithm: [B] := TRANSPOSE_ALTERNATIVE(A, B)

Partition A — ,B—>< B | Br )

Ap
whereAr has 0 rows, By, has 0 columns

while m(Ar) <m(A) do

Repartition
Ao
Ar
STt ()
Ap —_—
Az

wherea; has 1 row, b; has 1 column

Continue with

A Ao
( T)e S| (L ) (oo | m)

endwhile

Modify the above algorithm so that it copies rows of A into columns of B.

Homework 3.2.5.3 Implement functions
* Transpose_unb( A, B )

* Transpose_alternativeunb( A, B )

Homework 3.2.5.4 The transpose of a lower triangular matrix is an upper triangular matrix.
Always/Sometimes/Never

Homework 3.2.5.5 The transpose of a strictly upper triangular matrix is a strictly lower triangular matrix.
Always/Sometimes/Never

Homework 3.2.5.6 The transpose of the identity is the identity.
Always/Sometimes/Never

Homework 3.2.5.7 Evaluate
T
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Homework 3.2.5.8 If A = AT then A = I (the identity).
True/False

3.2.6 Symmetric Matrices

@ View at edX

A matrix A € R™" is said to be symmetric if A = A .

In other words, if A € R"™*" is symmetric, then o; ; = o;; for all 0 < i, j < n. Another way of expressing this is that

00,0 o, 1 e Oop—2 0o,n—1
0,1 01,1 e Olyp—2 Ol n—1
A =
Qn—2 Ojp—2 -+ Op—2p-2 Op_2p-1
Q-1 Orp—1 -+ Op—2p—1 Oy—1n-1
and
0,0 o0 e Op—2.0 Oy—1,0
1,0 o1 Op—2,1 Olp—1,1
A =
Op—20 Op—21 -+ Op—24-2 Op—1,-2
Op—1,0 Op—1,0 -+ Op—1p—2 Ou—1n-1
Homework 3.2.6.1 Assume the below matrices are symmetric. Fill in the remaining elements.
2 0O -1 2 0O 0O 2 1 -1
-2 1 =3 |; -2 1 0O [; o 1 -3
o o -1 -1 3 -1 o oo -1
Homework 3.2.6.2 A triangular matrix that is also symmetric is, in fact, a diagonal matrix. Always/Some-
times/Never

The nice thing about symmetric matrices is that only approximately half of the entries need to be stored. Often, only the
lower triangular or only the upper triangular part of a symmetric matrix is stored. Indeed: Let A be symmetric, let L be the

lower triangular matrix stored in the lower triangular part of A, and let L is the strictly lower triangular matrix stored in the
strictly lower triangular part of A. Then A = L+ LT

Q0,0 1,0 e Op—2,0 Op—1,0
1,0 o1 Op—2,1 Op—1,1
A =

Up—2,0 0Ln—Z,I Op—2.n—2 Olp—1,n—2

Op—10 Op—11 -+ Op—1pn—2 Oy—1n—1
0,0 0 0 0 0 oo -+ 20 Opuo1p0
o0 o1 0 0 0 0 s O Oyl

= +
p—2,0 Op—21 T Op—2,n—2 0 0 0 e 0 Olp—1,n—2

®p—1,0 Qp—1,1 s Op—1p—2  Op—1pn-1 0 0 0 0
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0,0 0 0
01,0 o1 01,0
= +
020 O Oy—20-2 0 020 Op2]
Op—1,0 Op—1,1 Op—1n—2  Op—1n—1 Op—1,0 Op—1,1

Oly—1,n—2 0

Let A be symmetric and assume that A = L+L" as discussed above. Assume that only L is stored in A and that we would
like to also set the upper triangular parts of A to their correct values (in other words, set the strictly upper triangular part of A to
L). The following algorithm performs this operation, which we will call “symmetrizing” A:

Algorithm: [A] := SYMMETRIZE_ FROM_LOWER_TRIANGLE(A)

Arp | Arr

Partition A —

Apr | Agr

whereAr; is 0 x 0
while m(Ar.) <m(A) do

Repartition
A A Ago | ao1 | Aoz
L | Arr
T T
| ajp | %1 | ay,
Apr | Agr
Ay | an | A

whereo;;is 1 x 1

(set ap;’s components to their symmetric parts below the diagonal)

apl = (alTO)T

Continue with

Ago | ao1 | Aoz
Arp | Arr T T
«— ajo o1 ajn
ApL | Asr

Ay | ap

endwhile

Homework 3.2.6.3 In the above algorithm one can replace ag; := alTO by a1T2 =asy.

Always/Sometimes/Never
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Homework 3.2.6.4 Consider the following algorithm.

Algorithm: [A] := SYMMETRIZE_ FROM_UPPER_TRIANGLE(A)

. Arp | Arr
Partition A —
ApL | Asr

whereAr, is 0 x 0

while m(Ar.) <m(A) do

Repartition
A A Ao | ao1 | Aoz
TL TR
= | aly | our | afy
ApL | Asr
Ay | a1 | A

whereo;is 1 x 1

Continue with

Ao | aor | Aoz
Arr | Arr T T
< aip o1 aj,

ApL | Asr

Ay | a1 | A2

endwhile

What commands need to be introduced between the lines in order to “symmetrize” A assuming that only its upper
triangular part is stored initially.

Homework 3.2.6.5 Implement functions

e Symmetrize_from_lower_triangle_unb( A, B )

* Symmetrize_from_upper_triangle_unb( A, B )

3.3 Operations with Matrices

3.3.1 Scaling a Matrix

@ View at edX

Theorem 3.6 Let Ly : R" — R™ be a linear transformation and, for all x € R", define the function Lg : R" — R™ by Lp(x) =
BLA(x), where B is a scalar. Then Lg(x) is a linear transformation.

Homework 3.3.1.1 Prove the above theorem.

Let A be the matrix that represents Ls. Then, for all x € R”, B(Ax) = BL4(x) = Lg(x). Since Lg is a linear transformation,
there should be a matrix B such that, for all x € R”, Bx = Lg(x) = B(Ax). Recall that b; = Bej, the jth column of B. Thus,
bj=Be;=B(Aej) = Paj, where a; equals the jth column of A. We conclude that B is computed from A by scaling each column
by B. But that simply means that each element of B is scaled by f.

The above motivates the following definition.
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If A € R™" and B € R, then

0lo,0 0lo, 1 0l0,n—1 Boio,o
01,0 o1 Ol n—1 Bou o
B =
Om—10 Obn—1,1 Obp—1 n—1 Boun—1,0
An alternative motivation for this definition is to consider
Clo,0X0+ Oo 1 X1+ -+
ol 0X0+ o1+ -+
B(Ax) = P
Om—-10X0+ Op—11X1+ -+
B(ao,0x0+ oo ixi+ o+
B(ou0x0+ o1+ -+
B(Om—10X0+ Om—11X1+ -+
Baw,0xo+ Boo X1+ o+
Boui oxo+ Bayixi+ -+
Bou—10X0+ BOm—1,1x1+ -+
oo Bow,1 Botg,n—1
Bau o Bour1 Boti 1
Boun—1,0 BOum—1.1 Boun—1n—1

Boo,1

Bou 1

Botu—1,1

00,n—1Xn—1

O n—1Xn—1
On—1,n—1Xn—1
(X'O,nf 1Xn—1 )
al,n—an—l )
am—l,n—an—l)
Ba07n71Xn71

Bot n—1Xn—1

B(xm—l,n—IXn—l

An—1

Baﬂ,n—l

Bot n—1

Bam—l,n—l

.o
N— —

Since, by design, B(Ax) = (BA)x we can drop the parentheses and write BAx (which also equals A(Px) since L(x) = Axis a

linear transformation).

Given matrices B € R and A € R™*", the following algorithm scales A by .
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Algorithm: [A] := SCALE_MATRIX(f3,A)

Partition A — ( Ap | AR )
whereA; has 0 columns

while n(AL) <n(A) do

Repartition

(4| ax)= (40| [22)

wherea; has 1 column

ay :=Pay (Scale the current column of A)

Continue with

(4] an) (o fa]a)

endwhile

Homework 3.3.1.2 Consider the following algorithm.

Algorithm: [A] := SCALE_MATRIX_ALTERNATIVE(P,A)

Ar
Partition A —

Ap
whereAr has 0 rows

while m(Ar) <m(A) do

Repartition

A o
T
— “1T
Ap
Az

wherea; has 1 row

Continue with

A Ao
T
— ||
Ap
Az

endwhile

What update will scale A one row at a time?

With MATLAB, when beta is a scalar and 2 is a matrix, the simple command beta * A will scale A by alpha.

Homework 3.3.1.3 Implement function Scale matrix_unb( beta, A ).
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Homework 3.3.1.4

@ View at edX

Let A € R"™" be a symmetric matrix and 3 € R a scalar, BA is symmetric.
Always/Sometimes/Never

Homework 3.3.1.5

@ View at edX

Let A € R™" be a lower triangular matrix and B € R a scalar, BA is a lower triangular matrix.
Always/Sometimes/Never

Homework 3.3.1.6 Let A € R"*" be a diagonal matrix and B € R a scalar, BA is a diagonal matrix.
Always/Sometimes/Never

Homework 3.3.1.7 Let A € R™*" be a matrix and B € R a scalar, (BA)” = BAT.
Always/Sometimes/Never

3.3.2 Adding Matrices

@ View at edX

Homework 3.3.2.1 The sum of two linear transformations is a linear transformation. More formally: Let Ly :
R" — R™ and Lg : R"” — R be two linear transformations. Let L¢ : R" — R™ be defined by Le(x) = La(x) + Lg(x).
L is a linear transformation.

Always/Sometimes/Never

Now, let A, B, and C be the matrices that represent L4, Lg, and L¢ in the above theorem, respectively. Then, for all x € R”,
Cx = Lc(x) = La(x) + Lg(x). What does ¢}, the jth column of C, equal?

cj=Cej=Lc(ej) = La(ej) +Lp(ej) = Aej+ Bej = aj+bj,

where a;, b;, and c; equal the jth columns of A, B, and C, respectively. Thus, the jth column of C equals the sum of the
corresponding columns of A and B. That simply means that each element of C equals the sum of the corresponding elements of
A and B.

If A,B € R™*" then

00,0 Oo, 1t Ogp—1 Bo,o Boo - Pon-1
ol 0 o1 o Oy Bio Bii - Prat
A+B= ) ) ) + .
On—1,0 Om—11 - Op—in—1 Bn-10 Bm—11 - PBm—t1na-1
00,0+ Boo 00,1+ Bo1 e 00 -1+ Bon—1
or,0+Bio o1+ B Ot -1+ Bip—t
O—1,0+PBm=10 Cn—11+Bm—1,1 -+ Cn—tn—1+Bm—1,n-1

Given matrices A, B € R™*", the following algorithm adds B to A.
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Algorithm: [A] := ADD_MATRICES(A,B)

Partition A — ( A | A ),B—> ( B, | Bx )
whereA; has O columns, By has 0 columns

while n(AL) <n(A) do

Repartition

() (ol [40) () (m] ] 32

wherea; has 1 column, b has 1 column

ai:=a;+by (Add the current column of B to the current column of A)

Continue with

Colae ) (ool L) (ol o) (o] )

endwhile

Homework 3.3.2.2 Consider the following algorithm.

Algorithm: [A] := ADD_MATRICES_ALTERNATIVE(A, B)

Ar Br
Partition A — ,B—
Ap Bg

whereAr has 0 rows, By has 0 rows

while m(Ar) <m(A) do

Repartition

Ao By
Ar Br
= o | d
Ap Bg e
Az B

wherea; has 1 row, b has 1 row

Continue with

A Ao B Bo
_T — aT s _T — br

Ap Bg
Ay B>

endwhile

What update will add B to A one row at a time, overwriting A with the result?

When A and B are created as matrices of the same size, MATLAB adds two matrices with the simple command A + B .

We’ll just use that when we need it!




Week 3. Matrix-Vector Operations 104

Try this! In MATLAB execute

A=11,2;3,4;506]
B=1[-1,2;3,-4;5,6 ]
C=A+8B

Homework 3.3.2.3 LetA,B€ R™" A+ B=B+A.
Always/Sometimes/Never

Homework 3.3.2.4 LetA,B,C e R™". (A+B)+C=A+(B+C).
Always/Sometimes/Never

Homework 3.3.2.5 Let A,B € R™*" and Y€ R. y(A+ B) = YA +7B.
Always/Sometimes/Never

Homework 3.3.2.6 Let A € R™*" and B,y R. (B+7)A = BA+7A.
Always/Sometimes/Never

Homework 3.3.2.7 LetA,B € R™". (A+B)T =A” +B.
Always/Sometimes/Never

Homework 3.3.2.8 Let A,B € R"™" be symmetric matrices. A + B is symmetric.
Always/Sometimes/Never

Homework 3.3.2.9 Let A, B € R™" be symmetric matrices. A — B is symmetric.
Always/Sometimes/Never

Homework 3.3.2.10 Let A, B € R"™" be symmetric matrices and a, B € R. oA + BB is symmetric.
Always/Sometimes/Never

Homework 3.3.2.11 Let A,B € R™*",

If A and B are lower triangular matrices then A + B is lower triangular.

True/False
If A and B are strictly lower triangular matrices then A + B is strictly lower triangular.

True/False
If A and B are unit lower triangular matrices then A + B is unit lower triangular.

True/False
If A and B are upper triangular matrices then A + B is upper triangular.

True/False
If A and B are strictly upper triangular matrices then A 4 B is strictly upper triangular.

True/False

If A and B are unit upper triangular matrices then A + B is unit upper triangular.

True/False
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Homework 3.3.2.12 Let A,B € R™",

If A and B are lower triangular matrices then A — B is lower triangular.

If A and B are upper triangular matrices then A — B is upper triangular.

If A and B are unit lower triangular matrices then A — B is strictly lower triangular.

If A and B are unit upper triangular matrices then A — B is unit upper triangular.

If A and B are strictly lower triangular matrices then A — B is strictly lower triangular.

If A and B are strictly upper triangular matrices then A — B is strictly upper triangular.

True/False
True/False
True/False
True/False
True/False

True/False

3.4 Matrix-Vector Multiplication Algorithms

3.4.1 Via Dot Products

Motivation

Recall that if y = Ax, where A € R™*", x € R", and y € R™, then

Yo 0Olo 0X 0+ Olo, 11+

\J1 0l 0Xo+ ol 1 X1+

y= . = . .
WYim-1 Om—1,0X0+ Om—1,1X1+

If one looks at a typical row,

o 0Xo+ QiiX1t+ oo+ Oip—1Xn—1

one notices that this is just the dot product of vectors
Q0
Qi1

a; = ) and x=

O n—1

@ View at edX

00,n—1Xn—1

(xl,n—IXn—l

st Oln—1,n—1Xn—1

X0
X1

Xn_l

In other words, the dot product of the ith row of A, viewed as a column vector, with the vector x, which one can visualize as

Yo Q0,0 o, 1

Qo,n—1

= Lo o

ai,nfl

Ym—1 Omel,O OCm,171

amfl,nfl

X0
X1

An—1
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The above argument starts to expain why we write the dot product of vectors x and y as x”y.
-1 0 2 -1
Example 3.7 Let A = 2 —1 1 and x = 2 |. Then
3 1 -1 1
-1
(—1 0 2) 2
1
-1 0o 2 —1 -1
Ax = 2 -1 1 2 | = (2 —1 1) 2
3 1 -1 1 1
-1
(3 1 —1) 2
1
T
— —1
0 2
1
2\ [ -1 (~1)(=1)+(0)2) + 2)(1) 3
- -1 2 | =] @cn+En@+ma) = -3
! ! B)=D+(1)@)+(=)(1) -2
3 ' —1
1 2
-1 1

Algorithm (traditional notation)

An algorithm for computing y := Ax+y (notice that we add the result of Ax to y) via dot products is given by

fori=0,....m—1
for j=0,....n—1
Vi =i+ 04 X
endfor

endfor

If initially y = 0, then it computes y := Ax.

Now, let us revisit the fact that the matrix-vector multiply can be computed as dot products of the rows of A with the vector
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x. Think of the matrix A as individual rows:
~T

where a; is the (column) vector which, when transposed, becomes the ith row of the matrix. Then

~T ~T
a agx
JIT ElTx
Ax = xX= ,
~T ~T
A1 A1 X

which is exactly what we reasoned before. To emphasize this, the algorithm can then be annotated as follows:

fori=0,....m—1
for j=0,....n—1
Vi i= W+ 04y i)Y VYi= Wi+diTx
endfor

endfor

Algorithm (FLAME notation)
We now present the algorithm that casts matrix-vector multiplication in terms of dot products using the FLAME notation with

which you became familiar earlier this week:

Algorithm: y := MVMULT_N_UNB_VARI1(A,x,y)

yr

T
Partition A = [ =— ],y —
Ap VB

whereA7 is 0 x n and y7 is 0 x 1

while m(A7) <m(A) do

Repartition
Ao Yo
A — yr —_
wve) I 0 R G e
Ap — yB —
Ar Y2

wherea; is a row

Y= alTx+\|!1

Continue with

endwhile
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Homework 3.4.1.1 Implement function Mvmult_n_unb_varl( &, x, y ).

3.4.2 Via AXPY Operations

Motivation

Note that, by definition,

@ View at edX

0lo,0X0+ Olo,1X1+ -+ 00,n—1Xn—1
0l1,0X0+ o X1+ -+t O n—1Xn—1
AX: . . =
Op—1,0X0+ Ohp—11X1+ -+ Oyp—1n—1Xn—1
0lo.0 0o, o, n—1
o0 Ol o1 n—1
X0 +X1 + o An—1
Oln—1,0 Oln—1,1 Olp—1,n—1
-1 0 2 —1
Example 3.8 Let A = 2 -1 1 |andx= 2 |. Then
3 1 -1 1
—1 0 2 —1 —1 0 2
Ax = 2 -1 1 2 |=(=Df 2 |+@)] -1 |+ 1
3 1 -1 1 3 1 -1
(=D(=1) (2)(0) (1)(2)
= =D@) [+ @D [+ M)
(=1(3) (2)(1) (H(=1)
(=D (=1)+(0)(2)+(2)(1) 3
= | @ED+E@+0Mm | =| -3
BG)(=D)+1)(2)+(=1)(1) -2

Algorithm (traditional notation)

The above suggests the alternative algorithm for computing y := Ax+y given by
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for j=0,....n—1
fori=0,....m—1
Vi =i+ 0 X
endfor

endfor

If we let a; denote the vector that equals the jth column of A, then

A=(aofa |- fa)
and
0.0 0lo,1 0o,n—1
1,0 o1 Ol ,n—1
Ax = Yo . + %1 . +e A1
On—1,0 Olpn—1,1 Obpn—1,n—1
| S —
ao ai ap—1

= Xoao+X1a1+---+Xn—1an-1-

This is emphasized by annotating the algorithm as follows:

for j=0,....n—1

fori=0,....m—1

Yii=Vi+0 X o Yi=Xajty

endfor

endfor

Algorithm (FLAME notation)

Here is the algorithm that casts matrix-vector multiplication in terms of AXPYs using the FLAME notation:
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Algorithm: y := MVMULT_N_UNB_VAR2(A,x,y)
Xr
Partition A — (ALlAR) e
XB
whereA; ism x 0 and x7 is 0 x 1
while m(xr) <m(x) do
Repartition
X0
XT —
ArlAr )= (A A ), | —| =
(sbae) (ko) () 3
x2
wherea; is a column
yi=X1a1+y
Continue with
X0
XT —
ALlAr ) < | A Ay |, | =] < | X
(i) (mfol ) (2] < |
x
endwhile

Homework 3.4.2.1 Implement function Mvmult_n_unb_var2( &, x, y ).
(Hint: use the function laff_dots( x, y, alpha ) that updates ot :=x"y+ )

3.4.3 Compare and Contrast

@ View at edX

Motivation

It is always useful to compare and contrast different algorithms for the same operation.

Algorithms (traditional notation)

Let us put the two algorithms that compute y := Ax +y via “double nested loops” next to each other:

for j=0,...,n—1 fori=0,....m—1
fori=0,....m—1 for j=0,....n—1
Vi =i+ 0 X Vi =i+ 04y jXj
endfor endfor
endfor endfor

On the left is the algorithm based on the AXPY operation and on the right the one based on the dot product. Notice that these
loops differ only in that the order of the two loops are interchanged. This is known as “interchanging loops” and is sometimes
used by compilers to optimize nested loops. In the enrichment section of this week we will discuss why you may prefer one
ordering of the loops over another.
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The above explains, in part, why we chose to look at y := Ax+ y rather than y := Ax. For y := Ax+y, the two algorithms
differ only in the order in which the loops appear. To compute y := Ax, one would have to initialize each component of
y to zero, Y; := 0. Depending on where in the algorithm that happens, transforming an algorithm that computes y := Ax
elements of y at a time (the inner loop implements a dot product) into an algorithm that computes with columns of A (the
inner loop implements an AXPY operation) gets trickier.

Algorithms (FLAME notation)

Now let us place the two algorithms presented using the FLAME notation next to each other:

Algorithm: y := MVMULT_N_UNB_VAR1(A,x,y)

Ar T
Partition A — [ =—] ,y— y_
Ap YB

where Ay isOxnandyris0x1
while m(A7) <m(A) do

Repartition
Ao Yo
Ar _— r _—
— =l | (=]~ ]w
Ap — yB -
Az 2
L] ::a]Tx-i-\Vl

Continue with

Ao Yo
Ar - yr —
— || d|.[—]|« | w
Ap -_ YB —

Az 2

endwhile

Algorithm: y := MVMULT_N_UNB_VAR2(A,x,y)

X1
Partition A — (ALlAR) L X > | —
XB

where A; ism x0and x7 is 0 x 1
while m(xr) <m(x) do
Repartition

XB

y=xia1+y

Continue with

XB

endwhile

() (ko) () 3

(i) (wfolss). () |

The algorithm on the left clearly accesses the matrix by rows while the algorithm on the right accesses it by columns. Again,
this is important to note, and will be discussed in enrichment for this week.

3.4.4 Cost of Matrix-Vector Multiplication

Consider y := Ax+y, where A € R™*":

Yo Qo,0X0+
Vi o1,0X0+

y = =
Yin—1 Olpn—1 ,0X0+

@ View at edX

o1 X1+ -+ Oon—1Xn-11+  Wo
X+ -t O n—1Xn—1+ V2

(xmfl,lX1+ R (xmfl.,nlerzfl"' ‘Ilmfl

Notice that there is a multiply and an add for every element of A. Since A has m X n = mn elements, y := Ax+y, requires mn
multiplies and mn adds, for a total of 2mn floating point operations (flops). This count is the same regardless of the order of the
loops (i.e., regardless of whether the matrix-vector multiply is organized by computing dot operations with the rows or axpy
operations with the columns).
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3.5 Wrap Up

3.5.1 Homework

No additional homework this week. You have done enough...

3.5.2 Summary

Special Matrices

Name Represents linear transformation Has entries
0 0 0
Lo:R" — R™ 0 0 0
Zero matrix, 0,,,x, € R™*" 0 0=0pxn=
Lo(x) =0 for all x
0 0 0
1 0
L :R"— R” 0 1
Identity matrix, I € R"*" ! I=1,,=
L;(x) = x for all x
0 0 1
S O 0
Lp:R"—R" 0 & - 0
Diagonal matrix, D € R**" P D=
ify=1Lp ()C) then Vi = SiXi
0 0 8nfl
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Triangular matrices

A € R™" js said to be... | if ...
0,0 0
o o
lower 1.0 1.1
triangular o =0ifi < j
Op20 Oy-21 Op—2p-—2 0
Op—1,0 Op—1,1 Op—1n—2  Op—1n—1
. 0 0 0
strictly 0 0
o
lower 10
triangular o;;=0ifi<j
Op—20 Op—21 0 0
Op—1,0 Olp—1.1 Olp—1,n—2 0
1 0 0 0
f‘”” o o0 1 0 0
ower 0 ifi<j
triangular o= ]
1 ifi=j
Op—20 Op—21 1 0
Op10 Oy_11 Op1p—2 1
00 Qo1 0,n—2 0l,n—1
upper 0 oy O -2 O -1
triangular o j=0ifi>j
Op—2.n—2 Olp—2.n—1
0 0 Op—1,n—1
strictly Qo1 Qo n—2 Qo n—1
upper 0 oy n—2 oy n—1
triangular o j=0ifi > j
Op—2.n—1
0 0
. 1 o, Gon-2  OQon-1
unit
e 0 1 Op2 Oy
upper 0 ifi>j
triangular o=
1 ifi=j
1 Op—2.n—1
0 1
Transpose matrix
T
0,0 Qo,n—2 0o, n—1 Q0,0 1,0 On—2.0 Oln—1,0
1,0 Ol ,n—2 O n—1 0o, 1 Ol Oln—2,1 Oln—1,1
Oln—2,0 On—2n—2  Om—2n—1 Qopn—2 O pn—2 On—2n-2 Oin—1,n—-2
Oln—1,0 Op—1,n—2  Oim—1n—1 Qon—1 O pn—1 On—2n—-1 Om—1n-1
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Symmetric matrix

Matrix A € R"*" is symmetric if and only if A = AT:

©o,0 0o, 1 0lo,n—2 0o,n—1 ®o,0 1,0 Op—2,0 Oly—1,0
01,0 011 O n—2 O n—1 Qo,1 o1 Op—2.1 Op—1,1
A= = =AT
Op—20 Op—2,1 Op—2n—2 Oyp—2n—1 Oopn—2 O -2 Op—2n—2 Op—1p-2
Op—1,0 Op—1,1 Op—1,n—2 Op—1,n—1 Qo n—1 O p—1 Op—2n—1 Op—1n-1
Scaling a matrix
Let f € R and A € R™*". Then
pa = B(a|a | [ar )= (Bao|par| | pars )
00,0 0o, 1 0l n—1 Bow o Bow 1 Bog -1
5 0 0 o1 04 -1 B o B 1 Boty -1
am—l,() afm—l,l (xm—l,n—l Bam—l,O Bam—l,l B(xrn—l,n—l
Adding matrices
Let A,B € R™*", Then
A+B = ( ao ‘ aj ‘ ‘ an-1 >+( bo ‘ b ‘ ‘ bp—1 >:< ao +bo ‘ a;+b ‘ ‘ an—1+ by )
00,0 0,1 0l) 1 Bo.o Bo.1 Bo.a—1
0 0 o1 Ol 1 Bio Bi.1 Bin-1
JR— + .
On—10 Obn—1,1 Obyn— 1 n—1 Bn-10 Bm—1.1 Brm—1n-1
00,0 + Bo.o0 0,1 + Bo,1 0l0,n—1 + Bo,a—1
o0+ PBio o1+ B O n—1 +Pia-t
On—1,0 + Bm—1,0 Om—1,1 +Bm—1.1 Obn—1 n—1 + Prn—1,n—1
e Matrix addition commutes: A +B = B+ A.
 Matrix addition is associative: (A+B)+C =A+ (B+C).
s (A+B)T =AT +BT.
Matrix-vector multiplication
0lo,0 0Olo,1 0l n—1 X0 OooXo+ Ooi1X1+ -+  Oon—1Xn—1
01,0 01,1 o1 n—1 X1 ajoXot QX1+ oo+ O p—1Xn—1
A_x = =
Op—1,0 On—1,1 Oln—1,n—1 An—1 Obn—1,0X0+ Om—1,1X1+ =+ + Oun—1,n—1Xn—1
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3.5. Wrap Up
X0
X1
= ( aop ‘ ai ‘ ‘ ap—1 ) . =Xoao+X1a1+ -+ Xn—10n-1
Xn—1
ay abx
= . x: .
ar i _x
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vl

From Matrix-Vector Multiplication to
Matrix-Matrix Multiplication

There are a LOT of programming assignments this week.
* They are meant to help clarify “slicing and dicing”.

* They show that the right abstractions in the mathematics, when reflected in how we program, allow one to implement
algorithms very quickly.

e They help you understand special properties of matrices.

Practice as much as you think will benefit your understanding of the material. There is no need to do them all!

4.1 Opening Remarks

4.1.1 Predicting the Weather

@ View at edX

The following table tells us how the weather for any day (e.g., today) predicts the weather for the next day (e.g., tomorrow):

Today

sunny | cloudy | rainy

sunny 0.4 0.3 0.1
Tomorrow cloudy 04 0.3 0.6
rainy 0.2 0.4 0.3

This table is interpreted as follows: If today is rainy, then the probability that it will be cloudy tomorrow is 0.6, etc.

117
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Homework 4.1.1.1 If today is cloudy, what is the probability that tomorrow is
e sunny?

¢ cloudy?

* rainy?

@ View at edX

Homework 4.1.1.2 If today is sunny, what is the probability that the day after tomorrow is sunny? cloudy? rainy?

Try this! If today is cloudy, what is the probability that a week from today it is sunny? cloudy? rainy?
Think about this for at most two minutes, and then look at the answer.

@ View at edX

When things get messy, it helps to introduce some notation.

e Let x§k) denote the probability that it will be sunny k days from now (on day k).

e Let xgk) denote the probability that it will be cloudy k days from now.

e Let xﬁk) denote the probability that it will be rainy £ days from now.

The discussion so far motivate the equations

A = 0axyP 4 03xx® + 0xyW
2V = 0axy® 1 o03xy® 1+ 06xy
D= 02xx® 1 0axy® 03 xy W,

The probabilities that denote what the weather may be on day k and the table that summarizes the probabilities are often
represented as a (state) vector, x(k), and (transition) matrix, P, respectively:

Y 04 03 0.
PO and P=| 04 03 0.6
%) 02 04 03

The transition from day k to day k+ 1 is then written as the matrix-vector product (multiplication)

(et 04 03 0.1 A%
) 04 03 0.6 o
) 02 04 03 10

or x¥*1) = Px(X) which is simply a more compact representation (way of writing) the system of linear equations.

What this demonstrates is that matrix-vector multiplication can also be used to compactly write a set of simultaneous linear
equations.
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Assume again that today is cloudy so that the probability that it is sunny, cloudy, or rainy today is 0, 1, and 0, respectively:

e 0
RUNEN IO [
i 0

(If we KNOW today is cloudy, then the probability that is is sunny today is zero, etc.)

Ah! Our friend the unit basis vector reappears!

Then the vector of probabilities for tomorrow’s weather, x{!), is given by

e 04 03 0.1 x 0 04 03 0.1 0
Yyl = | 04 03 06 y9 =1 04 03 06 |
e 02 04 03 1Y 02 04 03 0

04x0 + 03x1 + 0.1x0 0.3

= | 04x0 + 03x1 + 06x0 [=] 03

02x0 + 04x1 + 03x0 0.4

Ah! Pe; = p1, where pj is the second column in matrix P. You should not be surprised!

The vector of probabilities for the day after tomorrow, x@ s given by

2 04 03 0.1 D 04 03 0.1 0.3
@ = | 04 03 06 W ol=1] 04 03 06 0.3
e 02 04 03 e 02 04 03 0.4
04%x03 + 03x03 + 0.1x04 0.25
= | 04%x03 + 03x03 + 06x04 | =] 045
02x03 + 04x03 + 03x04 0.30

Repeating this process (preferrably using Python rather than by hand), we can find the probabilities for the weather for the
next seven days, under the assumption that today is cloudy:

0 1 2 3 4 5 6 7
0 0.3 0.25 0.265 0.2625 0.26325 0.26312 0.26316
1
0

0.3 0.45 0.415 0.4225 0.42075 0.42112 0.42104
0.4 0.30 0.320 0.3150 0.31600 0.31575 0.31580

@ View at edX

Homework 4.1.1.3 Follow the instructions in the above video

@ View at edX
We could build a table that tells us how to predict the weather for the day after tomorrow from the weather today:
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Today
sunny | cloudy | rainy
sunny
Day after loud
Tomorrow cloudy
rainy
One way you can do this is to observe that

e 04 03 0.1\ [ 2V
@ [ = | 04 03 06 e
12 02 04 03 1V

04 03 0.1 04 03 0.1 10

= | 04 03 06 04 03 06 10

02 04 03 02 04 03 10

where Q is the transition matrix that tells us how the weather today predicts the weather the day after tomorrow. (Well, actually,

we don’t yet know that applying a matrix to a vector twice is a linear transformation... We’ll learn that later this week.)

Now, just like P is simply the matrix of values from the original table that showed how the weather tomorrow is predicted
from today’s weather, Q is the matrix of values for the above table.

Homework 4.1.1.4 Given

Today
sunny | cloudy | rainy
sunny 0.4 0.3 0.1
Tomorrow cloudy 04 0.3 0.6
rainy 0.2 0.4 0.3

fill in the following table, which predicts the weather the day after tomorrow given the weather today:

Day after
Tomorrow

Today
sunny | cloudy | rainy
sunny
cloudy
rainy

perform the necessary calculations.

Now here is the hard part: Do so without using your knowledge about how to perform a matrix-matrix multipli-
cation, since you won’t learn about that until later this week... May we suggest that you instead use MATLAB to
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4.1.3 What You Will Learn

Upon completion of this unit, you should be able to

Apply matrix vector multiplication to predict the probability of future states in a Markov process.

Make use of partitioning to perform matrix vector multiplication.

Transpose a partitioned matrix.

Partition conformally, ensuring that the size of the matrices and vectors match so that matrix-vector multiplication works.
Take advantage of special structures to perform matrix-vector multiplication with triangular and symmetric matrices.
Express and implement various matrix-vector multiplication algorithms using the FLAME notation and FlamePy.
Make connections between the composition of linear transformations and matrix-matrix multiplication.

Compute a matrix-matrix multiplication.

Recognize scalars and column/row vectors as special cases of matrices.

Compute common vector-vector and matrix-vector operations as special cases of matrix-matrix multiplication.
Compute an outer product xy” as a special case of matrix-matrix multiplication and recognize that

— The rows of the resulting matrix are scalar multiples of y7 .

— The columns of the resulting matrix are scalar multiples of x.
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4.2 Preparation

4.2.1 Partitioned Matrix-Vector Multiplication

Motivation

Consider

@ View at edX

4 1 0
aor | Aoz 1] -2 1
Olq a1T2 3 1 2
a | An 3 4 3
0 1 2
1
Xo 2 Y0
x= 7 T and y=1]
X2 4 y2
5
where yo,y> € R2. Then y = Ax means that
Yo aor | Aoz X0 Agoxo + aoiX1 + Aox
y = Vi o | al, X1 apxo 4+ onx +  ahxo
2 a | Axn X Aoxo + au)Xi + Axnx
1 4 1 0
2 - ( —1 bt ( -2 1 )
1
= ]t ( 3 ( 12 ) =
1 3 4 3
L)) G ()
@)% (@) +( +( (1) % (@) +(0)x (5)
(0) x(2) ( (=2) x (4)+ (1) x(5)
D+ (1) x(2 (3)+ Dx@)+2)x(5) |=
( D+2)x () ) ( (4) % (4) +(3) % (5)
(=) x (1) +(=2)x(2) (D x(4)+(2)x(5)
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(=D x()+(2)x(2)+(4) x(3)+ (1) x (4)+(0) x (5) 19
(1) x (1) +(0) x (2) +(=1) x (3) + (=2) x (4) + (1) x (5) =5
2)x()+(=1)x(2)+B)x3)+ (1) x (4)+(2) x (5) = 23
(Dx(M+2)x2)+B)xB)+@)x4)+13)x(5 45
(=) x (1) +(=2) x (2) +(0) x (3)+ (1) x (4)+(2) x (5) 9
Homework 4.2.1.1 Consider
-1 2 4 1 0 1
1 0o -1 -2 1 2
A= 2 -1 3 1 2 and x=1| 3 |,
1 2 3 4 3 4
-1 =2 0 1 2 5
and partition these into submatrices (regions) as follows:
Aoo | aor | Aoz X0
afy | o | aj and x|
Ay | a1 | Ax X

N WD = O

wm AW =

where Agy € R¥3, xo € R3, oy is a scalar, and X1 is a scalar. Show with lines how A and x are partitioned:

Homework 4.2.1.2 With the partitioning of matrices A and x in the above exercise, repeat the partitioned matrix-
vector multiplication, similar to how this unit started.

Theory

LetA € R™" x € R", and y € R™. Partition

) Ao AgnN-1
A1 Apl Al N-1
A= )
Av-1p0 | Am-1,1 AM-1N-1

where
e m=mp+m+---+my_i,
em;>0fori=0,... M—1,
* n=no+n +---+ny-i,

*n;>0forj=0,...,N—1,and

X0

X1

XN—1

b

and y=

Yo
y1

YM—1
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* A€ Rmixn/,Xj € R"%, and y; € R™.

If y = Ax then
Ago Ap1 | - | Aon-1 X0
A1p Air || Arnaa X
Av—10 | Am—11 | - | AM—1N—1 XN—1

Agoxo +Aog,1x1 + - + Ao N—1XN-1
Aroxo+AL1x)+- - +A N1XN-1

Apy—10%0 +Ap—1,1X1 + - +FAM_ I N—1XN-1
In other words,

N—1
vi= Y, Aijx.
j=0

This is intuitively true and messy to prove carefully. Therefore we will not give its proof, relying on the many examples we
will encounter in subsequent units instead.

If one partitions matrix A, vector x, and vector y into blocks, and one makes sure the dimensions match up, then blocked
matrix-vector multiplication proceeds exactly as does a regular matrix-vector multiplication except that individual multi-
plications of scalars commute while (in general) individual multiplications with matrix and vector blocks (submatrices and
subvectors) do not.

The labeling of the submatrices and subvectors in this unit was carefully chosen to convey information. Consider

Ago | aor | Aoz

_ T
A= ajy | an | ajy

Ay | a2 | A2

The letters that are used convey information about the shapes. For example, for ag; and a; the use of a lowercase Roman
letter indicates they are column vectors while the s in al, and a’, indicate that they are row vectors. Symbols o1 and ¥
indicate these are scalars. We will use these conventions consistently to enhance readability.

Notice that the partitioning of matrix A and vectors x and y has to be “conformal”. The simplest way to understand this is
that matrix-vector multiplication only works if the sizes of matrices and vectors being multiply match. So, a partitioning
of A, x, and y, when performing a given operation, is conformal if the suboperations with submatrices and subvectors that
are encountered make sense.

4.2.2 Transposing a Partitioned Matrix

@ View at edX
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Motivation
Consider
T T
1 -1 312 1 -1 3 2
2 -2 110 = 2 =2 1 0
oz 10
T
1 -1 3 T
0 —4 3
2 -2 1 ( )
= T
T
(2)
0
1 2 0 1 2 0
-1 -2 —4 -1 2| -4
- 301 3 B 3 1] 3

(20) | (2) 2 o 2

This example illustrates a general rule: When transposing a partitioned matrix (matrix partitioned into submatrices), you
transpose the matrix of blocks, and then you transpose each block.

Homework 4.2.2.1 Show, step-by-step, how to transpose

Theory

Let A € R™*" be partitioned as follows:

Ao,0 Ao1 || Aon-1
Ap A || Ailnv—r
A= ,
Av-10 | Am—11 | = | AM—1N—1
where A; ; € R™*" Then
T T T
Apo Alg || Ay_ip
T T T
AT Ap i Ay || Ay
T T T
Aon—1 [ Aln—1 | | Av—in—

Transposing a partitioned matrix means that you view each submatrix as if it is a scalar, and you then transpose the matrix
as if it is a matrix of scalars. But then you recognize that each of those scalars is actually a submatrix and you also transpose
that submatrix.
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Special cases

We now discuss a number of special cases that you may encounter.

Each submatrix is a scalar. If

0,0 Qo1 Oo,N—1
01,0 01,1 Ol ,N—1
A:
Oy—1,0 | Opr—1,1 Oy —1,N—1
then
T T T
%0 %0 %10 00,0 o0
T T T
AT — %o,1 % Ohy—1,1 _ 0o, 1 0,1
T T T
Con_1 | Hin_1 Cpr1v—1 QoN-1 O1N-1

This is because the transpose of a scalar is just that scalar.

The matrix is partitioned by rows. If

where each a! is a row of A, then

A.»T‘
)

ap
AT =

~T
A1

This shows that rows of A, Z?l-T, become columns of AT: a;.

The matrix is partitioned by columns. If

A:(ao‘al ‘ ‘an_1 )
where each a; is a column of A, then

T

)

T al

7= (ool v |~ ) -

T
an—l

This shows that columns of A, a;, become rows of AT aJT-.

2 x 2 blocked partitioning. If

A Arp | ATR 7
AL | Apr

Opr—1,0

Opr—1,1

Opr—1,N—1
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then

3 x 3 blocked partitioning. If

Ago | ao1 | A2
_ T T
A= ay |an |ap |
Ay | ax | A
then

T T T\T T T T
Aco | a0 | Ao Afo | (alo)” | Al Ago | @10 | Agg
T _ _ T T T T T
AT = ajy | o | aj =1 9o o a apy | 11 | dyg
T T\T T T T
Ay | az1 | A2 Ay (“12) A Ap | a2 | Ay

Anyway, you get the idea!!!
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Homework 4.2.2.2 Transpose the following matrices:

(3 1]1]8)
1] 2] 3] 4
4. | s5| 6| 7
ol10|11]12
1]s] o
S| 26w
30701
4l8]12
12| 3 4
6. | s 7
9 10]11 12
T
1 2|3 4
7 5 6|7 8
9 10]11 12

For any matrix A € R™*",

4.2.3 Matrix-Vector Multiplication, Again

@ View at edX

Motivation

In the next few units, we will modify the matrix-vector multiplication algorithms from last week so that they can take advantage
of matrices with special structure (e.g., triangular or symmetric matrices).

Now, what makes a triangular or symmetric matrix special? For one thing, it is square. For another, it only requires one
triangle of a matrix to be stored. It was for this reason that we ended up with “algorithm skeletons” that looked like the one in
Figure 4.1 when we presented algorithms for “triangularizing” or “symmetrizing” a matrix.
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Algorithm: [A] := ALGORITHM_SKELETON(A)

Arp | Arr

Apr | Agr
whereAr; is0x 0
while m(A7r.) <m(A) do

Partition A —

Repartition
Ago | ao1 | Aoz
Arp | Arr - -
| aj | %1 | gy,
Apr | Agr
Ay | a2 | A2

whereo; is 1 x 1

Continue with

Ago | ao1 | Aoz

Arp | AR T T
“— ajo o1 aj,

Apr | Asr
Ay | ax | Ax

endwhile

Figure 4.1: Code skeleton for algorithms when matrices are triangular or symmetric.

Now, consider a typical partitioning of a matrix that is encountered in such an algorithm:

Ago | a0 | Aoz

T T —
alo Olp1 alz - )

Ay | a2 | Ax

X X X X X X

where each x represents an entry in the matrix (in this case 6 x 6). If, for example, the matrix is lower triangular,

Ay | a2 | Ax

x 0 0O 0 O
x x10[0 0 O
Ago | ao1 | Aoz P
x x| x
alTO al asz - X X|Ix|x 0 0 ’
0
X
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Algorithm: y := MVMULT_N_UNB_VARIB(4,x,y) Algorithm: y := MVMULT_N_UNB_VAR2B(A,x,y)
Arr | Arr A A
Partition A — s Partition A — _ = s
AprL | ABr ApL | Asr
XT yr XT yr
x— Ly — X — Ly —
XB YB XB YB
where A7y is 0x 0, x7, yr are 0 x 1 where A7y is 0% 0, x7, yr are 0 x 1
while m(Ar,) <m(A) do while m(Ar;) <m(A) do
Repartition Repartition
Aoo | aor | Aoz Aoo | ao1 | Aoz
Arp | Arr = - Arr | Arr
7| a0 | o | ap | = al | o | ap, |
ApL | Asr ApL | Asr
Ay | ax | A Ay | a1 | A
X0 Yo X0 Yo
xr yr —_— xr yr —_—
AR E | W A E - v
XB yB XB YB
X2 y2 X2 Y2
Yo := X14o1 + Yo
Y1 = afpxo + o X1 +aj,x + Wi V=Tt
Y2 i=X1a21 +y2
Continue with Continue with
Aoo | ao1 A Aoo | ao Aoz
Arr | ATR T T Arr | ATR T T
— | ap | o | ay | ajp | 11 | @ |
ABL ABR ABL ABR
Ay | an | An Ay | an | A
X0 Yo X0 Yo
XT yr xT yr
— x |- — 1 W < X s W
XB VB — XB YB -
X2 2 X2 y2
endwhile endwhile

Figure 4.2: Alternative algorithms for matrix-vector multiplication.

then ag; = 0, Agp = 0, and alT2 = 0. (Remember: the “0” is a matrix or vector “of appropriate size”.) If instead the matrix is
. . T
symmetric with only the lower triangular part stored, then ag1 = (al,)" = a10, Az = AL, and al, = al.

The above observation leads us to express the matrix-vector multiplication algorithms for computing y := Ax +y given in
Figure 4.2. Note:

* For the left algorithm, what was previously the “current” row in matrix A, a!, is now viewed as consisting of three parts:

T _ T T
a]—(alolom‘alz)

while the vector x is now also partitioned into three parts:

X0

X = X1

X1

As we saw in the first week, the partitioned dot product becomes

X0

T T T
alx:( aj | y ‘ ap ) X1 | = aioxo+omx +appx,

X1
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which explains why the update
Y= alTx +V
is now
Y1 i=ajoXo + 01+ alxs + i
* Similar, for the algorithm on the right, based on the matrix-vector multiplication algorithm that uses the AXPY operations,
we note that
yi=x1a1+y

is replaced by

Yo aol Yo

yi | TX

2 asy 2

—

Ol +| w

which equals

Yo X1ao1 +Yo
\s = N0+
y2 X1a21+y2

This explains the update

Yo = Xiao1+Yo
Y1 = X101+
2

X1a21 +y2.

Now, for matrix-vector multiplication y := Ax +y, it is not beneficial to break the computation up in this way. Typically, a dot
product is more efficient than multiple operations with the subvectors. Similarly, typically one AXPY is more efficient then

multiple AXPYs. But the observations in this unit lay the foundation for modifying the algorithms to take advantage of special
structure in the matrix, later this week.

Homework 4.2.3.1 Implement routines

e [ y_out ] Mvmult_n_unb_varlB( A, x, y );and

e [ yout ] = Mvmult_n_unb var2B( A, x, v )

that compute y := Ax +y via the algorithms in Figure 4.2.

4.3 Matrix-Vector Multiplication with Special Matrices

4.3.1 Transpose Matrix-Vector Multiplication

@ View at edX
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Algorithm: y := MVMULT_T_UNB_VAR1 (4, x,y) Algorithm: y := MVMULT_T_-UNB_VAR2(A, x,y)
. T . Ar xr
Partition A — (ALlAR) ,y— | =— Partition A > | — | ,x— | —
YB Ap XB
where Ay ismx0and yris0x 1 where Ay isOxnand x7is 0 x 1
while m(yr) <m(y) do while m(Ar) <m(A) do
Repartition Repartition
Yo Ao X0
yr — Ar _T xr —_—
(ALlAR) — (A()lal‘Az) = — Vi _— = a; S Bl el B4
YB - Ap — XB —
y2 Aj X2
Y= alTx+l|Il y:i=x1a1+y
Continue with Continue with
Yo Ag X0
yr — Ar — Xr —
(ALlAR)“(Ao‘allAz)’ — |~ | Wi — ] la ||| X
yB — Ap - XB —
» A X2
endwhile endwhile
Figure 4.3: Algorithms for computing y := AT x +y.
Motivation
1 -2 0 -1
LetA = 2 -1 1 and x = 2 |. Then
1 2 3 -3
T
1/-210 -1 1 2 1 -1 0
Alx=| 2|-11 2 =] 2 -1 2 2 | =] -6
1 213 -3 0 1 3 -3 -7

The thing to notice is that what was a column in A becomes a row in AT .

Algorithms

Let us consider how to compute y := AT x +y.

It would be possible to explicitly transpose matrix A into a new matrix B (using, for example, the transpose function you
wrote in Week 3) and to then compute y := Bx +y. This approach has at least two drawbacks:

* You will need space for the matrix B. Computational scientists tend to push the limits of available memory, and hence
are always hesitant to use large amounts of space that isn’t absolutely necessary.

* Transposing A into B takes time. A matrix-vector multiplication requires 2mn flops. Transposing a matrix requires 2mn
memops (mn reads from memory and mn writes to memory). Memory operations are very slow relative to floating point
operations... So, you will spend all your time transposing the matrix.

Now, the motivation for this unit suggest that we can simply use columns of A for the dot products in the dot product based
algorithm for y := Ax+y. This suggests the algorithm in FLAME notation in Figure 4.3 (left). Alternatively, one can exploit the
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fact that columns in A become rows of A” to change the algorithm for computing y := Ax +y that is based on AXPY operations

into an algorithm for computing y := A7 x 4y, as shown in Figure 4.3 (right).

Implementation

Homework 4.3.1.1 Implement the routines

e [ yout ] = Mvmult_tunbwvar2( A, x, v )

that compute y := AT x +y via the algorithms in Figure 4.3.

e [ yout ] = Mvmult_t_unbwvarl( A, x, y );and

Homework 4.3.1.2 Implementations achieve better performance (finish faster) if one accesses data consecutively
in memory. Now, most scientific computing codes store matrices in “column-major order” which means that the
first column of a matrix is stored consecutively in memory, then the second column, and so forth. Now, this means
that an algorithm that accesses a matrix by columns tends to be faster than an algorithm that accesses a matrix by
rows. That, in turn, means that when one is presented with more than one algorithm, one should pick the algorithm
that accesses the matrix by columns.
Our FLAME notation makes it easy to recognize algorithms that access the matrix by columns.

¢ For the matrix-vector multiplication y := Ax+y, would you recommend the algorithm that uses dot products
or the algorithm that uses axpy operations?

* For the matrix-vector multiplication y := AT x+y, would you recommend the algorithm that uses dot products
or the algorithm that uses axpy operations?

The point of this last exercise is to make you aware of the fact that knowing more than one algorithm can give you a
performance edge. (Useful if you pay $30 million for a supercomputer and you want to get the most out of its use.)

4.3.2 Triangular Matrix-Vector Multiplication

Motivation

@ View at edX

Let U € R™*" be an upper triangular matrix and x € R" be a vector. Consider

1 2 4 1 0 1
Uoo | uor | Unz X0 0 0)]-1]-21 2
Ux = u{o Vi1 u{z X1 00 3 1 2 i
U2() uz1 U22 X2 00 4 3 4
0 0 2 5
*
*
T T
0 1 4
= +(3)(3) + =1 33+ ;
0 2 5
*
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where «s indicate components of the result that aren’t important in our discussion right now. We notice that u’, = 0 (a vector
of two zeroes) and hence we need not compute with it.

Theory
If
U U Uoo | uo1 | Uo2
L | Urr
U— = u{o V11 ”{2 )
Uspr | Upr

Uy | u1 | U2
where Uy, and Uy are square matrices. Then
e Up. =0, ulTO =0, Uyp =0, and up; = 0, where 0 indicates a matrix or vector of the appropriate dimensions.
e Urp and Upg are upper triangular matrices.

We will just state this as “intuitively obvious”.
Similarly, if

Loo | lo1 | Loz
Lrp | Lr - -
L— = 1 10 M| L 12 s
Lpr, | Lar
Ly | b | Lo

where L7y, and Log are square matrices, then
e L7r=0,1lp1 =0, Ly, =0, and lsz = 0, where 0 indicates a matrix or vector of the appropriate dimensions.

e L7 and Lpg are lower triangular matrices.

Algorithms

Let us start by focusing on y := Ux+y, where U is upper triangular. The algorithms from the previous section can be restated
as in Figure 4.4, replacing A by U. Now, notice the parts in gray. Since ulro =0 and uy; = 0, those computations need not be
performed! Bingo, we have two algorithms that take advantage of the zeroes below the diagonal. We probably should explain
the names of the routines:

TRMVP_UN_UNB_VARI: Triangular matrix-vector multiply plus (y), with upper triangular matrix that is not trans-
posed, unblocked variant 1.

(Yes, a bit convoluted, but such is life.)

Homework 4.3.2.1 Write routines

e [ yout ] = Trmvp_un_unb_varl ( U, x, y );and

e [ yout ] Trmvp_un_unb_var2( U, x, y )

that implement the algorithms in Figure 4.4 that compute y := Ux+y.

Homework 4.3.2.2 Modify the algorithms in Figure 4.5 so that they compute y := Lx +y, where L is a lower
triangular matrix: (Just strike out the parts that evaluate to zero. We suggest you do this homework in conjunction
with the next one.)

Homework 4.3.2.3 Write the functions
e [ yout ] = Trmvp_lnunbwvarl ( L, %, y );and
e [ yout ] = Trmvp_-lnunbwvar2( L, x, v )

that implement thenalgorithms for computing y := Lx +y from Homework 4.3.2.2.
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Algorithm: y := TRMVP_UN_UNB_VAR1(U,x,y)

.. Urr | Urr
Partition U — s
Upr | Usr

XT yr
x— Ly —
where Urp is 0 x 0, xyp, yr are 0 x 1
while m(Ur.) <m(U) do

Algorithm: y := TRMVP_UN_UNB_VAR2(U, x,y)

Repartition
U U Uno uol1 )
TL TR
= | uly | o | uly
UpL Ugr
Uy | u21 | Un
% Yo
xr yr —
=1 x s — | W
xB YB
X2 2
=T T
Y =g Xo+ VX uppxe + Y
Continue with
Uno uo1 Uy
UrrL | Urr T T
— | up | v | oup
UpL Ugr
Uy | up Axn
X0 Yo
xr T
. X1 R — Vi
B VB =
X »2
endwhile

UpL | Usr

X7 yr
x— ,y—
where Urp is 0 x 0, xr, yr are 0 x 1
while m(Ur) <m(U) do

.. Urr | Urr
Partition U — s

Repartition
Uoo | uo1 | Uo2
Urr | Urr
— ”1T0 V11 u1T2
UL | Usr
Uy | w21 | Un2

X2 y2
Yo := X1to1 + Yo
Y1 i=X1011+ Y
V2 i=%1uU21 +y2

Continue with

Uoo | uor | Uo2
Urr | Urr T p
— Ui V11 up,

UL | Usr
Uy | uz1 | A2

X0 Yo
Xr yr
<1 X1 ) —~ | v
XB YB -

X2 2

endwhile

X0 Yo
XxT yr —
- % |- | W
XB yB

5

Figure 4.4: Algorithms for computing y := Ux+y, where U is upper triangular.

Homework 4.3.2.4 Modify the algorithms in Figure 4.6 to compute x := Ux, where U is an upper triangular
matrix. You may not use y. You have to overwrite x without using work space. Hint: Think carefully about the
order in which elements of x are computed and overwritten. You may want to do this exercise hand-in-hand with

the implementation in the next homework.

Homework 4.3.2.5 Write routines
e [ xout ] = Trmv_un_-unb_varl

e [ xout ] = Trmv_un_unb_var2 (

(U, x );and

U, x)

that implement the algorithms for computing x := Ux from Homework 4.3.2.4.

Homework 4.3.2.6 Modify the algorithms in Figure 4.7 to compute x := Lx, where L is a lower triangular matrix.
You may not use y. You have to overwrite x without using work space. Hint: Think carefully about the order
in which elements of x are computed and overwritten. This question is VERY tricky... You may want to do this

exercise hand-in-hand with the implementation in the next homework.
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Algorithm: y := TRMVP_LN_UNB_VAR2(L, x,y)

. Lrp
Partition L —

Lpr

XT
X — ,y—
XB

=)

Lrr
Lpr

Algorithm: y := TRMVP_LN_UNB_VAR1(L,x,y)
. Ly | Lrr
Partition L — s
Lpr | Lgr
X7 yr
x— Ly —
where L7y is0x 0, xy, yr are 0 x 1
while m(Lrr) <m(L) do
Repartition
L L Loo | lor | Loz
TL TR
ad BT RS A
Lpr | Lsr
Ly | b1 | L2
X0 Yo
XT yr —
AR E | W
XB YB
X2 2
— lT A lT
Y1 = ligXo +AnX1 + X2+ Wy
Continue with
L L Loo | lon | Loz
TL TR
— IITO 7\.11 llTZ N
Lpr. | Lsr
Ly | b1 | L2
X0 Yo
Xr yr
|1 %1 > < W
XB YB -
X2 »
endwhile

where L7y is0x 0, xr, yr are 0 x 1
while m(Lr.) <m(L) do
Repartition

Loo | lor | Loz
Lrp | Lrr = =
- Lo | M| I

Lpr | Lsr

X2 »2
Yo :=X1lo1 +yo
1= X1+
y2:=%1l1 +y2

Continue with

X0 Yo
Xr yr
— X1 > — Vi
XB YB -

endwhile

Figure 4.5: Algorithms to be used in Homework 4.3.2.2.

e [ y-out ]

e [ y-out ]

Homework 4.3.2.7 Write routines

Trmv_ln_unb_varl ( L, x );and

Trmv_ln_unb_var2( L, x )

that implement the algorithms from Homework 4.3.2.6 for computing x := Lx.

e [ y-out ]
e [ y-out ]
e [ y-out ]
e [ y-out ]

Homework 4.3.2.8 Develop algorithms for computing y := U”x+y and y := LT x +y, where U and L are respec-
tively upper triangular and lower triangular. Do not explicitly transpose matrices U and L. Write routines

Trmvp_ut_unb_varl ( U, x, y );and
Trmvp_ut_unb_var2( U, x, y )
Trmvp_lt_unb_varl ( L, x, y );and

Trmvp-ln_unb_var2( L, x, v )

that implement these algorithms.
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Algorithm: y := TRMVP_UN_UNB_VAR1(U,x,y) Algorithm: y := TRMVP_UN_UNB_VAR2(U, x,y)
. Urr | Urr . Urr | Urr
Partition U — s Partition U — s
Upr | Usr UpL | Usr
xT yr X yr
xX—= sy = X — Ly —
where Urp is 0 x 0, xyp, yr are 0 x 1 where Urp is 0 x 0, xr, yr are 0 x 1
while m(Ur.) <m(U) do while m(Ur) <m(U) do
Repartition Repartition
Uoo | uo1 | Uo2 Uoo | uo1 | Uo2
Urr | Urr Urr | Urr
= ulp Lo | ul | = | ulp | Vi | uy
UL | Usr UL | Usr
Uy | w21 | U2 Uy | w21 | Un2

X0 Yo X0 Yo
xr yr —_— xr yr —_—
=1 xu |- =1 -1 | | w
XB yB XB yB

X2 2 X2 2
Yo := X1to1 + Yo
Y1 = u] o+ V1K ulxe + Vi = X101+
V2 i=%1uU21 +y2
Continue with Continue with
Uoo | uor | Uo2 Uoo | uor | Uo2
Urr | Urr p T Urr | Urr T p
<~ Uy V11 Uy s — U V11 Uy s
UBL UBR UBL UBR
Uy | uz1 | A2 Uy | uz1 | A2

X0 Yo X0 Yo
xr yr Xr yr
<1 X1 , <1 W — | x1 ) —~ | w
XB YB - XB YB -

X2 2 X2 y2

endwhile endwhile

Figure 4.6: Algorithms to be used in Homework 4.3.2.4.

Homework 4.3.2.9 Develop algorithms for computing x := U”x and x := L”x, where U and L are respectively
upper triangular and lower triangular. Do not explicitly transpose matrices U and L. Write routines

e [ yoout ] = Trmv.ut_unb_varl ( U, x );and
e [ yout ] = Trmv_ut_unbwvar2( U, x )
e [ yoout ] = Trmv_lt_unbwvarl ( L, x );and
e [ yout ] = Trmv_ln_unbvar2( L, x )

that implement these algorithms.

Cost
Let us analyze the algorithms for computing y := Ux+y. (The analysis of all the other algorithms is very similar.)

For the dot product based algorithm, the cost is in the update y; := VX + uszxz -+ vy which is typically computed in two
steps:

* Yy :=V11X1 + VYi; followed by

* adot product y; := u1T2x2 +vyi.
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Algorithm: y := TRMVP_LN_UNB_VAR1(L,x,y) Algorithm: y := TRMVP_LN_UNB_VAR2(L, x,y)
. Lrp | Lr . Lty | Lrr
Partition L — s Partition L — s
Lpr, Lpr Lpr Lpr
Xxr yr XxT yr
X — ,y— X — ,y—
where L7y is0x 0, xp, yr are 0 x 1 where L7y is0x 0, xr, yr are 0 x 1
while m(Lrr) <m(L) do while m(Lr.) <m(L) do
Repartition Repartition
Loo | lor | Loz Loo | lor | Loz
LTL LTR LTL LTR
- llT() Mi 11T2 ’ - llTO M 11T2
Lpr | Lsr Lpr | Lsr
Ly | b1 | L2 Ly | L1 | L

X0 Yo X0 Yo
XT yr — XT yr —
- x |- | W - % |- | W
XB yB XB yB

X2 » X »
Yo :=X1lo1 +yo
v = oxo + M +1hx + Wi =X1 i+ Y
2 =%1h1 +y2
Continue with Continue with
L L Loo | lon | Loz L L Loo | lo1 | Loz
TL TR TL TR
o [ M T | |
Lpr. | Lsr Lpy | Lgr
Ly | b1 | L Ly | b1 | L2

X0 Yo X0 Yo
Xxr yr Xxr yr
« X1 , « Vi « X1 > Al B4
XB YB - XB YB -
X2 Y2 X2 Y2
endwhile endwhile

Figure 4.7: Algorithms to be used in Homework 4.3.2.6.

Now, during the first iteration, u1T2 and x; are of length n — 1, so that that iteration requires 2(n — 1) 4+ 2 = 2n flops for the first
step. During the kth iteration (starting with k = 0), u, and x, are of length (n —k — 1) so that the cost of that iteration is 2(n — k)
flops. Thus, if A is an n X n matrix, then the total cost is given by

n—1 n—1 n
Y 2(n—k)]=2) (n—k)=2(n+(n—-1)+---+1)=2) k=2(n+1)n/2.
k=0 k=0 k=1

flops. (Recall that we proved in the second week that Y ;i = "("2+ Dy

Homework 4.3.2.10 Compute the cost, in flops, of the algorithm for computing y := Lx + y that uses AXPY s.
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Fory:=Ux+y, TRSVP_UN_UNB_VARI] or TRSVP_UN_UNB_VAR2?
Does the better algorithm use a dot or an axpy?

Fory:=Lx+y, TRSVP_LN_UNB_VAR] or TRSVP_LN_UNB_VAR2?
Does the better algorithm use a dot or an axpy?

Fory:=UTx+y, TRSVP_UT_UNB_VAR1 or TRSVP_UT_UNB_VAR2?
Does the better algorithm use a dot or an axpy?

Fory:= L x+y, TRSVP_LT_UNB_VAR] or TRSVP_LT_UNB_VAR2?
Does the better algorithm use a dot or an axpy?

Homework 4.3.2.11 As hinted at before: Implementations achieve better performance (finish faster) if one ac-
cesses data consecutively in memory. Now, most scientific computing codes store matrices in “column-major
order” which means that the first column of a matrix is stored consecutively in memory, then the second column,
and so forth. Now, this means that an algorithm that accesses a matrix by columns tends to be faster than an
algorithm that accesses a matrix by rows. That, in turn, means that when one is presented with more than one
algorithm, one should pick the algorithm that accesses the matrix by columns.

Our FLAME notation makes it easy to recognize algorithms that access the matrix by columns. For example, in
this unit, if the algorithm accesses submatrix ag; or ap; then it accesses columns. If it accesses submatrix alTO or
al,, then it accesses the matrix by rows.

For each of these, which algorithm accesses the matrix by columns:

@ View at edX

4.3.3 Symmetric Matrix-Vector Multiplication
Motivation
Consider
-1 2 4
Ago | ao1 | Aoz 2 0] -1

T

ajg | %1 asz y = 4 -1 3
Ay | a2 | A 1 -2 1
0 1 2

1 0
-2 1
1 2
4 3
2

Here we purposely chose the matrix on the right to be symmetric. We notice that alTo = aypp, Ago = A, and asz =ay. A
moment of reflection will convince you that this is a general principle, when A is square. Moreover, notice that Agg and Ay
are then symmetric as well.

Theory
Consider
Ago | ao1 | A2
Arp | Arr - -
A= = | a0 | %1 | g |-
Apr | Asr
Ay | a2 | A

where A7y, and Agg are square matrices. If A is symmetric then

e Arr, Apr, Aoo, and Ajy are symmetric;

o alTO = agl and a1T2 = agl; and
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Algorithm: y := SYMV_U_UNB_VAR2(A,x,y)
Algorithm: y := SYMV_U_UNB_VAR1(A,x,y)
.. Arr | Arr
Partition A — s

. Arp | Arr
Partition A — s Apr | Ar
ApL | Asr
XT yr
XT yr X —r ,y—
X—>( )’y%( ) <XB> (yB>
B ) YB where A7y is 0x 0, x7, yr are 0 x 1
where A7y is 0x 0, x7, yr are 0 x 1 .
while m(Ar;) <m(A) do

while m(Ar,) <m(A) do

oL Repartition
Repartition
Aoo | ao1 | Aoz
Ao | aor | Aoz Arp | Arr
Arp | Arr = df | o | o
- al’ o al’ A A 10 12
10 11 12 ’ BL BR
ApL | Asr Ay | a2 | Ax
Ay | ax | A

X0 Yo
X0 Yo XT N yr - —
Xr yr _— X1 s L\
( ) -l u | ( ) | W xp B
XB V,

YB X2 y2
X2 2
T Yo := 1401 + Yo
aoy
A~ Y1 = X101 + Y1
Y= aly xo+oui +ahx +y yai=%1 an 4y

~—~
ap

Continue with
Continue with

A A Ago | aor | Aoz
TL TR
— | aly | an | e, |. Arp | Arr
Apr | Apr =

Ay | az | Ax ApL | Asr
X0 Yo

X7 yr X0

< %1 s | W X7
XB VB _— — X1

X2 2 XB
X2

endwhile
endwhile

Figure 4.8: Algorithms for computing y := Ax+y where A is symmetric, where only the upper triangular part of A is stored.

° A20 = Ag2.

We will just state this as “intuitively obvious”.

Algorithms

Consider computing y := Ax+y where A is a symmetric matrix. Since the upper and lower triangular part of a symmetric matrix
are simply the transpose of each other, it is only necessary to store half the matrix: only the upper triangular part or only the
lower triangular part. In Figure 4.8 we repeat the algorithms for matrix-vector multiplication from an earlier unit, and annotate
them for the case where A is symmetric and only stored in the upper triangle. The change is simple: a;¢ and ay; are not stored
and thus

* For the left algorithm, the update y; := alToxo +o1x + aszxz + Wy must be changed to y; := aglxo + 01X —|—a1T2x2 +Vi.

* For the algorithm on the right, the update y, := X 1a2; + y» must be changed to y, := Y1a12 + y2 (or, more precisely,
V2 =91 (asz)T + y, since a1T2 is the label for part of a row).
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Algorithm: y := SYMV_L_UNB_VAR1(A,x,y)

Partition A —

Arr | Arr
ApL | Asr
xr yr
x— Ly —
where A7y is 0x 0, x7, yr are 0 x 1
while m(Ar,) <m(A) do

endwhile

Repartition
Ao | ao1 | Aoz
Arp | Arr
= | afy | oun | afy
ApL | Asr
Ay | ax | A
X0 Yo
xr yr —_—
- x |- | W
XB YB
X2 »2
T T
Y1 i=ajpXo + 01X +apxa+ Y
Continue with
Ao | aor | Aoz
At | ATR T T
— ay | o1 ajy s
Apr | Asr
Ay | an | A
X0 Yo
Xr yr
« X1 , « Vi
XB YB -
X2 »

Algorithm: y := SYMV_L_UNB_VAR2(A,x,y)

Partition A — (

X7 yr
X — ,y—
( XB YB

Arp | Arr
ApL | Asr

)

where A7y is 0 x 0, x7, yr are 0 x 1

while m(Ar;) <m(A) do
Repartition

Arp | Arr
N
ApL | Asr
X0
xr
- % |-
xB

X2
Yo :=X1401 +Yo
Vi i=21001 + Y1
Y2 i=X1a21+y2

Continue with

Arr | ATr
-
ApL | Asr
X0
Xr
« X1
X

X2

endwhile

Aoo | ao1 | Aoz
a{o o1 a{z
Ay | a2 | A
Yo
yr —
| W
yB
»2
Ao | aor | Aoz
afy | our | af,
Ay | an | A
Yo
yr
’ 1w
VB -
y2

Figure 4.9: Algorithms for Homework 4.3.3.2

Homework 4.3.3.1 Write routines

that implement the algorithms in Figure 4.8.

e [ yout ] = Symv.uunb_varl ( A, x, y );and

e [ yout ] = Symv_uunb_var2( A, x, y )

Homework 4.3.3.2 Modify the algorithms in Figure 4.9 to compute y := Ax+y, where A is symmetric and stored
in the lower triangular part of matrix. You may want to do this in conjunction with the next exercise.

Homework 4.3.3.3 Write routines

e [ yout ] = Symv_.lunbwvarl (A, x, y );and
e [ yout ] = Symv_lunbwvar2( 4, x, vy )

that implement the algorithms from the previous homework.
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Homework 4.3.3.4 Challenge question! As hinted at before: Implementations achieve better performance (finish
faster) if one accesses data consecutively in memory. Now, most scientific computing codes store matrices in
“column-major order” which means that the first column of a matrix is stored consecutively in memory, then the
second column, and so forth. Now, this means that an algorithm that accesses a matrix by columns tends to be
faster than an algorithm that accesses a matrix by rows. That, in turn, means that when one is presented with more
than one algorithm, one should pick the algorithm that accesses the matrix by columns. Our FLAME notation
makes it easy to recognize algorithms that access the matrix by columns.

The problem with the algorithms in this unit is that all of them access both part of a row AND part of a column.
So, your challenge is to devise an algorithm for computing y := Ax+y where A is symmetric and only stored in
one half of the matrix that only accesses parts of columns. We will call these “variant 3”. Then, write routines

e [ yout ] = Symv_uunbwvar3 ( A, x, y );and
e [ yout ] = Symv_.lunbvar3( A, x, v )
Hint: (Let’s focus on the case where only the lower triangular part of A is stored.)

e If A is symmetric, then A = L + LT where L is the lower triangular part of A and L is the strictly lower
triangular part of A.

* Identify an algorithm for y := Lx + y that accesses matrix A by columns.
* Identify an algorithm for y := LTx+ y that accesses matrix A by columns.

* You now have two loops that together compute y := Ax+y = (L+ ZT)x +y=Lx+ LTx+ y.

* Can you “merge” the loops into one loop?

4.4 Matrix-Matrix Multiplication (Product)

4.4.1 Motivation

@ View at edX

The first unit of the week, in which we discussed a simple model for prediction the weather, finished with the following
exercise:
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Given

Today

sunny | cloudy | rainy

sunny 0.4 0.3 0.1
Tomorrow cloudy 04 0.3 0.6
rainy 0.2 0.4 0.3

fill in the following table, which predicts the weather the day after tomorrow given the weather today:

Today
sunny | cloudy | rainy
sunny
Day after loud
Tomorrow cloudy
rainy

Now here is the hard part: Do so without using your knowledge about how to perform a matrix-matrix multiplication, since
you won’t learn about that until later this week...

The entries in the table turn out to be the entries in the transition matrix Q that was described just above the exercise:

12 04 03 0.1 e
@ | = | 04 03 06 || 2
12 02 04 03 e
04 03 0.1 04 03 0.1 2 7
= | 04 03 06 04 03 0.6 =2l 2 |,
02 04 03 02 04 03 xY 2

Now, those of you who remembered from, for example, some other course that

04 03 0.1 04 03 0.1 o~
04 03 06 04 03 06 0
02 04 03 02 04 03 1Y
04 03 0.1 04 03 0.1 10
= 04 03 06 04 03 0.6 10
02 04 03 02 04 03 x 0
would recognize that
04 03 0.1 04 03 0.1
o=\ 04 03 06 04 03 0.6
02 04 03 02 04 03

And, if you then remembered how to perform a matrix-matrix multiplication (or you did P * P in Python), you would have
deduced that

03 025 025
O=1] 04 045 04
03 03 035
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These then become the entries in the table. If you knew all the above, well, GOOD FOR YOU!
However, there are all kinds of issues that one really should discuss. How do you know such a matrix exists? Why is
matrix-matrix multiplication defined this way? We answer that in the next few units.

4.4.2 From Composing Linear Transformations to Matrix-Matrix Multiplication

@ View at edX

Homework 4.4.2.1 Let Ly : R — R™ and Ly : R" — R* both be linear transformations and, for all x € R”, define
the function L¢ : R” — R™ by Le(x) = La(Lp(x)). Le(x) is a linear transformations.

Always/Sometimes/Never

Now, let linear transformations L4, L, and L¢ be represented by matrices A € R™<k B e R¥*" and C € R™*", respectively.
(You know such matrices exist since Ls, Lg, and Lc¢ are linear transformations.) Then Cx = L¢(x) = La (Lp(x)) = A(Bx).

The matrix-matrix multiplication (product) is defined as the matrix C such that, for all vectors x, Cx = A(B(x)). The
notation used to denote that matrix is C = A X B or, equivalently, C = AB. The operation AB is called a matrix-matrix
multiplication or product.

If A is my X ngq matrix, B is mpg X ng matrix, and C is m¢ X nc matrix, then for C = AB to hold it must be the case that
me = my, nc = ng, and ng = mpg. Usually, the integers m and n are used for the sizes of C: C € R™*" and k is used for the
“other size”: A € R"™** and B € RF*":

m C = m A

Homework 4.4.2.2 Let A € R™" AT A is well-defined. (By well-defined we mean that A7 A makes sense. In this
particular case this means that the dimensions of A” and A are such that AT A can be computed.)
Always/Sometimes/Never

Homework 4.4.2.3 Let A € R AAT is well-defined.

Always/Sometimes/Never

4.4.3 Computing the Matrix-Matrix Product

@ View at edX
The question now becomes how to compute C given matrices A and B. For this, we are going to use and abuse the unit basis
vectors e;.
Consider the following. Let
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CeR™" A cR™Fk and B € R¥"; and

C = AB; and

o Lc:R" — R™ equal the linear transformation such that L¢(x) = Cx; and
s Ly : R¥ — R™ equal the linear transformation such that L4 (x) = Ax.

s Lp: R" — R¥ equal the linear transformation such that Lg(x) = Bx; and
* ¢; denote the jth unit basis vector; and

* c; denote the jth column of C; and

* b; denote the jth column of B.

Then

cj=Cej=Lc(ej) = La(Lg(e))) = La(Bej) = La(b;) = Ab;.

From this we learn that

If C = AB then the jth column of C, ¢}, equals Ab;, where b is the jth column of B.

Since by now you should be very comfortable with partitioning matrices by columns, we can summarize this as

<co e | | en ):C:AB:A< bo | b1 || b >:<Abo‘Ab| | Aby )

Now, let’s expose the elements of C, A, and B.

Y0,0 Y0,1 o Yon—1 Q0,0 Qo1
Y1,0 Y1,1 Y1,n—1 1,0 1,1
C p— . B A p—
Ym-1,0 Ym—1,1 - Ym—1n—1 On—1,0 On—1,1
Bo.o Bo,1 o PBou-t
Bio Bi.1 s Braai
and B= ] ) ] )

Bk—l,O Bk—l,l Bk—l,n—l

0l k—1

O k—1

Obp—1 k—1

We are going to show that
k=1
'Yzlj — Z (Xi,pB/Ljv
p=0

which you may have learned in a high school algebra course.
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We reasoned that ¢; = Ab;:

Yo.j 0lo,0 0Olo, 1 e Ol k-1
Y1,j 1,0 O1,1 Ol k—1 BO.J-
B Pi.j
’ Yi.j ‘ ’ Qo 01 o Ol ‘ :
: Br—1,j
Ym—1,j On—-1,0 Op—11 -+ Ohp—1k—1

Here we highlight the ith element of c;, ¥; ;, and the ith row of A. We recall that the ith element of Ax equals the dot product of
the ith row of A with the vector x. Thus, ; ; equals the dot product of the ith row of A with the vector b;:

k-1
Yij= Z % pPp, ;-
p=0

Let A € R™k B c R and C € R™". Then the matrix-matrix multiplication (product) C = AB is computed by

k—1

Yi,j = Z 0 By, = oo, + 1B+ 4 i k—1Br—1,j-
p=0

As aresult of this definition Cx = A(Bx) = (AB)x and can drop the parentheses, unless they are useful for clarity: Cx = ABx
and C = AB.

Homework 4.4.3.1 Compute

04 03 0.1 04 03 0.1
Q=PxP=| 04 03 06 04 03 0.6
02 04 03 02 04 03

We emphasize that for matrix-matrix multiplication to be a legal operations, the row and column dimensions of the matrices
must obey certain constraints. Whenever we talk about dimensions being conformal, we mean that the dimensions are such
that the encountered matrix multiplications are valid operations.

2 0 1
_— 2 1 2 1
Homework 4.4.3.2 LetA= | andB=| 0 1 0 1 |[.Compute
1 3 1
1 010
-1 1 1
* AB=
* BA =

Homework 4.4.3.3 Let A € R™* and B € R**" and AB = BA. A and B are square matrices.
Always/Sometimes/Never
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Homework 4.4.3.4 Let A € R™** and B € RF*",

AB = BA.
Always/Sometimes/Never
Homework 4.4.3.5 Let A,B € R"*". AB = BA.
Always/Sometimes/Never
Homework 4.4.3.6 A? is defined as AA. Similarly AF = AA---A . Consistent with this, A = I so that

k occurrences of A
A% = AF1A for k> 0.
AF is well-defined only if A is a square matrix.
True/False

Homework 4.4.3.7 Let A,B,C be matrix “of appropriate size” so that (AB)C is well defined. A(BC) is well
defined.
Always/Sometimes/Never

4.4.4 Special Shapes

@ View at edX

We now show that if one treats scalars, column vectors, and row vectors as special cases of matrices, then many (all?)
operations we encountered previously become simply special cases of matrix-matrix multiplication. In the below discussion,
consider C = AB where C € R"*" A € R"™*k and B € Rk*",

m = n =k =1 (scalar multiplication)

In this case, all three matrices are actually scalars:

(00 )=(ono ) (oo ) = caoboo )

so that matrix-matrix multiplication becomes scalar multiplication.

Homework 4.4.4.1 Let A = ( 4 ) and B = ( 3 ) Then AB= .

n=1,k=1(SCAL)
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Now the matrices look like

Y0,0 0lo,0 0t,080,0 Bo,000,0 0lo,0
Y10 04 0 01,0B0,0 Bo.o%1 0 04 0
= ( BOO ) = = . = 3070
Yn—1,0 Obp—1,0 On—1,0B0,0 Bo.oOn—1,0 Obp—1,0

In other words, C and A are vectors, B is a scalar, and the matrix-matrix multiplication becomes scaling of a vector.

1
Homework 4.4.4.2 LetA= | —3 | andB= ( 4 ) Then AB =
2

m=1,k=1(SCAL)

n 1 n

W ¢ J- a5

Now the matrices look like

(Yo,o You o 'YO,nfl) = (060,0)([30.0 Boi - [30,7171)
= 0‘0,0( Boo Boir - BO,nfl)

= (060,050,0 %00Bo1 - 000Bos—1 )

In other words, C and B are just row vectors and A is a scalar. The vector C is computed by scaling the row vector B by the
scalar A.

Homework 4.4.4.3 LetA = ( 4 ) and B = ( 1 -3 2 ) Then AB =

m=1,n=1(DOT)

1 k 1
tile] = 1}
k
The matrices look like
Bo.o
Bio k-1
( Y0,0 ) = ( Qoo Op1 - Oog—1 ) . = Z 0o, pBp.0-

. p=0

Br-1.0
In other words, C is a scalar that is computed by taking the dot product of the one row that is A and the one column that is B.
2

Homework 4444 LetA= (1 —3 2 JandB=| —1 |.ThenaB=

0
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k =1 (outer product)

n - 1 n
R B
m C = m||A
Y0,0 You o Yon-1 0lo,0 ([30,0 Bo,1
Y10 Y11 o Y-l ol 0
Yn-10 Ym—-11 - Ym—1n-1 Oln—1,0

0l0,0B0.0 0lo,0B0,1

a1,0B0,0 a1 0Po,1

On—1,0B00  m—1,0P0,1

Boa1 )

00,0B0,1-1

061,0[30.”71

On—1,0B0.n—1

1
Homework 4.4.4.5 Let A = -3 and B = ( -1 =2 ) Then AB =
2
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1
Homework 4.4.4.6 Leta = ( -3 ) and b7 = ( -1 =2 ) and C = ab” . Partition C by columns and by rows:

2
d
C:(Co‘cl ) and C: g{
e

Then
1 (=Dx (1)
cco=(-1) =3 | =] (=D)x(=3) True/False
2 (=x (2)
1 (=2)x (1)
ca=(=2) =3 [=] (-2)x(=3) True/False
2 (=2)x (2)
(=Dx (1) | (=2)x (1)
e C=| (=1)x(=3) | (—2)x(=3) True/False
(=Dx (2) | (=2)x (2)
cd= (-1 2)=( oxn x-2)) True/False
e =31 2 )= ( (B (3x(-2) ) True/False
d=@( 1 2)=( @x-n @x-2) True/False

) True/False
(=Dx (2) (=2)x (2)

Homework 4.4.4.7 Fill in the boxes:

[]
(2 -1 3): N

o~

Hinin
Himimin
Himinin
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Homework 4.4.4.8 Fill in the boxes:
2 4 =2 6
+|(ooo)|BEO
i ] O O
3 ] O O
n =1 (matrix-vector product)
1 k 1
A [ ] A
k
m||C|=m A
y L | Y
Y0,0 0lo,0 0,1 s 0k—1 Bo.o
Y1,0 01,0 o1 Ol k—1 Bio
Ymn—1,0 On—10 Om—11 -+ Obp—lj—1 Br—1.0

We have studied this special case in great detail. To emphasize how it relates to have matrix-matrix multiplication is computed,

consider the following:

70,0 00,0 O, 1 e Opk—1
Bo.o
Bio
Yi,0 = ’ Qi o Qi 1 e Ol k—1
Br-1.0
Ym—1,0 On—1,0 Om—1,1 - Ohp—1k—1
m = 1 (row vector-matrix product)
n k n
1} C | = 1} A
k B
Boo  Bo

(Yo,o Yo, - Yo,n—l) = (060,0 Oo,1 v 060,1&1) Pro BI.J

Bi—10 PBr-1,1
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so that yp ; = Zl;;%) 0o,pBp,j. To emphasize how it relates to have matrix-matrix multiplication is computed, consider the

following:
(Yo,o Yol )

B0,0 . BO,j oo BO,nfl
BLO Bl,j Bl,n—l

= (’ Qoo Qo1 - aO,k—l)

Bi—1o - | Bre1j | - Br—1n-1

)
Homework 4.4.4.9 LetA:( 01 0 )andB: 4 2 0 | ThenaB=

Homework 4.4.4.10 Let ¢; € R™ equal the ith unit basis vector and A € R™*". Then el A = !, the ith row of A.
Always/Sometimes/Never

Homework 4.4.4.11 Get as much practice as you want with the MATLAB script in

LAFF-2.0xM/Programming/Week04/PracticeGemm.m

If you understand how to perform a matrix-matrix multipli-
cation, then you know how to perform all other operations
with matrices and vectors that we have encountered so far.

445 Cost

@ View at edX

Consider the matrix-matrix multiplication C = AB where C € R™*" A € R™*k and B € R¥*", Let us examine what the cost
of this operation is:

* We argued that, by definition, the jth column of C, ¢}, is computed by the matrix-vector multiplication Ab;, where b; is
the jth column of B.

* Last week we learned that a matrix-vector multiplication of a m x k matrix times a vector of size k requires 2mk floating
point operations (flops).

¢ C has n columns (since it is a m X n matrix.).
Putting all these observations together yields a cost of

n x (2mk) = 2mnk flops.
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Try this! Recall that the dot product of two vectors of size k requires (approximately) 2k flops. We learned in the
previous units that if C = AB then v; ; equals the dot product of the ith row of A and the jth column of B. Use this
to give an alternative justification that a matrix multiplication requires 2mnk flops.

4.5 Enrichment

4.5.1 Markov Chains: Their Application

Matrices have many “real world” applications. As we have seen this week, one noteworthy use is connected to Markov
chains. There are many, many examples of the use of Markov chains. You can find a brief look at some significant appli-
cations in THE FIVE GREATEST APPLICATIONS OF MARKOV CHAINS by Philipp von Hilgers and Amy N. Langville.
(http://langvillea.people.cofc.edu/MCapps7.pdf).

4.6 Wrap Up

4.6.1 Homework

Homework 4.6.1.1 Let A € R™*" and x € R". Then (Ax)T = xTAT.
Always/Sometimes/Never

Homework 4.6.1.2 Our laff library has a routine
laff gemv( trans, alpha, A, x, beta, vy )
that has the following property
e laff gemv( ’'No transpose’, alpha, A, x, beta, y ) computesy:= 0Ax+ By.
 laff_gemv( ’'Transpose’, alpha, A, x, beta, y ) computesy:= oA’ x4+ By.
The routine works regardless of whether x and/or y are column and/or row vectors.

Our library does NOT include a routine to compute y’ := x” A. What call could you use to compute y’ := x" A if

y is stored in yt and x7 in xt?

e laff gemv( 'No transpose’, 1.0, A, xt, 0.0, yt ).
e laff gemv( 'No transpose’, 1.0, A, xt, 1.0, yt ).
e laff gemv( 'Transpose’, 1.0, A, xt, 1.0, yt ).

e laff gemv( ’'Transpose’, 1.0, A, xt, 0.0, yt ).

1
Homework 4.6.1.3 LetA = . Compute
1 -1

0A2:

0A3:

o Fork>1,A% =
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Homework 4.6.1.4 LetA =

0A3:

e Forn>0,A% =

e Forn >0, A%t =

0
o A2 —
e A3 =
s Forn>0,A% =
s Forn>0,A""! =
Homework 4.6.1.5 Let A = X _(1)

written as A2.)

Homework 4.6.1.6 Let A be a square matrix. If AA = 0 (the zero matrix) then A is a zero matrix. (AA is often

True/False
Homework 4.6.1.7 There exists a real valued matrix A such that A> = —/I. (Recall: I is the identity)

True/False
Homework 4.6.1.8 There exists a matrix A that is not diagonal such that A> = I.

True/False

4.6.2 Summary

Partitioned matrix-vector multiplication

App | Ao Agn—1 X0 Apoxp +Ag,1x1 + - +Ag N_1XN—1
Ao | A Al N1 X1 Aroxo+Ar X1+ +A N1 XN
Av—10|Am-11 | |AM—1N-1 XN—1 Apm—1,0%0 +Ap—1,1X1 + - FAM— 1 N-1XN-1
Transposing a partitioned matrix
Ao0 Ao,1 Aon—1 Ag.,o A{o A;pl,o
Ao Ar Ain-1 Al AT Al 1
Ap-10 | AM-1,1 AM-1.N-1 Al o1 | ATy Al iv—1
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Composing linear transformations

Let Ly : RF — R™ and Lp : R* — R* both be linear transformations and, for all x € R”, define the function L¢ : R" — R™ by

Le(x) = La(Lp(x)). Then Le(x) is a linear transformations.

Matrix-matrix multiplication

AB=A(bo | o[- | by )= (v [ an | [ 4 ).
If
Y0,0 Yo,1 0 Yon—1 ®o,0 0,1 0o, k—1
V1,0 Yigo oo Yin—1 01,0 o1 o Okt
C: . B A: )
Yn-10 Ym—-11 - VYm—1n—1 On—1,0 Om—11 -+ Op—1k—1
Boo  Bor - Boa-t
Bio Bt - PBra-i
and B= ) ) ) )

Bro10 Br-11 -+ PBr-1a1
then C = AB means that y; ; = Zl[‘,;%) 0 pPBp.j-

A table of matrix-matrix multiplications with matrices of special shape is given at the end of this week.

Outer product

Let x € R™ and y € R". Then the outer product of x and y is given by xy” . Notice that this yields an m x n matrix:

T
X0 Yo X0
X1 Vi X1
' = : . = : (‘lfo v anl)
Am—1 Wn—l Am—1
XoVo xXoVi o XoWn—1
B X1Vo X1V o X1VWn—1

Am—1¥Y0  Xm—1V1 - AXm—1V¥n—1
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m | n | k| Shape Comment
: : : Scal Itipl
- il il calar multiplication
PIU el = 1d[a) ai[B]
L A 1
] | 1i(B]
m|1l]1 mlilcl = mlla Yector times scalar = scalar
times vector
L J y L |
n 1 n
1 | n|l | ¢ ’ C " =1 ¢ | ¢ ’ B Scalar times row vector
A ¢ .
e = 1[4 |
1|1]k Dot product (with row and col-
k umn)
n <L n
] 1] B
m|n|l m C — ml|la Outer product
‘L k 1
—_— \ -~
k
m| 1|k mllcl = m A Matrix-vector multiplication
L 4
1] c =134 |
1 | n|k X Row vector times matrix multi-
ply
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LAFF routines

Ul Uy, (¢ ‘A 'x ‘eydre )ieb V+ &\08 =y | (¥4aD)9repdn [-yuey
uw Uy (K ‘e3sq ‘x ‘y ‘eydre ‘,ssodsueil, )auwsb Am_._.k&So =:4 | (AWaD) uoneordnnw
Ut uug ( A ‘e3eq ‘x ‘y ‘eydre ‘,esodsueil oN, )Awsb g +xy0 =: 4 | 10109A-XIIJBW [BIUAD)
suonerddo J0)33A-XLI BRI\
u ug ( x )zwiou = eydre x| =0 (ZTIWION) yi3ua]
ug ug ( eydre ‘KA ‘x )s3jop 044, x=0 (sroa) yonpoid 10
ug ug ( A ‘x )30p = eydie ast;o (Loa) 1onpoid 10q
ug ug ( A ‘x ‘eydre )Adxe £4+x0 =: £ (AdXV) uonIppe pareds
ug u ( x ‘eydTe ) TeOSAUT 0/x =:x | (TvDS) SuIess 10J00A
ug u ( x ‘eydte )71eOS =:x | (T1vDS) 3uless J0JooA
ug 0 ( & 'x )Adoo x=:4 (xd0D) Ado)
suonesddo J0)23A-10)I3A

sdowow | sdop “I3eT
1509 "xo1ddy uonoung uonmyag "A21qQVy uoneradQ
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Week

Matrix-Matrix Multiplication

5.1 Opening Remarks

5.1.1 Composing Rotations

@ View at edX

Homework 5.1.1.1 Which of the following statements are frue:
cos(p+6+1) | [ cos(t) | —sin(1) cos(p+0)
sin(p+06+1) sin(t) | cos(t) sin(p + o)
True/False
cos(p+o6+1) | [ cos(t) | —sin(t) COsPCcosG —sinpsinc
sin(p+0+1) sin(t) | cos(t) sinpcosc + cosPsinG.
True/False
cos(p+6+1) = cos(t)(cospcosc —sinpsinc) —sin(T)(sinpcosG + cospsinc)
sin(p+06+1) = sin(t)(cospcosc —sinpsinG) + cos(T)(sinp cosG + cospsinG)
True/False

159


https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9fc355378f26481282ffa7961b74b402/7bb08d8be9564c03b5c28e9465e5bfa9/1
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9fc355378f26481282ffa7961b74b402/7bb08d8be9564c03b5c28e9465e5bfa9/1

Week 5. Matrix-Matrix Multiplication

160

5.1.2 Outline

5.1.

5.2.

5.3.

54.

5.5.

Opening Remarks . . . . . . . o o i i i i ittt e e e e 159
5.1.1. Composing Rotations . . . . . . . . . . . . . 159
S.L20 Outhine . . . . . e e 160
5.1.30 What You Will Learn . . . . . . . 0 000 e e e e e 161
ObServations . . . . v v v i i i ittt e e e e e e e e i e e e e e 162
5.2.1. Partitioned Matrix-Matrix Multiplication . . . . . . . . . . . . ... 162
5220 Properties . . . . . . oo i e e e e e e e e e e e e e e 163
5.2.3. Transposing a Product of Matrices . . . . . . . . . . o o i e e 164
5.2.4. Matrix-Matrix Multiplication with Special Matrices . . . . . . . . . . . . ... ... ... 165
Algorithms for Computing Matrix-Matrix Multiplication . . . . ... ... ... ..., 169
5310 Lotsof LoOPS . . . o o v o o e e e e e e e e 169
5.3.2. Matrix-Matrix Multiplication by Columns . . . . . . . . . .. ... ... 171
5.3.3. Matrix-Matrix Multiplication by Rows . . . . . . . . . ... 172
5.3.4. Matrix-Matrix Multiplication with Rank-1 Updates . . . . . . . . . .. ... ... ... .. ...... 175
Enrichment . . . . . . . 00 i i e e e e e e e e e e 177
5.4.1. Slicing and Dicing for Performance . . . . . . . . . . . . .. ... 177
54.2. HowltisReallyDone . . . . . . . . . . . e 181
74 ) 0 183
5.5.1. Homework . . . . . . .. 183

5.5.2. SUMMANY . . . . o o ot e e e e e e e e 186




5.1. Opening Remarks 161

5.1.3 What You Will Learn

Upon completion of this unit, you should be able to

Recognize that matrix-matrix multiplication is not commutative.

Relate composing rotations to matrix-matrix multiplication.

Fluently compute a matrix-matrix multiplication.

Perform matrix-matrix multiplication with partitioned matrices.

Identify, apply, and prove properties of matrix-matrix multiplication, such as (AB)” = BT AT.

Exploit special structure of matrices to perform matrix-matrix multiplication with special matrices, such as identity,
triangular, and diagonal matrices.

Identify whether or not matrix-matrix multiplication preserves special properties in matrices, such as symmetric and
triangular structure.

Express a matrix-matrix multiplication in terms of matrix-vector multiplications, row vector times matrix multiplications,
and rank-1 updates.

Appreciate how partitioned matrix-matrix multiplication enables high performance. (Optional, as part of the enrichment.)
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5.2 Observations

5.2.1 Partitioned Matrix-Matrix Multiplication

@ View at edX

Theorem 5.1 Let C € R™" A € R™* and B € R¥". Let

e m=mo+m+---my_1,m; >0fori=0,.... M—1;

e n=no+n +---ny_1,n; >0for j=0,....N—1; and

. k=ko—|—k1—|—--'k](71,kpZOfOI’pZO,...,K—l.

Partition
Coo Co,1 .o Con-1 App Ag)1 .o Ag k-1
Cio Cr1 Cin-1 Ao A Al k-1
C= A= ,
Cv-10 | Cyu—11 | -+ | Cy—1.N-1 Av-10 | Ay—11 | -+ | Am—1k-1
Boo Bo,1 B Bon-1
Bip By, Bin-1
and B = - - ] B ,
Bg_10 | Bk—11 | -+ | Bk—1n-1

with C; j € R"™>*1i, A; , € R™*%, and B, j € R*"i. Then C; j = Y5~ A pB) ).

If one partitions matrices C, A, and B into blocks, and one makes sure the dimensions match up, then blocked matrix-
matrix multiplication proceeds exactly as does a regular matrix-matrix multiplication except that individual multiplications
of scalars commute while (in general) individual multiplications with matrix blocks (submatrices) do not.
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5.2. Observations

Example 5.2 Consider

If

AoBo+A 1B :

Then

-3
-1
0
1

-2
0
-2
4

-1
0

-2
4

-3
—1

By

By

Ay

Ag

—4

1
-3
-3

2 0 1
=3
-5
=5

—2 2
—4 3
—2 4

AB

A1Bjq

ApBy

5.2.2 Properties

No video for this unit.
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Is matrix-matrix multiplication associative?

0 1
0 1 0 2 -1
Homework 5.2.2.1 LetA = ,B= ,and C = 1 2 |. Compute
1 0 1 1 0
1 -1
e AB=
* (AB)C =
e BC =
* A(BC) =

Homework 5.2.2.2 Let A € R™" B € R™k and C € R**!. (AB)C = A(BC).
Always/Sometimes/Never

If you conclude that (AB)C = A(BC), then we can simply write ABC since lack of parenthesis does not cause confusion
about the order in which the multiplication needs to be performed.

In a previous week, we argued that el-T (Ae;) equals 0y j, the (i, j) element of A. We can now write that as o; ; = e,-TAe‘/-,
since we can drop parentheses.

Is matrix-matrix multiplication distributive?

0 1 2 -1 -1 1
Homework 5.2.2.3 Let A = ,B= ,and C = . Compute
1 0 1 0 0 1
s AB+C) =
* AB+AC =.
* (A+B)C=.
¢« AC+BC =.

Homework 5.2.2.4 Let A € R™k B c R and C € R, A(B+C) = AB+AC.
Always/Sometimes/Never

Homework 5.2.2.5 If A € R™* B c R™k and C € R, then (A + B)C = AC + BC.

True/False

5.2.3 Transposing a Product of Matrices

No video for this unit.
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2 01
L 2 1 2 1
Homework 5.2.3.1 LetA = andB=| 0 1 0 1 |.Compute
1 3 1
1 010
-1 1 1
« ATA=
o AAT =
* (AB)T =
° ATBT:
. BTAT:

Homework 5.2.3.2 LetA € R™* and B € R*". (AB)T = BTAT.
Always/Sometimes/Never

Homework 5.2.3.3 Let A, B, and C be conformal matrices so that ABC is well-defined. Then (ABC)” = CT BTAT.
Always/Sometimes/Never

5.2.4 Matrix-Matrix Multiplication with Special Matrices

No video for this unit.

Multiplication with an identity matrix

Homework 5.2.4.1 Compute

—
—_

-2 -1
0 2

[\

.
[ NS
\
S N
\
o =
- O O
Il

1 00
1 -2 -1
. 01 0 |=
2 0 2
0 0 1
1 -2 -1 1 00
. 2 0 2 01 0 |=
—1 3 -1 0 0 1
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Homework 5.2.4.2 Compute
1 00 1
. 010 2 | =
0 1 -1
1 00 -2
. 1 0 0 | =
0 1
1 00 -1
. 1 0 2 | =
0 1 —1
1 00 1 -2 -1
. 1 0 2 0 2 |=
0 1 -1 3 -1
Homework 5.2.4.3 Let A € R™*" and let I denote the identity matrix of appropriate size. Al = IA = A.
Always/Sometimes/Never

Multiplication with a diagonal matrix

Homework 5.2.4.4 Compute

2
1 -2 -1
. 0 =
2 0 2
0
0
1 -2 -1
. —1 —
2 0 2
0
1 -2 -1
2 0 2
-3
2 0 O
1 -2 -1
. 0 -1 0| =
2 0 2
0O 0 -3
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Homework 5.2.4.5 Compute
2 0 0 1
. 0 -1 0 2 | =
0 0 -3 -1
0 -2
° _ 0 —
0 0 -3
2 0 o0 -1
i 0 -1 0 2 =
0 0 -3 -1
0 0 1 -2 -1
° —1 2 0 2 =
0 0 -3 -1 3 -1
Homework 5.2.4.6 Let A € R™*" and let D denote the diagonal matrix with diagonal elements 89,8, - -, 8,—1.
Partition A by columns: A = < ao ‘ a ‘ ‘ an—1 )
AD = ( Soao ‘ d1a ‘ ‘ S 1an-1 ) -
Always/Sometimes/Never
Homework 5.2.4.7 Let A € R™*" and let D denote the diagonal matrix with diagonal elements &y, 01, -, 0;,_1.
ajy
aj
Partition A by rows: A = -
oy
Soa!
8.l
DA =
S—1dy,
Always/Sometimes/Never
Triangular matrices
1 -1 -2 -2 1 -1
Homework 5.2.4.8 Compute | 0 2 3 0 1 2 | =
0 1 0 0 1
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Homework 5.2.4.9 Compute the following, using what you know about partitioned matrix-matrix multiplication:

1 -1 -2 2 1] -1
0o 2| 3 0 1] 2 |=
0 0\ 1 0 0\1

Homework 5.2.4.10 Let U,R € R"*" be upper triangular matrices. UR is an upper triangular matrix.
Always/Sometimes/Never

Homework 5.2.4.11 The product of an n x n lower triangular matrix times an n x n lower triangular matrix is a
lower triangular matrix.
Always/Sometimes/Never

Homework 5.2.4.12 The product of an n x n lower triangular matrix times an n X n upper triangular matrix is a
diagonal matrix.

Always/Sometimes/Never

Symmetric matrices

Homework 5.2.4.13 Let A € R™". ATA is symmetric.
Always/Sometimes/Never

Homework 5.2.4.14 Evaluate

i
(1 2)=
2
] o f(20 -1)=
1| 2
112
-l 1] o -
2 0 -1
2 —
1
2 [(1 2 2)=
2
o2 /11 2
-l 1 o2 2 0 -1 |=
> 1| 2 12 2

Homework 5.2.4.15 Let x € R". The outer product xx’ is symmetric.
Always/Sometimes/Never

Homework 5.2.4.16 Let A € R"™" be symmetric and x € R". A+ xx” is symmetric.

Always/Sometimes/Never
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Homework 5.2.4.17 Let A € R™". Then AAT is symmetric. (In your reasoning, we want you to use insights
from previous homeworks.)
Always/Sometimes/Never

Homework 5.2.4.18 Let A, B € R"*" be symmetric matrices. AB is symmetric.
Always/Sometimes/Never

A generalization of A + xx” with symmetric A and vector x, is given by
A:=oxx] +A,

where o is a scalar. This is known as a symmetric rank-1 update.

The last exercise motivates the fact that the result itself is symmetric. The reason for the name “rank-1 update” will become
clear later in the course, when we will see that a matrix that results from an outer product, yxT, has rank at most equal to
one.

This operation is sufficiently important that it is included in the 1aff library as function

[ yoout ] = laff_syr( alpha, x, A )

which updates A := oxx” +A.

5.3 Algorithms for Computing Matrix-Matrix Multiplication

5.3.1 Lots of Loops

@ View at edX

In Theorem 5.1, partition C into elements (scalars), and A and B by rows and columns, respectively. In other words, let
M=m,m=1,i=0,....m—1;N=n,n;j=1,j=0,...,n—1;and K = 1, kg = k. Then

~T
Y0,0 Yo,1 e Yo,n—1 a
~T
Y10 Y11 ol Vit a
. . . A= . ’andB:(bO‘bl""‘brhl)
~T
Yn—-1,0 | Ym=1,1 | | Ym—1n—1 a,, 1
so that
~T
Y0,0 Yo,1 e Yo,n—1 da
~T
Y1,0 V1,1 Y1n—1 ap
¢ = . . ] . = . (bo‘bl"--‘bnq)
~T
Yn—-1,0 | Ym=1,1 | | Ym—1n—1 a,, 1
~T ~T ~T
aob() ag bl dagy bn,1
~T ~T ~T
alb() alb] Cllbnfl
~T ~ ~T
am—lbo am—lb1 am—lbn—1

As expected, ¥; ; = d@! b;: the dot product of the ith row of A with the jth column of B.
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Example 5.3

- 2

(-1 24)] o (-1 2 a)| 1

2 -1

2 4 2] 2 i 2
0 -1 ol 1 = (10 4 ) 0 ( 10 -1 ) 1
13 2| -1 - -
D) 2

-10

This motivates the following two algorithms for computing C = AB + C. In both, the outer two loops visit all elements v; ;
of C, and the inner loop updates a given y; ; with the dot product of the ith row of A and the jth column of B. They differ in that
the first updates C one column at a time (the outer loop is over the columns of C and B) while the second updates C one row at
a time (the outer loop is over the rows of C and A).

forp=0,...,k—1
Yij o= 0 pBp i+ Yij ¢ Vig =] bj+i
endfor
endfor

endfor

fori=0,....m—1
for j=0,....,n—1
for p=0,...,k—1
or Yiij 1= O pBp. i
endfor
endfor

endfor

Yij = d,—Tbj +Yi,j
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Homework 5.3.1.1 Consider the MATLAB function

function [ C_out ] = MatMatMult( A, B, C )
[ m, n ] = size( C );
[ mA, k ] = size( A );
[ mB, nB ] = size( B );
for j = 1:n
for i = I'm
for p = 1:k
Ci.j)=ACi,p) «B(p, j)+CCi, s
end
end
end

* Download the files MatMatMult.m and test _MatMatMult .m into, for example,
LAFF-2.0xM -> Programming -> Week5

(creating the directory if necessary).

* Examine the script test MatMatMult.m and then execute it in the MATLAB Command Window:
test MatMatMult.

* Now, exchange the order of the loops:

for j = 1:n
for p = 1:k
for i = 1
C(i,j
end
end
end

m
) =ACi, p) *=BCp, j)+CCi, j);

save the result, and execute test MatMatMult again. What do you notice?

* How may different ways can you order the “triple-nested loop™?

* Try them all and observe how the result of executing test MatMatMult does or does not change.

5.3.2 Matrix-Matrix Multiplication by Columns

@ View at edX

Homework 5.3.2.1 Let A and B be matrices and AB be well-defined and let B have at least four columns. If the
first and fourth columns of B are the same, then the first and fourth columns of AB are the same.
Always/Sometimes/Never

Homework 5.3.2.2 Let A and B be matrices and AB be well-defined and let A have at least four columns. If the
first and fourth columns of A are the same, then the first and fourth columns of AB are the same.
Always/Sometimes/Never

In Theorem 5.1 let us partition C and B by columns and not partition A. In other words, let M =1, mg =m; N =n,n; =1,
j=0,....,n—1;and K =1, kg = k. Then

CZ(CQ‘C]""‘QHI) and Bz(bo‘b]‘---‘b,ﬂ)
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so that
(ol r] = [ews ) =c=an=a( 0[] = [52) = (v [ | an ).
Homework 5.3.2.3
1 -2 2 —1
. —1 2 1 2 =
0 1 2 1
1 -2 2 —1 0
. -1 2 1 2 1 =
0 1 2 1] -1
1 -2 2 - 0 1
. —1 2 1 2 1] -1 =
0 1 2 1 -1 2
Example 5.4
-1 2 4 2] 2 -1 2 4 -2 -1 2 4 2
1 0 -1 0 1 = 1 0 -1 0 1 0 -1 1
2 -1 3 -2 | -1 2 -1 3 -2 2 -1 3 —1
-6 | —4
= 0 3
10| 0

for j=0,....n—1 for j=0,...,n—1
fori=0,....m—1 for p=0,....,k—1
forp=0,...,k—1 fori=0,....m—1
Yij o= ipBpj+Vij (¢ji=Abj+c; OF Yij o= OipBpj+Yij (i =AbjFc;
endfor endfor
endfor endfor
endfor endfor

Exchanging the order of the two inner-most loops merely means we are using a different algorithm (dot product vs. AXPY) for

the matrix-vector multiplication ¢; := Ab; +c;.

An algorithm that computes C = AB + C one column at a time, represented with FLAME notation, is given in Figure 5.1

Homework 5.3.2.4 Implement the routine
[ C.out ] = Gemm_unb_varl( A, B, C )

based on the algorithm in Figure 5.1.

5.3.3 Matrix-Matrix Multiplication by Rows

@ View at edX
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Algorithm: C := GEMM_UNB_VAR1(A,B,C)

Partition B — ( B, | Bx ),C—> ( a | e )
where B, has 0 columns, C;, has 0 columns

while n(Br) < n(B) do

Repartition

(nlm ) (mln ) (ala)+(aale)

where b has 1 column, ¢; has 1 column

c1 :=Ab; + ¢

Continue with

(alme) e (mlnln)(ala)(alale)

endwhile

Figure 5.1: Algorithm for C = AB 4 C, computing C one column at a time.

Homework 5.3.3.1 Let A and B be matrices and AB be well-defined and let A have at least four rows. If the first
and fourth rows of A are the same, then the first and fourth rows of AB are the same.
Always/Sometimes/Never

In Theorem 5.1 partition C and A by rows and do not partition B. In other words, let M =m, m; =1,i=0,....m—1; N=1,
no=n;and K =1, kg = k. Then

~T ~T
€0 &)
ér ar
C= and A= -
~T ~T
Cn—1 A1
so that
~T ~T ~T
¢ dg ayB
ér ar a'B
~T ~T ~T
Cn—1 Ay Ay B

This shows how C can be computed one row at a time.
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Example 5.5

2 2

(-1 24)] o 1

2
12 4 2 2 2 2 6 —4
10 -1 o 1 |={ (10 1) o 1 = R
2 1 3 2 2 10 0

2 2

(2 -1 3)] o 1

2 1

fori=0,....m—1 fori=0,...,m—1
for j=0,...,n—1 for p=0,....k—1
for p=0,...,k—1 for j=0,....n—1
Yij =By, +Yij (€ =aB+el  or Yij =i pBp+Vi; (6 =a B+él
endfor endfor
endfor endfor
endfor endfor

An algorithm that computes C = AB + C row at a time, represented with FLAME notation, is given in Figure 5.2.

Homework 5.3.3.2
1 -2 2 -1 0 1
. 2 1 -1 | =
1 -1 2
1 -2 2 —1 0 1
* -1 2 1 2 1 -1 | =
1 -1 2
1 -2 2 -1 0 1
. —1 21 2 1 -1 | =
0 1 2 1 -1 2
Homework 5.3.3.3 Implement the routine
[ C.out ] = Gemm_unb_var2( A, B, C )
based on the algorithm in Figure 5.2.
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Algorithm: C := GEMM_UNB_VAR2(A,B,C)

At Cr
Partition A — ,C—
Ap Cp

whereA7 has 0 rows, Cr has 0 rows
while m(A7) <m(A) do

Repartition
A Ao Co
T T
= | & 1. = |
Ap Cp
Az G

wherea; has 1 row, ¢; has 1 row

T._ T T
¢ :=a;B+c

Continue with

A Ao c <
T T
—~ | o |, — |
Ap Cp
A2 CZ

endwhile

Figure 5.2: Algorithm for C = AB 4+ C, computing C one row at a time.

5.3.4 Matrix-Matrix Multiplication with Rank-1 Updates

s

@ View at edX

In Theorem 5.1 partition A and B by columns and rows, respectively, and do not partition C. In other words, let M =1,
mo=m;N=1,ny=n;andK =k, k,=1,p=0,...,k—1. Then

by
by
w (o] o) oo
bi
so that
by
bi
C:AB:( ao ‘ ai ‘ ‘ A1 ) . = aohj +aib] +---+a1bj_,.

Notice that each term a ,,l;; is an outer product of a, and l;p. Thus, if we start with C := 0, the zero matrix, then we can compute
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C:=AB+Cas

C:=aj1bf_ |+ (-4 (aph} + (-+-+ (@1b] + (aohg +C))---))--+),

which illustrates that C := AB can be computed by first setting C to zero, and then repeatedly updating it with rank-1 updates.

Example 5.6

1] 2| 4 2 2
1| ol -1 0o 1
2l 21| 3 2 1
1 2 4
= 1 (72 2)+ 0 (01)+ 1 (72 71)
2 -1 3
2 2 8 4 6 —4
= | = + o[+ 2 1 |= 0o 3
4 i 6 -3 10 0

forp=0,...,k—1

fori=0,....m—1

Yij = CipBp+%,; (Ci=apby+C or Yij = CipBp +Yij €= apby +C
endfor endfor
endfor endfor
endfor endfor

An algorithm that computes C = AB + C with rank-1 updates, represented with FLAME notation, is given in Figure 5.3.

Homework 5.3.4.1
1
. —1
0

-2

. 2

1

1 -2

. -1 2

0 1

—_ N

-1 0 1
2 1 -1 | =
1 -1 2

-1 0 1
2 1 -1 | =
I -1 2
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Algorithm: C := GEMM_UNB_VAR3(A,B,C)
Br
Partition A — ( Ar | A ) B
Bp
whereA; has 0 columns, By has O rows
while n(AL) <n(A) do
Repartition
By
Br
(acfae)=(ao]a ). (—)=|
Bp
B,
wherea; has 1 column, b; has 1 row
C:=aibl +C
Continue with
By
Br —
(acfax)e(aofa]a). < |
Bp
B
endwhile

Figure 5.3: Algorithm for C = AB 4-C, computing C via rank-1 updates.

Homework 5.3.4.2 Implement the routine

[ C.out ] = Gemm_unb_var2( A, B, C )

based on the algorithm in Figure 5.3.

5.4 Enrichment

5.4.1 Slicing and Dicing for Performance

Asimplified View of a Processor

@ View at edX

Computer Architecture (Very) Basics

A highly simplified description of a processor is given below.
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FPU |

o L2 Cache,
Main Memory
Level-1 Cache Memory (off chip)

Yes, it is very, very simplified. For example, these days one tends to talk about “cores” and there are multiple cores on a
computer chip. But this simple view of what a processor is will serve our purposes just fine.

At the heart of the processor is the Central Processing Unit (CPU). It is where the computing happens. For us, the important
parts of the CPU are the Floating Point Unit (FPU), where floating point computations are performed, and the registers, where
data with which the FPU computes must reside. A typical processor will have 16-64 registers. In addition to this, a typical
processor has a small amount of memory on the chip, called the Level-1 (L1) Cache. The L1 cache can typically hold 16Kbytes
(about 16,000 bytes) or 32Kbytes. The L1 cache is fast memory, fast enough to keep up with the FPU as it computes.

Additional memory is available “off chip”. There is the Level-2 (L2) Cache and Main Memory. The L2 cache is slower than
the L1 cache, but not as slow as main memory. To put things in perspective: in the time it takes to bring a floating point number
from main memory onto the processor, the FPU can perform 50-100 floating point computations. Memory is very slow. (There
might be an L3 cache, but let’s not worry about that.) Thus, where in these different layers of the hierarchy of memory data
exists greatly affects how fast computation can be performed, since waiting for the data may become the dominating factor.
Understanding this memory hierarchy is important.

Here is how to view the memory as a pyramid:

Reg 1
e
FaSt Reg 2 Sma”
A Hepd A
L1 Cache
L2 Cache
Main memory
v v
Slgw Large

At the top, there are the registers. For computation to happen, data must be in registers. Below it are the L1 and L2 caches. At
the bottom, main memory. Below that layer, there may be further layers, like disk storage.

Now, the name of the game is to keep data in the faster memory layers to overcome the slowness of main memory. Notice
that computation can also hide the “latency” to memory: one can overlap computation and the fetching of data.

Vector-Vector Computations Let’s consider performing the dot product operation o := x” 'y, with vectors x,y € R” that reside
in main memory.
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Dot product

L1

L2

Main memor;
H+=NEEEEN

a+=x"y

Notice that inherently the components of the vectors must be loaded into registers at some point of the computation, requiring
2n memory operations (memops). The scalar & can be stored in a register as the computation proceeds, so that it only needs
to be written to main memory once, at the end of the computation. This one memop can be ignored relative to the 2n memops
required to fetch the vectors. Along the way, (approximately) 2n flops are performed: an add and a multiply for each pair of
components of x and y.

The problem is that the ratio of memops to flops is 2rn/2n = 1/1. Since memops are extremely slow, the cost is in moving
the data, not in the actual computation itself. Yes, there is cache memory in between, but if the data starts in main memory, this
is of no use: there isn’t any reuse of the components of the vectors.

The problem is worse for the AXPY operation, y := ox+y:

axpy

3n memops
2n flops

L1 Ratio: 3/2

Main memor;

+
1
|
AEEEEN

y=0x+y

Here the components of the vectors x and y must be read from main memory, and the result y must be written back to main
memory, for a total of 3n memops. The scalar o can be kept in a register, and therefore reading it from main memory is
insignificant. The computation requires 2n flops, yielding a ratio of 3 memops for every 2 flops.

Matrix-Vector Computations Now, let’s examine how matrix-vector multiplication, y := Ax 4y, fares. For our analysis, we
will assume a square n X n matrix A. All operands start in main memory.
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Mvmult

nZ memops
2n? flops
Ratio: 1/2

L2

Main memor;

Now, inherently, all n x n elements of A must be read from main memory, requiring n> memops. Inherently, for each element
of A only two flops are performed: an add and a multiply, for a total of 2rn? flops. There is an opportunity to bring components
of x and/or y into cache memory and/or registers, and reuse them there for many computations. For example, if y is computed
via dot products of rows of A with the vector x, the vector x can be brought into cache memory and reused many times. The
component of y being computed can then be kept in a registers during the computation of the dot product. For this reason, we
ignore the cost of reading and writing the vectors. Still, the ratio of memops to flops is approximately n%/2n*> = 1/2. This is
only slightly better than the ratio for dot and AXPY.

The story is worse for a rank-1 update, A := xy” 4+ A. Again, for our analysis, we will assume a square n X n matrix A. All
operands start in main memory.

Rank-1

2n? memops
2n? flops

L1 Ratio: 1/1

Main memor, I ——

Now, inherently, all n x n elements of A must be read from main memory, requiring n> memops. But now, after having been
updated, each element must also be written back to memory, for another n” memops. Inherently, for each element of A only
two flops are performed: an add and a multiply, for a total of 2n? flops. Again, there is an opportunity to bring components of
x and/or y into cache memory and/or registers, and reuse them there for many computations. Again, for this reason we ignore
the cost of reading the vectors. Still, the ratio of memops to flops is approximately 2n” /2n*> = 1/1.

Matrix-Matrix Computations Finally, let’s examine how matrix-matrix multiplication, C := AB + C, overcomes the memory
bottleneck. For our analysis, we will assume all matrices are square n X n matrices and all operands start in main memory.
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RezD MMmult
[ Reg 1]
| Reg 2 |
Reg 3 4n?2 memops
' 2n3 flops
L1 Ratio: 2/n

Main memor;

i T N

Now, inherently, all elements of the three matrices must be read at least once from main memory, requiring 3n> memops, and
C must be written at least once back to main memory, for another n” memops. We saw that a matrix-matrix multiplication
requires a total of 2n* flops. If this can be achieved, then the ratio of memops to flops becomes 4n?/2n® = 2/n. If n is large
enough, the cost of accessing memory can be overcome. To achieve this, all three matrices must be brought into cache memory,
the computation performed while the data is in cache memory, and then the result written out to main memory.

The problem is that the matrices typically are too big to fit in, for example, the L1 cache. To overcome this limitation,
we can use our insight that matrices can be partitioned, and matrix-matrix multiplication can be performed with submatrices
(blocks).

MMmult

4n?Z memops
2n3 flops
Ratio: 2/n

Main memor,
i ‘ .

This way, near-peak performance can be achieved.
To achieve very high performance, one has to know how to partition the matrices more carefully, and arrange the operations
in a very careful order. But the above describes the fundamental ideas.

L1

5.4.2 How It is Really Done

@ View at edX
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Measuring Performance There are two attributes of a processor that affect the rate at which it can compute: its clock rate,
which is typically measured in GHz (billions of cycles per second) and the number of floating point computations that it can
perform per cycle. Multiply these two numbers together, and you get the rate at which floating point computations can be
performed, measured in GFLOPS/sec (billions of floating point operations per second). The below graph reports performance
obtained on a laptop of ours. The details of the processor are not important for this descussion, since the performance is typical.

\

| ~—

Along the x-axis, the matrix sizes m = n = k are reported. Along the y-axis performance is reported in GFLOPS/sec. The
important thing is that the top of the graph represents the peak of the processor, so that it is easy to judge what percent of peak
is attained.

The blue line represents a basic implementation with a triple-nested loop. When the matrices are small, the data fits in the
L2 cache, and performance is (somewhat) better. As the problem sizes increase, memory becomes more and more a bottleneck.
Pathetic performance is achieved. The red line is a careful implementation that also blocks for better cache reuse. Obviously,
considerable improvement is achieved.

Try It Yourself!

@ View at edX

If you know how to program in C and have access to a computer that runs the Linux operating system, you may want to try
the exercise on the following wiki page:

https://github.com/flame/how-to-optimize-gemm/wiki

Others may still learn something by having a look without trying it themselves.
No, we do not have time to help you with this exercise... You can ask each other questions online, but we cannot help
you with this... We are just too busy with the MOOC right now...

Further Reading

» Kazushige Goto is famous for his implementation of matrix-matrix multiplication. The following New York Times article
on his work may amuse you:

Writing the Fastest Code, by Hand, for Fun: A Human Computer Keeps ..
* An article that describes his approach to matrix-matrix multiplication is

Kazushige Goto, Robert A. van de Geijn.
Anatomy of high-performance matrix multiplication.
ACM Transactions on Mathematical Software (TOMS), 2008.



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9fc355378f26481282ffa7961b74b402/c78ce0ba3206468c8629ae2817746439/2
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9fc355378f26481282ffa7961b74b402/c78ce0ba3206468c8629ae2817746439/2
https://github.com/flame/how-to-optimize-gemm/wiki
http://www.nytimes.com/2005/11/28/technology/28super.html?scp=1&sq=Kazushige%20Goto&st=cse
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It can be downloaded for free by first going to the FLAME publication webpage and clicking on Journal Publication #11.
We believe you will be happy to find that you can understand at least the high level issues in that paper.

The following animation of how the memory hierarchy is utilized in Goto’s approach may help clarify the above paper:

T — e @ View at edX

* A more recent paper that takes the insights further is

Field G. Van Zee, Robert A. van de Geijn.

BLIS: A Framework for Rapid Instantiation of BLAS Functionality.
ACM Transactions on Mathematical Software.

(to appear)

It is also available from the FLAME publication webpage by clicking on Journal Publication #33.
* A paper that then extends these techniques to what are considered “many-core” architectures is

Tyler M. Smith, Robert van de Geijn, Mikhail Smelyanskiy, Jeff R. Hammond, and Field G. Van Zee.
Anatomy of High-Performance Many-Threaded Matrix Multiplication.
International Parallel and Distributed Processing Symposium 2014. (to appear)

It is also available from the FLAME publication webpage by clicking on Conference Publication #35. Around 90% of
peak on 60 cores running 240 threads... At the risk of being accused of bragging, this is quite exceptional.

Notice that two of these papers have not even been published in print yet. You have arrived at the frontier of National Science
Foundation (NSF) sponsored research, after only five weeks.

5.5 Wrap Up

5.5.1 Homework

For all of the below homeworks, only consider matrices that have real valued elements.

Homework 5.5.1.1 Let A and B be matrices and AB be well-defined. (AB)?> = A?B>.
Always/Sometimes/Never

Homework 5.5.1.2 Let A be symmetric. A is symmetric.
Always/Sometimes/Never

Homework 5.5.1.3 Let A,B € R™" both be symmetric. AB is symmetric.
Always/Sometimes/Never

Homework 5.5.1.4 Let A, B € R"”*" both be symmetric. A2 — B? is symmetric.
Always/Sometimes/Never

Homework 5.5.1.5 Let A, B € R"*" both be symmetric. (A + B)(A — B) is symmetric.
Always/Sometimes/Never

Homework 5.5.1.6 Let A,B € R"™" both be symmetric. ABA is symmetric.
Always/Sometimes/Never

Homework 5.5.1.7 Let A,B € R"*" both be symmetric. ABAB is symmetric.

Always/Sometimes/Never



http://www.cs.utexas.edu/~flame/web/FLAMEPublications.html#J11
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9fc355378f26481282ffa7961b74b402/c78ce0ba3206468c8629ae2817746439/2
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9fc355378f26481282ffa7961b74b402/c78ce0ba3206468c8629ae2817746439/2
http://www.cs.utexas.edu/~flame/web/FLAMEPublications.html#J33
http://www.cs.utexas.edu/~flame/web/FLAMEPublications.html#J11
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Homework 5.5.1.8 Let A be symmetric. ATA = AAT .

Always/Sometimes/Never

Homework 5.5.1.9 If A =

—_—

(=)

then ATA = AAT .

True/False

Homework 5.5.1.10 Propose an algorithm for computing C := UR where C, U, and R are all upper triangular
matrices by completing the below algorithm.

Algorithm: [C] := TRTRMM_UU_UNB_VAR1(U,R,C)

endwhile

. Urr | Urr Rrr | Rrr Crr | Crr
Partition U — ,R— ,C—
Upr | Usr Rpr | Rar Cpr | Car
whereUTL is 0 x 0, RTL is 0 x 0, CTL is0x0
while m(Urr) <m(U) do
Repartition
Uoo | uo1 | Uo2 Roo | ro1 | Roz
UTL UTR RTL RTR
= | ufy | ou | uf, | = o e | |
UpL | Usr Rpr. | Rar
Uy | uz1 | U2 Ry | r21 | R
Coo | co1 | Coz
Crr | Crr - -
| cio | Y| ci2
Csr | Cgr
Cxo | c21 | C2
wherev;is 1 x 1, P11 is 1 x 1,711 islx1
Continue with
Uoo | uo1 | Un2 Roo | ro1 | Roz
Urr | Urr T T Rrr | Rrr pe T
S| Ui |V | Up | | ro [P 2 |
UpL | Usr Rpr. | Rpr
Uy | uz1 | Uz Ry | r21 | R
Coo | co1 | Coz
Crr | Crr T T
| o | M1 | <12
Cpr | Car
Cy | c21 | C2

Hint: consider Homework 5.2.4.10. Then implement and test it.
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Challenge 5.5.1.11 Propose many algorithms for computing C := UR where C, U, and R are all upper triangular
matrices. Hint: Think about how we created matrix-vector multiplication algorithms for the case where A was
triangular. How can you similarly take the three different algorithms discussed in Units 5.3.2-4 and transform
them into algorithms that take advantage of the triangular shape of the matrices?

Challenge 5.5.1.12 Propose many algorithms for computing C := UR where C, U, and R are all upper triangular
matrices. This time, derive all algorithm systematically by following the methodology in

The Science of Programming Matrix Computations.

(You will want to read Chapters 2-5.)
(You may want to use the blank “worksheet” on the next page.)



http://www.lulu.com/shop/enrique-s-quintana-ort%C3%AD/the-science-of-programming-matrix-computations/ebook/product-17418498.html
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Step | Annotated Algorithm: [C] := TRTRMM_UU_UNB (U,R,C)
la {c:é}
. UrL | Urr Ry |Rrr Crr|Crr
4 Partition U — ) ,C—
UL | Usr Rpr | Rr Cpr | Cr
whereUTL iSOXO,RTL iSOXO,CTLiSOXO
Crr|Crr
2 =
Cgr | Csr
3 while m(Ury) <m(U) do
Crr|Crr
2.3 = A (m(UrL) <m(U))
Cgr | Cr
5a
Repartition
Upo | uo1 | Unz Roo | ro1 | Ro2 Coo | co1 | Coz
Urr | Urr = - Rrr | Rrr = = Crr|Crr - =
= | w1 |up |- "o |P1L |72 |° Cro M1 | 12
UsL | Usr Rpr, | Rr Cpr | Car
Uso | u21 | U2 Roo | a1 | Rz Cy|car |C2
wherevis 1 x1,pjpisIx 1, yppis 1 x1
Coo | co1 | Coz
6 clo|ni|ch | =
Cy | c21 [C2
8
5b
Continue with
Uoo | uor | Uoz Roo | ro1 | Roz Coo | co1 | Coz
Urr |Urr T P 7L | Rrr T T Crr|Crr T T
| U [V fup |- — | rol|Pulr |- — | clo|mi]cta
UL | Usr Rpr | Rr Cpr | Car
Uno | uz1 | U2z Ry |21 | R2 Cyo |21 | Ca2
Coo | co1 | Coz
7 "lTo vin|eh, | =
Cy | co1 | C2
Crr | Crr
2 — =
Cpr | Csr
endwhile
Crp|Crr
23 _ /\—|(m(UTL) < m(U))
Cpr | Car
b | {c=URr}

5.5.2 Summary

Theorem 5.7 Let C € R™" A € R™* and B € R¥". Let

em=mo+m+---my_1,m; >0fori=0,.... M—1;

e n=no+n +---ny_,n;j>0for j=0,....N—1; and

« k=ko+ki+--kg 1, kp>0forp=0,....,K—1.




5.5. Wrap Up 187
Partition
Coo Co,1 Con-1 Ao Aol Ao k-1
Cio Ci1 Cin-1 Ao A1 Al k-1
c= ) A= ,
Cu-10 | Cu—-1,1 Cy—1N-1 Ay-10 | Am—1,1 Ay-_1K-1
Bo,o Bo,1 Bon-1
Bio B Bin-1
and B = s
Bk-10 | Bk-1.1 Bk 1 N-1

with C; j € R">"i, A; , € R">*, and B, j € RY»>"i. Then C; j = YK~ A ;B ;.

If one partitions matrices C, A, and B into blocks, and one makes sure the dimensions match up, then blocked matrix-
matrix multiplication proceeds exactly as does a regular matrix-matrix multiplication except that individual multiplications
of scalars commute while (in general) individual multiplications with matrix blocks (submatrices) do not.

Properties of matrix-matrix multiplication

¢ Matrix-matrix multiplication is not commutative: In general, AB # BA.

 Matrix-matrix multiplication is associative: (AB)C = A(BC). Hence, we can just write ABC.

* Special case: ¢! (Ae;) = (el A)e; = el Aej = a; ; (the i, j element of A).

 Matrix-matrix multiplication is distributative: A(B+C) = AB+ AC and (A+ B)C = AC+ BC.

Transposing the product of two matrices

Product with identity matrix

(AB)T = BTAT

In the following, assume the matrices are “of appropriate size.”

Product with a diagonal matrix

&b O
0 9
0 o

IA=AI=A

&% O

0 &

0 0 Sn—1
a
ap

Sm—l a,z,;,l

~T
80610

~T
51a1

~T
8’”* 1,1

‘ 81y 1 )
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Product of triangular matrices
In the following, assume the matrices are “of appropriate size.”

* The product of two lower triangular matrices is lower triangular.

* The product of two upper triangular matrices is upper triangular.
Matrix-matrix multiplication involving symmetric matrices
In the following, assume the matrices are “of appropriate size.”

» AT A is symmetric.

+ AAT is symmetric.
* If A is symmetric then A + Pxx” is symmetric.

Loops for computing C := AB

~T
Y0,0 Y0,1 ol Yom—1 ay
~T
Y1,0 V1,1 Y1n—1 a;
. S T (| )
~T
Ym—1,0 | ¥Ym—1,1 | | Ym—1,n—1 a,,_
~T ~T ~T
aob() ag bl dgy bn,1
~T ~T ~T
alb() albl alb,,,l
~T ~ ~T
am—lbo am—lb1 am—lbn—1

Algorithms for computing C := AB + C via dot products.

for j=0,..., n—1
fori=0,....m—1 for j=0,...,n—1
for p=0,...,k—1 for p=0,...,k—1
Yij = pBp Vi (Viji=albj+Yi,; oOr Yij =i pBp.j +Yij Yij i =albj+vi;
endfor endfor
endfor endfor
endfor endfor
Computing C := AB by columns
(eoler | fens y=c=am=a( | [ [0 )= (at | | )
Algorithms for computing C := AB+C:
for j=0,....n—1 for j=0,....,.n—1
fori=0,....m—1 for p=0,....,k—1
forp=0,...,k—1 fori=0,....,m—1
Yij =0 pBp+Yij (Ci=Abjt+c; Of Yij = OipBp+Yij (€ =Abjtc;
endfor endfor
endfor endfor
endfor

endfor
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Algorithm: C := GEMM_UNB_VAR1(A,B,C)

Partition B — ( B, | Bx ),C—> ( a | e )
where B, has 0 columns, C;, has 0 columns

while n(Br) < n(B) do

Repartition

where b has 1 column, ¢; has 1 column

(nlm ) (mln ) (ala)+(aale)

c1 :=Ab; + ¢

Continue with

endwhile

(alme) e (mlnln)(ala)(alale)

Computing C := AB by rows

Algorithms for computing C := AB + C by rows:

fori=0,....m—1
for j=0,....n—1
for p=0,...,k—1
Yij =By +Yi; € =al B+l

endfor

endfor

endfor

~T ~T
dg ayB
al a’'B
1 1
B=|—""—
~T ~T
amfl amle

fori=0,....m—1
for p=0,...,k—1
for j=0,....,n—1
or P Yiji=0ipPp i
endfor
endfor

endfor

or:

T
i

= “,-TB + E,-T
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Algorithm: C := GEMM_UNB_VAR2(A,B,C)

Ar Cr
Partition A — ,C—
Ap Cp

whereA7 has 0 rows, Cr has 0 rows
while m(A7) <m(A) do

Repartition
A Ao Co
T T
= | & 1. = |
Ap Cp
A2 C2

wherea; has 1 row, ¢; has 1 row

T._ T T
¢ :=a;B+c

Continue with

A Ap c Co
T T
—~ | o |, — |
Ap Cp
A2 C2

endwhile

Computing C := AB via rank-1 updates

T
b()
bi
C:AB:(GO ‘al ‘ ‘ak_l ) - =aobg+a1b{+~~-+ak71b;@1-
T
bk—l
Algorithm for computing C := AB+ C via rank-1 updates:
for p=0,...,k—1 for p=0,...,k—1
for j=0,....n—1 fori=0,....m—1
fori=0,....m—1 for j=0,....n—1
Yij = ipBp+Yij Ci= apBIT,JrC or Yij =i pBpj Vi C::apl~7£+C
endfor endfor
endfor endfor

endfor endfor
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Algorithm: C := GEMM_UNB_VAR3(A,B,C)
Br
Partition A — ( Ap | Ap ) ,B—
Bp
whereA; has 0 columns, By has O rows
while n(AL) <n(A) do
Repartition
By
Br
(ol ) (ool ) (22) |
Bp e
B>
wherea; has 1 column, b; has 1 row
C:=aibl +C
Continue with
By
Br —
(acfax)e(aofa]a). < |
Bp
B
endwhile
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6.1.3 What You Will Learn

Upon completion of this unit, you should be able to

Apply Gaussian elimination to reduce a system of linear equations into an upper triangular system of equations.
Apply back(ward) substitution to solve an upper triangular system in the form Ux = b.

Apply forward substitution to solve a lower triangular system in the form Lz = b.

Represent a system of equations using an appended matrix.

Reduce a matrix to an upper triangular matrix with Gauss transforms and then apply the Gauss transforms to a right-hand
side.

Solve the system of equations in the form Ax =b using LU factorization.

Relate LU factorization and Gaussian elimination.

Relate solving with a unit lower triangular matrix and forward substitution.

Relate solving with an upper triangular matrix and back substitution.

Create code for various algorithms for Gaussian elimination, forward substitution, and back substitution.

Determine the cost functions for LU factorization and algorithms for solving with triangular matrices.
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6.2 Gaussian Elimination

6.2.1 Reducing a System of Linear Equations to an Upper Triangular System

@ View at edX

A system of linear equations

Consider the system of linear equations

2x + 4 - 2z = -—-10
4 — 2y + 6z = 20
6x — 4y + 2z = 18

Notice that x, y, and z are just variables for which we can pick any symbol or letter we want. To be consistent with the notation
we introduced previously for naming components of vectors, we identify them instead with ), %1, and and (3, respectively:

2% + 401 — 2 = -10
4o — 2% + 6 = 20
60 — 41 + 2 = 18

Gaussian elimination (transform linear system of equations to an upper triangular system)

Solving the above linear system relies on the fact that its solution does not change if
1. Equations are reordered (not used until next week);
2. An equation in the system is modified by subtracting a multiple of another equation in the system from it; and/or
3. Both sides of an equation in the system are scaled by a nonzero number.

These are the tools that we will employ.
The following steps are knows as (Gaussian) elimination. They transform a system of linear equations to an equivalent
upper triangular system of linear equations:

* Subtract A; g = (4/2) = 2 times the first equation from the second equation:

Before After
2% + 41 — 20 = -10 0 + 4 — 2 = -—10
dpo — 201 + 62 = 20 — 10 + 10 = 40
6o — 401 + 2% = 18 6o — 4 + 2% = 18

* Subtract Ay o = (6/2) = 3 times the first equation from the third equation:

Before After
2% + 4 - 2 = -10 2% + 40 — 2 = -10
— 10y + 10, = 40 — 10y + 10 = 40
6o — 40 + 2% = 18 — 161 + 82 = 48
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* Subtract Ay = ((—16)/(—10)) = 1.6 times the second equation from the third equation:

Before
2% +  4du - 2% = -—10 2%0 +
— 10 + 10 = 40 —
— 16y + 8 = 48

This now leaves us with an upper triangular system of linear equations.

4%
10y

After

+

2x2
10%2
8X2

~10
40
~16

indicate the coefficient in the linear system that is being eliminated.

In the above Gaussian elimination procedure, A, A2, and Ay ; are called the multipliers. Notice that their subscripts

Back substitution (solve the upper triangular system)

The equivalent upper triangular system of equations is now solved via back substitution:

* Consider the last equation,
—8)2 = —16.

Scaling both sides by by 1/(—8) we find that

X2=—16/(-8)=2.

* Next, consider the second equation,
—10y1 + 10y = 40.
We know that %, = 2, which we plug into this equation to yield
—10y%; + 10(2) = 40.
Rearranging this we find that
x1 = (40—10(2))/(—10) = —2.
* Finally, consider the first equation,
200 +4%x1 =22 =—10
We know that )}, = 2 and y(; = —2, which we plug into this equation to yield

200 +4(—2) —2(2) = —10.

Rearranging this we find that

Xo=(=10—(4(-2)-(2)(2)))/2=1.

Thus, the solution is the vector

X0 1

X2 2
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Check your answer (ALWAYS!)

Check the answer (by plugging %o = 1, X1 = —2, and % = 2 into the original system)

21) + 4(=2) - 202) = -10 v
41) — 2(=2) + 6(2) = 20 V
6(1) — 4(-2) + 202) = 18 v

Homework 6.2.1.1

@ View at edX
Practice reducing a system of linear equations to an upper triangular system of linear equations by visiting the
Practice with Gaussian Elimination webpage we created for you. For now, only work with the top part of that
webpage.

Homework 6.2.1.2 Compute the solution of the linear system of equations given by

2% + X1 + 2 =
o — X1 — S =
2% — 31 — X2 = —6

Homework 6.2.1.3 Compute the coefficients 7Yy, Y1, and y» so that
n—1

Y i=v+nn+ynn’

i—0

=

(by setting up a system of linear equations).

Homework 6.2.1.4 Compute Yo, Y1, Y2, and Y3 so that

n—1
Z 2= Yo +'Y]n+'an2 +Y3n3.
i=0

6.2.2 Appended Matrices

@ View at edX
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Representing the system of equations with an appended matrix

Now, in the above example, it becomes very cumbersome to always write the entire equation. The information is encoded in
the coefficients in front of the j; variables, and the values to the right of the equal signs. Thus, we could just let

2 4 =-2|-10 2% + 40 — 2 = -10
4 =2 6 20 represent  dyg — 2y + 6)2 = 20
6 —4 2] 18 60 — 40 + 2 = I8
Then Gaussian elimination can simply operate on this array of numbers as illustrated next.
Gaussian elimination (transform to upper triangular system of equations)
* Subtract A; g = (4/2) = 2 times the first row from the second row:
Before After
2 4 =2]-10 4 -21-10
4 -2 6| 20 —-10 10| 40
6 —4 2 18 6 —4 2 18
* Subtract A o = (6/2) = 3 times the first row from the third row:
Before After
2 4 2| -10 2 4 —-21-10
—10 10| 40 —10 10| 40
6 —4 2 18 —-16 8| 48
* Subtract Ay | = ((—16)/(—10)) = 1.6 times the second row from the third row:
Before After
2 4 21| -10 2 4 —21-10
—10 10| 40 —10 10| 40
—-16 8 48 -8 | —16

This now leaves us with an upper triangular system of linear equations.

Back substitution (solve the upper triangular system)
The equivalent upper triangular system of equations is now solved via back substitution:

* The final result above represents

2 4 -2 %0 -10
—10 10 X1 | = 40
—8 X2 —16
or, equivalently,
2% + 40— 2 = -10
— 101 + 10 = 40
- 8 = -16
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* Consider the last equation,
82 = —16.

Scaling both sides by by 1/(—8) we find that

X2 =-16/(-8)=2.

* Next, consider the second equation,
—10y; + 10x, = 40.
We know that > = 2, which we plug into this equation to yield

— 10y +10(2) = 40.

Rearranging this we find that
X1 = (40—10(2))/(—10) = 2.

* Finally, consider the first equation,
2x0+4x1 —2x2, = —10

We know that x» =2 and ¥ = —2, which we plug into this equation to yield
2%0 +4(=2)—2(2) = —10.

Rearranging this we find that
Xo = (=10—(4(=2)+(=2)(-2)))/2= L

Thus, the solution is the vector

X0 1
x=1 2 |=| 2
X2 2

Check your answer (ALWAYS!)

Check the answer (by plugging %o = 1, X1 = —2, and % = 2 into the original system)

2(1) + 4(-2) - 22) = -10 v

41) — 2(-2) + 6(2) = 20 Vv

6(1) — 4(=2) + 2(2) = 18 v
Alternatively, you can check that

2 4 =2 1 —10

4 -2 6 -2 | = 20 v

6 —4 2 2 18

Homework 6.2.2.1

— @ View at edX
Practice reducing a system of linear equations to an upper triangular system of linear equations by visiting the
Practice with Gaussian Elimination webpage we created for you. For now, only work with the top two parts of that
webpage.
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Homework 6.2.2.2 Compute the solution of the linear system of equations expressed as an appended matrix given
by

X0

Hinin

X2

6.2.3 Gauss Transforms

@ View at edX
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Homework 6.2.3.1
Compute ONLY the values in the boxes. A x means a value that we don’t care about.

1 00 2 4 -2
|l =210 4 -2 6 |=
0 0 -4 2
1 0 2 4 -2
. 0 1 4 -2 6 |=
345 0 6 —4 2 *x  * %
1 00 2 4 -2

L]
(e
.
(e
~

|
)
(@)

Il

2
6 | = 0
2

4
2
4

2 —
0 2 -
6 —
1 0 0 2 4
. 10 2 =2
0 1 -4 —4
0 2
0 0 —
0o —

2
6 | = 0
2 0
10 4 -2
el 0 1 10 10 | =
0 1 16 8 0
10 2 4 -8 0
. 1 1 1 -4 |= 0

o O

Theorem 6.1 Let L j be a matrix that equals the identity, except that for i > jthe (i, j) elements (the ones below the diagonal in
the jth column) have been replaced with —\; ;:

i 0 00 0
0 1 0 0 0
~ 0 —Ajy1; 10 0
L=
’ 0 —Ajp2; O 1 0
0 - m—1,j 00 - 1

Then L jA equals the matrix A except that for i > j the ith row is modified by subtracting A; j times the jth row from it. Such a
matrix L; is called a Gauss transform.
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Proof: Let

I 0 0 0
0 1 0 0
R 0 —Ajp1; 10
L~:
/ 0 —Aja; 01
0 —Am1; 0 0

oS ©O o O

1

and A=

~T
A1

where I; equals a k x k identity matrix, Ay, . equals the matrix that consists of rows s through ¢ from matrix A, and d,{ equals

the kth row of A. Then

I 0 0
10
- —Ajry 1
LA = T
—Ajs2j 0
0 w1, O
A&f&;
dj
| e +al
—Ajiojdj +dj,

ST | ST
—Am—1,jdj +dy,

S o O

—

S O O O

Agj1,

~T
aj

T
dji1

T T
djpy—hji1jd;

T T
djyy— 7“./+2-,./aj

— At

m—1 Jj

Gaussian elimination (transform to upper triangular system of equations)

* Subtract A; o = (4/2) = 2 times the first row from the second row and subtract A, o = (6/2) = 3 times the first row from

the third row:

Before
1 00 2 4 -2 -10
-2 1 0 4 -2 6 20
-3 0 1 6 —4 2 18

After

2 4 -2
0 —10 10
0 —-16 8

~10
40
48

* Subtract Ay | = ((—16)/(—10)) = 1.6 times the second row from the third row:

Before
1 0 0 2 4 -2 -10
0 1 0 0 —10 10 40
0 —-16 1 0 -—16 8 48

This now leaves us with an upper triangular appended matrix.

After

-2 —-10
40

-8 | —16
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Back substitution (solve the upper triangular system)

As before.

Check your answer (ALWAYS!)

As before.

Homework 6.2.3.2

! @ View at edX
Practice reducing an appended sytem to an upper triangular form with Gauss transforms by visiting the Practice
with Gaussian Elimination webpage we created for you. For now, only work with the top three parts of that
webpage.

6.2.4 Computing Separately with the Matrix and Right-Hand Side (Forward Substitution)

@ View at edX

Transform to matrix to upper triangular matrix

* Subtract A; g = (4/2) = 2 times the first row from the second row and subtract A, o = (6/2) = 3 times the first row from
the third row:

Before After
1 00 2 4 -2 2 4 -2
-2 1 0 4 -2 6 > —10 10
-3 0 1 6 —4 2 3 —16 8

Notice that we are storing the multipliers over the zeroes that are introduced.

* Subtract A> | = ((—16)/(—10)) = 1.6 times the second row from the third row:

Before After
1 0 0 2 4 -2 2 4 -2
0 1 0 . —10 10 . —10 10
0 —-16 1 3 —16 8 3 s —8

(The transformation does not affect the (2,0) element that equals s because we are merely storing a previous multiplier
there.) Again, notice that we are storing the multiplier over the zeroes that are introduced.

This now leaves us with an upper triangular matrix and the multipliers used to transform the matrix to the upper triangular
matrix.
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Forward substitution (applying the transforms to the right-hand side)

We now take the transforms (multipliers) that were computed during Gaussian Elimination (and stored over the zeroes) and
apply them to the right-hand side vector.

* Subtract A; o = 2 times the first component from the second component and subtract A, o = 3 times the first component
from the third component:

Before After

1 00 -10 -10

-2 1 0 20 40

-3 0 1 18 48

* Subtract A, | = 1.6 times the second component from the third component:

Before After

1 0 0 -10 -10

0 1 0 40 40

0 —-16 1 48 —16

The important thing to realize is that this updates the right-hand side exactly as the appended column was updated in the
last unit. This process is often referred to as forward substitution.

Back substitution (solve the upper triangular system)

As before.

Check your answer (ALWAYS!)

As before.

Homework 6.2.4.1 No video this time! We trust that you have probably caught on to how to use the webpage.
Practice reducing a matrix to an upper triangular matrix with Gauss transforms and then applying the Gauss trans-
forms to a right-hand side by visiting the Practice with Gaussian Elimination webpage we created for you. Now
you can work with all parts of the webpage. Be sure to compare and contrast!

6.2.5 Towards an Algorithm

@ View at edX

Gaussian elimination (transform to upper triangular system of equations)

A 2
* As is shown below, compute Bal /2= and apply the Gauss transform to the matrix:
3

2,0
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Algorithm: A := GAUSSIAN_ELIMINATION (A)

Aty

ApL
where A7 is0x0

Partition A —

ATR

Apr

while m(Ar.) <m(A) do

Repartition
A A Ago | ao1 | A2
L | ATR
= | afy | on | a,
Apr | Asr
Ay | a2 | A
az1 =az /o (=1h)

) T
A=Ay —aniaj,

(= Az — lnal,)

Continue with

Ago | aor | Aoz
Arp | AR T T
<— ajo o1 apn
Apr | Agr
Ay | ax | Axn
endwhile

Figure 6.1: Algorithm that transforms a matrix A into an upper triangular matrix U, overwriting the uppertriangular part of A
with that U. The elements of A below the diagonal are overwritten with the multipliers.

Before After
1{0 O 4 -2 2 4 -2
211 0 4| =2 6 2| —10 10
310 1 —4 2 3| —16 8

* As is shown below, compute ( A2 ) = ( —16 ) /(—=10) = ( 1.6 ) and apply the Gauss transform to the matrix:

Before After
1 00 2 4| =2 2 4 -2
0 110 | —10 | 10 > —10 10
0] -16]1 5| —16 8 3 s —8

(The transformation does not affect the (2,0) element that equals s because we are merely storing a previous multiplier
there.)

This now leaves us with an upper triangular matrix and the multipliers used to transform the matrix to the upper triangular
matrix.

The insights in this section are summarized in the algorithm in Figure 6.1, in which the original matrix A is overwritten with
the upper triangular matrix that results from Gaussian elimination and the strictly lower triangular elements are overwritten by
the multipliers.
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Algorithm: 5 := FORWARD_SUBSTITUTION(A, )

o Arp | Arr br
Partition A — ,
Apr | Ar bp
where A7y is 0 x 0, b7 has 0 rows
while m(Ary) <m(A) do
Repartition
Ago | ao1 | A2
Arp | Arr
= | ajp | on | a,
Apr | Asr
Ay | a2 | A
by:=by—PBiaz;  (=b2—Pilar)
Continue with
Ago | ao1 | Aoz
Arp | Arr T T
“— ajp o1 a,
Apr | Asr
Ay | ax | Axn
endwhile

bp

bp

by

Figure 6.2: Algorithm that applies the multipliers (stored in the elements of A below the diagonal) to a right-hand side vector b.

Forward substitution (applying the transforms to the right-hand side)

We now take the transforms (multipliers) that were computed during Gaussian Elimination (and stored over the zeroes) and
apply them to the right-hand side vector.

* Subtract A; o = 2 times the first component from the second component and subtract A, o = 3 times the first component
from the third component:

Before
110 0 -10
211 0 20
=310 1 18

¢ Subtract 7»271 = 1.6 times the second component from the third component:

Before
1 00 —-10
0 110 40
0] -16]1 48

After

—10
40
48

After

—10

40
—16

The important thing to realize is that this updates the right-hand side exactly as the appended column was updated in the
last unit. This process is often referred to as forward substitution.
The above observations motivate the algorithm for forward substitution in Figure 6.2.




Week 6. Gaussian Elimination

208

Back substitution (solve the upper triangular system)

As before.

Check your answer (ALWAYS!)

As before.

Homework 6.2.5.1 Implement the algorithms in Figures 6.1 and 6.2
e [ Aout ] = GaussianElimination( A )

e [ b_out ]

ForwardSubstitution( A, b )

e test_GausianElimination.m

This script exercises the functions by factoring the matrix

A=
2 0 1 2
-2 -1 1 -1
4 -1 5 4
-4 1 -3 -8
]
by calling

LU = GaussianElimination( A )

Next, solve Ax = b where

by first apply forward substitution to b, using the output matrix LU:
bhat = ForwardSubstitution( LU, b )
extracting the upper triangular matrix U from LU:

U = triu( LU )

x = U \ bhat
Finally, check that you got the right answer:
b -A*x

(the result should be a zero vector with four elements).

You can check that they compute the right answers with the following script:

and then solving Ux = b (which is equivalent to backward substitution) with the MATLAB intrinsic function:



http://edx-org-utaustinx.s3.amazonaws.com/UT501x/Spring2015/Week6/test_GaussianElimination.m

6.3. Solving Ax = b via LU Factorization 209

6.3 Solving Ax = b via LU Factorization

6.3.1 LU factorization (Gaussian elimination)

@ View at edX
In this unit, we will use the insights into how blocked matrix-matrix and matrix-vector multiplication works to derive and
state algorithms for solving linear systems in a more concise way that translates more directly into algorithms.
The idea is that, under circumstances to be discussed later, a matrix A € R"*" can be factored into the product of two
matrices L,U € R"™":

A=LU,

where L is unit lower triangular and U is upper triangular.
Assume A € R"™" is given and that L and U are to be computed such that A = LU, where L € R"*" is unit lower triangular
and U € R™*" is upper triangular. We derive an algorithm for computing this operation by partitioning

L U
_ 1 ‘ 0 V11 ‘ usz
by ‘ Ly 0 ‘ Ux
LU

X0 +0x0 | 1xuly +0x Up

L1V + L x0 ‘ biuly + LorUsy

LU

L1111 ‘ biuly + LU

For two matrices to be equal, their elements must be equal, and therefore, if they are partitioned conformally, their submatrices
must be equal:

T T
O =V11 ‘ ajp = Uy

T
az1 = hioy ‘ Ay = hiuyy +LoUs»
or, rearranging,

T T
Vi1 = U1 ‘ Uy = ajy

b1 =ax /on ‘ LUy = Ay — byul,
This suggests the following steps for overwriting a matrix A with its LU factorization:

¢ Partition

A—

 Update az; = az1 /o1 (= lo1). (Scale az; by 1/041!)
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Algorithm: A := LU_UNB_VAR5(A)

Arp | Arr

Apr | Agr
whereAr; is0x 0
while m(A7r.) <m(A) do

Partition A —

Repartition
A A Ago | ao1 | Aoz
7L | Arr
= | afy | our | a,
Apr | Agr
Ay | a2 | A2
whereo; is 1 x 1
az1 '=as1 /o1 (=)

I T _ T
Ay :=Axn—anap  (=Axn—hiaj)

Continue with

Ago | ao1 | Aoz
Arp | Arr T m
“— ajo o1 ajn
Apr | Asr
Ay | ax | Axn

endwhile

Figure 6.3: LU factorization algorithm.

. Update Axp = Ay —ang asz(z Axp — I M{z) (Rank-1 update!).

* Overwrite Ay; with Ly; and U, by repeating with A = Aj,.

This will leave U in the upper triangular part of A and the strictly lower triangular part of L in the strictly lower triangular part
of A. The diagonal elements of L need not be stored, since they are known to equal one.

The above can be summarized in Figure 6.14. If one compares this to the algorithm GAUSSIAN_ELIMINATION we arrived

at in Unit 6.2.5, you find they are identical! LU factorization is Gaussian elimination.

We illustrate in Fgure 6.4 how LU factorization with a 3 x 3 matrix proceeds. Now, compare this to Gaussian elimination
with an augmented system, in Figure 6.5. It should strike you that exactly the same computations are performed with the

coefficient matrix to the left of the vertical bar.
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Ago | ao1 | Aoz
Step aly | oqy | aly a1 /o Ay —agaf,
Ay | a1 | A
2 -3\ (-1 (—1 1)
-2 1| -1 1 -
1-2 20-2 -3 ? /(=2)= ! . ?
o —4 2 3 2
4| 4 7 | ¢
21 -1 1
(5)-(-2) (-2)
3 2l -3 =2 (6) /(=3)= (—2) (1)
2 6 5
-2 -1 1
9 =31 -2
2 2 1

Figure 6.4: LU factorization with a 3 x 3 matrix

’ Step | Current system Multiplier ‘ Operation ‘
-2 -1 1 6 2 -2 -3 3
1 2 -2 -3 3 L =-1 —Ix(=2 -1 1 6)
-4 4 7| =3 0 -3 -2 9
-2 -1 1 -4 4 7 =3
2 0 -3 -2 == —2)x(=2 -1 1 6
-4 4 7| - 0 6 5 -15
-2 -1 1 6 0 6 5 —1I5
3 -3 2| 9 L=-2|—(=2)x(0 =3 =2 9
0 6 5|-15 0 0 1 3
-2 -1 1| 6
4 0 -3 -2| 9
0 o0 1| 3

Figure 6.5: Gaussian elimination with an augmented system.
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Homework 6.3.1.1 Implement the algorithm in Figures 6.4.
e [ Aout ] = LU_unb_var5( A )

You can check that they compute the right answers with the following script:
* test_LU_unb_varb5.m

This script exercises the functions by factoring the matrix

A=
2 0 1 2
-2 -1 1 -1
4 -1 5 4
-4 1 -3 -8
]
by calling

LU = LU_unb_var5( A )
Next, it extracts the unit lower triangular matrix and upper triangular matrix:

L =tril( LU, -1 ) + eye( size( A ) )

U

triu( LU )
and checks if the correct factors were computed:
A-L*U

which should yield a 4 x 4 zero matrix.

Homework 6.3.1.2 Compute the LU factorization of

I -2 2
5 —15 8
-2 —11 —11

6.3.2 Solving Lz = b (Forward substitution)

@ View at edX

Next, we show how forward substitution is the same as solving the linear system Lz = b where b is the right-hand side and
L is the matrix that resulted from the LU factorization (and is thus unit lower triangular, with the multipliers from Gaussian
Elimination stored below the diagonal).

Given a unit lower triangular matrix L € R™*" and vectors z,b € R", consider the equation Lz = b where L and b are known
and z is to be computed. Partition
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Algorithm: [b] := LTRSV_UNB_VARI1(L,b)

Ly 0 br
,b—
Lpr | Lgr bp

where L7y is 0 x 0, by has O rows
while m(Lyr) <m(L) do

Partition L —

endwhile

Repartition
Lo | 0 | O bo
Lri | O br —_—
— llTO M 0 s - Bl
Lpr | Lgr bp —
Ly | b1 | L by
whereA;; is 1 x 1, B; has 1 row
by := by —Bilx
Continue with
I 0 Lo | O ) bo
TL T —
— llTO M1 s <~ B1
L | Lgr bp —
Ly | b1 | Lo by

Figure 6.6: Algorithm for solving Lx = b, overwriting b with the result vector x. Here L is a lower triangular matrix.

(Recall: the horizontal line here partitions the result. It is not a division.) Now, Lz = b implies that

b L Z
— —_——f

B B 1 ‘ 0 Ci

by by ‘ Ly 2
Lz Lz
B I1x8+0x2z B G

181+ Lz 1181+ Loszn
so that

=04 =P

by =181 +Lynz

or, equivalently,

This suggests the following steps for overwriting the vector b with the solution vector z:

¢ Partition

1
L—

bt | Ln

 Update by = by — B1l»; (this is an AXPY operation!).

B1
by

and b—

Loz = by — Cil
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e Continue with L = Ly, and b = b,.

This motivates the algorithm in Figure 6.15. If you compare this algorithm to FORWARD_SUBSTITUTION in Unit 6.2.5, you
find them to be the same algorithm, except that matrix A has now become matrix L! So, solving Lz = b, overwriting b with z,
is forward substitution when L is the unit lower triangular matrix that results from LU factorization.

We illustrate solving Lz = b in Figure 6.8. Compare this to forward substitution with multipliers stored below the diagonal
after Gaussian elimination, in Figure ??.

Homework 6.3.2.1 Implement the algorithm in Figure 6.15.
e [ boout ] = Ltrsv_unb_varl( L, b )

You can check that they compute the right answers with the following script:
* test_Ltrsv_unb_varl.m

This script exercises the function by setting the matrix

L=
1 0 0 0
-1 1 0 0
2 1 1 0
-2 -1 1 1

and solving Lx = b with the right-hand size vector

b=
2
2
11
-3

]

by calling

x = Ltrsv_unb_varl( L, b )

Finally, it checks if x is indeed the answer by checking if
b-1L*x

equals the zero vector.

x=U\ z

We can the check if this solves Ax = b by computing

b -A*x

which should yield a zero vector.

6.3.3 Solving Ux = b (Back substitution)

@ View at edX

Next, let us consider how to solve a linear system Ux = b. We will conclude that the algorithm we come up with is the same
as backward substitution.



http://edx-org-utaustinx.s3.amazonaws.com/UT501x/Spring2015/Week6/test_Ltrsv_unb_var1.m
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/79833945cbff476aa93d99bc1a5a12b1/90318f3de35d4418ae7b5195edc05b55/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/79833945cbff476aa93d99bc1a5a12b1/90318f3de35d4418ae7b5195edc05b55/3
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Lop| O 0 by
Step ZITO 7»11 0 Bl by — lZlBl
Ly | Iy | L by
1 0 0 6
_— 3 -1 9
1-2 ~1] 1 0 3 - (6) =
-3 2 —15
21 -2 1 -3
1 0|0 6
3 1] 1o 9 (—15)—(—2) 9) = (3)
21211 —15
1 010 6
—1 110 9
2 =211 3

Figure 6.7: Solving Lz = b where L is a unit lower triangular matrix. Vector z overwrites vector b.

Stored multipliers
Step and right-hand side Operation
- - - 6 3
1 -1 - - 3 —(=1)x( 6)
O 9
- - - 6 -3
2 R ~@)x(__6)
2 . — |3 15
- - - 6 —15
3 a0 = = 9 —(=2)x( 9)
. =2 |15 3
- — —16
4 Lo
2 2 — |3

Figure 6.8: Forward substitutions with multipliers stored below the diagonal (e.g., as output from Gaussian Elimination).
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Given upper triangular matrix U € R"*" and vectors x,b € R", consider the equation Ux = b where U and b are known and
X is to be computed. Partition

T
v u
U— ! 12 , X— 1 and b— &
0 | Up X2 b
Now, Ux = b implies
b U X
—— —_—~~
Bi _ V11 ‘ Msz X1
bz 0 ‘ U22 X2
Ux Ux
- VXL F Ul B V1YL F Ul
0 x %1+ Uxnxy Uxnxs
so that
B1 2011X1+M1T2)C2 . x1 = (B —M1T2x2)/011
or, equivalently, .
by = Uxxy Uxxy = by

This suggests the following steps for overwriting the vector b with the solution vector x:

e Partition
T
v u
U— ! 12 , and b— ﬁ
0 | Uxn by

* Solve Uxxy = by for xp, overwriting b, with the result.

« Update By = (B1 — ul,b2) /011(= (B1 —ulyx2) /o11).
(This requires a dot product followed by a scaling of the result by 1/vy;.)

This suggests the following algorithm: Notice that the algorithm does not have “Solve Uyx» = b>” as an update. The reason is
that the algorithm marches through the matrix from the bottom-right to the top-left and through the vector from bottom to top.
Thus, for a given iteration of the while loop, all elements in x; have already been computed and have overwritten b,. Thus, the
“Solve Upxy = by” has already been accomplished by prior iterations of the loop. As a result, in this iteration, only ; needs
to be updated with % via the indicated computations.

Homework 6.3.3.1 Side-by-side, solve the upper triangular linear system

—2X%0— X1+ X2= 6
=3%1 —2%2= 9
X2= 3

via back substitution and by executing the above algorithm with

-2 -1 1 6
U= 0 -3 -2 and b= 9
0 0 1 3

Compare and contrast!
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Algorithm: [b] := UTRSV_UNB_VARI(U,b)

. Urr | Urr br
Partition U — ,b—
Ut | Usr bp
where Ugg is 0 x 0, bg has 0 rows
while m(UBR) < m(U) do
Repartition
Uoo | uo1 | Uo2
Urr | Urr
— 0 V11 Ltsz s
0 | Usr
0 0 | Uxn
Bi :=Pi —ulbs
Bi:=Bi/vn
Continue with
Uoo | uo1 | Unz
Urr | Urr
— 0 Vi1 Ltsz P
0 | Usr
0 0 | Up
endwhile

bo

br —
=1 B

bB -
by
by

br —_—
— 1

. B
by

Figure 6.9: Algorithm for solving Ux = b where U is an uppertriangular matrix. Vector b is overwritten with the result vector

X.
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Homework 6.3.3.2 Implement the algorithm in Figure 6.16.
e [ boout ] = Utrsv_unb_varl( U, b )

You can check that it computes the right answer with the following script:
* test Utrsv_unb_varl.m

This script exercises the function by starting with matrix

by calling
x = Utrsv_unb_varl( U, b )
Finally, it checks if x indeed solves Ux = b by computing

b-U*x

which should yield a zero vector of size four.

6.3.4 Putting it all together to solve Ax =b

@ View at edX

Now, the week started with the observation that we would like to solve linear systems. These could then be written more
concisely as Ax = b, where n x n matrix A and vector b of size n are given, and we would like to solve for x, which is the vectors
of unknowns. We now have algorithms for

* Factoring A into the product LU where L is unit lower triangular;
e Solving Lz = b; and
e Solving Ux = b.

We now discuss how these algorithms (and functions that implement them) can be used to solve Ax = b.
Start with
Ax=0b.

If we have L and U so that A = LU, then we can replace A with LU:

(LU) x=0b.
~——
A



http://edx-org-utaustinx.s3.amazonaws.com/UT501x/Spring2015/Week6/test_Utrsv_unb_var1.m
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/79833945cbff476aa93d99bc1a5a12b1/90318f3de35d4418ae7b5195edc05b55/4
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/79833945cbff476aa93d99bc1a5a12b1/90318f3de35d4418ae7b5195edc05b55/4

6.3. Solving Ax = b via LU Factorization 219

Now, we can treat matrices and vectors alike as matrices, and invoke the fact that matrix-matrix multiplication is associative to
place some convenient parentheses:

L(Ux) =b.
We can then recognize that Ux is a vector, which we can call z:
L (Ux) =b
~—
Z
so that
Lz=b and Ux=z

Thus, the following steps will solve Ax = b:

e Factor A into L and U so that A = LU (LU factorization).
¢ Solve Lz = b for z (forward substitution).

¢ Solve Ux = z for x (back substitution).

This works if A has the right properties for the LU factorization to exist, which is what we will discuss next week...
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Homework 6.3.4.1 Implement the function
e [ Aout, bout ] = Solve( A, b )
that

* Computes the LU factorization of matrix A, A = LU, overwriting the upper triangular part of A with U and
the strictly lower triangular part of A with the strictly lower triangular part of L. The result is then returned
in variable A_out.

¢ Uses the factored matrix to solve Ax = b.

Use the routines you wrote in the previous subsections (6.3.1-6.3.3).
You can check that it computes the right answer with the following script:

e test_Solve.m

This script exercises the function by starting with matrix

A=
2 0 1 2
-2 -1 1 -1
4 -1 5 4
-4 1 -3 -8

b=
2
2
11
-3

]

by calling

x = Solve( A, b )
Finally, it checks if x indeed solves Ax = b by computing
b-A*x

which should yield a zero vector of size four.

6.3.5 Cost

@ View at edX

LU factorization

Let’s look at how many floating point computations are needed to compute the LU factorization of an n x n matrix A. Let’s
focus on the algorithm:
Assume that during the kth iteration A7y, is k X k. Then

e Ago is a k X k matrix.



http://edx-org-utaustinx.s3.amazonaws.com/UT501x/Spring2015/Week6/test_Solve.m
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/79833945cbff476aa93d99bc1a5a12b1/90318f3de35d4418ae7b5195edc05b55/5
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/79833945cbff476aa93d99bc1a5a12b1/90318f3de35d4418ae7b5195edc05b55/5
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Algorithm: A := LU_UNB_VAR5(A)

Arp | Arr

Apr | Agr
whereAr; is0x 0
while m(A7r.) <m(A) do

Partition A —

Repartition
A A Ago | ao1 | Aoz
7L | Arr
- alTo our | aj,
Apr | Agr
Ay | a2 | A2

whereo; is 1 x 1

az1 '=as1 /o1 (=1h)

I T _ T
Ay :=Axn—anap  (=Axn—hiaj)

Continue with

Ago | ao1 | Aoz

Arp | Arr

T T
“— ajo o1 ajn
Apr | Asr

Ay | ax | Axn

endwhile

Figure 6.10: LU factorization algorithm.

* ap; is a column vector of size n —k — 1.

* al, is a row vector of size n —k — 1.

e Apisa(n—k—1)x (n—k—1) matrix.
Now,

* ap; /o is typically implemented as (1/0t11) X az; so that only one division is performed (divisions are EXPENSIVE)
and (n —k — 1) multiplications are performed.

e Ay :=Ax— a21a1T2 is arank-1 update. In a rank-1 update, for each element in the matrix one multiply and one add (well,
subtract in this case) is performed, for a total of 2(n — k — 1)? floating point operations.

Now, we need to sum this over all iterations k =0,...,(n—1):
n—1
Z (n—k—=1)+2(n—k— 1)2) floating point operations.
k=0

Here we ignore the divisions. Clearly, there will only be n of those (one per iteration of the algorithm).
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Let us compute how many flops this equals.

Yico (n—k=1)+2(n—k—1))

= < Change of variable: p=n—k—1 so that p =0 when k =n—1 and

p=n—1whenk=0>
Ypen1 (P+20°)

= < Sum in reverse order >
Yoo (p+2p7)

= < Split into two sums >

Yhoop+ X, o(2p%)

= < Results from Week 2! >

(nle)n +2 (nfl)n6(2n71)

= < Algebra >

3(n—1)n n—1)n(2n—1
PN CRITERY

= < Algebra >

(n—1)n(4n+1)
6

Now, when n is large n — 1 and 4n 4 1 equal, approximately, n and 4n, respectively, so that the cost of LU factorization equals,

approximately,

2
§n3 flops.

Forward substitution

Next, let us look at how many flops are needed to solve Lx = b. Again, focus on the algorithm: Assume that during the kth

iteration L7y, is k x k. Then
e Lgo is a k X k matrix.
¢ [5; is a column vector of sizen —k — 1.
e b, is a column vector of size n —k — 1.

Now,

* The axpy operation by := by — B requires 2(n —k — 1) flops since the vectors are of sizen —k — 1.

We need to sum this over all iterations k =0,...,(n— 1):

Let us compute how many flops this equals:

Yiso2(n—k—1)
= < Factorout 2 >
2% 5 (n—k—1)

= < Change of variable: p =n—k—1 so that p =0 when k =n— 1 and

p=n—1whenk=0>
25 12p

= < Sum in reverse order >
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Algorithm: [b] := LTRSV_UNB_VARI1(L,b)
L 0 b
Partition L — r . b— L
Lpr | Lgr bp
where L7y is 0 x 0, by has O rows
while m(Lyr) <m(L) do
Repartition
Lo | 0 | O bo
Lri | O br —_—
= | x| O -1 B
Lpr | Lgr bp —
Ly | b1 | Lo by
whereA;; is 1 x 1, B; has 1 row
by := by —Bilx
Continue with
L 0 Lo | O 0 b bo
TL T -
— llT() 7\.11 0 , — [31
Lp; | Lpr bg .
Ly | b1 | Lo by
endwhile

Figure 6.11: Algorithm for solving Lx = b, overwriting b with the result vector x. Here L is a lower triangular matrix.

Now, when n is large n — 1 equals, approximately, 7 so that the cost for the forward substitution equals, approximately,

Back substitution

Finally, let us look at how many flops are needed to solve Ux = b. Focus on the algorithm:

250 0P
= < Results from Week 2! >

= < Algebra >
(n—1)n.

n? flops.
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Algorithm: [b] := UTRSV_UNB_VARI(U,b)

. Urr | Urr br
Partition U — ,b—
Ut | Usr bp
where Ugg is 0 x 0, bg has 0 rows
while m(UBR) < m(U) do
Repartition
Uoo | uo1 | Uo2
Urr | Urr
— 0 V11 Ltsz s
0 | Usr
0 0 | Uxn
Bi :=Pi —ulbs
Bi:=Bi/vn
Continue with
Uoo | uo1 | Unz
Urr | Urr
— 0 Vi1 Ltsz P
0 | Usr
0 0 | Up
endwhile

bo

br —
=1 B

bB -
by
by

br —_—
— 1

. B
by

Figure 6.12: Algorithm for solving Ux = b where U is an uppertriangular matrix. Vector b is overwritten with the result vector

X.
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Homework 6.3.5.1 Assume that during the kth iteration Upg is k X k. (Notice we are purposely saying that Upg is
k x k because this algorithm moves in the opposite direction!)
Then answer the following questions:

e Uy is a 7x? matrix.
* ul, is a column/row vector of size ????.
¢ b, is a column vector of size ?777.
Now,
* The axpy/dot operation B :=f; — uszbg requires ??? flops since the vectors are of size 777?.

We need to sum this over all iterations k =0, ..., (n— 1) (You may ignore the divisions):

Compute how many floating point operations this equal. Then, approximate the result.

Total cost

The total cost of first factoring A and then performing forward and back substitution is, approximately,
2 2
§n3 +n?4n? = §n3 +2n? flops.

When n is large n” is very small relative to n° and hence the total cost is typically given as

2
§n3 flops.

Notice that this explains why we prefer to do the LU factorization separate from the forward and back substitutions. If we
solve Ax = b via these three steps, and afterwards a new right-hand side b comes along with which we wish to solve, then
we need not refactor A since we already have L and U (overwritten in A). But it is the factorization of A where most of the
expense is, so solving with this new right-hand side is almost free.

6.4 Enrichment

6.4.1 Blocked LU Factorization

What you saw in Week 5, Units 5.4.1 and 5.4.2, was that by carefully implementing matrix-matrix multiplication, the perfor-
mance of this operation could be improved from a few percent of the peak of a processor to better than 90%. This came at a
price: clearly the implementation was not nearly as “clean” and easy to understand as the routines that you wrote so far in this
course.

Imagine implementing all the operations you have encountered so far in this way. When a new architecture comes along,
you will have to reimplement to optimize for that architecture. While this guarantees job security for those with the skill and
patience to do this, it quickly becomes a distraction from more important work.

So, how to get around this problem? Widely used linear algebra libraries like LAPACK (written in Fortran)

E. Anderson, Z. Bai, C. Bischof, L. S. Blackford, J. Demmel, Jack J. Dongarra, J. Du Croz, S. Hammarling, A.
Greenbaum, A. McKenney, and D. Sorensen.

LAPACK Users’ guide (third ed.).

SIAM, 1999.

and the 1ibflame library (developed as part of our FLAME project and written in C)
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F. G. Van Zee, E. Chan, R. A. van de Geijn, E. S. Quintana-Orti, G. Quintana-Orti.
The libflame Library for Dense Matrix Computations.
IEEE Computing in Science and Engineering, Vol. 11, No 6, 2009.

F. G. Van Zee.
libflame: The Complete Reference.
www.lulu.com , 2009

implement many linear algebra operations so that most computation is performed by a call to a matrix-matrix multiplication
routine. The 1ibflame library is coded with an API that is very similar to the FLAME@1lab API that you have been using for
your routines.

More generally, in the scientific computing community there is a set of operations with a standardized interface known as
the Basic Linear Algebra Subprograms (BLAS) in terms of which applications are written.

C. L. Lawson, R. J. Hanson, D. R. Kincaid, F. T. Krogh.
Basic Linear Algebra Subprograms for Fortran Usage.
ACM Transactions on Mathematical Software, 1979.

J. J. Dongarra, J. Du Croz, S. Hammarling, R. J. Hanson.
An Extended Set of FORTRAN Basic Linear Algebra Subprograms.
ACM Transactions on Mathematical Software, 1988.

J. J. Dongarra, J. Du Croz, S. Hammarling, 1. Duff.
A Set of Level 3 Basic Linear Algebra Subprograms.
ACM Transactions on Mathematical Software, 1990.

F. G. Van Zee, R. A. van de Geijn.
BLIS: A Framework for Rapid Instantiation of BLAS Functionality.
ACM Transactions on Mathematical Software, to appear.

It is then expected that someone optimizes these routines. When they are highly optimized, any applications and libraries
written in terms of these routines also achieve high performance.

In this enrichment, we show how to cast LU factorization so that most computation is performed by a matrix-matrix
multiplication. Algorithms that do this are called blocked algorithms.

Blocked LU factorization

It is difficult to describe how to attain a blocked LU factorization algorithm by starting with Gaussian elimination as we did in
Section 6.2, but it is easy to do so by starting with A = LU and following the techniques exposed in Unit 6.3.1.

We start again by assuming that matrix A € R"*" can be factored into the product of two matrices L,U € R"*", A = LU,
where L is unit lower triangular and U is upper triangular. Matrix A € R"*" is given and that L and U are to be computed such
that A = LU, where L € R™*" is unit lower triangular and U € R"*" is upper triangular.

We derive a blocked algorithm for computing this operation by partitioning

A A L 0 U U
A 1 | A2 AR 11 Cand U 1| U
Az | Axp Ly | Ly 0 | Un

where A11,L11,U;; € RP*P. The integer b is the block size for the algorithm. In Unit 6.3.1, b =1 so that A;; = 0y, L1 =1,
and so forth. Here, we typically choose b > 1 so that L is a unit lower triangular matrix and Uy, is an upper triangular matrix.
How to choose b is closely related to how to optimize matrix-matrix multiplication (Units 5.4.1 and 5.4.2).

Now, A = LU implies (using what we learned about multiplying matrices that have been partitioned into submatrices)

A L U
—_——

Ay | Ap Ly | O Un | U
Az | An Ly | L 0 | Un
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LU

Ly xUpj1+0x0 ‘ Liy x Ui +0xUn
Loy x Uy +Lyp x0 ‘ Loy x Uip+ Ly xUp

LU

L Un ‘ LUz
LUy ‘ Lo1/Uiny + LUy

For two matrices to be equal, their elements must be equal and therefore, if they are partitioned conformally, their submatrices
must be equal:

Ay =L1Upy Ap =L Up
Az = LUy | Ay = Lo Uz + Lo Un

or, rearranging,
Ay =L1Up Ap=L1Up
Ay = LUy | App — Lp1Uip = LpoUnp

This suggests the following steps for overwriting a matrix A with its LU factorization:

e Partition
Ay | Ap

Az | A

A—

e Compute the LU factorization of A11: A1; — L11U;1. Overwrite A1y with this factorization.
Note: one can use an unblocked algorithm for this.

* Now that we know L, we can solve L11Uj» = Az, where L1 and A, are given. Uj, overwrites Ajs.
This is known as an triangular solve with multiple right-hand sides. More on this later in this unit.

* Now that we know Uy (still from the first step), we can solve LU = Ay, where Uy and A are given. Ly overwrites
Aoy
This is also known as a triangular solve with multiple right-hand sides. More on this also later in this unit.

* Update Az = Ap —A21A12(= An — L1 Un).
This is a matrix-matrix multiplication and is where, if b is small relative to n, most of the computation is performed.

* Overwrite Ay with Lp; and Us, by repeating the above steps with A = Aj;.

This will leave U in the upper triangular part of A and the strictly lower triangular part of L in the strictly lower triangular part
of A. The diagonal elements of L need not be stored, since they are known to equal one.

The above is summarized in Figure 6.13. In that figure, the derivation of the unblocked algorithm from Unit 6.3.1 is given
on the left and the above derivation of the blocked algorithm is given on the right, for easy comparing and contrasting. The
resulting algorithms, in FLAME notation, are given as well. It is important to note that the algorithm now progresses b rows
and b columns at a time, since A;; is a b X b block.

Triangular solve with multiple right-hand sides

In the above algorithm, we needed to perform two subproblems:

e L11Uj» = A|» where unit lower triangular matrix L, and (general) matrix Aj, are known and (general) matrix Uy, is to
be computed; and

e I»1Uj1 = Ay where upper triangular matrix U;; and (general) matrix Ap; are known and (general) matrix Ly; is to be
computed.
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Unblocked algorithm Blocked algorithm
Al any | aly 1{0 U o1 | uly PN A |An L Lii| O U Ut U2
az1 |Axn bi|Ln |’ 0 |Uxn As|An | Lot |Ly | 0 |Ux
B 1 ‘ 0 Ull‘usz A A | Lll‘ 0 UII‘UIZ
121‘1422 0 ‘Uzz Az |Ax L21‘L22 0 ‘Uzz
V1 ‘ uly Li Ui ‘ LiyUn )

L1011 ‘ biuly + LorUsy

LUy ‘ LoyUL + LUy

_ T _ T
%11 = V11 | ap =Ujp

a1 = b1V | A = biuly + LnUxn

Ay =L1Upy | Ap=L1Up

Ay =Ly Uy | Axy =1 1Ujp + Loy Unp

01 =01
T ._ T
ap -=4ap

a) = 6121/0611

) T
A=Ay —ayay,

Ayl — LUy (overwriting Ayy with Ly; and Uyyp)
Solve L11Uj2 := A1z (overwiting Ay, with Ujp)
Solve L1Uy1 := A, (overwiting Ay with Ljy)
Api=Apn —AnAn

Algorithm: [A] := LU_UNB_VAR5(A)

At | ATR

ApL | Asr
where A7y is0x0

while m(Ar.) <m(A) do

Partition A —

Repartition
Ao | ao1 | Aoz
Arr | Arr =
- ajg | o1 | aj
ApL | Asr
Ay | a1 | A

ax = az1 /o1

. T
Ap i=Axpn —ayaj,

Continue with

A A Ao | aor | Aoz
TL TR T T
ayp | %1 | 9y
ApL | Apr
Ay | an | A2
endwhile

Algorithm: [A] := LU_BLK_VAR5(A)

Arr | Arr
Partition A — | ————t—
ApL | Asr

where A7; is0x0
while m(Ar,) <m(A) do

Repartition
Ao | Aol | Aoz
Arr | Arr
| Aw | An | Az
ApL | Asr
Ay | A2l | An

Factor A1 — L11Upp (Overwrite Ajy)
Solve LUy = A, (Overwrite App)
Solve Ly1Uj1 = Ap; (Overwrite Ayp)
Ax i=Axn —AnAn

Continue with

Ao | Ao | Aoz
Arp | Arr
A | A | Az
ApL | Apr
Ay | A2 | A
endwhile

Figure 6.13: Side-by-side derivation of the unblocked and blocked algorithms.
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These operations are known as special cases of the “triangular solve with multiple right-hand side” operation.
Let’s simplify the discussion to solving LX = B where L is unit lower triangular and X and B are general matrices. Here L
and B are known and X is to be computed. We slice and dice B and X into columns to observe that

(] )= (o] )
(sl )=(mln] ).

We therefore conclude that Lx; = b; for all pairs of columns x; and b;. But that means that to compute x; from L and b; we need
to solve with a unit lower triangular matrix L. Thus the name “triangular solve with multiple right-hand sides”. The multiple
right-hand sides are the columns b;.

Now let us consider solving XU = B, where U is upper triangular. If we transpose both sides, we get that (XU)” = BT or
UTXT = BT . If we partition X and B by columns so that

and hence

~T 7T
) by

X=| x and B= ZIT ,

then
(] )= (o o] )= (| ),

We notice that this, again, is a matter of solving multiple right-hand sides (now rows of B that have been transposed) with a
lower triangular matrix (U7). In practice, none of the matrices are transposed.

Cost analysis

Let us analyze where computation is spent in just the first step of a blocked LU factorization. We will assume that A is n x n
and that a block size of b is used:
¢ Partition
Ay | A
Ay | Ap

A—

This carries no substantial cost, since it just partitions the matrix.

* Compute the LU factorization of A11: A1 — L11U;1. Overwrite Ay with this factorization.

One can use an unblocked algorithm for this and we saw that the cost of that algorithm, for a b X b matrix, is approximately
233
5b°.

* Now that we know L, we can solve L11Uj» = Az, where L1 and A, are given. Uj, overwrites Ajs.
This is a triangular solve with multiple right-hand sides with a matrix A, that is b X (n — b). Now, each triangular solve
with each column of A1, costs, approximately, 5> flops for a total of bz(n —b) flops.

* Now that we know U, we can solve LU = Aj1, where Uy and Ay are given. Ly overwrites Ay .
This is a triangular solve with multiple right-hand sides with a matrix A,; that is (n — b) x b. Now, each triangular solve
with each row of A, costs, approximately, b> flops for a total of 5?(n — b) flops.

* Update Ay = Az — Az A1 (= Az — L1 Un2).
This is a matrix-matrix multiplication that multiplies (n — b) x b matrix Ay times b X (n — b) matrix A, to update Apj.
This requires b(n — b)? flops.

* QOverwrite Ay with Ly; and Us; by repeating with A = A, in future iterations. We don’t count that here, since we said
we were only going to analyze the first iteration of the blocked LU factorization.
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Now, if n is much larger than b, 2b* is small compared to b?(n — b) which is itself small relative to 2b(n — b)?. Thus, if n is
much larger than b, most computational time is spent in the matrix-matrix multiplication A, := Ay — A21A12. Since we saw
in the enrichment of Week 5 that such a matrix-matrix multiplication can achieve extremely high performance, the blocked LU
factorization can achieve extremely high performance (if » is large).

It is important to note that the blocked LU factorization algorithm executes exactly the same number of floating point
operations as does the unblocked algorithm. It just does so in a different order so that matrix-matrix multiplication can be
utilized.

More

A large number of algorithms, both unblocked and blocked, that are expressed with our FLAME notation can be found in the
following technical report:

P. Bientinesi and R. van de Geijn.

Representing Dense Linear Algebra Algorithms: A Farewell to Indices.

FLAME Working Note #17. The University of Texas at Austin, Department of Computer Sciences. Technical
Report TR-2006-10, 2006.

It is available from the FLAME Publications webpage.

6.4.2 How Ordinary Elimination Became Gaussian Elimination
Read

Joseph F. Grecar.
How Ordinary Elimination Became Gaussian Elimination.

Cite as

Joseph F. Grcar.
How ordinary elimination became Gaussian elimination.
Historia Math, 2011.

6.5 Wrap Up

6.5.1 Homework
There is no additional graded homework. However, we have an additional version of the "Gaussian Elimination” webpage:
* Practice with four equations in four unknowns.

Now, we always joke that in a standard course on matrix computations the class is asked to solve systems with three equations
with pencil and paper. What defines an honor version of the course is that the class is asked to solve systems with four equations
with pencil and paper...

Of course, there is little insight gained from the considerable extra work. However, here we have webpages that automate
most of the rote work, and hence it IS worthwhile to at least observe how the methodology extends to larger systems. DO NOT
DO THE WORK BY HAND. Let the webpage do the work and focus on the insights that you can gain from this.

6.5.2 Summary
Linear systems of equations

A linear system of equations with m equations in n unknowns is given by

OooXo + Ooax1 + - F Q0 p—1Xn—1 = Bo
o10Xo + oxr + -0+ o1 n—1Xn—1 = B1

Op—10X0 + Om—11X1 + - + Opia1Xn-1 = PBm1



http://www.cs.utexas.edu/~flame/web/FLAMEPublications.html
http://arxiv.org/abs/0907.2397
http://edx-org-utaustinx.s3.amazonaws.com/UT501x/GaussianEliminationPractice/4x4.html
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Variables %0, %1, - -,Xn—1 are the unknowns.
This Week, we only considered the case where m = n:

OooXo + Oo1x1 + -+ + Oon—1Xn—1 = Bo
Oop0Xo + o + -+ A n—1%n-1 = B
Op10X0 + Ou11X1 + = + Oyip1Xn-1 = Baoi

Here the o; ;s are the coefficients in the linear system. The f;s are the right-hand side values.

Basic tools

Solving the above linear system relies on the fact that its solution does not change if

1. Equations are reordered (not used until next week);
2. An equation in the system is modified by subtracting a multiple of another equation in the system from it; and/or

3. Both sides of an equation in the system are scaled by a nonzero.

Gaussian elimination is a method for solving systems of linear equations that employs these three basic rules in an effort to
reduce the system to an upper triangular system, which is easier to solve.

Appended matrices

The above system of n linear equations in n unknowns is more concisely represented as an appended matrix:

0,0 o, 1 e Q-1 Bo
1,0 Ol e U1 Bi
Op—1,0 Op—11 -+ Op—1p-1 anl

This representation allows one to just work with the coefficients and right-hand side values of the system.

Matrix-vector notation

The linear system can also be represented as Ax = b where

Ooo  Ooi1 o Olou—i X0 Bo
01,0 O1,1 e Ot X1 B1
A= ) ) ) , X= , and
Ou—10 Op—11 -+ Op_ip1 Xn—1 Bn—1

Here, A is the matrix of coefficients from the linear system, x is the solution vector, and b is the right-hand side vector.

Gauss transforms

A Gauss transform is a matrix of the form

I 0 00 0
0O 1 00 0
0 A, 10 0
B0 a0 0

0 X1 0 0 - 1
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When applied to a matrix (or a vector, which we think of as a special case of a matrix), it subtracts A; ; times the jth row from
the ith row, fori = j+1,...,n— 1. Gauss transforms can be used to express the operations that are inherently performed as part
of Gaussian elimination with an appended system of equations.

The action of a Gauss transform on a matrix, A := L;A can be described as follows:

I 0 00 0
Ao Ao
0 1 00 0 o o
0 Ay, 10 0 ! . U
0 —Ais; 01 0 Gjoy | = a1~ A a;
] sJ .
0 A 0 0 . an ay = A-1a;
Dt

An important observation that was NOT made clear enough this week is that the rows of A are updates with an AXpY!
A multiple of the jth row is subtracted from the ith row.
A more concise way to describe a Gauss transforms is

~
=)
el

Ol -l | 1
Now, applying to a matrix A, LA yields
1 0 |0 Ao Ao
0 I |0 al | = al
0 —l21 1 A2 A2 — lzla{

In other words, A; is updated with a rank-1 update. An important observation that was NOT made clear enough this week
is that a rank-1 update can be used to simultaneously subtract multiples of a row of A from other rows of A.

Forward substitution

Forward substitution applies the same transformations that were applied to the matrix to a right-hand side vector.

Back(ward) substitution

Backward substitution solves the upper triangular system

Oooxo + ©Oog1xX1 + - + Oon—1Xn—1 = Bo
oy ixr + -+ o1 p—1Xn—-1 = B
Op—1,n—1Xn—-1 = anl

This algorithm overwrites b with the solution x.

LU factorization

The LU factorization factorization of a square matrix A is given by A = LU, where L is a unit lower triangular matrix and U is
an upper triangular matrix. An algorithm for computing the LU factorization is given by

This algorithm overwrites A with the matrices L and U. Since L is unit lower triangular, its diagonal needs not be stored.
The operations that compute an LU factorization are the same as the operations that are performed when reducing a system
of linear equations to an upper triangular system of equations.
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Ago | ao1 | Aoz
Arp | Arr T T
“— ajo o1 ajn

Apr | Asr
A | an1 | A

endwhile
Figure 6.14: LU factorization algorithm.
Solving Lz =b

Algorithm: A := LU_UNB_VAR5(A)

Arp | Arr

Apr | Agr
whereAr; is0x 0
while m(A7r.) <m(A) do

Partition A —

Repartition
A A Ago | ao1 | Aoz
7L | Arr
= | afy | our | a,
Apr | Agr
Ay | a2 | A2
whereo; is 1 x 1
az1 '=as1 /o1 (=)

I T _ T
Ay :=Axn—anap  (=Axn—hiaj)

Continue with

Forward substitution is equivalent to solving a unit lower triangular system Lz = b. An algorithm for this is given by This
algorithm overwrites b with the solution z.

Solving Ux =b

Back(ward) substitution is equivalent to solving an upper triangular system Ux = b. An algorithm for this is given by This
algorithm overwrites b with the solution x.

Solving Ax=»b

If LU factorization completes with an upper triangular matrix U that does not have zeroes on its diagonal, then the following
three steps can be used to solve Ax = b:

e FactorA =LU.

e Solve Lz = b.

e Solve Ux = z.

Cost

* Factoring A = LU requires, approximately, %n3 floating point operations.

* Solve Lz = b requires, approximately, n*> floating point operations.
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Algorithm: [b] := LTRSV_UNB_VARI1(L,b)

Ly 0 br
,b—
Lpr | Lgr bp

where L7y is 0 x 0, by has O rows
while m(Lyr) <m(L) do

Partition L —

endwhile

Repartition
Lo | O | O by
— llTO M 0 s - Bl
Lpr | Lar bp —_
Ly | b1 | L by
whereA;; is 1 x 1, B; has 1 row
by := by —Bilx
Continue with
L 0 Lo | O 0 b bo
TL T —
— llT() 7\.11 0 , — [31
Lp; | Lpr bg .
Ly | b1 | L2 by

Figure 6.15: Algorithm for solving Lx = b, overwriting b with the result vector x. Here L is a lower triangular matrix.

* Solve Ux = z requires, approximately, n? floating point operations.
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Algorithm: [b] := UTRSV_UNB_VARI(U,b)

. Urr | Urr br
Partition U — ,b—
Ut | Usr bp
where Ugg is 0 x 0, bg has 0 rows
while m(UBR) < m(U) do
Repartition
Uoo | uo1 | Uo2
Urr | Urr
— 0 V11 Ltsz s
0 | Usr
0 0 | Uxn
Bi :=Pi —ulbs
Bi:=Bi/vn
Continue with
Uoo | uo1 | Unz
Urr | Urr
— 0 Vi1 Ltsz P
0 | Usr
0 0 | Up
endwhile

bo

br —
=1 B

bB -
by
by

br —_—
— 1

. B
by

Figure 6.16: Algorithm for solving Ux = b where U is an uppertriangular matrix. Vector b is overwritten with the result vector

X.
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More Gaussian Elimination and Matrix
Inversion

7.1 Opening Remarks

7.1.1 Introduction

@ View at edX

237


https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/6e00e53f2df142e9adea3e11f308f9ab/82d43d475b6b440495ced8941e4e6cbf/1
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7.1.3 What You Will Learn

Upon completion of this unit, you should be able to

Determine, recognize, and apply permutation matrices.
Apply permutation matrices to vectors and matrices.

Identify and interpret permutation matrices and fluently compute the multiplication of a matrix on the left and right by a
permutation matrix.

Reason, make conjectures, and develop arguments about properties of permutation matrices.
Recognize when Gaussian elimination breaks down and apply row exchanges to solve the problem when appropriate.
Recognize when LU factorization fails and apply row pivoting to solve the problem when appropriate.

Recognize that when executing Gaussian elimination (LU factorization) with Ax = b where A is a square matrix, one of
three things can happen:

1. The process completes with no zeroes on the diagonal of the resulting matrix U. Then A = LU and Ax = b has a
unique solution, which can be found by solving Lz = b followed by Ux = z.

2. The process requires row exchanges, completing with no zeroes on the diagonal of the resulting matrix U. Then
PA = LU and Ax = b has a unique solution, which can be found by solving Lz = Pb followed by Ux = z.

3. The process requires row exchanges, but at some point no row can be found that puts a nonzero on the diagonal, at
which point the process fails (unless the zero appears as the last element on the diagonal, in which case it completes,

but leaves a zero on the diagonal of the upper triangular matrix ). In Week 8 we will see that this means Ax = b does
not have a unique solution.

Reason, make conjectures, and develop arguments about properties of inverses.

Find the inverse of a simple matrix by understanding how the corresponding linear transformation is related to the matrix-
vector multiplication with the matrix.

Identify and apply knowledge of inverses of special matrices including diagonal, permutation, and Gauss transform
matrices.

Determine whether a given matrix is an inverse of another given matrix.

Oo,o Qo1

)

Recognize that a 2 x 2 matrix A = has an inverse if and only if its determinant is not zero: det(A) =

o O 1
0p,001,1 — 0o, 1010 7 0.

Compute the inverse of a 2 x 2 matrix A if that inverse exists.
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Algorithm: [b] := LTRSV_UNB_VARI1(L,b)

Ly 0 br
,b—
Lpr | Lgr bp

where L7y is 0 x 0, by has O rows
while m(Lyr) <m(L) do

Partition L —

Repartition
Lo | O | O by
Lri | O br —_—
— [ lTO ;\,1 1 0 P Bl
Lpr | Lgr bp —
. Ly | b1 | L by
whereA;; is 1 x 1, B; has 1 row
by := by —Bilx
Continue with
L 0 Lo | O 0 b bo
TL T —
< llT() 7\.11 Bl
Lp; | Lpr bg .
Ly | b1 | Lo by

endwhile

Figure 7.1: Algorithm for solving Lz = b when L is a unit lower triangular matrix. The right-hand side vector b is overwritten

with the solution vector z.

7.2 When Gaussian Elimination Breaks Down

7.2.1 When Gaussian Elimination Works

@ View at edX

We know that if Gaussian elimination completes (the LU factorization of a given matrix can be computed) and the upper
triangular factor U has no zeroes on the diagonal, then Ax = b can be solved for all right-hand side vectors b.

Why?

* If Gaussian elimination completes (the LU factorization can be computed), then A = LU for some unit lower triangular
matrix L and upper triangular matrix U. We know this because of the equivalence of Gaussian elimination and LU

factorization.

If you look at the algorithm for forward substitition (solving Lz = b) in Figure 7.1 you notice that the only computations

that are encountered are multiplies and adds. Thus, the algorithm will complete.

Similarly, the backward substitution algorithm (for solving Ux = z) in Figure 7.2 can only break down if the division
causes an error. And that can only happen if U has a zero on its diagonal.

So, under the mentioned circumstances, we can compute a solution to Ax = b via Gaussian elimination, forward substitution,

and back substitution. Last week we saw how to compute this solution.



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/6e00e53f2df142e9adea3e11f308f9ab/b7813ac9c50b49fbb664a59043da2315/1
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/6e00e53f2df142e9adea3e11f308f9ab/b7813ac9c50b49fbb664a59043da2315/1
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Algorithm: [b] := UTRSV_UNB_VARI1(U,b)
. Urr | Urr br
Partition U — ,b—
UpL | Usr by
where Upg is 0 x 0, bg has 0 rows
while m(Upg) <m(U) do
Repartition
Uoo | uo1 | Un2 by
Urr | Urr br I
— 0 Vi1 u1T2 ) — Bl
0 | Ugr bp B
hd 0 0 U22 bz
Bi:=Pp1—ulybs
Bi:=Bi/vn
Continue with
Uoo | uo1 | Un2 by
Urr | Urr br e
< 0 V11 usz s | & B1
0 0 | Up by
endwhile

Figure 7.2: Algorithm for solving Ux = b when U is an upper triangular matrix. The right-hand side vector b is overwritten
with the solution vector x.

Is this the only solution?

We first give an intuitive explanation, and then we move on and walk you through a rigorous proof.
The reason is as follows: Assume that Ax = b has two solutions: « and v. Then

e Au=b and Av=0b.

* This then means that vector w = u — v satisfies
Aw=A(u—v)=Au—Av=>b—-b=0.
* Since Gaussian elimination completed we know that
(LU)w =0,

or, equivalently,
Lz=0 and Uw=2z

e It is not hard to see that if Lz = 0 then z = 0:

1 0 0 0 G
Ao 1 0 0 &
Mo A 1 0 &L =
10 Mmig Mo oo 1 Cr-1 0

means {y = 0. But then A oo+ {; = 0 means {; = 0. In turn A oo + A2, 1 {1 + & = 0 means {, = 0. And so forth.
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e Thus, z =0 and hence Uw = 0.

e It is not hard to see that if Uw = 0 then w = 0:

Voot Vonu-3 Vo,n-2 V0,01 o 0
0 T Dn73,n73 Dn73,n72 Dn73,n71 0,3 =
0 T 0 Vp—2n-2 Vn—2n-1 W2
o - 0 0 Vy—11n—1 W,—1
means V,_1 ,—10,—1 = 0 and hence ®,_; = 0 (since V,—1 ,—1 7# 0). But then v, 20,2 +V,_2 ,—1®,—1 = 0 means

®,,—> = 0. And so forth.
‘We conclude that

If Gaussian elimination completes with an upper triangular system that has no zero diagonal coefficients (LU factorization
computes with L and U where U has no diagonal zero elements), then for all right-hand side vectors, b, the linear system
Ax = b has a unique solution x.

A rigorous proof

Let A € R™". If Gaussian elimination completes and the resulting upper triangular system has no zero coefficients on the
diagonal (U has no zeroes on its diagonal), then there is a unique solution x to Ax = b for all b € R.
Always/Sometimes/Never

We don’t yet state this as a homework problem, because to get to that point we are going to make a number of observations
that lead you to the answer.

Homework 7.2.1.1 Let L € R'*! be a unit lower triangular matrix. Lx = b, where x is the unknown and b is given,
has a unique solution.
Always/Sometimes/Never

1 1
Homework 7.2.1.2 Give the solution of Xo =
2 1 X1 2
1 0 0 X0 1
Homework 7.2.1.3 Give the solution of 210 Xt | =] 2
-1 2 1 X2 3

(Hint: look carefully at the last problem, and you will be able to save yourself some work.)

Homework 7.2.1.4 Let L € R2*2 be a unit lower triangular matrix. Lx = b, where x is the unknown and b is given,
has a unique solution.
Always/Sometimes/Never

Homework 7.2.1.5 Let L € R3*3 be a unit lower triangular matrix. Lx = b, where x is the unknown and b is given,
has a unique solution.
Always/Sometimes/Never

Homework 7.2.1.6 Let L € R™*" be a unit lower triangular matrix. Lx = b, where x is the unknown and b is given,
has a unique solution.

Always/Sometimes/Never
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Algorithm: [b] := LTRSV_UNB_VAR2(L,b)

Ly 0 br
,b—
Lpr | Lgr b

where L7y is 0 x 0, by has O rows
while m(Lyr) <m(L) do

Partition L —

Repartition
Lo | O | O by
Lrp | O br —_—
= x| 0 | =1 B
Lpr | Lar bp —_
Ly | b1 | L by

whereA;; is 1 x 1, B; has 1 row

Continue with

. 0 Lo | O 0 b by
TL T —
— l{() Al 0 s — B 1
Lpr | Lgr bp _—
Ly | I | L2 by

endwhile

Figure 7.3: Blank algorithm for solving Lx = b, overwriting b with the result vector x for use in Homework 7.2.1.7. Here L is a
lower triangular matrix.

Homework 7.2.1.7 The proof for the last exercise suggests an alternative algorithm (Variant 2) for solving Lx = b
when L is unit lower triangular. Use Figure 7.3 to state this alternative algorithm and then implement it, yielding

e [ b_out ] = Ltrsv_unb_var2( L, b )
You can check that they compute the right answers with the script in

* test_Ltrsv_unb_var2.m

33

Homework 7.2.1.8 Let L € R™" be a unit lower triangular matrix. Lx = 0, where 0 is the zero vector of size n,
has the unique solution x = 0.
Always/Sometimes/Never

Homework 7.2.1.9 Let U € R!*! be an upper triangular matrix with no zeroes on its diagonal. Ux = b, where x
is the unknown and b is given, has a unique solution.
Always/Sometimes/Never

-1 1 1
Homework 7.2.1.10 Give the solution of Xo =
0o 2 X1 2



http://edx-org-utaustinx.s3.amazonaws.com/UT501x/Spring2015/Week7/test_Ltrsv_unb_var2.m
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-2 1 =2 X0 0
Homework 7.2.1.11 Give the solution of 0 -1 1 x1 | =1 1
0 0 2 X2 2

Homework 7.2.1.12 Let U € R?*? be an upper triangular matrix with no zeroes on its diagonal. Ux = b, where x
is the unknown and b is given, has a unique solution.
Always/Sometimes/Never

Homework 7.2.1.13 Let U € R**3 be an upper triangular matrix with no zeroes on its diagonal. Ux = b, where x
is the unknown and b is given, has a unique solution.
Always/Sometimes/Never

Homework 7.2.1.14 Let U € R"*" be an upper triangular matrix with no zeroes on its diagonal. Ux = b, where x
is the unknown and b is given, has a unique solution.
Always/Sometimes/Never

The proof for the last exercise closely mirrors how we derived Variant 1 for solving Ux = b last week.

Homework 7.2.1.15 Let U € R™*" be an upper triangular matrix with no zeroes on its diagonal. Ux = 0, where 0
is the zero vector of size n, has the unique solution x = 0.
Always/Sometimes/Never

Homework 7.2.1.16 Let A € R™". [f Gaussian elimination completes and the resulting upper triangular system
has no zero coefficients on the diagonal (U has no zeroes on its diagonal), then there is a unique solution x to
Ax=>bforall b e R.

Always/Sometimes/Never

7.2.2 The Problem

@ View at edX

The question becomes “Does Gaussian elimination always solve a linear system of n equations and n unknowns?” Or,
equivalently, can an LU factorization always be computed for an n x n matrix? In this unit we show that there are linear systems
where Ax = b has a unique solution but Gaussian elimination (LU factorization) breaks down. In this and the next sections
we will discuss what modifications must be made to Gaussian elimination and LU factorization so that if Ax = b has a unique
solution, then these modified algorithms complete and can be used to solve Ax = b.

A simple example where Gaussian elimination and LU factorization break down involves the matrix A = . In

the first step, the multiplier equals 1/0, which will cause a “division by zero” error.
Now, Ax = b is given by the set of linear equations

0 1 Xo B
Lo X1 Bo

so that Ax = b is equivalent to

X1 Bo
Xo Bi
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Bi

and the solution to Ax = b is given by the vector x =
Bo

Homework 7.2.2.1 Solve the following linear system, via the steps in Gaussian elimination that you have learned

so far.
2%+ 40+H(=2)x2=-10

dyo+ 8u+ 6= 20
Oxo+(—4)x1+ 2x2= 18
Mark all that are correct:

(a) The process breaks down.

(b) There is no solution.

X0 1
©Of wu |=] -1
X2 4

@ View at edX

Now you try an example:

Homework 7.2.2.2 Perform Gaussian elimination with
Oxo+  4x1+(=2)x2=-10

dxo+ 8+ 6= 20
6xo+(—4)x1+ 2x2= 18

We now understand how to modify Gaussian elimination so that it completes when a zero is encountered on the diagonal
and a nonzero appears somewhere below it.

The above examples suggest that the LU factorization algorithm needs to be modified to allow for row exchanges. But to
do so, we need to develop some machinery.

7.2.3 Permutations

@ View at edX

Homework 7.2.3.1 Compute

1 0 -2 1 2
1 3 2 1 =
1 0 -1 0 -3



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/6e00e53f2df142e9adea3e11f308f9ab/b7813ac9c50b49fbb664a59043da2315/2
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/6e00e53f2df142e9adea3e11f308f9ab/b7813ac9c50b49fbb664a59043da2315/2
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/6e00e53f2df142e9adea3e11f308f9ab/b7813ac9c50b49fbb664a59043da2315/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/6e00e53f2df142e9adea3e11f308f9ab/b7813ac9c50b49fbb664a59043da2315/3

Week 7. More Gaussian Elimination and Matrix Inversion 246

@ View at edX

Examining the matrix P in the above exercise, we see that each row of P equals a unit basis vector. This leads us to the
following definitions that we will use to help express permutations:

Definition 7.1 A vector with integer components

ko
ky
p =
kn—l
is said to be a permutation vector if
* kjeA{0,....,n—1}, for0< j <n; and
* ki = kjimplies i = j.
In other words, p is a rearrangement of the numbers 0, ...,n — 1 (without repetition).
We will often write (ko,k1,...,k;,—1 )T to indicate the column vector, for space considerations.

Definition 7.2 Let p = (ko,...,kn—1)" be a permutation vector. Then

T
€
%
P=P(p) =
T
eknfl
is said to be a permutation matrix.
In other words, P is the identity matrix with its rows rearranged as indicated by the permutation vector (ko,k,-..,k,—1). We

will frequently indicate this permutation matrix as P(p) to indicate that the permutation matrix corresponds to the permutation
vector p.
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Homework 7.2.3.2 For each of the following, give the permutation matrix P(p):

0 1 0 0
1 0 1 0

s Ifp= then P(p) = ,
2 0 010
3 0 0 0 1
3
2

s Ifp= then P(p) =
1
0
1
0

e Ifp= then P(p) =
2
3
1
2

cIfp= then P(p) =
3
0

Homework 7.2.3.3 Let p = (2,0,1)”. Compute
-2
*Pp)| 3 |=
—1
-2 1 2
* P(p) 3 2 1 =
-1 0 -3

Homework 7.2.3.4 Let p = (2,0,1)7 and P = P(p). Compute




Week 7. More Gaussian Elimination and Matrix Inversion

248

X0
X1
X =
Xn—1
Applying permuation matrix P = P(p) to x yields
Xko
Xk
Px=—"
an—l

Homework 7.2.3.5 Let p = (ko,...,k,—1)" be a permutation vector. Consider

Always/Sometimes/Never

Homework 7.2.3.6 Let p = (ko,...,k,_1)" be a permutation. Consider

/\.»7‘
)

~T
aj

A=

Applying P = P(p) to A yields

Always/Sometimes/Never

In other words, Px and PA rearrange the elements of x and the rows of A in the order indicated by permutation vector p.

@ View at edX

APt = (o [ | e, )

Homework 7.2.3.7 Let p = (ko,...,k,—1)" be a permutation, P = P(p), and A = ( ap ‘ a ‘ ‘ an—1 )

Aways/Sometimes/Never

Homework 7.2.3.8 If P is a permutation matrix, then so is PT,

True/False

@ View at edX
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Definition 7.3 Let us call the special permutation matrix of the form

E 00 010 0
el 01 0(010 0
~ el | 00 1100 0
P(m) = - =
110 0(00 0
eni1 00 0lo|1 0
e 00 000 1
a pivot matrix.
P(m) = (P(n))’
Homework 7.2.3.9 Compute
-2 -2 1 2
P(1) 3 | = and P(1) 32 1 |=.
—1 -1 0 -3
Homework 7.2.3.10 Compute
-2 1 2
32 1 |P()=.
-1 -3

Homework 7.2.3.11 When 13(75) (of appropriate size) multiplies a matrix from the left, it swaps row 0 and row T,
leaving all other rows unchanged.
Always/Sometimes/Never

Homework 7.2.3.12 When ﬁ(n) (of appropriate size) multiplies a matrix from the right, it swaps column 0 and
column 7, leaving all other columns unchanged.

Always/Sometimes/Never

7.2.4 Gaussian Elimination with Row Swapping (LU Factorization with Partial Pivoting)

@ View at edX
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Gaussian elimination with row pivoting

@ View at edX

We start our discussion with the example in Figure 7.4.

Homework 7.2.4.1 Compute

110 0 110 0 21 4 =2

* 0/0 1 0j1 0 8 6 | =

1 0 0 1 -4 2

110 O 2 4 -2

* 3/1 0 -16 8 | =
210 1 0 10

* What do you notice?

@ View at edX

What the last homework is trying to demonstrate is that, for given matrix A,

110 O
e LetL= 3|11 0 | bethe matrix in which the multipliers have been collected (the unit lower triangular matrix that
210 1

has overwritten the strictly lower triangular part of the matrix).

2 4 =2
eletU=|]0| =16 8 | be the upper triangular matrix that overwrites the matrix.
0 10

e Let P be the net result of multiplying all the permutation matrices together, from last to first as one goes from lef t to
right:

S = | O
S = | O
S = | O

Then
PA=LU.

In other words, Gaussian elimination with row interchanges computes the LU factorization of a permuted matrix. Of course,
one does not generally know ahead of time (a priori) what that permutation must be, because one doesn’t know when a zero
will appear on the diagonal. The key is to notice that when we pivot, we also interchange the multipliers that have overwritten
the zeroes that were introduced.
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Example 7.4

(You may want to print the blank worksheet at the end of this week so you can follow along.)

In this example, we incorporate the insights from the last two units (Gaussian elimination with row interchanges
and permutation matrices) into the explanation of Gaussian elimination that uses Gauss transforms:

i L; P A p

110 0 4 -2 0
0 1 0 4| 8 6

0 1 —4

110 0 4 -2 0
211 0 4| 8 6
310 1 -4 2

2 41 =2 0

1 0|1 ) 0| 10 1
10 s —16| 8

1 0]0 2 4| =2 0

1|0 s —16| 8 1
0|-0]1 > 0| 10

2 41 -2 0

2 s —16 8 1

) o| 10 0

Figure 7.4: Example of a linear system that requires row swapping to be added to Gaussian elimination.
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Homework 7.2.4.2
(You may want to print the blank worksheet at the end of this week so you can follow along.)
Perform Gaussian elimination with row swapping (row pivoting):
i L; P A
0| 4 -2
0 8 6
6| -4 2
1
2

The example and exercise motivate the modification to the LU factorization algorithm in Figure 7.5. In that algorithm,
PIVOT(x) returns the index of the first nonzero component of x. This means that the algorithm only works if it is always the

case that o) # 0 or vector ap| contains a nonzero component.

@ View at edX
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Algorithm: [A, p] := LU_PIV(A, p)
Arp | Arr T
Partition A — , L
Apr | Asr PB
where A7y is 0 x 0 and pr has 0 com-
ponents
while m(Ar.) <m(A) do
Repartition
Ago | ap1 ‘ Ap Do
Arp | Arr = - pr —_—
— ao | o1 ‘ apn ) — P9
Apr | Agr DB —
Ao | az) ‘ Ax D2
1
7, = PIvVOT
a
T T T T
4o | 11 ‘ ajp ajp | %11 ‘ ajp
= P(TC])
A | as ‘ Axn A | as ‘ Axn
az) *=az1 /o1 (az now contains lp;)
T T
app _ apn
Axn Ay —anal,
Continue with
Ao | aor | Aoz Po
Arp | Arr T T pr —
< ajo (0401 a, s — T
Apr | Asr DB -
Ay | a21 | A D2
endwhile

Figure 7.5: LU factorization algorithm that incorporates row (partial) pivoting.

Solving the linear system

@ View at edX

Here is the cool part: We have argued that Gaussian elimination with row exchanges (LU factorization with row pivoting)
computes the equivalent of a pivot matrix P and factors L and U (unit lower triangular and upper triangular, respectively) so

that PA = LU. If we want to solve the system Ax = b, then

Ax=b
is equivalent to
PAx = Pb.
Now, PA = LU so that
(LU) x = Pb.
——

PA



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/6e00e53f2df142e9adea3e11f308f9ab/b7813ac9c50b49fbb664a59043da2315/4
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/6e00e53f2df142e9adea3e11f308f9ab/b7813ac9c50b49fbb664a59043da2315/4

Week 7. More Gaussian Elimination and Matrix Inversion 254

Algorithm: b := APPLY_PIV(p,b)
br

,b—
PB bp
where pr and by have O components

while m(by) <m(b) do

Partition p —

Repartition
Po bo
pr — br —
-1 ™ | -1 B
pB bg
. P2 by
B B
S =P [
by 2

Do by
Pr br
—| |, | < B
DB — bp —
P2 by
endwhile

Figure 7.6: Algorithm for applying the same exchanges rows that happened during the LU factorization with row pivoting to
the components of the right-hand side.

So, solving Ax = b is equivalent to solving
L (Ux) =Pb.

~—~
b4
This leaves us with the following steps:

Update b := Pb by applying the pivot matrices that were encountered during Gaussian elimination with row exchanges
to vector b, in the same order. A routine that, given the vector with pivot information p, does this is given in Figure 7.6.

* Solve Lz = b with this updated vector b, overwriting b with z. For this we had the routine Ltrsv_unit.

* Solve Ux = b, overwriting b with x. For this we had the routine Utrsv_nonunit.

Uniqueness of solution

If Gaussian elimination with row exchanges (LU factorization with pivoting) completes with an upper triangular system
that has no zero diagonal coefficients, then for all right-hand side vectors, b, the linear system Ax = b has a unique solution,
X.

7.2.5 When Gaussian Elimination Fails Altogether

Now, we can see that when executing Gaussian elimination (LU factorization) with Ax = b where A is a square matrix, one of
three things can happen:

* The process completes with no zeroes on the diagonal of the resulting matrix U. Then A = LU and Ax = b has a unique
solution, which can be found by solving Lz = b followed by Ux = z.
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» The process requires row exchanges, completing with no zeroes on the diagonal of the resulting matrix U. Then PA = LU
and Ax = b has a unique solution, which can be found by solving Lz = Pb followed by Ux = z.

* The process requires row exchanges, but at some point no row can be found that puts a nonzero on the diagonal, at which
point the process fails (unless the zero appears as the last element on the diagonal, in which case it completes, but leaves
a zero on the diagonal).

This last case will be studied in great detail in future weeks. For now, we simply state that in this case Ax = b either has no
solutions, or it has an infinite number of solutions.

7.3 The Inverse Matrix

7.3.1 Inverse Functions in 1D

@ View at edX
In high school, you should have been exposed to the idea of an inverse of a function of one variable. If

e f:R — R maps areal to a real; and

* it is a bijection (both one-to-one and onto)
then

* f(x) =y has a unique solution for all y € R.

* The function that maps y to x so that g(y) = x is called the inverse of f.

It is denoted by f~' : R — R.

* Importantly, f(f~!(x)) =xand f~!(f(x)) =x.

In the next units we will examine how this extends to vector functions and linear transformations.

7.3.2 Back to Linear Transformations

@ View at edX

Theorem 7.5 Let f: R" — R™ be a vector function. Then f is one-to-one and onto (a bijection) implies that m = n.
The proof of this hinges on the dimensionality of R™ and R". We won’t give it here.

Corollary 7.6 Let f : R" — R”" be a vector function that is a bijection. Then there exists a function f~! : R" — R", which we
will call its inverse, such that f(f~'(x)) = f~'(f(x)) = x.

This is an immediate consequence of the fact that for every y there is a unique x such that f(x) =y and f~'(y) can then be
defined to equal that x.

Homework 7.3.2.1 Let L: R” — R” be a linear transformation that is a bijection and let L~! denote its inverse.

L~ ! is a linear transformation.

Always/Sometimes/Never
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@ View at edX

What we conclude is that if A € R"*" is the matrix that represents a linear transformation that is a bijection L, then there
is a matrix, which we will denote by A~!, that represents L™, the inverse of L. Since for all x € R”" it is the case that
L(L7'(x)) = L7'(L(x)) = x, we know that AA~! = A~!A = I, the identity matrix.

Theorem 7.7 Let L: R" — R” be a linear transformation, and let A be the matrix that represents L. If there exists a matrix B
such that AB = BA = I, then L has an inverse, L™\, and B equals the matrix that represents that linear transformation.

Actually, it suffices to require there to be a matrix B such that AB =1 or BA = I. But we don’t quite have the knowledge at
this point to be able to prove it from that weaker assumption.

Proof: We need to show that L is a bijection. Clearly, for every x € R” there is a y € R” such that y = L(x). The question is
whether, given any y € R”, there is a vector x € R” such that L(x) = y. But

L(By) =A(By) = (AB)y =1y =y.

So, x = By has the property that L(x) = y.
But is this vector x unique? If Axg =y and Ax; =y then A(xp —x;) = 0. Since BA = I we find that BA(xp —x1) = xo — X]
and hence xp — x; = 0, meaning that xo = x.

Let L: R" — R" and let A be the matrix that represents L. Then L has an inverse if and only if there exists a matrix B such
that AB = BA = I. We will call matrix B the inverse of A, denote it by A~! and note that if AA~! = thenA~'A =1.

Definition 7.8 A matrix A is said to be invertible if the inverse, A~", exists. An equivalent term for invertible is nonsingular.

We are going to collect a string of conditions that are equivalent to the statement “A is invertible”. Here is the start of that
collection.

The following statements are equivalent statements about A € R"*":
* A is nonsingular.
A isinvertible.
» A~ exists.
cAAT =ATTA=1
e A represents a linear transformation that is a bijection.
e Ax = b has a unique solution for all b € R".

e Ax = 0 implies that x = 0.

We will add to this collection as the course proceeds.

Homework 7.3.2.2 Let A, B, and C all be n x n matrices. If AB=1 and CA =1 then B=C.

True/False
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7.3.3 Simple Examples

@ View at edX

General principles

Given a matrix A for which you want to find the inverse, the first thing you have to check is that A is square. Next, you want to
ask yourself the question: “What is the matrix that undoes Ax?” Once you guess what that matrix is, say matrix B, you prove it

to yourself by checking that BA =1 or AB = 1.
If that doesn’t lead to an answer or if that matrix is too complicated to guess at an inverse, you should use a more systematic
approach which we will teach you in the next unit. We will then teach you a fool-proof method next week.

Inverse of the Identity matrix

True/False

Homework 7.3.3.1 If ] is the identity matrix, then /~! = 1.

@ View at edX

Inverse of a diagonal matrix

Homework 7.3.3.2 Find |
-1 0
2 0 =
0 3
Homework 7.3.3.3 Assume §; # 0 for 0 < j <n.
! 1
0 & - 0 0 5 0
0 0 8n1 0 0 5
Always/Sometimes/Never

@ View at edX
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Inverse of a Gauss transform

Homework 7.3.3.4 Find »
1 00
1 10 =
-2 0 1
Important: read the answer!
Homework 7.3.3.5
—1
I1010 0
op1]o = 1
0L | I -
True/False

Gauss transforms and LU factorization.
Let’s review the example from Section 6.2.4:

Before
. 1 0 0 2 4 -2
-2 1 0 4 -2 6
-3 0 1 6 —4 2
Before
R 1 0 2 4 =2
0 1 0 —-10 10
0 —-16 1 —16 8

Now, we can summarize the above by

—-1.6

1 0 0 1 00
0 1 0 -2 1 0
0 —-16 1 -3 0 1
Now
-1 -1
1 0 0 1 0 0 1
-2 1 0 1 0 0
-3 0 1 —1.6 1 0
1
= -2

-3 0

00
0
1

The observation about how to compute the inverse of a Gauss transform explains the link between Gaussian elimination with

4 -2
—~10 10

2 4 -2
0 —-10 10
0 0 -8
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so that
-1
2 4 =2 1 00 1 00 2 4 =2
4 =2 6 |=] -2 1 0 ( 0 1 0 0 —-10 10
6 —4 2 -3 0 1 0 —-16 1 0 0 -8

But, given our observations about the inversion of Gauss transforms, this translates to

2 4 =2 1 0 1 0 0 2 4 =2
4 -2 6 |=]12120 0 1 0 0 —10 10
6 —4 2 301 0 16 1 0 0 -8
But, miraculously,
2 4 2 1 00 1 0 2 4 =2
4 -2 6 |= 210 0 1 0 —10 10
6 —4 2 301 0 1.6 1 0 0 -8
1 0
2 1
3 16 1
But this gives us the LU factorization of the original matrix:
2 4 =2 1 0 0 2 4 =2
4 =2 6 |=] 2 1 0 0 —10 10
6 —4 2 3 16 1 0 0 -8

2 4 -2
: —10 10
3 1.6 _8

NOT a coincidence!
The following exercise explains further:

Homework 7.3.3.6 Assume the matrices below are partitioned conformally so that the multiplications and com-
parison are legal.

Lo o]0 1{ofo Lo | 0|0
ml11]o ol 1jo|=] & |1]0
Ly 0|1 0]l |1 Loy | I | 1

Always/Sometimes/Never

@ View at edX
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Inverse of a permutation

Homework 7.3.3.7 Find

010

1 0 =

0 1
Homework 7.3.3.8 Find »

0 1

1 0 =

010

Homework 7.3.3.9 Let P be a permutation matrix. Then P~! = P.
Always/Sometimes/Never

Homework 7.3.3.10 Let P be a permutation matrix. Then P~! = PT.
Always/Sometimes/Never

@ View at edX

Inverting a 2D rotation

Homework 7.3.3.11 Recall from Week 2 how Rg(x) rotates a vector x through angle 0:

Ry is represented by the matrix

Ro(x) . cos(8) —sin(@)
sin(0)  cos(0)

What transformation will “undo” this rotation through angle 6? (Mark all correct answers)
(a) R_g(x)

cos(—0) —sin(—0)
sin(—0)  cos(—9)

(b) Ax, where A =

cos(B)  sin(0)

(c) Ax, where A =
—sin(8) cos(0)

@ View at edX
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Inverting a 2D reflection

Homework 7.3.3.12 Consider a reflection with respect to the 45 degree line:

If A represents the linear transformation M, then

(@A ' =-A
A 1=A

A l=1

(d) All of the above.

@ View at edX

7.3.4 More Advanced (but Still Simple) Examples

@ View at edX

More general principles

Notice that AA~! = I. Let’s label A~! with the letter B instead. Then AB = I. Now, partition both B and I by columns. Then

A(m o[ )= (o] )

and hence Ab; = e;. So.... the jth column of the inverse equals the solution to Ax = e; where A and ¢; are input, and x is output.

We can now add to our string of equivalent conditions:
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The following statements are equivalent statements about A € R™*":
e A is nonsingular.
* A is invertible.
o A~ ! exists.
cAAT =AT1A=1
* A represents a linear transformation that is a bijection.
* Ax = b has a unique solution for all b € R".
e Ax =0 implies that x = 0.

* Ax = ¢; has a solution for all j € {0,...,n—1}.

Inverse of a triangular matrix

-2 0
Homework 7.3.4.1 Compute =
4 2

@ View at edX

Homework 7.3.4.2 Find

Homework 7.3.4.3 Let 09 # 0 and o ; # 0. Then

-1

do 0 [ wme O
- o1,0 1
Q10 O T agoo 01

True/False

Homework 7.3.4.4 Partition lower triangular matrix L as

L 0
I — 00
o | M
Assume that L has no zeroes on its diagonal. Then
—1
1 — Ly ‘ 0
1

True/False
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@ View at edX

Homework 7.3.4.5 The inverse of a lower triangular matrix with no zeroes on its diagonal is a lower triangular
matrix.
True/False

Challenge 7.3.4.6 The answer to the last exercise suggests an algorithm for inverting a lower triangular matrix.
See if you can implement it!

Inverting a 2 x 2 matrix

Homework 7.3.4.7 Find

1 2
1 1
Homework 7.3.4.8 If 0lp,00t1,1 — 0lp,000,1 7§ 0 then
-1
Olpo Ol _ 1 o1 —0o,
i 0Oy Oo,001,1 — O1,0000,1 —0i0 0,0

(Just check by multiplying... Deriving the formula is time consuming.)
True/False

. Qo0  Olo,1 . . .
Homework 7.3.4.9 The 2 x 2 matrix A = ’ ’ has an inverse if and only if 09 00,1 — 01,0001 7 O.
o o1
True/False
@ View at edX

The expression 0 o0l 1 — Ol 00,1 7 0 is known as the deferminant of

0,0  Uo,1

oo 1

This 2 x 2 matrix has an inverse if and only if its determinant is nonzero. We will see how the determinant is useful again
late in the course, when we discuss how to compute eigenvalues of small matrices. The determinant of a n X n matrix can
be defined and is similarly a condition for checking whether the matrix is invertible. For this reason, we add it to our list
of equivalent conditions:
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The following statements are equivalent statements about A € R™*":
e A is nonsingular.
* A is invertible.
o A~ ! exists.
cAAT =AT1A=1
* A represents a linear transformation that is a bijection.
* Ax = b has a unique solution for all b € R".
e Ax =0 implies that x = 0.
* Ax =ej has a solution for all j € {0,...,n—1}.

e The determinant of A is nonzero: det(A) # 0.

7.3.5 Properties

Inverse of product

Homework 7.3.5.1 Let o # 0 and B have an inverse. Then
(aB)~! = Lp
o

True/False

Homework 7.3.5.2 Which of the following is true regardless of matrices A and B (as long as they have an inverse
and are of the same size)?

(@) (AB)~' =A"1B"!
(b) (AB)"'=B"1A"1
(c) (AB)"'=B7'A
(d) (AB)"'=B"!

Homework 7.3.5.3 Let square matrices A,B,C € R" " have inverses A~!, B~!, and C~', respectively. Then
(ABC)"' =Cc'B7 1A,
Always/Sometimes/Never

Inverse of transpose

Homework 7.3.5.4 Let square matrix A have inverse A~!. Then (A7)~! = (A=1)T.

Always/Sometimes/Never
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Inverse of inverse

Homework 7.3.5.5

Always/Sometimes/Never

7.4 Enrichment

7.4.1 Library Routines for LU with Partial Pivoting

Various linear algebra software libraries incorporate LU factorization with partial pivoting.

LINPACK
The first such library was LINPACK:

J. J. Dongarra, J. R. Bunch, C. B. Moler, and G. W. Stewart.
LINPACK Users’ Guide.
SIAM, 1979.

A link to the implementation of the routine DGEFA can be found at

http://www.netlib.org/linpack/dgefa.f.
You will notice that it is written in Fortran and uses what are now called Level-1 BLAS routines. LINPACK preceded the
introduction of computer architectures with cache memories, and therefore no blocked algorithm is included in that library.
LAPACK
LINPACK was replaced by the currently most widely used library, LAPACK:

E. Anderson, Z. Bai, J. Demmel, J. J. Dongarra, J. Ducroz, A. Greenbaum, S. Hammarling, A. E. McKenney, S.
Ostroucho, and D. Sorensen.

LAPACK Users’ Guide.

SIAM 1992.

E. Anderson, Z. Bai, C. Bischof, L. S. Blackford, J. Demmel, J. J. Dongarra, J. Ducroz, A. Greenbaum, S. Ham-
marling, A. E. McKenney, S. Ostroucho, and D. Sorensen.

LAPACK Users’ Guide (3rd Edition).

SIAM 1999.

Implementations in this library include
e DGETF?2 (unblocked LU factorization with partial pivoting).
* DGETREF (blocked LU factorization with partial pivoting).

It, too, is written in Fortran. The unblocked implementation makes calls to Level-1 (vector-vector) and Level-2 (matrix-vector)
BLAS routines. The blocked implementation makes calls to Level-3 (matrix-matrix) BLAS routines. See if you can recognize
some of the names of routines.

ScaLAPACK

ScaLAPACK is version of LAPACK that was (re)written for large distributed memory architectures. The design decision was
to make the routines in ScaLAPACK reflect as closely as possible the corresponding routines in LAPACK.



http://www.netlib.org/linpack/dgefa.f
http://www.netlib.org/lapack/explore-html/d2/da1/dgetf2_8f_source.html
http://www.netlib.org/lapack/explore-html/d3/d6a/dgetrf_8f_source.html
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L. S. Blackford, J. Choi, A. Cleary, E. D’ Azevedo, J. Demmel, 1. Dhillon, J. Dongarra, S. Hammarling, G. Henry,
A. Petitet, K. Stanley, D. Walker, R. C. Whaley.

ScalLAPACK Users’ Guilde.

SIAM, 1997.

Implementations in this library include
¢ PDGETRF (blocked LU factorization with partial pivoting).

ScalLAPACK is wirtten in a mixture of Fortran and C. The unblocked implementation makes calls to Level-1 (vector-vector) and
Level-2 (matrix-vector) BLAS routines. The blocked implementation makes calls to Level-3 (matrix-matrix) BLAS routines.
See if you can recognize some of the names of routines.

libflame

We have already mentioned libflame. It targets sequential and multithreaded architectures.

F. G. Van Zee, E. Chan, R. A. van de Geijn, E. S. Quintana-Orti, G. Quintana-Orti.
The libflame Library for Dense Matrix Computations.
IEEE Computing in Science and Engineering, Vol. 11, No 6, 2009.

F. G. Van Zee.

libflame: The Complete Reference.

www.lulu.com , 2009

(Available from http://www.cs.utexas.edu/ flame/web/FLAMEPublications.html.)

It uses an API so that the code closely resembles the code that you have been writing.

* Various unblocked and blocked implementations.

Elemental
Elemental is a library that targets distributed memory architectures, like ScaLAPACK does.

Jack Poulson, Bryan Marker, Robert A. van de Geijn, Jeff R. Hammond, Nichols A. Romero. Elemental: A New
Framework for Distributed Memory Dense Matrix Computations. ACM Transactions on Mathematical Software
(TOMS), 2013.

(Available from http://www.cs.utexas.edu/ flame/web/FLAMEPublications.html.)

It is coded in C++ in a style that resembles the FLAME APIs.

* Blocked implementation.

7.5 Wrap Up

7.5.1 Homework

(No additional homework this week.)

7.5.2 Summary

Permutations

Definition 7.9 A vector with integer components
ko
ki

is said to be a permutation vector if



http://www.netlib.org/scalapack/explore-html/df/dfe/pdgetrf_8f_source.html
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https://github.com/elemental/Elemental/blob/master/src/lapack_like/factor/dense/LU.cpp
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e kje{0,....,n—1}, for0 < j <n; and
* ki =kjimplies i = j.
In other words, p is a rearrangement of the numbers 0, ...,n — 1 (without repetition).
Definition 7.10 Let p = (ko, ...,k,—1)" be a permutation vector. Then
T

eko
T

ek,
P=P(p)=
T
ekn—l
is said to be a permutation matrix.

Theorem 7.11 Let p = (ko,. .. kn—1 )T be a permutation vector. Consider

617(:) X0 ag
o Y al
P=P(p)= {q , Xx= ] , and A= _1
elz;_] An—1 05_1
Then
Xko a;{O
Xy a;fl
Px = i , and PA= )
anfl a/z;,l
Theorem 7.12 Let p = (ko,...,ko—1)" be a permutation vector. Consider
%
%
P=P(p)= . and A:(ao ar - aped )
T
ekn—l
Then
APT — ( ak() ak] “e ak'17| ) .
Theorem 7.13 If P is a permutation matrix, so is P’ .
Definition 7.14 Let us call the special permutation matrix of the form
el 0/{o --- 0|10 -~ 0
elT of(tr -~ 0(0|0 --- O
T
~ e 010 1100 0
P(n) = ”;1 =
110 0/0]0 0
eri1 010 0/0]1 0
e 00 0/0/0 1

a pivot matrix.
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Theorem 7.15 When ﬁ(n) (of appropriate size) multiplies a matrix from the left, it swaps row 0 and row ®, leaving all other
rows unchanged.

When ﬁ(n) (of appropriate size) multiplies a matrix from the right, it swaps column 0 and column T, leaving all other
columns unchanged.

LU with row pivoting

Algorithm: [A, p] := LU_PIV(4, p)

. Arp | ATr pr
Partition A — ,p—> | —
ApL | Asr pB

Algorithm: b := APPLY_PIV(p,b)

where Ary is 0 x 0 and pr has 0 components
. pr br
while m(Ar,) <m(4) do Partition p — | == |, b = | =—
Repartition DB by

A A where pr and b7 have 0 components
0o | ao1 | Aoz 0 .

Arr L Arr - - pr 2o while m(br) < m(b) do

= @ |1 |ap |> ™ Repartition

Apr | Agr PB —

Ag | a21 |An P2

Po bo
0y il — br — B
n; = PIvoT . RN bs B
az| P2 by

afo |our |afy | P(m) ajy | our | af, B B

= 1 1

Ao | az1 | Ax Ao | az | Az o = P(m) o

2 2

az; :=ap1 /oy (az; now contains 1)

i _ L Continue with
Axn Ay —azal, . s
pr I bT —_—
Continue with —_— ]| || =] | B:
PB bp _b
2

Aoo | aor | Aoz Po .
Arp | Arr T T pr — endwhile
— ajy | %11 | ajp y | —] T
Apr | Agr DB -_—
A A

az)

endwhile

* LU factorization with row pivoting, starting with a square nonsingular matrix A, computes the LU factorization of a
permuted matrix A: PA = LU (via the above algorithm LU_PIV).

* Ax = b then can be solved via the following steps:

— Update b := Pb (via the above algorithm APPLY_PIV).
— Solve Lz = b, overwriting b with z (via the algorithm from 6.3.2).

— Solve Ux = b, overwriting b with x (via the algorithm from 6.3.3).

Theorem 7.16 Let L: R" — R" be a linear transformation that is a bijection. Then the inverse function L™ : R" — R" exists
and is a linear transformation.

Theorem 7.17 If A has an inverse, AL then A~ is unique.
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Inverses of special matrices

Type A A
1 0 1
0 1 01
Identity matrix 1= 1=
0 0 0 0 0 1
80,0 0 8671
. . 0 i 1 81
Diagonal matrix D= D~ = R
0 0 Sn—1n—1 (Y 8,1
I1010 I 0 |0
Gauss transform L=| ol 110 L'=1|o 1 0
01l |I 0 b1 |1
Permutation matrix P PT
cos(B) —sin(0 cos(0 sin(0
2D Rotation = () ©) R = ©) ) =RT
sin(0)  cos(0) —sin(8) cos(0)
2D Reflection A A
Lo | 0 Ly, 0
Lower triangular matrix L= 20 L' = 1 02 —T
lig | M1 _T”lloLoo I
Uoo | u Uso' | —Ugo' o1 /v
Upper triangular matrix U= %1 U= 00 0o to1/ 011
0 Vi1 0 DL
11
[0/ [0/ o — 0O
General 2 x 2 matrix 00 01 m Ll 0l
010 O11 OTLATTLOTOL —010 Qoo
The following matrices have inverses:
* Triangular matrices that have no zeroes on their diagonal.
* Diagonal matrices that have no zeroes on their diagonal.
(Notice: this is a special class of triangular matrices!).
* Gauss transforms.
Uo1
(In Week 8 we will generalize the notion of a Gauss transform to matrices of the form | 0 | 1 2
0| |0

¢ Permutation matrices.
¢ 2D Rotations.

e 2D Reflections.

General principle

If A,B € R"" and AB = I, then Ab; = e, where b; is the jth column of B and e; is the jth unit basis vector.
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Properties of the inverse
Assume A, B, and C are square matrices that are nonsingular. Then

. —1_1p-1
aB)” =B .
B)-

AB)"' =B71A71,

AT)fl (Afl)T.
A=A

(

(

(ABC)~' =c~'B~1A~1.
( -

(

The following statements are equivalent statements about A € R™*":
* A is nonsingular.
* A is invertible.
» A~ exists.
cAAT' =ATTA=1
» A represents a linear transformation that is a bijection.
* Ax = b has a unique solution for all b € R".
* Ax =0 implies that x = 0.
* Ax = e; has a solution for all j € {0,...,n—1}.

* The determinant of A is nonzero: det(A) # 0.
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Blank worksheet for pivoting exercises

i L; P A p
0
110 0
1 0
0 1
1
1l ofo0
0 110
0 1
2
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Week

More on Matrix Inversion

8.1 Opening Remarks

8.1.1 When LU Factorization with Row Pivoting Fails

@ View at edX

The following statements are equivalent statements about A € R"*":
* A is nonsingular.
A isinvertible.
» A~ exists.
cAAT =ATTA=1
e A represents a linear transformation that is a bijection.
e Ax = b has a unique solution for all b € R".
e Ax =0 implies that x = 0.

e Ax =e¢; has asolution forall j € {0,...,n—1}.

Homework 8.1.1.1 Assume that A,B,C € R"*", let BA = C, and B be nonsingular.

A is nonsingular if and only if C is nonsingular.
True/False

The reason the above result is important is that we have seen that LU factorization computes a sequence of pivot matrices
and Gauss transforms in an effort to transform the matrix into an upper triangular matrix. We know that the permutation
matrices and Gauss transforms are all nonsingular since we saw last week that inverses could be constructed. If we now look at
under what circumstance LU factorization with row pivoting breaks down, we will see that with the help of the above result we
can conclude that the matrix is singular (does not have an inverse).

Let us assume that a number of pivot matrices and Gauss transforms have been successfully computed by LU factorization

273
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with partial pivoting:
Uoo | uo1 | Uoz

LiPe—y--LoPA=| 0 | oy | af,

0 | ax | A

where A equals the original matrix with which the LU factorization with row pivoting started and the values on the right of
= indicate what is currently in matrix A, which has been overwritten. The following picture captures when LU factorization
breaks down, for k = 2:

Uoo | uo1 | Uo2

0 | an a1T2

L LoPyA 0 | a | A
1 0 0 0 X X X X X x x| x| x x
0 1 0 0 0 x x x X 0 x| x|x x
0 —x 1 0 0 | P~ 0 x X x X = 0 0]JO0|x x
0 —x 0 1 0 0 X x X X 0 0]0]|x x
0 —x 0 0 1 0 X X X X 0 010 |x x

Here the xs are “representative” elements in the matrix. In other words, if in the current step ot;; = 0 and ap; = 0 (the zero
vector), then no row can be found with which to pivot so that a;; # 0, and the algorithm fails.

Now, repeated application of the insight in the homework tells us that matrix A is nonsingular if and only if the matrix to
the right is nonsingular. We recall our list of equivalent conditions:

The following statements are equivalent statements about A € R"*":
* A is nonsingular.
* Aisinvertible.
» A~ exists.
cAAT =ATA=1
* A represents a linear transformation that is a bijection.
* Ax = b has a unique solution for all b € R".
¢ Ax = 0 implies that x = 0.
* Ax =e¢j has asolution for all j € {0,...,n—1}.

¢ The determinant of A is nonzero: det(A) # 0.

It is the condition “Ax = 0 implies that x = 0” that we will use. We show that if LU factorization with partial pivoting breaks
down, then there is a vector x # 0 such that Ax = 0 for the current (updated) matrix A:

X
—_—
Uoo | uo1 | Uo2 ~Upy' uo1 —UgoUyy o1 + o1 0
0| o |dh 1 = 0 =[ o0
0 0 | Ax 0 0 0

We conclude that if LU factorization with partial pivoting breaks down, then the original matrix A is not nonsingular. (In other
words, it is singular.)
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This allows us to add another condition to the list of equivalent conditions:

The following statements are equivalent statements about A € R™*":
* A is nonsingular.
* A isinvertible.
» A~ exists.
cAAT' =ATA=1
* A represents a linear transformation that is a bijection.
e Ax = b has a unique solution for all b € R".
e Ax =0 implies that x = 0.
o Ax =¢; has asolution for all j € {0,...,n—1}.
¢ The determinant of A is nonzero: det(A) # 0.

e LU with partial pivoting does not break down.
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8.1.3 What You Will Learn

Upon completion of this unit, you should be able to

Determine with Gaussian elimination (LU factorization) when a system of linear equations with n equations in n un-
knowns does not have a unique solution.

Understand and apply Gauss Jordan elimination to solve linear systems with one or more right-hand sides and to find the
inverse of a matrix.

Identify properties that indicate a linear transformation has an inverse.

Identify properties that indicate a matrix has an inverse.

Create an algorithm to implement Gauss-Jordan elimination and determine the cost function.

Recognize and understand that inverting a matrix is not the method of choice for solving a linear system.

Identify specialized factorizations of matrices with special structure and/or properties and create algorithms that take
advantage of this (enrichment).
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8.2 Gauss-Jordan Elimination

8.2.1 Solving Ax = b via Gauss-Jordan Elimination

@ View at edX
In this unit, we discuss a variant of Gaussian elimination that is often referred to as Gauss-Jordan elimination.
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8.2. Gauss-Jordan Elimination

Homework 8.2.1.1 Perform the following steps

* To transform the system on the left to the one on the right:

2% + 2% - S = -7 2% + 20 - S = -7
2% — 3 4+ T = 11 — X1+ 20 = 4
40 + 3 - M2 = -9 X1 + 3 = 5

one must subtract A; o = l:l times the first row from the second row and subtract A, o = D times the first
row from the third row.

* To transform the system on the left to the one on the right:

2% + 20 - S = -7 —2Xo - X = 1
X+ 2% = 4 — X1+ 20 = 4
X+ 3% = 5 X2 = 1
one must subtract Vg | = I:l times the second row from the first row and subtract A, | = I:l times the

second row from the third row.

* To transform the system on the left to the one on the right:

—2X0 - X = 1 —2Xo0 = 2
At = 4 — —X =
X = 1 X = 1

one must subtract Vo2 = |:| times the third row from the first row and subtract v, = |:| times the third
row from the first row.

* To transform the system on the left to the one on the right:

—2%o0 = 2 Xo = -1
—X1 = 2 — X1 = =2
X = 1 X2 = 1

one must multiply the first row by 8 o = |:|, the second row by 81 | = |:|, and the third row by 8, = |:|

 Use the above exercises to compute the vector x that solves

2% + 20 - % = -7
%% — 3+ T = 11
A% + 3 - T = -9

Be sure to compare and contrast the above order of eliminating elements in the matrix to what you do with Gaussian

elimination.

Homework 8.2.1.2 Perform the process illustrated in the last exercise to solve the systems of linear equations

32 10 Yo -7

|l -3 -3 —14 v | = 9
3001 3 %2 =5
2 -3 4 %o -8

el 2 -2 3 x| = -5

6 -7 9 X ~17
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8.2.2 Solving Ax = b via Gauss-Jordan Elimination: Gauss Transforms

@ View at edX

We again discuss Gauss-Jordan elimination, but now with an appended system.
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Homework 8.2.2.1 Evaluate

110 O -2 2 =51 -7
° 1|1 0 213 7] 11 | =
—210 1 -4 3 =71 -9
1 210 -2 2| =5\ =7
. 0 110 0l -1 2 4 | =
-1]1 -1 3
1 0 1 -2 0] -1]]1
. 0 1]-2 0 -1 2014 | =
0 0 1 0 o0 L1
- 00 -2 0 02
. 0 -1 0 0 -1 0 =
0 0 1 0 0 1|1
X0
* Use the above exercises to compute x = | 7 | thatsolves
X2
2% + 20 — S
2% - 3+ Tx
4% + 30 - T
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Homework 8.2.2.2 This exercise shows you how to use MATLAB to do the heavy lifting for Homework 8.2.2.1.
Again solve

2% + 20 - Sx2 = -7
2% — 30 + T = 11
4% + 3 - Tx2 = -9

via Gauss-Jordan elimination. This time we set this up as an appended matrix:

2 2 -5|-7
2 =3 7|11
-4 3 -7|-9

We can enter this into MATLAB as

A=

-2 2 -5 7??
2 -3 7 22
-4 3 -7 2?

]

(You enter 27?.) Create the Gauss transform, Gy, that zeroes the entries in the first column below the diagonal:

GO = [

1 0 0
22 1 0
22 0 1

]
(You fill in the ??). Now apply the Gauss transform to the appended system:
A0 =GO * A

Similarly create Gy,

Gl = [
1722 0

1 0
022 1

A1, Ga, and A;, where A, equals the appended system that has been transformed into a diagonal system. Finally,
let D equal to a diagonal matrix so that A3 = D % A2 has the identity for the first three columns.
You can then find the solution to the linear system in the last column.

Homework 8.2.2.3 Assume below that all matrices and vectors are partitioned “conformally” so that the opera-
tions make sense.

I| —up |0 Doo | ao1 | Aoz || bo Doo | aor —auiuor | Aoz —uoraly || bo — Bruor
0 1 0 0 Ol asz Bl = 0 (0551 a{z [31
0 —l |1 0 | ax | Axn || b2 0 | axi—ouil | A —bualy || by —PBila

Always/Sometimes/Never
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Homework 8.2.2.4 Assume below that all matrices and vectors are partitioned “conformally” so that the opera-
tions make sense. Choose

® Ugl = a01/(X11; and
* by =a /.

Consider the following expression:

I'l —up | O Doo | ao1 | Aoz || bo Doo | 0 | Aoz —uoial, || bo—PBiuo
ol 1 |o 0 o |al, ||[B |=] 0 |on af, Bi
0 —121 1 0 any A22 b2 0 0 A22 — 121a1T2 b2 — Bll21

Always/Sometimes/Never

The above exercises showcase a variant on Gauss transforms that not only take multiples of a current row and add or subtract
these from the rows below the current row, but also take multiples of the current row and add or subtract these from the rows
above the current row:

I'| —uor | O Ap Ao —upia] | <+— Subtract multiples of al from the rows above a”
1 |0 al | = al + Leave al alone
0] =l | 1 Ay Ay —byyal <— Subtract multiples of @l from the rows below al

The discussion in this unit motivates the algorithm GAUSSJORDAN_PART1 in Figure 8.1, which transforms A to a diagonal
matrix and updates the right-hand side accordingly, and GAUSSJORDAN_PART?2 in Figure 8.2, which transforms the diagonal
matrix A to an identity matrix and updates the right-hand side accordingly. The two algorithms together leave A overwritten
with the identity and the vector to the right of the double lines with the solution to Ax = b.

The reason why we split the process into two parts is that it is easy to create problems for which only integers are encountered
during the first part (while matrix A is being transformed into a diagonal). This will make things easier for us when we extend
this process so that it computes the inverse of matrix A: fractions only come into play during the second, much simpler, part.
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Algorithm: [A,b] := GAUSSJORDAN_PART1(A,b)
Arp | ATR br
Partition A — b— | =—
Apr | Asr bp
where Ar; is 0 x 0, by has 0 rows
while m(Arz) <m(A) do
Repartition
Ago | ao1 | Aoz by
Arp | Arr . - - br . [3_
ajo o1 ai, 5 1
Apr | Ar bp
Ay | a21 | Ax by
ap := aop1 /041 (=uor)
az1 = an; /0] (=)
A=A —aoral, (=Ap —uo1ay,)
Az =Ax —azal, (=Axn —hiay,)
bo := by — Brao (= b2 —Bruor)
by 1= by — Braz (=by—Bila)
ap; :=0 (zero vector)
ap; ;=0 (zero vector)
Continue with
A A Ago | ao1 | Aoz b bo
rz | ATr T
— alTO (0481 a1T2 s «— Bl
Apr | Ar bp —_—
Ay | ax | Axn by
endwhile

Figure 8.1: Algorithm that transforms matrix A to a diagonal matrix and updates the right-hand side accordingly.
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Algorithm: [A,b] := GAUSSJORDAN_PART2(A,b)

Partition A —

Repartition

where Ar; is 0 x 0, by has 0 rows
while m(ATL) < m(A) do

Bi:=PB1/an

o =1

Continue with

endwhile

ATR br
ABr bp
Ago | ao1 | Aoz
br
T T
aio o1 ai, 5
bp
Ay | a2 | A
Ago | ao1 | Aoz ,
T
T T
A | O | ayp |
bp
Ay | a1 | A

B
by

Figure 8.2: Algorithm that transforms diagonal matrix A to an identity matrix and updates the right-hand side accordingly.
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8.2.3 Solving Ax = b via Gauss-Jordan Elimination: Multiple Right-Hand Sides

TG
k) G
RIS )

@ View at edX

Homework 8.2.3.1 Evaluate
110 O -2 2 =5\ =7 8 -2 2 =5 =7 |:|
* 111 0 21 -3 7 11 —-13 | = 0] —1 2 4 |:|
210 1 4| 3 —7/-9 9 ol-1 sl s []
1 210 -2 2| =51 -7 8 -2 0| -1|1 |:|
[ ol 1]o ol =1 21 4 =s |=| ol=i] 24 L
o] -1]1 ol -1] 3| 5 -7 ol ol 1111 L]
1 0 1 -2 o] -1 1 -2 -2 0]01| 2 D
S R o —1| 2ll4 s |=| o —1]ofl2 I
0 of 1 o of 1|1 -2 o olilly L]
100 2 00 4 1o ool
. 0 -1 0 0O -1 02 -1 =10 1 0} -2 |:|
0 0 1 0 0 1|1 —2 o 111 [
Xoo Xot
* Use the above exercises to compute xo = | y;o | andx; =] y;; | thatsolve
X20 X21
—2%00 + 2X10 — S¥0 = -7 201+ 21— S5Xai 8
2%0 — 3% + To = 11 and 201 — 3+ Txa —13
—4x0 + 30 — Txo = -9 =41 + 3 — Txa 9
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Homework 8.2.3.2 This exercise shows you how to use MATLAB to do the heavy lifting for Homework 8.2.3.1.
Start with the appended system:

-2 2 =5\ -7 8
2 -3 71 11 —-13
—4 3 =7|1-9 9

Enter this into MATLAB as

A=

-2 2 -5 2?2 ??

2 -3 7 2?2 2?

-4 3 =7 27?2 7?2

]

(You enter 2?.) Create the Gauss transform, Gy, that zeroes the entries in the first column below the diagonal:

GO = [

1 0 0
22 1 0
22 0 1

]
(You fill in the ??). Now apply the Gauss transform to the appended system:
A0 =GO * A

Similarly create Gy,

Gl = [
1722 0
0 1 0
02?2 1

]

A1, Ga, and A;, where A, equals the appended system that has been transformed into a diagonal system. Finally,
let D equal to a diagonal matrix so that A3 = D x A2 has the identity for the first three columns.
You can then find the solutions to the linear systems in the last column.
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(You could use MATLAB to do the heavy lifting, like in the last homework...)

Homework 8.2.3.3 Evaluate
110 O 3 2 10 || =7 16 3 2 10 D |:|
° |:| 0 -3|-3 —14 9 -25 = 0|—-1 -4 |:| |:’
[] 1 3001 495 3 ol -1 6| ] [
1 I:l 0 3 2 10 || =7 16 3 0 2 D |:|
* 0 0 o1-1| -4 2 -9 = ol -1]| -4 |:| I:I
oLl J\o]-1]-6] 2 -13 of of 2L L
1 0 I:I 3 0 21 -3 -2 3 0 0 I:l |:|
o [0 o =14l 2 = |=|0o =1 ofTd O
0 0 1 0 0f-2 0 —4 o ol 2|l L
L1 0 oN/3 o of-3 6 1o od O
oo ollo =t of 2 a1 l=lo1o/0dO
o o L] 0 0 =2} 0 -4 o o 1| L] L]
%0,0 X0,1
Use the above exercises to compute xo = | x;o | andx; = | x;; | thatsolve
X2,0 x2.1
300 + 2010 + 1000 = -7 30 + 2010 + 10x20
—3%00 — 3x0 — 1400 = 9 and 3yoo — 310 — 14%0
300 + Ixio + o = -5 30 + lxio + o

Homework 8.2.3.4 Assume below that all matrices and vectors are partitioned “conformally” so that the opera-
tions make sense.

I'| —up |0 Doy | ao1 | Aoz || Bo Doo | ao1 — ooy | Aoz —uoraly || Bo—ugib?
0 1 0 0 (0481 a{z b{ = 0 (0481 a{z b{
0 —l |1 0 [ ax | A || B2 0 | a1 —aunily | Asp—laialy || By — !

Always/Sometimes/Never
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Algorithm: [A, B] := GAUSSJORDAN_MRHS _PART1(A,B)

. Arp | Arr Br
Partition A — ,B—
Apr | Asr Bp

where Ay is 0 x 0, By has 0 rows
while m(Ar.) <m(A) do

Repartition
Ago | ao1 | A2 By
Arp | Arr - Br -
| g | |an | | b
Apr | Agr Bp
Ay | a2 | A B,

apl := aop1 /041
az1 = as /o1

o T
Agy :=Agz —apiaj,

(
(
(
Ay i=Ap —azal, (=Axn —hyal,)
(
(

By ::Bo—aglb{ =By —up1by)
B> ::Bz—azlb{ :Bg—IZIbI)
ap; ;=0 (zero vector)
a1 :=0 (zero vector)
Continue with
arg | Ar Ao | ao1 | Aoz B, By
aITO o a1T2 , — b{
AprL | ABr Bp
Ay | a1 | A B,
endwhile

Figure 8.3: Algorithm that transforms diagonal matrix A to an identity matrix and updates a matrix B with multiple right-hand
sides accordingly.

Homework 8.2.3.5 Assume below that all matrices and vectors are partitioned “conformally” so that the opera-
tions make sense. Choose

® Upl = am/om; and
* by =ax /0.

The following expression holds:

I'| —up |0 Doy | ao1 | A2 || bo Do | 0 | Ax —uoialy || Bo—upib?
1 0 0 o1 a,TZ Bl = 0 (0551 asz b?
0 —121 1 0 any A22 bz 0 0 A22 — lﬂﬂl{z Bz — lzlb{

Always/Sometimes/Never

The above observations justify the two algorithms in Figures 8.3 and 8.4 for “Gauss-Jordan elimination” that work with
“multiple right-hand sides” (viewed as the columns of matrix B).
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Algorithm: [A, B] := GAUSSJORDAN_MRHS _PART2(A, B)
. Arr | ATr Br
Partition A — ,B—
Apr | Agr Bg
where Ay is 0 x 0, By has 0 rows
while m(Arr) <m(A) do
Repartition
4 4 Ao | ao1 | Aoz 3 By
7L | ATR T
— alTO o1 asz s — b{
ApL | ABr Bp
Ay | a21 | Ax B,
b{ = (1/0(11)[7{
o =1
Continue with
A A Aoo | aor | Aoz 3 By
L | ATR T —
— a{o (0481 a1T2 , — b{
Apr | Agr Bp —
Ay | a1 | A B,
endwhile

Figure 8.4: Algorithm that transforms diagonal matrix A to an identity matrix and updates a matrix B with multiple right-hand
sides accordingly.
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8.2.4 Computing A~! via Gauss-Jordan Elimination

@ View at edX
Recall the following observation about the inverse of matrix A. If we let X equal the inverse of A, then

AX =1

ACn [ [ ) = Ceo e | et ).

so that Ax; = e;. In other words, the jth column of X = A~! can be computed by solving Ax = e j. Clearly, we can use the

or

routine that performs Gauss-Jordan with the appended system ( A || B ) to compute A~! by feeding it B =1I!
p pp y p y g
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Homework 8.2.4.1 Evaluate
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Homework 8.2.4.2 In this exercise, you will use MATLAB to compute the inverse of a matrix using the techniques
discussed in this unit.

A=1[-2 2 -5
Initialize 2 -3 1
-4 3 -7 ]
Create an appended matrix by appending | A_appended = [ A eye(size(R)) ]
the identity
GO=1[1 0 O
Create the first Gauss transform to intro- 2 1.0
2 0 1]

duce zeros in the first column (fill in the
?8).

Apply the Gauss transform to the ap- | A0 = GO * A_appended
pended system

Gl = [
Create the second Gauss transform to in-
troduce zeros in the second column

O O
. = .
= o o

Apply the Gauss transform to the ap- | A1 = G1 * A0
pended system

G2=11 0 7
Create the third Gauss transform to intro- 0 1 7
duce zeros in the third column 0 0 1]
Apply the Gauss transform to the ap- | A2 = G2 * Al
pended system

D3 =1 -1/2 0 O
Create a diagonal matrix to set the diag- 0 -1.0
onal elements to one 0 0 1]

Apply the diagonal matrix to the ap- | A3 = D3 * A2
pended system

Extract the (updated) appended columns | Ainv = A3( :, 4:6 )

Check that the inverse was computed A * Ainv

The result should be a 3 x 3 identity matrix.

Homework 8.2.4.3 Compute

32 9
| 3 3 —14 =
31 3

—1
2 -3 4
el 2 23 =
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tions make sense.

Homework 8.2.4.4 Assume below that all matrices and vectors are partitioned “conformally” so that the opera-

I'| —up | O Dgo | aor | Ao2 || Boo | 0|0
of 1 Jo 0 [an|al, |67 |10
Oy -l |1 0 ar; |Ax || By | 0|1

Dy | ao1 — ouuor | Aoa —uoial, || Boo —uorbly | —uor | O

= 0 oy al b7 1o

0 | a1 —auilyy | Asp—laly || Bog—lably | =l | 1

Always/Sometimes/Never

tions make sense. Choose
® Ugl = a01/0L11; and
o by :=as /0.

Consider the following expression:

Homework 8.2.4.5 Assume below that all matrices and vectors are partitioned “conformally” so that the opera-

I'| —uop | O Doo | aor | Aoz || Boo | 0|0
of 1 Jo 0 lan o, || 65|10
—by | 1 0 |ax |[Axn || B |01

Do | 0 | A —uoialy || Boo—uorbly | —uor | 0

= 0 |an al, b1, 1 |0

0 0 | Ap—bial, || Boo—lably | =l | 1

Always/Sometimes/Never

matrix.

The above observations justify the two algorithms in Figures 8.5 and 8.6 for “Gauss-Jordan elimination” for inverting a
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Algorithm: [A, B] := GJ_INVERSE_PART1(4,B)

Partition A —

while m(Ar.) <m(A) do

Arr | Arr Brr

ApL | ABr Bpr
whereA7; is 0 x 0, Brr is 0 x 0

,B—

Bgr

endwhile

Repartition
Ago | ao1 | A2 Boo | bo1 | Boz
Arp | Arr - - Brr | Brr - -
| app | %1 | a | = | bio | B | b1y
Apr | Agr Bpr | Br
Ay | a1 | A By | b1 | B
whereo;;is 1 x 1, Bll is1x1
a1 := a1 /o1 | A2 :=Aga —apral, Boo := Boo —am bl | bo1 := —an
ay1 i= a1 /o1 | Ay = Ay —azal, By := By —axbly | ba1 := —an
(Note: ap; and a; on the left need to be updated first.)
ap; :=0 (zero vector)
ar; :=0 (zero vector)
Continue with
A A Ago | aor | Aoz B 3 Boo | bo1 | Boz
7L | ATR 7L | Brr
| afy o |a, | | bly | Bu | b,
Apr | Agr Bpr | Br
Ay | a21 | A Byy | by | B

Figure 8.5: Algorithm that transforms diagonal matrix A to an identity matrix and updates an identity matrix stored in B

accordingly.
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Algorithm: [A, B] := GJ_INVERSE_PART2(A, B)

. Arr | Arr Brr | Brr
Partition A — ,B—
ABL ABR BBL BBR
whereATL is 0 x 0, BTL is0x0
while m(Ar) <m(A) do
Repartition
Ago | aor | Aoz Boo | bo1 | Boz
Arp | Arr - - Brr | Brr - -
| ap | %1 | an | = | by | B | b1y
Apr | Agr Bpr | Br
Ay | a2 | Ax By | b21 | B
whereo;;is 1 x 1, Bypis 1 x 1
by = biy/om
Bi1 == PBi1/oui
bi, :=bf,/om
o1 := 1
Continue with
A A Ago | ao1 | Aoz B B Boo | bo1 | Boz
7L | ATR L | Brr
| dlp | o |al, [ — | bl | B | b,
ApL | Asr Bpr | Br
Ay | a21 | A By | by | B2

endwhile

Figure 8.6: Algorithm that transforms diagonal matrix A to an identity matrix and updates an identity matrix stored in B
accordingly.
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8.2.5 Computing A~! via Gauss-Jordan Elimination, Alternative

@ View at edX

We now motivate a slight alternative to the Gauss Jordan method, which is easiest to program.

Homework 8.2.5.1

¢ Determine 890, A1,0, A2, so that

S0 |0 O -1/ -4 =2]]1(0 O 1 4 24 -11]0
Mo|1l O 2 6 211011 0 | = 0| -2 -2 211 0
Mo |0 1 —1 0 31010 1 0 4 S5 -110 1

¢ Determine Vg i, 81,1, and A2 | so that

1|vo:1]|0 1 4 211 —-1]1010 11]0] -2 3 210
08,0 ol-2|-2 2ft]jo [=f[o]1| 1|-1]-5]0
0] A1 | 1 0 4 5/ -1]10]1 0]o 1 3 211
¢ Determine g 2, Vo2, and &, » so that
1 0] vo2 1 0] -2 3 2 1 0 9 6 2
0 1]|v 0 1 1 —1 —% = 0 1 4 — % -1
0 0] 022 0 0 1 3 211 0 0]1 3 2 1
¢ Evaluate
-1 -4 =2 9 6 2
2 6 2 -4 -3 -1 |=
-1 0 3 3 2 1

Homework 8.2.5.2 Assume below that all matrices and vectors are partitioned “conformally” so that the opera-
tions make sense.

1 —Uup1 0 1 apl A02 Boo 00
0 811 0 0] an a{z b{() 110
Ol —In |1 O)ax |Axn || By | 0|1

T T
I'| apr — Oruor | Aoz —uo1ay, || Boo —uorbiy | —uo1 | O

(=)

= 0 S110u1 d11al, d11b%, S

0| a1 —ourlar | A —baal, || Bao—Iably | =l | 1

Always/Sometimes/Never



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9452d6714a0e4725a1ad6d5dae192309/dee2cc3144584d25950c8a756fd47533/5
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9452d6714a0e4725a1ad6d5dae192309/dee2cc3144584d25950c8a756fd47533/5
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Homework 8.2.5.3 Assume below that all matrices and vectors are partitioned “conformally” so that the opera-
tions make sense. Choose

® Uoy = 6101/0611;

. 121 = a21/0L11; and

N 511 = 1/(X11.
I| —up | O I aop |Apx || Boo 0|0
0 611 0 0 o1 asz b{() 110
0 —In | 1 O] axy |Axn || By |01
110 | Ap —ugialy || Boo—uoibly | —uo1 | O
= 011 aITZ/OCn blTO/OCH l/OLll 0
010 A22 - lz]tlsz Bzg - lz]blTO —12] 1

Always/Sometimes/Never

The last homework motivates the algorithm in Figure 8.7

Homework 8.2.5.4 Implement the algorithm in Figure 8.7 yielding the function

e [ Aout ] = GJ_Inverse_alt_unb( A, B ). Assume that it is called as
Ainv = GJ_Inverse_alt_unb( A, B )

Matrices A and B must be square and of the same size.
Check that it computes correctly with the script

® test_GJ_Inverse_alt_unb.m.

Homework 8.2.5.5 If you are very careful, you can overwrite matrix A with its inverse without requiring the
matrix B.

Modify the algorithm in Figure 8.7 so that it overwrites A with its inverse without the use of matrix B yielding the
function

e [ Aout ] = GJ_Inverse_inplaceunb( A ).

Check that it computes correctly with the script

* test_GJ_Inverse_inplace_unb.m.



http://edx-org-utaustinx.s3.amazonaws.com/UT501x/Spring2015/Week8/test_GJ_Inverse_alt_unb.m
http://edx-org-utaustinx.s3.amazonaws.com/UT501x/Spring2015/Week8/test_GJ_Inverse_inplace_unb.m
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Algorithm: [B] := GJ_INVERSE_ALT(A, B)

. Arp | Arr Brr | Brr
Partition A — ,B—

Apr ABr Bpy, Bgr
whereAr; is 0 x 0, By is0 x 0

while m(Ar;) <m(A) do

Repartition
Ao | aor | Aoz Boo | bor | Boz
Arr | Arr = = Brr | Brr = =
| ap | our | ap |- = | biy | B | b1y
ApL | Asr Bgr | Bsr
Ay | a2 | Az By | b21 | B2

whereo;is 1 x 1, By is 1x 1

o o T — T .
apy :=ao1 /o1 | A=A —aoiaj, Boo := Boo —ao1byg | bor := —aon

. . T . T .
ax) :=ax Jo1 | Api=An —azaj, Boo := Byo —aa1byy | b21 = —an
(Note: above ag; and ap; must be updated

before the operations to their right.)

aopl =0

. T . T T . T
o =1 aj, .:alz/()tu blO .:blo/OL“ [311:1/0611
ay; ;=0

(Note: above 011 must be updated last.)

Continue with

Arr | Arr

ApL | Asr

endwhile

Figure 8.7: Algorithm that simultaneously transforms matrix A to an identity and matrix B from the identity to A~
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8.2.6 Pivoting

@ View at edX
Adding pivoting to any of the discussed Gauss-Jordan methods is straight forward. It is a matter of recognizing that if a
zero is found on the diagonal during the process at a point where a divide by zero will happen, one will need to swap the current
row with another row below it to overcome this. If such a row cannot be found, then the matrix does not have an inverse.
We do not further discuss this in this course.

8.2.7 Cost of Matrix Inversion

@ View at edX
Let us now discuss the cost of matrix inversion via various methods. In our discussion, we will ignore pivoting. In other
words, we will assume that no zero pivot is encountered. We wil start with an n X n matrix A.

A very naive approach

Here is a very naive approach. Let X be the matrix in which we will compute the inverse. We have argued several times that

AX = I means that
Alwo x| o ) =(elal[ea)

so that Ax; = e;. So, for each column x;, we can perform the operations
* Compute the LU factorization of A so that A = LU. We argued in Week 6 that the cost of this is approximately %nS flops.
* Solve Lz = e;. This is a lower (unit) triangular solve with cost of approximately n” flops.
* Solve Ux;j = z. This is an upper triangular solve with cost of approximately n? flops.

So, for each column of X the cost is approximately n* +n? +n? = 2n3 +2n%. There are n columns of X to be computed for a

total cost of approximately
2 2
n(gn3 +2n%) = §n4 + 21> flops.

To put this in perspective: A relatively small problem to be solved on a current supercomputer involves a 100,000 x 100,000
matrix. The fastest current computer can perform approximately 55,000 Teraflops, meaning 55 x 10 floating point operations
per second. On this machine, inverting such a matrix would require approximately a third of an hour of compute time.

(Note: such a supercomputer would not attain the stated peak performance. But let’s ignore that in our discussions.)

A less naive approach

The problem with the above approach is that A is redundantly factored into L and U for every column of X. Clearly, we only
need to do that once. Thus, a less naive approach is given by

* Compute the LU factorization of A so that A = LU at a cost of approximately %n3 flops.
* For each column x;

— Solve Lz = ej. This is a lower (unit) triangular solve with cost of approximately n? flops.

— Solve Ux; = z. This is an upper triangular solve with cost of approximately n? flops.

There are n columns of X to be computed for a total cost of approximately

n(n® +n*) = 2n° flops.



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9452d6714a0e4725a1ad6d5dae192309/dee2cc3144584d25950c8a756fd47533/6
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9452d6714a0e4725a1ad6d5dae192309/dee2cc3144584d25950c8a756fd47533/6
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9452d6714a0e4725a1ad6d5dae192309/dee2cc3144584d25950c8a756fd47533/7
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9452d6714a0e4725a1ad6d5dae192309/dee2cc3144584d25950c8a756fd47533/7
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Thus, the total cost is now approximately
2

8
§n3 +2n® = §n3 flops.

Returning to our relatively small problem of inverting a 100,000 x 100,000 matrix on the fastest current computer that can

perform approximately 55,000 Teraflops, inverting such a matrix with this alternative approach would require approximately
0.05 seconds. Clearly an improvement.

The cost of the discussed Gauss-Jordan matrix inversion

Now let’s consider the Gauss-Jordan matrix inversion algorithm that we developed in the last unit:

Algorithm: [B] := GJ_INVERSE_ALT(A, B)
ATL ATR BTL BTR
Partition A — ,
ABL ABR BBL BBR
whereAr; is0x 0, By is 0 x 0
while m(ATL) < m(A) do
Repartition
Ago | aor | Aoz Boo | bo1 | Boz
Arp | ArR BrL | Brr
= | afp | o | af, |- = | bl | Bu | b1,
ApL | ABr Bpr | Bar
Ay | a2 | An B | b21 | B2
whereo;;is I x 1, Bypis1x1
ao1 :=ao1 /o1 | Aoz := Aoz —ao1ai, Boo := Boo —ao1b]y | bor := —ao
a1 :=az /o1 | A=Az —azal, By := Bao —anbly | ba :=—ax
(Note: above ag; and ap; must be updated
before the operations to their right.)
apl - = 0
0(112:1 alTZ ::asz/Om blT() ::blTO/om [311:1/0(11
az| = 0
(Note: above 011 must be updated last.)
Continue with
A A Aoo | aor | A2 B B Boo | bor | Boz
7L | ATR T | Brr
| afy |oui|al, | | bl | B | by
ABL ABR BBL BBR
Ay | az1 | A2 By | ba1 | B2
endwhile

During the kth iteration, A7y, and By, are k X k (starting with k = 0). After repartitioning, the sizes of the different subma-
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trices are
k 1 n—k-1

AN AN AN
k{ Ago | ao1 | Aoz
1 { alTO Q11 asz

n—k—1{ Ay | a1 | A2

The following operations are performed (we ignore the other operations since they are clearly “cheap” relative to the ones we
do count here):

e Ap :=Ap — a01a1T2. This is a rank-1 update. The cost is 2k x (n —k — 1) flops.

* A=Ay — azlasz. This is a rank-1 update. The costis 2(n—k—1) X (n—k— 1) flops.
* Bgo := Bgo — amblTO. This is a rank-1 update. The cost is 2k x k flops.

¢ By : =By — azlbsz. This is a rank-1 update. The cost is 2(n —k — 1) x k flops.

For a total of, approximately,

2U(n—k—1)+2n—k—1)(n—k—1) + 2> +2(n—k—Dk = 2(n—1)(n—k—1)+2(n—1)k

2(n—1)(n—k—1) 2(n—1)k
= 2(n—1)? flops.

Now, we do this for n iterations, so the total cost of the Gauss-Jordan inversion algorithms is, approximately,
2\ 09,3
n(2(n—1)7) = 2n° flops.

Barring any special properties of matrix A, or high-trapeze heroics, this turns out to be the cost of matrix inversion. Notice that
this cost is less than the cost of the (less) naive algorithm given before.
A simpler analysis is as follows: The bulk of the computation in each iteration is in the updates

) T ) T
Boo := Boo —ao1byg || Aoz := Az —ao14a;,

._ T o T
By := By —ax by, || A :=Axn —aza,

Here we try to depict that the elements being updated occupy almost an entire n X n matrix. Since there are rank-1 updates
being performed, this means that essentially every element in this matrix is being updated with one multiply and one add. Thus,
in this iteration, approximately 2n” flops are being performed. The total for 7 iterations is then, approximately, 21> flops.
Returning one last time to our relatively small problem of inverting a 100,000 x 100,000 matrix on the fastest current
computer that can perform approximately 55,000 Teraflops, inverting such a matrix with this alternative approach is further
reduced from approximately 0.05 seconds to approximately 0.036 seconds. Not as dramatic a reduction, but still worthwhile.

Interestingly, the cost of matrix inversion is approximately the same as the cost of matrix-matrix multiplication.

8.3 (Almost) Never, Ever Invert a Matrix

8.3.1 Solving Ax=»b

@ View at edX



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/9452d6714a0e4725a1ad6d5dae192309/920e01472f7d479696c40d7e403632e2/1
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Solving Ax = b via LU Factorization

Homework 8.3.1.1 Let A € R"" and x,b € R". What is the cost of solving Ax = b via LU factorization (assuming
there is nothing special about A)? You may ignore the need for pivoting.

Solving Ax = b by Computing A~!

Homework 8.3.1.2 Let A € R"*" and x,b € R". What is the cost of solving Ax = b if you first invert matrix A and
than compute x = A~'b? (Assume there is nothing special about A and ignore the need for pivoting.)

Just Don’t Do It!

The bottom line is: LU factorization followed by two triangular solves is cheaper!
Now, some people would say “What if we have many systems Ax = b where A is the same, but b differs? Then we can just
invert A once and for each of the bs multiply x = A~'b.

Homework 8.3.1.3 What is wrong with the above argument?

There are other arguments why computing A~! is a bad idea that have to do with floating point arithmetic and the roundoff
error that comes with it. This is a subject called “numerical stability”, which goes beyond the scope of this course.

So.... You should be very suspicious if someone talks about computing the inverse of a matrix. There are very, very few
applications where one legitimately needs the inverse of a matrix.

However, realize that often people use the term “inverting a matrix” interchangeably with “solving Ax = b”, where they
don’t mean to imply that they explicitly invert the matrix. So, be careful before you start arguing with such a person! They
may simply be using awkward terminology.

Of course, the above remarks are for general matrices. For small matrices and/or matrices with special structure, inversion
may be a reasonable option.

8.3.2 But...
No Video for this Unit

Inverse of a general matrix

Ironically, one of the instructors of this course has written a paper about high-performance inversion of a matrix, which was
then published by a top journal:

Xiaobai Sun, Enrique S. Quintana, Gregorio Quintana, and Robert van de Geijn.

A Note on Parallel Matrix Inversion.

SIAM Journal on Scientific Computing, Vol. 22, No. 5, pp. 1762-1771.

Available from http://www.cs.utexas.edu/users/flame/pubs/SIAMMatrixInversion.pdf.
(This was the first journal paper in which the FLAME notation was introduced.)

The algorithm developed for that paper is a blocked algorithm that incorporates pivoting that is a direct extension of the
algorithm we introduce in Unit 8.2.5. It was developed for use in a specific algorithm that required the explicit inverse of a
general matrix.

Inverse of a symmetric positive definite matrix

Inversion of a special kind of symmetric matrix called a symmetric positive definite (SPD) matrix is sometimes needed in
statistics applications. The inverse of the so-called covariance matrix (which is typically a SPD matrix) is called the precision
matrix, which for some applications is useful to compute. We talk about how to compute a factorization of such matrices in this
week’s enrichment.

If you go to wikipedia and seach for “precision matrix” you will end up on this page:



https://www.youtube.com/watch?v=rQQrJueA9Uo
http://www.cs.utexas.edu/users/flame/pubs/SIAMMatrixInversion.pdf
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Precision (statistics)

that will give you more information.
We have a paper on how to compute the inverse of a SPD matrix:

Paolo Bientinesi, Brian Gunter, Robert A. van de Geijn.

Families of algorithms related to the inversion of a Symmetric Positive Definite matrix.
ACM Transactions on Mathematical Software (TOMS), 2008

Available from http://www.cs.utexas.edu/~flame/web/FLAMEPublications.html.

Welcome to the frontier!

Try reading the papers above (as an enrichment)! You will find the notation very familiar.

8.4 (Very Important) Enrichment

8.4.1 Symmetric Positive Definite Matrices

Symmetric positive definite (SPD) matrices are an important class of matrices that occur naturally as part of applications. We
will see SPD matrices come up later in this course, when we discuss how to solve overdetermined systems of equations:

Bx=y where BeR"™" andm > n.

In other words, when there are more equations than there are unknowns in our linear system of equations. When B has “linearly
independent columns,” a term with which you will become very familiar later in the course, the best solution to Bx = y satisfies
BTBx = BTy. If wesetA=B'Band b= BTy, then we need to solve Ax = b, and now A is square and nonsingular (which we
will prove later in the course). Now, we could solve Ax = b via any of the methods we have discussed so far. However, these
methods ignore the fact that A is symmetric. So, the question becomes how to take advantage of symmetry.

Definition 8.1 Ler A € R"™*". Matrix A is said to be symmetric positive definite (SPD) if
e A is symmetric, and
o xTAx > 0 for all nonzero vectors x € R".

A nonsymmetric matrix can also be positive definite and there are the notions of a matrix being negative definite or indefinite.
We won’t concern ourselves with these in this course.
Here is a way to relate what a positive definite matrix is to something you may have seen before. Consider the quadratic
polynomial
— 2 —
p(x) = 0" +Bx+v=xox+Bx+v.

The graph of this function is a parabola that is “concaved up” if & > 0. In that case, it attains a minimum at a unique value .
Now consider the vector function f : R" — R given by

fx) =xTAx4+b"x+y

where A € R™" b € R", and 7 € R are all given. If A is a SPD matrix, then this equation is minimized for a unique vector x. If
n =2, plotting this function when A is SPD yields a paraboloid that is concaved up:



http://en.wikipedia.org/wiki/Precision_matrix
http://www.cs.utexas.edu/~flame/web/FLAMEPublications.html
http://www.cs.utexas.edu/~flame/web/FLAMEPublications.html
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8.4.2 Solving Ax = b when A is Symmetric Positive Definite

We are going to concern ourselves with how to solve Ax = b when A is SPD. What we will notice is that by taking advantage
of symmetry, we can factor A akin to how we computed the LU factorization, but at roughly half the computational cost. This
new factorization is known as the Cholesky factorization.

Cholesky factorization theorem

Theorem 8.2 Let A € R™" be a symmetric positive definite matrix. Then there exists a lower triangular matrix L € R"" such
that A = LL” . If the diagonal elements of L are chosen to be positive, this factorization is unique.

We will not prove this theorem.

Unblocked Cholesky factorization

We are going to closely mimic the derivation of the LU factorization algorithm from Unit 6.3.1.
Partition
oy | * Mi| O
A— , and L—
ar; | Axn b1 | Ly

Here we use * to indicate that we are not concerned with that part of the matrix because A is symmetric and hence we should
be able to just work with the lower triangular part of it.
We want L to satisfy A = LL”. Hence

A L Lr
—_—
—_— —_— T
Oy | * Mi| O AMi| O
ax| | Ax b1 | L» b1 | Ly
L LT
_ M1 0 Mi lgl
by | Lo 0 | LI,
LLT
A, +0x0 | X
by + Ly x0 ‘ bld, + LpLl,
LLT
A3 ‘ *

bl ‘ bl + Ly Ll

where, again, the x refers to part of the matrix in which we are not concerned because of symmetry.
For two matrices to be equal, their elements must be equal, and therefore, if they are partitioned conformally, their subma-
trices must be equal:

— 12
0611—7\.11 ‘ *

az1 = b\ ‘ Ay =Dl + LpLl,

or, rearranging,
A= VALSS ‘ *

b1 =ax1 /M1 ‘ LpLl, = Apy — Iy 1],

This suggests the following steps for overwriting a matrix A with its Cholesky factorization:
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Figure 8.8: Algorithm for overwriting the lower triangular part of A with its Cholesky factor.

Partition

o =/ (=2An).

Update ay; = a1 /04

Algorithm: [A] := CHOL_UNB_VAR3(A)

Arr | Arr

Apr | Agr
where Arp is0x0
while m(Ar.) <m(A) do

Repartition

Partition A —

A A Ago | ao1 | Aoz
7L | Arr
T T
| aj | %1 | gy,
Apr | Agr
Ay | a2 | A2
Ay i= /0

ax1 = as1 /01

. T
A=A —aziay

(updating only the lower triangular part)

Continue with

Ago | ao1 | Aoz
Arp | Arr T T
— ajo o1 ajn
Apr | Agr
Ay | az1 | A
endwhile

(= ).

Update Ay = Az — a21a1T2(: Ay — 121151)
Here we use a “symmetric rank-1 update” since Ay and I, 112Tl are both symmetric and hence only the lower triangular
part needs to be updated. This is where we save flops.

Overwrite A, with Ly, by repeating with A = A»».

This overwrites the lower triangular part of A with L.
The above can be summarized in Figure 8.8. The suspicious reader will notice that a1 := /01 is only legal if a;; > 0 and
az) :=ap1 /oy is only legal if a;; # 0. It turns out that if A is SPD, then

* oy > 0 in the first iteration and hence o; := /01 and az; := az; /04 are legal; and

e Ay :=An —azjal] is again a SPD matrix.

The proof of these facts goes beyond the scope of this course. The net result is that the algorithm will compute L if it is executed
starting with a matrix A that is SPD. It is useful to compare and contrast the derivations of the unblocked LU factorization and
the unblocked Cholesky factorization, in Figure 8.9.
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LU factorization

Cholesky factorization

T T
o |a 110 V| u o A
A 1] %2 L U 11| U1p Al 1| 11
ax |Axn bi|Lxn 0 |Un a ‘Agz 121 Ly
o | x B 7w11 A1 ‘
1 ‘ 0 T ‘ ul, az |Ax b ‘Lzz by ‘Lzz
I ‘Lzz 0 ‘Uzz N
V11 ‘ M1T2 l2l7b11 ‘121[12 +L22L22
T
h1V11 ‘ biuy, + LUy
_ T _ T _ 32
11 = V11 | ajp = Uy 0611—7\,11 | *
T T 2
az1 = hivn | Ay = Duyy +LanUn az = A | Az =l +Lnls,
O -= 01 o1 i= /011
T ._ T —
aj =ap, az1 = az1 /Oy
. . T
az1 =az /o A=A —ayaj,

) T
Ay i=Axp —aaj,

(update only lower triangular part)

Algorithm: [A] := LU_UNB_VARS5(A)

Arp | Arr

Partition A —

ApL | Asr
where A7y is 0 x 0
while m(Ar.) <m(A) do

Repartition
Aoo | ao1 | A2
Arr | Arr =
| app | o | ap
ApL | Asr
Ay | a1 | A
ax 1= ap1 /0y

._ T
Axp :=Axp —ayaj,

Continue with

Algorithm: [A] := CHOL_UNB_VAR3(A)

Arr | Arr

Partition A —

ApL | Asr
where A7 is0x0
while m(Ar;) <m(A) do

Repartition
A A Ao | aor | Aoz
TL TR
= | afy | o | af,
Apr | Asr
Ay | a1 | A
O = /01

a1 i=az /oy
A=Ay —ayal)
(updating only the lower triangular part)

Continue with

Aoo | aor | Aoz Aoo | aor | Aoz
Arr | Arr T T Arp | Arr T T
| ap | % | 91 — | aly | an | 4,
ApL | Asr ApL | Asr
Ay | a1 | A Ay | a1 | A2
endwhile endwhile

Figure 8.9: Side-by-side derivations of the unblocked LU factorization and Cholesky factorization algorithms.
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Once one has computed the Cholesky factorization of A, one can solve Ax = b by substituting

A

=
LLT x=b

and first solving Lz = b after which solving LT x = z computes the desired solution x. Of course, as you learned in Weeks 3 and
4, you need not transpose the matrix!

Blocked (and other) algorithms

If you are interested in blocked algorithms for computing the Cholesky factorization, you may want to look at some notes we
wrote:

Robert van de Geijn.
Notes on Cholesky Factorization
http://www.cs.utexas.edu/users/flame/Notes/NotesOnCholReal.pdf

These have since become part of the notes Robert wrote for his graduate class on Numerical Linear Algebra:

Robert van de Geijn.
Linear Algebra: Foundations to Frontiers - Notes on Numerical Linear Algebra, Chapter 12.

Systematic derivation of Cholesky factorization algorithms

@ View at edX

The above video was created when Robert was asked to give an online lecture for a class at Carnegie Mellon University.
It shows how algorithms can be systematically derived (as we discussed already in Week 2) using goal-oriented programming.
It includes a demonstration by Prof. Paolo Bientinesi (RWTH Aachen University) of a tool that performs the derivation au-
tomatically. It is when a process is systematic to the point where it can be automated that a computer scientist is at his/her
happiest!

More materials

You will find materials related to the implementation of this operations, including a video that demonstrates this, at
http://www.cs.utexas.edu/users/flame/Movies.html#Chol

Unfortunately, some of the links don’t work (we had a massive failure of the wiki that hosted the material).

8.4.3 Other Factorizations

‘We have now encountered the LU factorization,

A=LU,
the LU factorization with row pivoting,

PA=LU,
and the Cholesky factorization,

A=LL".
Later in this course you will be introduced to the QR factorization,

A= OR,

where Q has the special property that Q' Q = I and R is an upper triangular matrix.
‘When a matrix is indefinite symmetric, there is a factorization called the LDLT (pronounce as L D L transpose) factorization,

A=LDL",

where L is unit lower triangular and D is diagonal. You may want to see if you can modify the derivation of the Cholesky
factorization to yield an algorithm for the LDLT factorization.
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8.4.4 Welcome to the Frontier

Building on the material to which you have been exposed so far in this course, you should now be able to fully understand
significant parts of many of our publications. (When we write our papers, we try to target a broad audience.) Many of these
papers can be found at

http://www.cs.utexas.edu/~flame/web/publications.

If not there, then Google!
Here is a small sampling:

* The paper I consider our most significant contribution to science to date:

Paolo Bientinesi, John A. Gunnels, Margaret E. Myers, Enrique S. Quintana-Orti, Robert A. van de Geijn.
The science of deriving dense linear algebra algorithms.
ACM Transactions on Mathematical Software (TOMS), 2005.

The book that explains the material in that paper at a more leisurely pace:

Robert A. van de Geijn and Enrique S. Quintana-Orti.
The Science of Programming Matrix Computations.
www.lulu.com, 2008.

* The journal paper that first introduced the FLAME notation:

Xiaobai Sun, Enrique S. Quintana, Gregorio Quintana, and Robert van de Geijn.
A Note on Parallel Matrix Inversion.

SIAM Journal on Scientific Computing, Vol. 22, No. 5, pp. 1762-1771.
http://www.cs.utexas.edu/~flame/pubs/SIAMMatrixInversion.pdf.

* The paper that discusses many operations related to the inversion of a SPD matrix:

Paolo Bientinesi, Brian Gunter, Robert A. van de Geijn.
Families of algorithms related to the inversion of a Symmetric Positive Definite matrix.
ACM Transactions on Mathematical Software (TOMS), 2008.

* The paper that introduced the FLAME APIs:

Paolo Bientinesi, Enrique S. Quintana-Orti, Robert A. van de Geijn.
Representing linear algebra algorithms in code: the FLAME application program interfaces.
ACM Transactions on Mathematical Software (TOMS), 2005.

* Our papers on high-performance implementation of BLAS libraries:

Kazushige Goto, Robert A. van de Geijn.
Anatomy of high-performance matrix multiplication.
ACM Transactions on Mathematical Software (TOMS), 2008.

Kazushige Goto, Robert van de Geijn.
High-performance implementation of the level-3 BLAS.
ACM Transactions on Mathematical Software (TOMS), 2008

Field G. Van Zee, Robert A. van de Geijn.
BLIS: A Framework for Rapid Instantiation of BLAS Functionality.
ACM Transactions on Mathematical Software, to appear.

* A classic paper on how to parallelize matrix-matrix multiplication:

Robert A van de Geijn, Jerrell Watts.
SUMMA: Scalable universal matrix multiplication algorithm.
Concurrency Practice and Experience, 1997.
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For that paper, and others on parallel computing on large distributed memory computers, it helps to read up on collective
communication on massively parallel architectures:

Ernie Chan, Marcel Heimlich, Avi Purkayastha, Robert van de Geijn.
Collective communication: theory, practice, and experience.
Concurrency and Computation: Practice & Experience , Volume 19 Issue 1, September 2007

* A paper that gives you a peek at how to parallelize for massively parallel architectures:

Jack Poulson, Bryan Marker, Robert A. van de Geijn, Jeff R. Hammond, Nichols A. Romero.
Elemental: A New Framework for Distributed Memory Dense Matrix Computations.
ACM Transactions on Mathematical Software (TOMS), 2013.

Obviously, there are many people who work in the area of dense linear algebra operations and algorithms. We cite our
papers here because you will find the notation used in those papers to be consistent with the slicing and dicing notation that you
have been taught in this course. Much of the above cite work builds on important results of others. We stand on the shoulders
of giants.

8.5 Wrap Up

8.5.1 Homework
8.5.2 Summary

Equivalent conditions

The following statements are equivalent statements about A € R™*":

* A is nonsingular.

* Ais invertible.

» A~ exists.

cAAT' =ATTA=1

* A represents a linear transformation that is a bijection.
e Ax = b has a unique solution for all b € R".

* Ax =0 implies that x = 0.

* Ax = ¢; has a solution for all j € {0,...,n—1}.

¢ The determinant of A is nonzero: det(A) # 0.

» LU with partial pivoting does not break down.

Algorithm for inverting a matrix

See Figure 8.10.

Cost of inverting a matrix

Via Gauss-Jordan, taking advantage of zeroes in the appended identity matrix, requires approximately

2n° floating point operations.
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Algorithm: [A] := GJ_INVERSE_INPLACE(A)

Arp | Arr

Partition A —

Apr | Asr
whereAr; is 0 x 0

while m(Ar,) <m(A) do

Repartition
A A Ao | ao1 | Aoz
TL TR
= | aly | o | afy
ApL | Asr
Ay | a2 | A

whereo;is 1 x 1

aor :=ao1 /o1 | A=A —agial, Ago :=Ago —apialy | apr == —an
ay1 :=ay /o1 | Az :=Ayn—anal, Ay i=Ap —analy | an :=—ay
(Note: above ag; and ap; must be updated
before the operations to their right.)
ajy = af /o ajy = ajp/on1 o =1/0u;

(Note: above 011 must be updated last.)

Continue with

Aoo | aor | Aoz
Arr | Arr T T
< ajo o1 app

ApL | Asr
Ay | a1 | Az

endwhile

Figure 8.10: Algorithm for inplace inversion of a matrix (when pivoting is not needed).

(Almost) never, ever invert a matrix
Solving Ax = b should be accomplished by first computing its LU factorization (possibly with partial pivoting) and then solving

with the triangular matrices.
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w9

Week

Vector Spaces

9.1 Opening Remarks

9.1.1

Consider the picture

Solvable or not solvable, that’s the question

@ View at edX

p(X) =Yo+Mx+VX*

depicting three points in R? and a quadratic polynomial (polynomial of degree two) that passes through those points. We say
that this polynomial interpolates these points. Let’s denote the polynomial by

How can we find the coefficients Yy, 1, and ¥, of this polynomial? We know that p(—2)

Yo
Yo
Yo

(%) =Yo + 11 + V21>

+ m(-2)
+ 1 (0)
+ mn (2

313

+ 1(-2)?
+ 1 (0)?
+ 1 (2)?

= —1, p(0) =2, and p(2) = 3. Hence

—1
2
3
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In matrix notation we can write this as

1 -2 4 Yo ~1
1 00 nl=1] 2
1 2 4 T 3

By now you have learned a number of techniques to solve this linear system, yielding

Yo 2
M| = 1
Y2 —0.25

so that |
pX) =2+%— %"

Now, let’s look at this problem a little differently. p()) is a linear combination (a word you now understand well) of the
polynomials po(x) = 1, p1()) = %, and pa(x) = x°. These basic polynomials are called “parent functions”.

FN

‘1 .

02

Now, notice that

p(=2) Yo + n(=2) + n(-2)7?
p(0) = | % + 10 + 107
p(2) o + nR  + 17
po(=2) p1(=2) p2(-2)
= Y| po(0) +Yl(p1(0) +Y2 | p2(0)
po(2) p1(2) p2(2)
1 -2 (—2)?
= Y| 1 [+71 0 [+m 02
1 2 22
1 -2
= Y| 1 |+M 0 |+7
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as vectors that capture the polynomials pg, p1, and p;

captures the polynomial p that interpolates the given points.

1 -2 4
You need to think of the three vectors 1 |, 0 |,and 0
1 4
—1
at the values —2, 0, and 2. Similarly, the vector 2
3
-2
o o
® /
—1
o O 1
2
o o o 1
1
O >
o
O

What we notice is that this last vector must equal a linear combination of the first three vectors:

Again, this gives rise to the matrix equation

with the solution

Y2

-2

N

4 ~1
0 +v| O = 2
2 4 3
Yo -1
o= 2
T2 3
2
= 1
—0.25

The point is that one can think of finding the coefficients of a polynomial that interpolates points as either solving a system of
linear equations that come from the constraint imposed by the fact that the polynomial must go through a given set of points, or
as finding the linear combination of the vectors that represent the parent functions at given values so that this linear combination
equals the vector that represents the polynomial that is to be found.
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[ ]
[ ] [ ] ©)
]
©) [ ]
L4
'I
[ ] [ ] [ ] [

Vv

Vv

@)

Figure 9.1: Interpolating with at second degree polynomial at y = —2,0,2,4.

To be or not to be (solvable), that’s the question

Next, consider the picture in Figure 9.1 (left), which accompanies the matrix equation

1 -2 4 —
oo o[ | 2
ISR B
14 16) N 2
Now, this equation is also solved by

Yo 2

o= 1

2 —0.25

The picture in Figure 9.1 (right) explains why: The new brown point that was added happens to lie on the overall quadratic
polynomial p(y).
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[ ]
[ ]
[ ] [ ] ©)
]
©)
L4
'I
[ ] [ ] [ ] [

Vv

Vv

@)

Figure 9.2: Interpolating with at second degree polynomial at 3y = —2,0,2,4: when the fourth point doesn’t fit.

Finally, consider the picture in Figure 9.2 (left) which accompanies the matrix equation

1 -2 4 -1
1 0 0 10 | 2
| M =

1 4 16 2 9

It turns out that this matrix equation (system of linear equations) does not have a solution. The picture in Figure 9.2 (right)
explains why: The new brown point that was added does not lie on the quadratic polynomial p; ().

This week, you will learn that the system Ax = b for an m X n matrix A sometimes has a unique solution, sometimes has no
solution at all, and sometimes has an infinite number of solutions. Clearly, it does not suffice to only look at the matrix A. It is
how the columns of A are related to the right-hand side vector that is key to understanding with which situation we are dealing.
And the key to understanding how the columns of A are related to those right-hand sides for which Ax = b has a solution is to
understand a concept called vector spaces.
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9.1.3 What you will learn

Upon completion of this unit, you should be able to

Determine when systems do not have a unique solution and recognize the general solution for a system.

Use and understand set notation.

Determine if a given subset of R” is a subspace.

For simple examples, determine the null space and column space for a given matrix.

Identify, apply, and prove simple properties of sets, vector spaces, subspaces, null spaces and column spaces.
Recognize for simple examples when the span of two sets of vectors is the same.

Determine when a set of vectors is linearly independent by exploiting special structures. For example, relate the rows of
a matrix with the columns of its transpose to determine if the matrix has linearly independent rows.

For simple examples, find a basis for a subspace and recognize that while the basis is not unique, the number of vectors
in the basis is.
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9.2 When Systems Don’t Have a Unique Solution

9.2.1 When Solutions Are Not Unique

@ View at edX

Up until this week, we looked at linear systems that had exactly one solution. The reason was that some variant of Gaussian
elimination (with row exchanges, if necessary and/or Gauss-Jordan elimination) completed, which meant that there was exactly
one solution.

What we will look at this week are linear systems that have either no solution or many solutions (indeed an infinite number).

Example 9.1 Consider

2 2 -2 X0 0
-2 -3 4 v |=1 3
4 3 -2 X 3

Does Ax = b have a solution? The answer is yes:

2 2 =2 2 0
-2 -3 4 -1 |=|3 ] \/
4 3 =2 1 3
But this is not the only solution:
3
2 2 =2 5 0 \/
-2 -3 4 0 |=1]3
3
4 3 =2 5 3
and
2 2 =2 3 0
-2 -3 4 -3 | = : \/
4 3 =2 0 3

Indeed, later we will see there are an infinite number of solutions!

Example 9.2 Consider

2 2 -2 X0 0
2 -3 4 xn | =
4 3 -2 % 4

We will show that this equation does not have a solution in the next unit.
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Homework 9.2.1.1 Evaluate
2 -4 =2 1
L. -2 4 1 0 |=
2 -4 0 -1
2 —4 =2 3
2 -2 4 1 1 | =
2 -4 0 -1
2 -4 =2 -1
3 -2 4 1 -1 | =
2 -4 0 —1
2 —4 =2 X0 4
Does the system | —2 4 1 x1 | =] -3 | have multiple solutions? Yes/No
2 -4 0 X2 2

9.2.2 When Linear Systems Have No Solutions

@ View at edX
Consider
2 2 =2 %0 0
-2 -3 4 x| =
4 3 =2 X2 4
* Set this up as an appended system
2 2 =210
-2 -3 4|3
4 3 =214

Now, start applying Gaussian elimination (with row exchanges).

* Use the first row to eliminate the coefficients in the first column below the diagonal:

2 2 =210
0 -1
0 -1 2
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* At this point, we have encountered a zero on the diagonal of the matrix that cannot be fixed by exchanging with rows
below the row that has the zero on the diagonal.

Now we have a problem: The last line of the appended system represents

OXxxo+0xx1+0xx2 =1,

or,
0=1

which is a contradiction. Thus, the original linear system represented three equations with three unknowns in which a contra-
diction was hidden. As a result this system does not have a solution.

Anytime you execute Gaussian elimination (with row exchanges) or Gauss-Jordan (with row exchanges) and at some point
encounter a row in the appended system that has zeroes to the left of the vertical bar and a nonzero to its right, the process
fails and the system has no solution.

2 -4 =2 X0 4
Homework 9.2.2.1 The system | —2 4 1 X1

-3 has no solution.

2 -4 0 X2 3

True/False

9.2.3 When Linear Systems Have Many Solutions

@ View at edX
Now, let’s learn how to find one solution to a system Ax = b that has an infinite number of solutions. Not surprisingly, the
process is remarkably like Gaussian elimination:
Consider again

2 2 =2 X0 0
A=] -2 -3 4 x1 | =1 3
4 3 =2 X2 3
Set this up as an appended systems
2 2 =210
2 -3 413 ©.1)
4 3 =213

Now, apply Gauss-Jordan elimination. (Well, something that closely resembles what we did before, anyway.)

¢ Use the first row to eliminate the coefficients in the first column below the diagonal:

2 2 =210
0 -1 213
0 -1 2

¢ Use the second row to eliminate the coefficients in the second column below the diagonal and use the second row to
eliminate the coefficients in the second column above the diagonal:

2 0 216
0 -1 23
0 0 0]0
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* Divide the first and second row by the diagonal element:

1 0 1 3
01 —2|-=-3
00 O 0

Now, what does this mean? Up until this point, we have not encountered a situation in which the system, upon completion
of either Gaussian elimination or Gauss-Jordan elimination, an entire zero row. Notice that the difference between this situation
and the situation of no solution in the previous section is that the entire row of the final appended system is zero, including the
part to the right of the vertical bar.

So, let’s translate the above back into a system of linear equations:

X0 + X2 = 3
X1 — 2% = -3
0 = 0

Notice that we really have two equations and three unknowns, plus an equation that says that “0 = 0”, which is true, but doesn’t
help much!

Two equations with three unknowns does not give us enough information to find a unique solution. What we are going to
do is to make x> a “free variable”, meaning that it can take on any value in R and we will see how the “bound variables” yo and
%1 now depend on the free variable. To so so, we introduce B to capture this “any value” that ), can take on. We introduce this
as the third equation

X0 + X = 3
Xt — 2% = -3
X = B

and then substitute [ in for %> in the other equations:

Xo + B = 3
Xt — 2B = -3
X = B

Next, we bring the terms that involve P to the right

Xo = 3 - B
X1 = -3 + 2B
X2 = p
Finally, we write this as vectors:
Xo 3 —1
xi |[=| -3 |+B 2
X2 0 1

We now claim that this captures all solutions of the system of linear equations. We will call this the general solution.
Let’s check a few things:

¢ Let’s multiply the original matrix times the first vector in the general solution:

2 2 =2 3 0
2 -3 4 —3=3.\/

4 3 -2 0 3
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Thus the first vector in the general solution is a solution to the linear system, corresponding to the choice B = 0. We will

call this vector a specific solution and denote it by x;. Notice that there are many (indeed an infinite number of) specific
solutions for this problem.

* Next, let’s multiply the original matrix times the second vector in the general solution, the one multiplied by f3:

2 2 2 —1 0
2 3 4 2 =10 \/
4 3 -2 1

And what about the other solutions that we saw two units ago? Well,

2 2 =2 2 0
-2 -3 4 -1 1=131- \/
4 3 -2 1 3
and
2 2 =2 3/2 0
-2 =3 4 0 =13 \/
4 3 =2 3/2 3

But notice that these are among the infinite number of solutions that we identified:

2 3 -1 3/2 3 -1
1 |=] =3 |+ 2| and o= -3 |+3@/2)| 2
1 0 1 3/2 0 1

9.2.4 What is Going On?

@ View at edX

Consider Ax = b and assume that we have

* One solution to the system Ax = b, the specific solution we denote by x; so that Ax; = b.

* One solution to the system Ax = 0 that we denote by x;,, so that Ax,, = 0.

Then
A(xg+x,)
= < Distribute A >
Axg+Ax,
= < Axy=band Ax,, =0 >
b+0

= < algebra >

So, x; + x, is also a solution.
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Now,
A(xs + Bxn)
= < Distribute A >
Axs +A(Bxn)
= < Constant can be brought out >
Ax; + BAx,
= < Axy=band Ax,, =0 >
b+0
= < algebra >
b

So A(xs + Pxy) is a solution for every § € R.

Given a linear system Ax = b, the strategy is to first find a specific solution, x; such that Ax; = b. If this is clearly a unique
solution (Gauss-Jordan completed successfully with no zero rows), then you are done. Otherwise, find vector(s) x, such
that Ax,, = 0 and use it (these) to specify the general solution.

We will make this procedure more precise later this week.

Homework 9.2.4.1 Let Ax; = b, Ax,, = 0 and Ax,, = 0. Also, let By, B; € R. Then A(x; + Boxn, + P1xn,) = b.
Always/Sometimes/Never

9.2.5 Toward a Systematic Approach to Finding All Solutions

@ View at edX

Let’s focus on finding nontrivial solutions to Ax = 0, for the same example as in Unit 9.2.3. (The trivial solution to Ax =0 is
x=0.)
Recall the example

2 2 =2 X0 0
-2 -3 4 x1 | =1 3
4 3 =2 X2 3
which had the general solution
X0 3 -1
xn | =] -3 |+B 2
X2 0 1

We will again show the steps of Gaussian elimination, except that this time we also solve

2 2 =2 X0 0
-2 -3 4 xvi |=1]0
4 3 -2 X2 0

* Set both of these up as an appended systems

2 2 -2/0 2 2 =210
—2 -3 4|3 —2 -3 4
4 3 2|3 4 3 210



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/290b3c9657b4487d9ccf0506f1fe3f66/ad2a2af1697241ec9a1f5c814bece403/5
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/290b3c9657b4487d9ccf0506f1fe3f66/ad2a2af1697241ec9a1f5c814bece403/5

Week 9. Vector Spaces 326

* Use the first row to eliminate the coefficients in the first column below the diagonal:

2] 2 2|0 2] 2 210
0 -1 2|3 0 -1 2/0
0 -1 2|3 0 -1 2|0

* Use the second row to eliminate the coefficients in the second column below the diagonal

2 210 2 210
0o [-1] 2|3 o [-1] 2]o
0

0 0 010 0 0

Some terminology

The form of the transformed equations that we have now reached on the left is known as the row-echelon form. Let’s examine

1t:
2 210
0o |[-1] 2|3

0 0 010
The boxed values are known as the pivots. In each row to the left of the vertical bar, the left-most nonzero element is the pivot
for that row. Notice that the pivots in later rows appear to the right of the pivots in earlier rows.
Continuing on
» Use the second row to eliminate the coefficients in the second column above the diagonal:

216 210
0 213 0 210
0 0]0 0 0|0

|
o!o
'
o7l o

In this way, all elements above pivots are eliminated. (Notice we could have done this as part of the previous step, as part
of the Gauss-Jordan algorithm from Week 8. However, we broke this up into two parts to be able to introduce the term
row echelon form, which is a term that some other instructors may expect you to know.)

* Divide the first and second row by the diagonal element to normalize the pivots:

1| 3 1] o 0
2| -3 0o [1] —2]o0
0

0 0 0

0
0

OHO

Some more terminology

The form of the transformed equations that we have now reached on the left is known as the reduced row-echelon form. Let’s

examine it:
0 1] 3 0 110
o [1] —2|-3 o [1] —2/o0

0o 0 0] O 0 0 o0]0

In each row, the pivot is now equal to one. All elements above pivots have been zeroed.
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Continuing on again

* Observe that there was no need to perform all the transformations with the appended system on the right. One could have
simply applied them only to the appended system on the left. Then, to obtain the results on the right we simply set the
right-hand side (the appended vector) equal to the zero vector.

So, let’s translate the left appended system back into a system of linear systems:

X0 + X = 3
X1 — 2% = -3
0 = 0

As before, we have two equations and three unknowns, plus an equation that says that “0 = 0”, which is true, but doesn’t help
much! We are going to find one solution (a specific solution), by choosing the free variable ¥, = 0. We can set it to equal
anything, but zero is an easy value with which to compute. Substituting %> = O into the first two equations yields

X0 + 0 = 3
xt — 20) = -3
0 = 0
We conclude that a specific solution is given by
Xo 3
Xs = X1 = -3
X2 0

Next, let’s look for one non-trivial solution to Ax = 0 by translating the right appended system back into a system of linear
equations:

X0 + X =
X1 — 2% =

Now, if we choose the free variable ), = 0, then it is easy to see that o = %1 = 0, and we end up with the trivial solution, x = 0.
So, instead choose y» = 1. (We, again, can choose any value, but it is easy to compute with 1.) Substituting this into the first
two equations yields

Xo + 1 =
xo— 21) =

Solving for %o and % gives us the following non-trivial solution to Ax = 0:

—1
Xn = 2
But if Ax, = 0, then A(Bx,,) = 0. This means that all vectors
3 -1
X+Pu = =3 | +B| 2
0 1

solve the linear system. This is the general solution that we saw before.

In this particular example, it was not necessary to exchange (pivot) rows.




Week 9. Vector Spaces 328

Homework 9.2.5.1 Find the general solution (an expression for all solutions) for

2 -2 4 X0 4
2 1 4 v |=] -3
2 0 -4 X 2

Homework 9.2.5.2 Find the general solution (an expression for all solutions) for

2 -4 -2 X0 4
2 4 1 xn [=] -3
2 -4 0 X 2

9.3 Review of Sets

9.3.1 Definition and Notation

@ View at edX

We very quickly discuss what a set is and some properties of sets. As part of discussing vector spaces, we will see lots of
examples of sets and hence we keep examples down to a minimum.

Definition 9.3 In mathematics, a set is defined as a collection of distinct objects.

The objects that are members of a set are said to be its elements. If S is used to denote a given set and x is a member of that
set, then we will use the notation x € S which is pronounced x is an element of S.

If x, y, and z are distinct objects that together are the collection that form a set, then we will often use the notation {x,y,z}
to describe that set. It is extremely important to realize that order does not matter: {x,y,z} is the same set as {y,z,x}, and this
is true for all ways in which you can order the objects.

A set itself is an object and hence once can have a set of sets, which has elements that are sets.

Definition 9.4 The size of a set equals the number of distinct objects in the set.
This size can be finite or infinite. If S denotes a set, then its size is denoted by |S|.

Definition 9.5 Let S and T be sets. Then S is a subset of T if all elements of S are also elements of T. We use the notation
S CTorT DS toindicate that S is a subset of T.

Mathematically, we can state this as
(SCT)e (xeS=xeT).

(S is a subset of T if and only if every element in S is also an element in T'.)

Definition 9.6 Let S and T be sets. Then S is a proper subset of T if all S is a subset of T and there is an element in T that is
not in S. We use the notation S C T or T 2 S to indicate that S is a proper subset of T .

Some texts will use the symbol C to mean “proper subset” and C to mean “subset”. Get used to it! You’ll have to figure
out from context what they mean.

9.3.2 Examples

@ View at edX
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Examples

Example 9.7 The integers 1,2, 3 are a collection of three objects (the given integers). The set formed by these three
objects is given by {1,2,3} (again, emphasizing that order doesn’t matter). The size of this set is |{1,2,3,}| = 3.

Example 9.8 The collection of all integers is a set. It is typically denoted by Z and sometimes written as
{...,—2,-1,0,1,2,...}. Its size is infinite: |Z| = co.

Example 9.9 The collection of all real numbers is a set that we have already encountered in our course. It is
denoted by R. Its size is infinite: |R| = co. We cannot enumerate it (it is uncountably infinite, which is the subject
of other courses).

Example 9.10 The set of all vectors of size n whose components are real valued is denoted by R”.

9.3.3 Operations with Sets

@ View at edX

There are three operations on sets that will be of interest:
Definition 9.11 The union of two sets S and T is the set of all elements that are in S or in T. This union is denoted by SUT.

Formally, we can give the union as
SUT ={x|xeSvxeT}

which is read as “The union of S and T equals the set of all elements x such that x is in S or x is in T.” (The “|”” (vertical bar)
means “such that” and the V is the logical “or” operator.) It can be depicted by the shaded area (blue, pink, and purple) in the
following Venn diagram:

Example 9.12 Let S ={1,2,3} and T = {2,3,5,8,9}. Then SUT = {1,2,3,5,8,9}.
What this example shows is that the size of the union is not necessarily the sum of the sizes of the individual sets.
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Definition 9.13 The intersection of two sets S and T is the set of all elements that are in S and in T. This intersection is
denoted by SNT.

Formally, we can give the intersection as
SNT ={x|xeSAxeT}

which is read as “The intersection of S and T equals the set of all elements x such that x is in S and x is in 7. (The “|” (vertical
bar) means “such that” and the A is the logical “and” operator.) It can be depicted by the shaded area in the following Venn
diagram:

Example 9.14 Let S ={1,2,3} and T = {2,3,5,8,9}. Then SNT = {2,3}.

Example 9.15 Let S ={1,2,3} and T = {5,8,9}. Then SNT = & (& is read as “the empty set”).

Definition 9.16 The complement of set S with respect to set T is the set of all elements that are in T but are not in S. This
complement is denoted by T\S.

Example 9.17 Let S = {1,2,3} and T = {2,3,5,8,9}. Then T\S = {5,8,9} and S\T = {1}.

Formally, we can give the complement as
T\S={x[x¢SAxeT}
which is read as “The complement of S with respect to T equals the set of all elements x such that x is not in S and x is in 7.”
(The “|” (vertical bar) means “such that”, A is the logical “and” operator, and the ¢ means “is not an element in”.) It can be
depicted by the shaded area in the following Venn diagram:
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Sometimes, the notation S or S¢ is used for the complement of set S. Here, the set with respect to which the complement is
taken is “obvious from context”.

For a single set S, the complement, S is shaded in the diagram below.

U

Homework 9.3.3.1 Let S and T be two sets. Then S C SUT.

Always/Sometimes/Never

Homework 9.3.3.2 Let S and T be two sets. Then SNT C S.

Always/Sometimes/Never

9.4 Vector Spaces

9.4.1 What is a Vector Space?

@ View at edX

For our purposes, a vector space is a subset, S, of R” with the following properties:
¢ 0 € S (the zero vector of size n is in the set S); and
o Ifv,w € Sthen (v+w) € S; and

e IfacRandv e Sthenow € S.

A mathematician would describe the last two properties as “S is closed under addition and scalar multiplication.” All the results
that we will encounter for such vector spaces carry over to the case where the components of vectors are complex valued.

Example 9.18 The set R" is a vector space:

* 0eR™
e Ifvyw e R" thenv+w € R".

e If ve R" and o € R then v € R”.
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9.4.2 Subspaces

@ View at edX

So, the question now becomes: “What subsets of R” are vector spaces?” We will call such sets subspaces of R”".

Homework 9.4.2.1 Which of the following subsets of R3 are subspaces of R3?

Xo
1. The plane of vectors x = X1 such that o = 0. In other words, the set of all vectors
X2
0
xER? |x= X1
X2
1
2. Similarly, the plane of vectors x with xo = 1: { x e R3 [x = X1
X2
Xo
3.0 xeRx= %1 | Axox1 =0 7. (Recall, A is the logical “and” operator.)
X2
1 0
4, {xeR? x=Po 1 + By 1 where Bo,B; € R
0 2
Xo
5xeR3¥x=| % [Axo—x1+3x=0
X2

Homework 9.4.2.2 The empty set, &, is a subspace of R”.
True/False

Homework 9.4.2.3 The set {0} where 0 is a vector of size n is a subspace of R”".
True/False

Homework 9.4.2.4 The set S C R” described by
{x | flxll2 < 1}

is a subspace of R”. (Recall that ||x||» is the Euclidean length of vector x so this describes all elements with length

less than or equal to one.)
True/False
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Homework 9.4.2.5 The set S C R" described by

where A € R"™*2 isa subspace.

Vo
0
vo ER
0
is a subspace of R”.
True/False
Homework 9.4.2.6 The set S C R" described by
{vej|veR},
where ¢ is a unit basis vector, is a subspace.
True/False
@ View at edX
Homework 9.4.2.7 The set S C R” described by
{xa|x R},
where a € R", is a subspace.
True/False
Homework 9.4.2.8 The set S C R" described by
{xoao +x1a1 | X0,x1 € R},
where ag,a; € R", is a subspace.
True/False
Homework 9.4.2.9 The set S C R™ described by
X0
(610‘(11 ) XO»XIGR 5
X1
where agp,a; € R™, is a subspace.
True/False
Homework 9.4.2.10 The set S C R™ described by
{Ax|x€ RZ} ,

True/False
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9.4.3 The Column Space

@ View at edX

Homework 9.4.3.1 The set S C R™ described by
{Ax| x e R"},

where A € R™*"is a subspace.
True/False

This last exercise very precisely answers the question of when a linear system of equation, expressed as the matrix equation
Ax = b, has a solution: it has a solution only if b is an element of the space S in this last exercise.

Definition 9.19 Let A € R™*". Then the column space of A equals the set
{Ax| x e R"}.
It is denoted by C(A).
The name “column space” comes from the observation (which we have made many times by now) that
Xo
Ax:< ap ‘ a ‘ ‘ an—1 ) le =Xoao+X1a1+ -+ Yn—-10n-1-
Xn—1
Thus C(A) equals the set of all linear combinations of the columns of matrix A.

Theorem 9.20 The column space of A € R™*" is a subspace of R™.

Proof: The last exercise proved this.

Theorem 9.21 Let A € R™*", x € R", and b € R™. Then Ax = b has a solution if and only if b € C(A).

Proof: Recall that to prove an “if and only if” statement P < (J, you may want to instead separately prove P = Q and P <= Q.
(=) Assume that Ax = b. Then b € {Ax|x € R"}. Hence b is in the column space of A.

(<) Assume that b is in the column space of A. Then b € {Ax|x € R"}. But this means there exists a vector x such that Ax = b.



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/290b3c9657b4487d9ccf0506f1fe3f66/e0bc45c579814ab6827134127a7d5042/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/290b3c9657b4487d9ccf0506f1fe3f66/e0bc45c579814ab6827134127a7d5042/3

9.4. Vector Spaces 335

Homework 9.4.3.2 Match the matrices on the left to the column space on the right. (You should be able to do this
“by examination.”)

0
1.
0
0 1 a. RZ,
2.
0 0
X0
3. X1
0
0 0 o
4. c. aeR
1 -2 0
0 1
5. 0
20
d. acR
o
1 0
6.
2 3
1
e. ¢ o acR
7 ! { 2
2
1 -2
8. f
2 —4
1 -2 -1
9.
2 -4 =2

(Recall that V is the logical “or” operator.)

Homework 9.4.3.3 Which of the following matrices have a FINITE number of elements in their column space?
(Mark all that apply.)

1. The identity matrix.
2. The zero matrix.
3. All matrices.

4. None of the above.

9.4.4 The Null Space

@ View at edX
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Recall:
¢ We are interested in the solutions of Ax = b.

* We have already seen that if Ax; = b and Ax,, = 0 then x; + x;, is also a solution:

A(xs+x,) =D.

Definition 9.22 Let A € R™*". Then the set of all vectors x € R" that have the property that Ax = 0 is called the null space of
A and is denoted by

2((A) = {xlAx =0},

Homework 9.4.4.1 Let A € R"™*". The null space of A, A[(A), is a subspace

True/False
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Homework 9.4.4.2 For each of the matrices on the left match the set of vectors on the right that describes its null
space. (You should be able to do this “by examination.”)
a. R2.
b. X0 X0o=0Vyx =0
1 X1
1 o
2 c. aeR
0 0
3 -2
0 d o
0 o 0
4. e. aeR
1 -2 a
0 1
5
2 0
f.
1 0
6.
2
={(0)}
1
7.
2
1
| 5 h. ¢ o ) acR
8.
2 —4
. 2
1. 0 acR
1
(Recall that V is the logical “or” operator.)

9.5 Span, Linear Independence, and Bases

9.5.1 Span

@ View at edX

What is important about vector (sub)spaces is that if you have one or more vectors in that space, then it is possible to
generate other vectors in the subspace by taking linear combinations of the original known vectors.
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Example 9.23

1
(o)) —+ 0 0p,0; €R
0 1

is the set of all linear combinations of the unit basis vectors e,e; € R%. Notice that all of R? (an uncountable
infinite set) can be described with just these two vectors.

We have already seen that, given a set of vectors, the set of all linear combinations of those vectors is a subspace. We now
give a name to such a set of linear combinations.

Definition 9.24 Let {vo,v1,---,va—1} C R™. Then the span of these vectors, Span{vy,vi,---,va_1}, is said to be the set of all
vectors that are a linear combination of the given set of vectors.

Example 9.25

1 2
Span , =R".
0

Example 9.26 Consider the equation ¥ 421 — X2 = 0. It defines a subspace. In particular, that subspace is the
null space of the matrix ( 1 2 —1 ). Weknow how to find two vectors in that nullspace:

(12 -1]0)

The box identifies the pivot. Hence, the free variables are ); and x,. We first set ; = 1 and x> = 0 and solve for
Xo- Then we set x; = 0 and > = 1 and again solve for ¥g. This gives us the vectors

We know that any linear combination of these vectors also satisfies the equation (is also in the null space). Hence,
we know that any vector in

1 -2
Span o |, 1
1 0

is also in the null space of the matrix. Thus, any vector in that set satisfies the equation given at the start of this
example.

We will later see that the vectors in this last example “span” the entire null space for the given matrix. But we are not quite
ready to claim that.
We have learned three things in this course that relate to this discussion:

* Given a set of vectors {vo,vi,...,v,—1 } C R", we can create a matrix that has those vectors as its columns:

v=(nln |- na ).

¢ Given a matrix V € R™*" and vector x € R",

Vx= Xovo+X1vi+ -+ Xn—1Va—1-
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In other words, Vx takes a linear combination of the columns of V.

¢ The column space of V, C(V), is the set (subspace) of all linear combinations of the columns of V:

CV)={VxlxeR"} = {xovo+X1vi + -+ Xn-1Vn—1] X0, X1,-- -, Xn—1 € R}.

We conclude that

HV:( Yo ‘ V1 ‘ ‘ Vn—1 >’lhen Span(vo,vi,...,va—1) = C(V).

Definition 9.27 A spanning set of a subspace S is a set of vectors {vy,vi,...,vy—1}
such that Span({vo,vi,...,vu—1}) =S.

9.5.2 Linear Independence

@ View at edX

1 0 1 0 1
Example 9.28 We show that Span 0o |,] 1 = Span o |, 1 |,] 1 . One can either simply recog-
0 0 0 0 0
nize that both sets equal all of R?, or one can reason it by realizing that in order to show that sets S and T are equal one can just show that both
SCTandT CS:
1 0 0
e SCT: Letx & Span 0 s 1 Then there exist oy and o; such that x = oy 0 + oy 1 . This in turn means
0 0 0
1 0 1
thatx=0o9| 0 [+ ( 1 |+@©)| 1 |.Hence
0 0 0
1 0 1
X € Span o |, 1 1
0 0
1 0 1 1 0
e T CS: Letx e Span 0 s 1 1 . Then there exist 0, 01, and 0y such that x = 0 0 + oy 1 +
0 0 0
1 1 1 0
o 1 But 1 = 0 + 1 . Hence
0 0 0
0 0 1 0
x=0p| 0 |+ou| 1 |+o 0 |+ 1 =(+o) | 0 [+(u+o)| 1
0 0 0 0 0
1 0
Therefore x € Span o |,] 1
0 0
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Homework 9.5.2.1

Span 0|, o = Span oO1f,] 01,10

True/False

You might be thinking that needing fewer vectors to describe a subspace is better than having more, and we’d agree with
you!

In both examples and in the homework, the set on the right of the equality sign identifies three vectors to identify the
subspace rather than the two required for the equivalent set to its left. The issue is that at least one (indeed all) of the vectors
can be written as linear combinations of the other two. Focusing on the exercise, notice that

1 1 0
1L |1=10[|+] 1
0 0
Thus, any linear combination
1 0 1
G| O |+ | O |+ O
1 1 3
can also be generated with only the first two vectors:
0 1 1
a| 0 |+ou|[ 0 |+o| 0 [=(ao+o)| 0 |+(a+20)| 0
3 1 1

We now introduce the concept of linear (in)dependence to cleanly express when it is the case that a set of vectors has elements
that are redundant in this sense.

Definition 9.29 Let {vy,...,v,—1} C R™. Then this set of vectors is said to be linearly independent if Yovo + %1vi + -+
Xn—1Vn—1 = O implies that Yo = - - - = Yu—1 = 0. A set of vectors that is not linearly independent is said to be linearly dependent.

Homework 9.5.2.2 Let the set of vectors {ag,day,...,a,—1 } C R™ be linearly dependent. Then at least one of these

vectors can be written as a linear combination of the others.
True/False

This last exercise motivates the term linearly independent in the definition: none of the vectors can be written as a linear
combination of the other vectors.

Example 9.30 The set of vectors

1 0 1
S R S |
0 0
is linearly dependent:
0 1
+ - 1 |=

=]
o
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Theorem 9.31 Let {ay,...,ap—1} CR" and let A = ( ag ‘ ‘ An_1 > Then the vectors {ao, ... ,an—1} are linearly inde-
pendent if and only if N(A) = {0}.

Proof:

(=) Assume {ag,...,a,—} are linearly independent. We need to show that A_(A) = {0}. Assume x € A[(A). Then Ax =0
implies that

X0

Xn—1
= Xodot+X1a1+ - +Yn—1an-1

and hence Xp = --- = Yu—1 = 0. Hence x = 0.

(<) Notice that we are trying to prove P <= Q, where P represents “the vectors {ao,...,a,—1} are linearly independent” and
O represents “A_(A) = {0}”. It suffices to prove the contrapositive: —P = —~Q. (Note that - means “not”) Assume
that {ao,...,a,—1} are not linearly independent. Then there exist {Xo, --,Xs,—1} With at least one x; # O such that
Xoao +x1a1+ - +Yn_1an—1 =0. Letx = (X0,...,Xn—1)". Then Ax = 0 which means x € \(A) and hence A_(A) # {0}.

Example 9.32 In the last example, we could have taken the three vectors to be the columns of a 3 X 3 matrix A
and checked if Ax = 0 has a solution:

1 1 1
1 =

1
0 —1 0

S = O

0
0
Because there is a non-trivial solution to Ax = 0, the nullspace of A has more than just the zero vector in it, and the
columns of A are linearly dependent.

Example 9.33 The columns of an identity matrix I € R**" form a linearly independent set of vectors.

Proof: Since I has an inverse (/ itself) we know that A_(/) = {0}. Thus, by Theorem 9.31, the columns of / are linearly
independent.
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1 00
Example 9.34 The columnsof L=| 2 —1 0 | are linearly independent. If we consider
1 2 3
1 0 0 %0
2 -1 0 X1 =
1 2 3 X2

and simply solve this, we find that o =0/1 =0, ;1 = (0—2%0)/(—1) =0, and X2 = (0—%o —2x1)/(3) = 0.
Hence, A[(L) = {0} (the zero vector) and we conclude, by Theorem 9.31, that the columns of L are linearly
independent.

The last example motivates the following theorem:

Theorem 9.35 Let L € R"™" be a lower triangular matrix with nonzeroes on its diagonal. Then its columns are linearly
independent.

Proof: Let L be as indicated and consider Lx = 0. If one solves this via whatever method one pleases, the solution x = 0 will
emerge as the only solution. Thus A_(L) = {0} and by Theorem 9.31, the columns of L are linearly independent.

Homework 9.5.2.3 Let U € R"*" be an upper triangular matrix with nonzeroes on its diagonal. Then its columns
are linearly independent. Always/Sometimes/Never

Homework 9.5.2.4 Let L € R™" be a lower triangular matrix with nonzeroes on its diagonal. Then its rows are
linearly independent. (Hint: How do the rows of L relate to the columns of L7 ?)
Always/Sometimes/Never

1 0 o0
2 -1 0
Example 9.36 The columns of L = are linearly independent. If we consider
1 2
—1 0 -2
1 0 o0 0
> 1 oo |[® 0
TR U I B B
10 2 )\ 0

and simply solve this, we find that o = 0/1 =0, ;1 = (0—2%0)/(—1) =0, x2 = (0—%0 — 2%1)/(3) = 0. Hence,
A(L) = {0} (the zero vector) and we conclude, by Theorem 9.31, that the columns of L are linearly independent.

Next, we observe that if one has a set of more than m vectors in R™, then they must be linearly dependent:

Theorem 9.37 Let {ag,ai,...,an—1} € R™ and n > m. Then these vectors are linearly dependent.
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Proof: Consider the matrix A = ( ao ‘ ‘ An_1 ) If one applies the Gauss-Jordan method to this matrix in order to get

it to upper triangular form, at most m columns with pivots will be encountered. The other n — m columns correspond to free
variables, which allow us to construct nonzero vectors x so that Ax = 0.

The observations in this unit allows us to add to our conditions related to the invertibility of matrix A:

The following statements are equivalent statements about A € R"*":
* A is nonsingular.
* A is invertible.
o A~ ! exists.
cAAT =AT1A=1
* A represents a linear transformation that is a bijection.
* Ax = b has a unique solution for all b € R".

* Ax =0 implies that x = 0.

* The determinant of A is nonzero: det(A) # 0.
e LU with partial pivoting does not break down.
* C(A)=R".

* A has linearly independent columns.

« A(4) = {0).

9.5.3 Bases for Subspaces

@ View at edX

In the last unit, we started with an example and then an exercise that showed that if we had three vectors and one of the
three vectors could be written as a linear combination of the other two, then the span of the three vectors was equal to the span
of the other two vectors.

It turns out that this can be generalized:

Definition 9.38 Let S be a subspace of R™. Then the set {vo,vi,--+,vy—1} CR™ is said to be a basis for S if (1) {vo,v1,-*,Vn_1}
are linearly independent and (2) Span{vo,vi,--+,vp—1} = S.

Homework 9.5.3.1 The vectors {ep,ey,...,e,—1} C R" are a basis for R".
True/False
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Example 9.39 Let {ag,...,a,—1} CR" andletA = ( ao ‘ a ‘ ‘ An_1 ) be invertible. Then {ay,...,a,—1} C

R" form a basis for R".

Note: The fact that A is invertible means there exists A~ such that A=!A = I. Since Ax = 0 means x = A~ 'Ax =

A~10 = 0, the columns of A are linearly independent. Also, given any vector y € R”, there exists a vector x € R”
X0

such that Ax =y (namely x = A_ly). Letting x = : we find that y = Yoag + - - - + Yn—1a,—1 and hence

An—1
every vector in R” is a linear combination of the set {ag, ...,a,—1} C R".

Lemma 9.40 Let S C R™. Then S contains at most m linearly independent vectors.

Proof: Proof by contradiction. We will assume that S contains more than m linearly independent vectors and show that this
leads to a contradiction.

Since S contains more than m linearly independent vectors, it contains at least m + 1 linearly independent vectors. Let us
label m+ 1 such vectors vg,vy,...,Vu—1,Vy. LetV = ( Vo ‘ Vi ‘ ‘ Vin ) This matrix is m x (m+ 1) and hence there exists

a nontrivial x,, such that Vx, = 0. (This is an equation with m equations and m + 1 unknowns.) Thus, the vectors {vg,vi,--,vn}
are linearly dependent, which is a contradiction.

Theorem 9.41 Let S be a nontrivial subspace of R™. (In other words, S # {0}.) Then there exists a basis {vo,vi,...,vu—1} C
R™ such that Span(vo,vi,...,vp—1) =S.

Proof: Notice that we have already established that m < n. We will construct the vectors. Let S be a nontrivial subspace. Then
S contains at least one nonzero vector. Let vy equal such a vector. Now, either Span(vy) = S in which case we are done or
S\Span(vg) is not empty, in which case we can pick some vector in S\Span(vg) as vi. Next, either Span(vg,v;) = S in which
case we are done or S\Span(vp,v;) is not empty, in which case we pick some vector in S\Span(vo,v;) as v,. This process
continues until we have a basis for S. It can be easily shown that the vectors are all linearly independent.

9.5.4 The Dimension of a Subspace

@ View at edX

We have established that every nontrivial subspace of R” has a basis with n vectors. This basis is not unique. After all, we
can simply multiply all the vectors in the basis by a nonzero constant and contruct a new basis. What we’ll establish now is
that the number of vectors in a basis for a given subspace is always the same. This number then becomes the dimension of the
subspace.

Theorem 9.42 Let S be a subspace of R™ and let {vo,vi,---,vp—1} CR™ and {wo, w1, -+, wx_1} CR™ both be bases for S.
Then k = n. In other words, the number of vectors in a basis is unique.
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Proof: Proof by contradiction. Without loss of generality, let us assume that k > n. (Otherwise, we can switch the roles of the
two sets.) Let V = ( Vo ‘ ‘ Va1 ) and W = ( wo ‘ ‘ Wi—1 > Let x; have the property that w; = Vx;. (We know such

a vector x; exists because V spans Vand w; € V.) Then W = VX, where X = ( X0 ‘ ‘ Xk—1 ) Now, X € R and recall

that k > n. This means that A_(X) contains nonzero vectors (why?). Let y € A[(X). Then Wy =VXy =V (Xy) =V (0) =0,
which contradicts the fact that {wg,w;,--,w;_1} are linearly independent, and hence this set cannot be a basis for V.

Definition 9.43 The dimension of a subspace S equals the number of vectors in a basis for that subspace.

A basis for a subspace S can be derived from a spanning set of a subspace S by, one-to-one, removing vectors from the set
that are dependent on other remaining vectors until the remaining set of vectors is linearly independent , as a consequence of
the following observation:

Definition 9.44 Let A € R™*". The rank of A equals the number of vectors in a basis for the column space of A. We will let
rank(A) denote that rank.

Theorem 9.45 Let {vo,vi,---,vy—1 } CR™ be a spanning set for subspace S and assume that v; equals a linear combination of
the other vectors. Then {vo,vi,---,Vi_1,Vit1, ", Vn—1} is a spanning set of S.

Similarly, a set of linearly independent vectors that are in a subspace S can be “built up” to be a basis by successively adding
vectors that are in S to the set while maintaining that the vectors in the set remain linearly independent until the resulting is a
basis for S.

Theorem 9.46 Let {vo,vi,---,v,—1} C R™ be linearly independent and assume that {vo,vi,--+,v,—1} C S where S is a sub-
space. Then this set of vectors is either a spanning set for S or there exists w € S such that {vo,vi,---,v,—1,w} are linearly
independent.

We can add some more conditions regarding the invertibility of matrix A:

The following statements are equivalent statements about A € R"*":
* A is nonsingular.
* A isinvertible.
» A~ exists.
cAAT =ATA=1
e A represents a linear transformation that is a bijection.
e Ax = b has a unique solution for all b € R".
e Ax =0 implies that x = 0.
e Ax =¢; has asolution forall j € {0,...,n—1}.

¢ The determinant of A is nonzero: det(A) # 0.

* LU with partial pivoting does not break down.

C(A) =R".

* A has linearly independent columns.
N(A) = {0}

e rank(A) = n.
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9.6 Enrichment

9.6.1 Typesetting algorithms with the FLAME notation

@ View at edX

9.7 Wrap Up

9.7.1 Homework

No additional homework this week.

9.7.2 Summary

Solution(s) to linear systems

Whether a linear system of equations Ax = b has a unique solution, no solution, or multiple solutions can be determined by
writing the system as an appended system
(alv)

and transforming this appended system to row echelon form, swapping rows if necessary.

When A is square, conditions for the solution to be unique were discussed in Weeks 6-8.

Examples of when it has a unique solution, no solution, or multiple solutions when m = n were given in this week, but this
will become more clear in Week 10. Therefore, we won’t summarize it here.

Sets

Definition 9.47 In mathematics, a set is defined as a collection of distinct objects.
* The objects that are members of a set are said to be its elements.
* The notation x € S is used to indicate that x is an element in set S.
Definition 9.48 The size of a set equals the number of distinct objects in the set. It is denoted by |S|.

Definition 9.49 Let S and T be sets. Then S is a subset of T if all elements of S are also elements of T. We use the notation
S C T to indicate that S is a subset of T':

(SCT)e (xeS=xeT).
Definition 9.50 The union of two sets S and T is the set of all elements that are in S or in T. This union is denoted by SUT:
SUT ={x|xeSvxeT.}

Definition 9.51 The intersection of two sets S and T is the set of all elements that are in S and in T. This intersection is
denoted by SNT:

SNT ={x|xeSAxeT.}

Definition 9.52 The complement of set S with respect to set T is the set of all elements that are in T but are not in S. This
complement is denoted by T\S:

T\S={x|x¢SAxeT}
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Vector spaces
For our purposes, a vector space is a subset, S, of R” with the following properties:
¢ 0 € S (the zero vector of size n is in the set S); and
o If v,w € Sthen (v+w) € S; and
e facRandve Sthenaw € S.
Definition 9.53 A subset of R” is said to be a subspace of R" is it a vector space.
Definition 9.54 Let A € R™ ", Then the column space of A equals the set
{Ax| xeR"}.
It is denoted by C(A).

The name “column space” comes from the observation (which we have made many times by now) that
Xo
X1
sz( ao ‘ a ‘ ‘ an—1 ) . =Xoao+X1a1+ -+ Yn-1an-1-

Xn—1
Thus C(A) equals the set of all linear combinations of the columns of matrix A.
Theorem 9.55 The column space of A € R™*" is a subspace of R™.
Theorem 9.56 Let A € R™*", x € R", and b € R™. Then Ax = b has a solution if and only if b € C(A).

Definition 9.57 Let A € R™*". Then the set of all vectors x € R" that have the property that Ax = 0 is called the null space of
A and is denoted by

A(A) = {x|Ax = 0}.
Span, Linear Dependence, Bases

Definition 9.58 Let {vo,vi,---,v,—1} C R™. Then the span of these vectors, Span{vo,vi,-+,vy_1}, is said to be the set of all
vectors that are a linear combination of the given set of vectors.

ItV = < v

V1 ‘ ‘ Vo1 >,thenSpan(v(),vl....,vn,l):C(V).

Definition 9.59 A spanning set of a subspace S is a set of vectors {vy,vi,...,vy_1}
such that Span({vp,vi,...,vp—1}) = S.

Definition 9.60 Ler {vo,...,v,—1} C R™. Then this set of vectors is said to be linearly independent if Yovo +1vi + -+
Xn—1Vn—1 = 0 implies that Yo = - - - = Yu—1 = 0. A set of vectors that is not linearly independent is said to be linearly dependent.

Theorem 9.61 Let the set of vectors {ap,ai,...,a,—1} C R™ be linearly dependent. Then at least one of these vectors can be
written as a linear combination of the others.

This last theorem motivates the term linearly independent in the definition: none of the vectors can be written as a linear
combination of the other vectors.

Theorem 9.62 Let {ay,...,an—1} CR" and let A = ( ap ‘ ‘ an_1 ) Then the vectors {ay,...,an—1} are linearly inde-
pendent if and only if N[(A) = {0}.
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Theorem 9.63 Let {ag,ay,...,a,—1} € R™ and n > m. Then these vectors are linearly dependent.

Definition 9.64 Let S be a subspace of R™. Then the set {vo,vy,--+,v,—1 } CR™ is said to be a basis for S if (1) {vo,v1, -+, Vn_1}
are linearly independent and (2) Span{vo,vi,---,vy—1} = S.

Theorem 9.65 Let S be a subspace of R™ and let {vo,v1,--,va_1} CR™ and {wo,w1, -+ ,wr—1} CR™ both be bases for S.
Then k = n. In other words, the number of vectors in a basis is unique.

Definition 9.66 The dimension of a subspace S equals the number of vectors in a basis for that subspace.

Definition 9.67 Let A € R™*". The rank of A equals the number of vectors in a basis for the column space of A. We will let
rank(A) denote that rank.

Theorem 9.68 Let {vo,vi,---,vy—1 } CR™ be a spanning set for subspace S and assume that v; equals a linear combination of
the other vectors. Then {vo,vi,---,Vi_1,Vit1," ", Vn—1} is a spanning set of S.

Theorem 9.69 Let {vo,vi,---,v,—1} C R™ be linearly independent and assume that {vo,vi,---,v,—1} C S where S is a sub-
space. Then this set of vectors is either a spanning set for S or there exists w € S such that {vo,vi,---,vn_1,w} are linearly
independent.

The following statements are equivalent statements about A € R"*":
* A is nonsingular.
A isinvertible.
» A~ exists.
cAAT =ATA=1
* A represents a linear transformation that is a bijection.
* Ax = b has a unique solution for all b € R".
¢ Ax = 0 implies that x = 0.
* Ax =e¢j has asolution forall j € {0,...,n—1}.
¢ The determinant of A is nonzero: det(A) # 0.
e LU with partial pivoting does not break down.
* C(A)=R".
* A has linearly independent columns.
- A(4) = {0}
* rank(A) = n.
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Vector Spaces, Orthogonality, and Linear Least
Squares

10.1 Opening Remarks

10.1.1 Visualizing Planes, Lines, and Solutions

Consider the following system of linear equations from the opener for Week 9:

Xo — 201 + 4 = -1
Xo = 2
Xo + 201 + 42 = 3
We solved this to find the (unique) solution
Xo 2
x| = 1
A2 —0.25

Let us look at each of these equations one at a time, and then put them together.

349
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Example 10.1 Find the general solution to

Xo — 2% + 4x = -1

We can write this as an appended system:

(1 2 4]1).

Now, we would perform Gaussian or Gauss-Jordan elimination with this, except that there really isn’t anything to
do, other than to identify the pivot, the free variables, and the dependent variables:

(00 2 4|-1).
2 2

Eo & B

3 5 5

SS > >

S8 8 8

S & =

Here the pivot is highlighted with the box. There are two free variables, y; and ), and there is one dependent
variable, . To find a specific solution, we can set ) and ) to any value, and solve for . Setting }; = x2 =01is

particularly convenient, leaving us with 39 —2(0) +4(0) = —1, or %o = —1, so that the specific solution is given
by
Xs = 0
0
To find solutions (a basis) in the null space, we look for solutions of ( -2 4 ‘ 0 ) in the form
Xny = 1 and x, = 0
0 1

which yields the vectors

This then gives us the general solution

X0 -1 2 —4
X1 | = x5+ Boxn, +Bixn, = 0 [+Bo| 1 [|+Bi 0
X2 0 0
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Homework 10.1.1.1 Consider, again, the equation from the last example:

Xo — 2% + 4x = -1

Which of the following represent(s) a general solution to this equation? (Mark all)

X0 —1 2 —4
el | = 0 [+Bo| 1 |+Bs 0
X2 0 0 1
X0 2 2 —4
|l o | = I [+Bo| 1 |+B 0
X2 —-0.25 0 1
Xo -5 2 —4
el | = 0 [+Bo| 1 |+B: 0
X2 1 0 1

The following video helps you visualize the results from the above exercise:

@ View at edX
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with which we started this unit. Consider
X0 = 2

Which of the following is a true statement about this equation:

. 0 | is a specific solution.

2
. 1 | is a specific solution.
1
0 0
| 0 |+Bo| 1 |+Bi| 0 | isa general solution.
0 1
2 0 0
. 1 +Bo| 1 |+Bi| 0 | isageneralsolution.
—0.25 0
2 0
| 0 |+Bo| 1 |+Bi| 0 | isa general solution.
0 0

Homework 10.1.1.2 Now you find the general solution for the second equation in the system of linear equations

The following video helps you visualize the message in the above exercise:

@ View at edX
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Homework 10.1.1.3 Now you find the general solution for the third equation in the system of linear equations
with which we started this unit. Consider

Xo + 2% + 4xp = 3

Which of the following is a true statement about this equation:

3
. 0 | is a specific solution.
0
2
. 1 is a specific solution.
—0.25
2 4
| 0 |+Bo 1 +B1] o is a general solution.
0
2 2 —4
. 1 +Bo 1 +Bi 0 is a general solution.
—0.25 0 1
3 —4 —4
|l 0 |+Bo| 2 [+B 0 is a general solution.
0 0 1

The following video helps you visualize the message in the above exercise:

@ View at edX

Now, let’s put the three planes together in one visualization.

@ View at edX
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Homework 10.1.1.4 We notice that it would be nice to put lines where planes meet. Now, let’s start by focusing
on the first two equations: Consider

Xo — 201 + 4 = -1

X0 = 2

Compute the general solution of this system with two equations in three unknowns and indicate which of the
following is true about this system?

2
. 1 is a specific solution.
—0.25
2
* | 3/2 | isaspecific solution.
0
2 0
* | 3/2 [+B]| 2 [ isageneral solution.
0 1
2 0
. 1 +B| 2 | isageneral solution.
—0.25 1

The following video helps you visualize the message in the above exercise:

@ View at edX
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Homework 10.1.1.5 Similarly, consider

X0 = 2
Xo + 201 + 4 = 3

Compute the general solution of this system that has two equations with three unknowns and indicate which of the
following is true about this system?

2
. 1 is a specific solution.
—0.25
2
* | 1/2 | is aspecific solution.
0
2 0
* | 1/2 |+B| -2 [ isa general solution.
0 1
2 0
. 1 +B| —2 | isa general solution.
—0.25 1

@ View at edX
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Homework 10.1.1.6 Finally consider

Xo — 2% + 4x = -1
Xo + 2% + 4 = 3

Compute the general solution of this system with two equations in three unknowns and indicate which of the
following is true about this system? UPDATE

2
. 1 is a specific solution.
—0.25
1
. 1 | is a specific solution.
0
1 —4
. 1 |+B 0 is a general solution.
0 1
2 —4
. 1 +B] o0 is a general solution.
—0.25 1

@ View at edX

The following video helps you visualize the message in the above exercise:

@ View at edX
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10.1.3 What You Will Learn
Upon completion of this unit, you should be able to

* Determine when linear systems of equations have a unique solution, an infinite number of solutions, or only approximate
solutions.

* Determine the row-echelon form of a system of linear equations or matrix and use it to

find the pivots,

decide the free and dependent variables,

establish specific (particular) and general (complete) solutions,

find a basis for the column space, the null space, and row space of a matrix,

determine the rank of a matrix, and/or

determine the dimension of the row and column space of a matrix.
* Picture and interpret the fundamental spaces of matrices and their dimensionalities.
* Indicate whether vectors are orthogonal and determine whether subspaces are orthogonal.

* Determine the null space and column space for a given matrix and connect the row space of A with the column space of
AT,

* Identify, apply, and prove simple properties of vector spaces, subspaces, null spaces and column spaces.

» Determine when a set of vectors is linearly independent by exploiting special structures. For example, relate the rows of
a matrix with the columns of its transpose to determine if the matrix has linearly independent rows.

» Approximate the solution to a system of linear equations of small dimension using the method of normal equations to
solve the linear least-squares problem.
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10.2 How the Row Echelon Form Answers (Almost) Everything

10.2.1 Example

@ View at edX

Homework 10.2.1.1 Consider the linear system of equations

131 2 xo 1

2 6 4 8 AL [

00 2 4 12 1

X3 ——

A — b
X

Write it as an appended system and reduce it to to row echelon form (but not reduced row echelon form). Identify
the pivots, the free variables and the dependent variables.

10.2.2 The Important Attributes of a Linear System

@ View at edX
We now discuss how questions about subspaces can be answered once it has been reduced to its row echelon form. In
particular, you can identify:

¢ The row-echelon form of the system.
* The pivots.

* The free variables.

* The dependent variables.

* A specific solution
Often called a particular solution.

* A general solution
Often called a complete solution.

* A basis for the column space.
Something we should have mentioned before: The column space is often called the range of the matrix.

* A basis for the null space.
Something we should have mentioned before: The null space is often called the kernel of the matrix.

* A basis for the row space.
The row space is the subspace of all vectors that can be created by taking linear combinations of the rows of a matrix. In
other words, the row space of A equals C(AT) (the column space of AT).

* The dimension of the row and column space.
* The rank of the matrix.

¢ The dimension of the null space.
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Motivating example

Consider the example from the last unit.

13 1 2 xo 1
2 6 4 8 AL [P
00 2 4 12 1
X3
A

which, when reduced to row echelon form, yields

131 21 (1] 3 1 2|1
2 6 4 8|3 — 00 [2] 4]1
00 2 41 00 000

Here the boxed entries are the pivots (the first nonzero entry in each row) and they identify that the corresponding variables (o
and ) are dependent variables while the other variables () and y(3) are free variables.

Various dimensions

Notice that inherently the matrix is m X n. In this case
e m = 3 (the number of rows in the matrix which equals the number of equations in the linear system); and
* n =4 (the number of columns in the matrix which equals the number of equations in the linear system).
Now

» There are two pivots. Let’s say that in general there are k pivots, where here k = 2.

* There are two free variables. In general, there are n — k free variables, corresponding to the columns in which no pivot
reside. This means that the null space dimension equals n — k, or two in this case.

* There are two dependent variables. In general, there are k dependent variables, corresponding to the columns in which
the pivots reside. This means that the column space dimension equals %, or also two in this case. This also means
that the row space dimension equals k, or also two in this case.

* The dimension of the row space always equals the dimension of the column space which always equals the number of
pivots in the row echelon form of the equation. This number, £, is called the rank of matrix A, rank(A).

Format of a general solution

To find a general solution to problem, you recognize that there are two free variables () and y3) and a general solution can be
given by

[
1
+Bo +B4
[
0

sl <l
-0 <0
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Computing a specific solution

The specific (particular or special) solution is given by x; = . It solves the system. To obtain it, you set the free

sl =0

variables to zero and solve the row echelon form of the system for the values in the boxes:

Xo
1 1 2 0 B 1
00 2 4 % 1
0
or
Xo +X2 = 1
2%2 = 1
1/2
o . . 0
so that (o = 1/2 and o = 1/2 yielding a specific solution x,, = /
1/2
0

Computing a basis for the null space

Next, we have to find two linearly independent vectors in the null space of the matrix. (There are two because there are two
free variables. In general, there are n —k.)

To obtain the first, we set the first free variable to one and the other(s) to zero, and solve the row echelon form of the system
with the right-hand side set to zero:

Xo
1 —
00 2 4 v |
0
or
Xo +3x1 +x =0
2x2 =0
-3
so that 32 = 0 and ¥ = —3, yielding the first vector in the null space x,, = (1)
0

To obtain the second, we set the second free variable to one and the other(s) to zero, and solve the row echelon form of the
system with the right-hand side set to zero:

X0
31 2 0 [0
0 0 2 4 X2 0
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or
X0 +x2 +2x1 =
%o H4Ax1 =

so that o = —4/2 = —2 and {9 = —)2 —2 = 0, yielding the second vector in the null space x,, =

-2
1
Thus,
-3
1
N(A) = Span ;
0 -2
1
A general solution
Thus, a general solution is given by
1/2 -3
0 1 0
+Po +B1 ;
1/2 0 -2
0 1

where Bo,B; € R.

Finding a basis for the column space of the original matrix

To find the linearly independent columns, you look at the row echelon form of the matrix:

with the pivots highlighted. The columns that have pivots in them are linearly independent. The corresponding columns in the
original matrix are also linearly independent:

11312

21648

0/]0]2|4
1

Thus, in our example, the answeris | 2 | and | 4 (the first and third column).
0 2
Thus,
1
C(A) = Span 2 |,
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Find a basis for the row space of the matrix.

The row space (we will see in the next chapter) is the space spanned by the rows of the matrix (viewed as column vectors).
Reducing a matrix to row echelon form merely takes linear combinations of the rows of the matrix. What this means is that the
space spanned by the rows of the original matrix is the same space as is spanned by the rows of the matrix in row echelon form.
Thus, all you need to do is list the rows in the matrix in row echelon form, as column vectors.

For our example this means a basis for the row space of the matrix is given by

—_—

ra)=span | { | ],

—
~ D O O

[\

Summary observation

The following are all equal:
* The dimension of the column space.
* The rank of the matrix.
* The number of dependent variables.
e The number of nonzero rows in the upper echelon form.
* The number of columns in the matrix minus the number of free variables.
¢ The number of columns in the matrix minus the dimension of the null space.
* The number of linearly independent columns in the matrix.

e The number of linearly independent rows in the matrix.

, 122 xo 1
Homework 10.2.2.1 Consider X1 =
2 4 5 4
X2

* Reduce the system to row echelon form (but not reduced row echelon form).
¢ Identify the free variables.

* Identify the dependent variables.

* What is the dimension of the column space?

e What is the dimension of the row space?

e What is the dimension of the null space?

* Give a set of linearly independent vectors that span the column space

* Give a set of linearly independent vectors that span the row space.

¢ What is the rank of the matrix?

* Give a general solution.
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Homework 10.2.2.2 Which of these statements is a correct definition of the rank of a given matrix A € R™*"?
1. The number of nonzero rows in the reduced row echelon form of A. True/False
2. The number of columns minus the number of rows, n — m. True/False

3. The number of columns minus the number of free columns in the row reduced form of A. (Note: a free
column is a column that does not contain a pivot.) True/False

4. The number of 1s in the row reduced form of A. True/False

Homework 10.2.2.3 Compute

2 [(3 -1 2).

3

Reduce it to row echelon form. What is the rank of this matrix?

Homework 10.2.2.4 Let u € R™ and v € R” so that uv” is a m x n matrix. What is the rank, k, of this matrix?

10.3 Orthogonal Vectors and Spaces

10.3.1 Orthogonal Vectors

@ View at edX

If nonzero vectors x,y € R" are linearly independent then the subspace of all vectors ox + By, o, § € R (the space spanned
by x and y) form a plane. All three vectors x, y, and (x — y) lie in this plane and they form a triangle:

where this page represents the plane in which all of these vectors lie.
Vectors x and y are considered to be orthogonal (perpendicular) if they meet at a right angle. Using the Euclidean length

Ixll2=\/xg+-+ x> = Valx,

we find that the Pythagorean Theorem dictates that if the angle in the triangle where x and y meet is a right angle, then
1213 = [Ix[13 + [y[13- In this case,

23 = Ix3+1y13 = [y—=x[3
y—x)"(r—x)
= ' =2")(y—x)
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= =2 )y-0" —x")x

T T T T
= - Xy+yx) + xx
y'y (y+yx) + 2
Iy13 2xTy 13

]l =2y + Iy13-

In other words, when x and y are perpendicular (orthogonal)
2 2 2 2
[%[13 -+ Y112 = 113113 = 22"y + Iy 13-

Cancelling terms on the left and right of the equality, this implies that x” y = 0. This motivates the following definition:
Definition 10.2 Tiwo vectors x,y € R" are said to be orthogonal if and only if xy = 0.

Sometimes we will use the notation x L y to indicate that x is perpendicular to y.

Homework 10.3.1.1 For each of the following, indicate whether the vectors are orthogonal:

1 1
and True/False
—1 1
1 0
and True/False
0 1
The unit basis vectors e; and e;. Always/Sometimes/Never
c —s .
and Always/Sometimes/Never
s c

Homework 10.3.1.2 Let A € R™*". Let a! be a row of A and x € A (A). Then g; is orthogonal to x.
Always/Sometimes/Never

10.3.2 Orthogonal Spaces

@ View at edX

We can extend this to define orthogonality of two subspaces:

Definition 10.3 Ler V., W C R” be subspaces. Then V and W are said to be orthogonal if and only if v e V and w € W implies
that viw = 0.

We will use the notation V L W to indicate that subspace V is orthogonal to subspace W.

In other words: Two subspaces are orthogonal if all the vectors from one of the subspaces are orthogonal to all of the
vectors from the other subspace.

Homework 10.3.2.1 Let V = {0} where 0 denotes the zero vector of size n. Then V L R".
Always/Sometimes/Never
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Homework 10.3.2.2 Let

1 0
V = Span 0o |,] 1 and W = Span
0 1

Then V L W.
True/False

The above can be interpreted as: the “x-y” plane is orthogonal to the z axis.

Homework 10.3.2.3 Let V,W C R” be subspaces. If V L. W then VN'W = {0}, the zero vector.

Always/Sometimes/Never

Whenever SNT = {0} we will sometimes call this the trivial intersection of two subspaces. Trivial in the sense that it only
contains the zero vector.

Definition 10.4 Given subspace V C R", the set of all vectors in R" that are orthogonal to V is denoted by V= (pronounced as
“V-perp”).

Homework 10.3.2.4 If V C R" is a subspace, then V- is a subspace.

True/False

@ View at edX

10.3.3 Fundamental Spaces

@ View at edX

Let us recall some definitions:
¢ The column space of a matrix A € R™*", C(4), equals the set of all vectors in R™ that can be written as Ax: {y | y = Ax}.
¢ The null space of a matrix A € R™*", A[(A), equals the set of all vectors in R” that map to the zero vector: {x | Ax = 0}.
* The row space of a matrix A € R"™*", R (A), equals the set of all vectors in R" that can be written as A7 x: {y | y = ATx}.

Theorem 10.5 Let A € R™*". Then R (A) L N(A).
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Proof: Lety € R (A) and z € A\(A). We need to prove that y/ z = 0.

'z

= < y€ R(A) implies that y = AT x for some x € R” >
(ATx)T

= < (AB)T =BTAT >
xT(AT)T;

= <AnHT=A>
xTAz

= <z€N(A) implies that Az=0 >
xT0

= < algebra >
0

Theorem 10.6 Let A € R™*". Then every x € R" can be written as x = x, +x, where x, € R (A) and x,, € N(A).

Proof: Recall that if dim(® (A) = k, then dim(A((A)) = n—k. Let {vg,...,v_; be a basis for R (A) and {vt,...,v,—| be a
basis for AL(A). It can be argued, via a proof by contradiction that is beyond this course, that the set of vectors {vo,...,v,—1}
are linearly independent.

Let x € R". This is then a basis for R”, which in turn means that x = };_ o;v;, some linear combination. But then

k—1 n—1
X = Z o v + Z o,v;
i=0 i=k
~—— ~——
Xr Xn

where by construction x, € R (A) and x,, € N (A).
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LetA € R™" x € R", and b € R™, with Ax = b. Then there exist x, € R (A) and x,, € A (A) such that x = x, + x,,. But then
Ax,
= < O0ofsizen >
Ax,+0
= <Ax,=0>
Ax, + Axy,
= <A(y+z2)=Ay+Az>
A(x,+x,)
= <x=Xx+x, >
Ax
= <Ax=b>
b.
We conclude that if Ax = b has a solution, then there is a x, € R (A) such that Ax, = b.

Theorem 10.7 Let A € R™*". Then A is a one-to-one, onto mapping from R (A) to C(A4).

Proof: Let A € R™*". We need to show that
* Amaps R (A) to C(A). This is trivial, since any vector x € R" maps to C(4).

* Uniqueness: We need to show that if x,y € & (A) and Ax = Ay then x = y. Notice that Ax = Ay implies that A(x —y) =0,
which means that (x —y) is both in R (A) (since it is a linear combination of x and y, both of which are in & (A)) and in
AL(A). Since we just showed that these two spaces are orthogonal, we conclude that (x —y) = 0, the zero vector. Thus

X=y.

* Onto: We need to show that for any b € C(A) there exists x, € R (A) such that Ax, = b. Notice that if b € C, then
there exists x € R” such that Ax = b. By Theorem 10.6, x = x, + x,, where x, € R (A) and x, € A (A). Then b = Ax =
A(xy +x,) = Ax, + Axy, = Ax,.

We define one more subpace:

Definition 10.8 Given A € R™*" the left null space of A is the set of all vectors x such that x” A = 0.

Clearly, the left null space of A equals the null space of A”.

Theorem 10.9 Let A € R™*". Then the left null space of A is orthogonal to the column space of A and the dimension of the left
null space of A equals m — r, where r is the dimension of the column space of A.

Proof: This follows trivially by applying the previous theorems to A” .
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The observations in this unit are summarized by the following video and subsequent picture:

@ View at edX
R4 R™
Column
space
X, Ax, =b
dim=r < q
\ im=
\ b 4
dim=n-r dim=m-r
" Left null
Null space Space

Ax=A(x, +x,) = Ax, + Ax, = Ax,

10.4 Approximating a Solution

10.4.1 A Motivating Example

@ View at edX

Consider the following graph:
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It plots the number of registrants for our “Linear Algebra - Foundations to Frontiers” course as a function of days that have
passed since registration opened (data for the first offering of LAFF in Spring 2014), for the first 45 days or so (the course opens
after 107 days). The blue dots represent the measured data and the blue line is the best straight line fit (which we will later call
the linear least-squares fit to the data). By fitting this line, we can, for example, extrapolate that we will likely have more than
20,000 participants by the time the course commences.

Let us illustrate the basic principles with a simpler, artificial example. Consider the following set of points:

(X0, Wo) = (1,1.97), (X1, ¥1) = (2,6.97), (X2, ¥2) = (3,8.89), (X3, ¥3) = (4,10.01),

which we plot in the following figure:

10 ©

What we would like to do is to find a line that interpolates these points. Here is a rough approximation for such a line:
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10 +

Here we show with the vertical lines the distance from the points to the line that was chosen. The question becomes, what is
the best line? We will see that “best” is defined in terms of minimizing the sum of the square of the distances to the line. The
above line does not appear to be “best”, and it isn’t.

Let us express this with matrices and vectors. Let

X0 1 Yo 1.97

X1 2 Vi 6.97
X = = and y= =

X2 3 L5 8.89

x3 4 V3 10.01

If we give the equation of the line as y = Yo + Y1x then, IF this line COULD go through all these points THEN the following
equations would have to be simultaneously satified:

Yo = Yot+YiXi 1.97 = vYo+mn

v = Yot+vixe } 697 = Yo+27
or, specifically,

V2 = Yot+"1X3 889 = Yo+3n

V3 = Yot+YiX4 10.01 = vYo+4m

which can be written in matrix notation as

Yo 1 X0 1.97 1 1

(| I 1 Yo ) 6.97 1 2 Yo
= or, specifically, =

5] 1 % M 8.89 1 3 Y1

Y3 I %3 10.01 1 4

Now, just looking at
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10

0 1 2 3 - 5

it is obvious that these points do not lie on the same line and that therefore all these equations cannot be simultaneously satified.
So, what do we do now?
How does it relate to column spaces?

The first question we ask is “For what right-hand sides could we have solved all four equations simultaneously?” We would
have had to choose y so that Ac =y, where

1 % 11
1 1 2
A= AL and c= 10
1 % 1 3 "
1 X3 1 4
This means that y must be in the column space of A. It must be possible to express it as y =Yoao+Yi1a1, where A= qq ‘ ar !

What does this mean if we relate this back to the picture? Only if {Wo,---,y3} have the property that {(1,yp), -, (4,y3)} lie
on a line can we find coefficients Yy and y; such that Ac = y.
How does this problem relate to orthogonality?

The problem is that the given y does not lie in the column space of A. So a question is, what vector z, that does lie in the column
space should we use to solve Ac = z instead so that we end up with a line that best interpolates the given points?

If z solves Ac = z exactly, then z = ( ag ‘ ai ) 0 Yoao +Y1a1, which is of course just a repeat of the observation
Y1
that z is in the column space of A. Thus, what we want is y = z+ w, where w is as small (in length) as possible. This happens

when w is orthogonal to z! So, y = ypaop + Yia; +w, with ag w = al w = 0. The vector z in the column space of A that is closest

to y is known as the projection of y onto the column space of A. So, it would be nice to have a way of finding a way to compute
this projection.

10.4.2 Finding the Best Solution

@ View at edX

The last problem motivated the following general problem: Given m equations in n unknowns, we end up with a system
Ax =0 where A ¢ R™*" x e R", and b € R™.
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 This system of equations may have no solutions. This happens when b is not in the column space of A.

* This system may have a unique solution. This happens only when r = m = n, where r is the rank of the matrix (the
dimension of the column space of A). Another way of saying this is that it happens only if A is square and nonsingular
(it has an inverse).

* This system may have many solutions. This happens when b is in the column space of A and r < n (the columns of A are
linearly dependent, so that the null space of A is nontrivial).

Let us focus on the first case: b is not in the column space of A.
In the last unit, we argued that what we want is an approximate solution X such that AX = z, where z is the vector in the
column space of A that is “closest” to b: b = z+w where w' v = 0 for all v € C(A4). From

Column
space

dim=r ®

b dim=r

)

dim=n-r dim=m-r
Left null
Null space space

Ax=A(x, +x,) = Ax, + Ax, = Ax,

we conclude that this means that w is in the left null space of A. So, ATw = 0. But that means that
0=ATw=AT(b—z)=AT(b—A%)

which we can rewrite as
ATAx=A"b. (10.1)

This is known as the normal equation associated with the problem AX ~ b.

Theorem 10.10 IfA € R™ " has linearly independent columns, then AT A is nonsingular (equivalently, has an inverse, AT A% =
ATb has a solution for all b, etc.).

Proof: Proof by contradiction.
* Assume that A € R"™*" has linearly independent columns and AT A is singular.

* Then there exists x # 0 such that A7 Ax = 0.
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* Hence, there exists y = Ax # 0 such that A7y = 0 (because A has linearly independent columns and x # 0).

* This means y is in the left null space of A.

* But y is also in the column space of A, since Ax = y.

* Thus, y = 0, since the intersection of the column space of A and the left null space of A only contains the zero vector.

* This contradicts the fact that A has linearly independent columns.

Therefore AT A cannot be singular.

This means that if A has linearly independent columns, then the desired £ that is the best approximate solution is given by
£=(ATA)1ATp
and the vector z € C(A4) closest to b is given by
z=AR=A(ATA)"'AT).
This shows that if A has linearly independent columns, then z = A(ATA)~'AT b is the vector in the columns space closest to b.

This is the projection of » onto the column space of A.
Let us now formulate the above observations as a special case of a linear least-squares problem:

Theorem 10.11 Let A € R™*" b € R™, and x € R" and assume that A has linearly independent columns. Then the solution
that minimizes the length of the vector b — Ax is given by £ = (ATA)~'ATb.

Definition 10.12 Let A € R™ ", If A has linearly independent columns, then A" = (ATA)~'AT is called the (left) pseudo
inverse. Note that this means m > n and ATA = (ATA)7'1ATA = 1.

If we apply these insights to the motivating example from the last unit, we get the following approximating line

10
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2. Compute the approximate solution, in the least squares sense, of Ax ~ b.

Y O
= . =
3. What is the project of b onto the column space of A?
Bo
b= Bl =
B
4. AT =
5. ATA=

10 1
Homework 10.4.2.1 ConsiderA=| 0 1 and b = 1
1 1 0
1. Is b in the column space of A?
True/False
2. ATp =
3. ATA=
4. (ATA) ! =
5. AT =
6. ATA=.
7. Compute the approximate solution, in the least squares sense, of Ax ~ b.
_ | %)
= . =
8. What is the project of b onto the column space of A?
Bo
b= B1 =
[
1 -1 4
Homework 10.4.2.2 ConsiderA=| 1 0 |andb=
1 1 9
1. bis in the column space of A, C(A).
True/False

Homework 10.4.2.3 What 2 x 2 matrix B projects the x-y plane onto the line x +y = 0?
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Homework 10.4.2.4 Find the line that best fits the following data:

x|y

-1 2

1| -3

0| O

-5
1 1 1
Homework 10.4.2.5 Consider A = 1 -1 |andb=1| 2
-2 4 7

1. bis in the column space of A, C(A).
True/False

2. Compute the approximate solution, in the least squares sense, of Ax = b.

I O
X1
3. What is the projection of b onto the column space of A?
Bo
b = Bl =
B2
4. AT =
5. ATA=

10.4.3 Why It is Called Linear Least-Squares

@ View at edX

The “best” solution discussed in the last unit is known as the “linear least-squares” solution. Why?

Notice that we are trying to find £ that minimizes the length of the vector b —Ax. In other words, we wish to find X that
minimizes min, ||b — Ax||2. Now, if £ minimizes min, || — Ax||2, it also minimizes the function ||b — Ax||3. Let y = A%. Then

n—1

1o —A%[* = [lb—yII* =} (B = v)*.

i=0

Thus, we are trying to minimize the sum of the squares of the differences. If you consider, again,



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/bd8bc294fb3e489a9ac4ab3caf6cc210/89219ffd97b8461fb01f0959f7ff82ea/3
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/bd8bc294fb3e489a9ac4ab3caf6cc210/89219ffd97b8461fb01f0959f7ff82ea/3

10.5. Enrichment 377

10

then this translates to minimizing the sum of the lenghts of the vertical lines that connect the linear approximation to the original
points.

10.5 Enrichment

10.5.1 Solving the Normal Equations
In our examples and exercises, we solved the normal equations
ATAx=ATb,
where A € R™*" has linear independent columns, via the following steps:
e Formy=A"b
» Form ATA.
» Invert ATA to compute B = (ATA)~!.
 Compute £ = By = (ATA)~'ATb.

This involves the inversion of a matrix, and we claimed in Week 8 that one should (almost) never, ever invert a matrix.

In practice, this is not how it is done for larger systems of equations. Instead, one uses either the Cholesky factorization
(which was discussed in the enrichment for Week 8), the QR factorization (to be discussed in Week 11), or the Singular Value
Decomposition (SVD, which is briefly mentioned in Week 11).

Let us focus on how to use the Cholesky factorization. Here are the steps:

+ Compute C = ATA.

 Compute the Cholesky factorization C = LL”, where L is lower triangular.
This allows us to take advantage of symmetry in C.

+ Compute y = AT b.
* Solve Lz =y.
* Solve LT% =z.

The vector £ is then the best solution (in the linear least-squares sense) to Ax = b.
The Cholesky factorization of a matrix, C, exists if and only if C has a special property. Namely, it must be symmetric
positive definite (SPD).
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Definition 10.13 A symmetric matrix C € R™™ is said to be symmetric positive definite if x! Cx > 0 for all nonzero vectors
xeR™

We started by assuming that A has linearly independent columns and that C = ATA. Clearly, C is symmetric: CT = (ATA)T =
AT(AT)T = ATA = C. Now, let x # 0. Then

xTCx =xT(ATA)x = (xTAT)(Ax) = (Ax)T (Ax) = || Ax]]3.

We notice that Ax # 0 because the columns of A are linearly independent. But that means that its length, ||Ax||2, is not equal to
zero and hence ||Ax||3 > 0. We conclude that x # 0 implies that x” Cx > 0 and that therefore C is symmetric positive definite.

10.6 Wrap Up

10.6.1 Homework

No additional homework this week.

10.6.2 Summary

Solving underdetermined systems

Important attributes of a linear system Ax = b and associated matrix A:
* The row-echelon form of the system.
* The pivots.
* The free variables.
* The dependent variables.

* A specific solution
Also called a particular solution.

* A general solution
Also called a complete solution.

* A basis for the null space.
Also called the kernel of the matrix. This is the set of all vectors that are mapped to the zero vector by A.

* A basis for the column space, C(A).
Also called the range of the matrix. This is the set of linear combinations of the columns of A.

* A basis for the row space, R (A) = C(AT).
This is the set of linear combinations of the columns of AT

* The dimension of the row and column space.
* The rank of the matrix.

¢ The dimension of the null space.

Various dimensions Notice that, in general, a matrix is m X n. In this case

o Start the linear system of equations Ax = y.
* Reduce this to row echelon form Bx = .

* If any of the equations are inconsistent (0 # \;, for some row i in the row echelon form Bx = ¥), then the system does not
have a solution, and y is not in the column space of A.
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If this is not the case, assume there are k pivots in the row echelon reduced form.

Then there are n — k free variables, corresponding to the columns in which no pivots reside. This means that the null
space dimension equals n — k

There are k dependent variables corresponding to the columns in which the pivots reside. This means that the column
space dimension equals k and the row space dimension equals .

The dimension of the row space always equals the dimension of the column space which always equals the number of
pivots in the row echelon form of the equation, k. This number, £, is called the rank of matrix A, rank(A).

To find a specific (particular) solution to system Ax = b, set the free variables to zero and solve Bx = y for the dependent
variables. Let us call this solution x;.

To find n — k linearly independent vectors in A[(A), follow the following procedure, assuming that ng, ...n,__ equal
the indices of the free variables. (In other words: ¥, --,Xn, ., €qual the free variables.)

— Set X, equal to one and X, with ny 7# n; equal to zero. Solve for the dependent variables.
This yields n — k linearly independent vectors that are a basis for A(A). Let us call these x,, ..., Xy, , ;-
The general (complete) solution is then given as

'xS + YOan +’len1 + e +’Yn7k71xnn,k,1 .

To find a basis for the column space of A, C(A), you take the columns of A that correspond to the columns with pivots in
B.

To find a basis for the row space of A, R (A), you take the rows of B that contain pivots, and transpose those into the
vectors that become the desired basis. (Note: you take the rows of B, not A.)

The following are all equal:

— The dimension of the column space.

— The rank of the matrix.

— The number of dependent variables.

— The number of nonzero rows in the upper echelon form.

— The number of columns in the matrix minus the number of free variables.

— The number of columns in the matrix minus the dimension of the null space.
— The number of linearly independent columns in the matrix.

— The number of linearly independent rows in the matrix.

Orthogonal vectors

Definition 10.14 Two vectors x,y € R™ are orthogonal if and only if xy = 0.

Orthogonal subspaces

Definition 10.15 Two subspaces V,W C R™ are orthogonal if and only if v € V and w € W implies v w = 0.

Definition 10.16 Let V C R™ be a subspace. Then V- C R™ equals the set of all vectors that are orthogonal to V.

Theorem 10.17 Let V C R” be a subspace. Then V* is a subspace of R™.




Week 10. Vector Spaces, Orthogonality, and Linear Least Squares 380

The Fundamental Subspaces
* The column space of a matrix A € R™*", C(4), equals the set of all vectors in R™ that can be written as Ax: {y | y = Ax}.
* The null space of a matrix A € R™*", A[(A), equals the set of all vectors in R” that map to the zero vector: {x | Ax =0}.
* The row space of a matrix A € R™*", R (A), equals the set of all vectors in R” that can be written as A7 x: {y | y = ATx}.
* The left null space of a matrix A € R™*", A\[(AT), equals the set of all vectors in R™ described by {x | x’A = 0}.

Theorem 10.18 Ler A € R™*". Then R (A) L N(A).
Theorem 10.19 Ler A € R™*". Then every x € R" can be written as x = x, + x, where x, € R (A) and x,, € N (A).
Theorem 10.20 Let A € R™*". Then A is a one-to-one, onto mapping from R (A) to C(4).

Theorem 10.21 Let A € R™*". Then the left null space of A is orthogonal to the column space of A and the dimension of the
left null space of A equals m — r, where r is the dimension of the column space of A.

An important figure:

Column
space
X, Ax =D
dim=r < .
dim=r
dim=n-r dim=m-r
n
Left null
Null space Space

Ax=A(x, +x,)= Ax, + Ax, = Ax,

Overdetermined systems
* Ax = b has a solution if and only if b € C(A).
* Let us assume that A has linearly independent columns and we wish to solve Ax ~ b. Then

— The solution of the normal equations
ATAx=ATb
is the best solution (in the linear least-squares sense) to Ax = b.

— The pseudo inverse of A is given by AT = (ATA)~1AT.




10.6. Wrap Up 381

The best solution (in the linear least-squares sense) of Ax = b is given by £ = ATh = (ATA)~1ATb.
The orthogonal projection of b onto C(A) is given by b = A(ATA)~'ATb.

The vector (b — b) is the component of b orthogonal to C(A).

The orthogonal projection of b onto C(A)™* is given by b —b = [ — A(ATA)~'AT]b.
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11.1  Opening Remarks

11.1.1 Low Rank Approximation
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11.1.

3 What You Will Learn

Upon completion of this unit, you should be able to

Given vectors a and b in R™, find the component of b in the direction of a and the component of b orthogonal to a.

Given a matrix A with linear independent columns, find the matrix that projects any given vector b onto the column space
A and the matrix that projects b onto the space orthogonal to the column space of A, which is also called the left null
space of A.

Understand low rank approximation, projecting onto columns to create a rank-k approximation.
Identify, apply, and prove simple properties of orthonormal vectors.

Determine if a set of vectors is orthonormal.

Transform a set of basis vectors into an orthonormal basis using Gram-Schmidt orthogonalization.
Compute an orthonormal basis for the column space of A.

Apply Gram-Schmidt orthogonalization to compute the QR factorization.

Solve the Linear Least-Squares Problem via the QR Factorization.

Make a change of basis.

Be aware of the existence of the Singular Value Decomposition and that it provides the “best” rank-k approximation.
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11.2 Projecting a Vector onto a Subspace

11.2.1 Component in the Direction of ...

@ View at edX

Consider the following picture:

Span({a}) = C((a))

Here, we have two vectors, a,b € R™. They exist in the plane defined by Span({a,b}) which is a two dimensional space (unless
a and b point in the same direction). From the picture, we can also see that b can be thought of as having a component z in the
direction of a and another component w that is orthogonal (perpendicular) to a. The component in the direction of « lies in the
Span({a}) = C((a)) (here (a) denotes the matrix with only once column, ) while the component that is orthogonal to a lies in
Span({a})*. Thus,

b=z+w,

where
e z=7xa withy € R; and

T

e a'w=0.

Noting that w = b — z we find that
0=a"w=al(b—z)=d" (b—ya)

or, equivalently,
T T
a ay=a'b.

We have seen this before. Recall that when you want to approximately solve Ax = b where b is not in C(A) via Linear
Least Squares, the “best” solution satisfies AT Ax = AT b. The equation that we just derived is the exact same, except that A
has one column: A = (a).

Then, provided a # 0,
x=(a"a)" (a"D).

Thus, the component of b in the direction of a is given by

u=ya=(a"a)"'(a"b)a=a(a"a) ' (a"b) = [a(aTa)_laT] b.
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Note that we were able to move a to the left of the equation because (a’a)~! and a b are both scalars. The component of b
orthogonal (perpendicular) to a is given by

w=b—z=b—(ala"a) 'a" ) b=1b— (a(a"a)'a") b= (I—a(a"a)"'d")b.

Summarizing:

z = (a(a"a)"'a")b is the component of b in the direction of a; and
1

W= (I a(a’a)~ aT) b is the component of b perpendicular (orthogonal) to a.

We say that, given vector a, the matrix that projects any given vector b onto the space spanned by a is given by

1
T \—1T T
ala"a) " a (= 7,4d )

since a(a’a)~'a’ b is the component of b in Span({a}). Notice that this is an outer product:

We say that, given vector a, the matrix that projects any given vector b onto the space orthogonal to the space spanned by a is
given by

1
I—a(a’a)'a" (= I—aTaa =I-a'),

since (I —a(a’a)~'a") b is the component of b in Span({a})".

Notice that I — ——aa” = I —av" is a rank-1 update to the identity matrix.

1
Homework 11.2.1.1 Let a = and P,(x) and P;(x) be the projection of vector x onto Span({a}) and
0

Span({a})™*, respectively. Compute

4
4. PH( ) )=

5. Draw a picture for each of the above.
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1

Homework 11.2.1.2 Leta = | 1 | and P,(x) and P;(x) be the projection of vector x onto Span({a}) and
0

Span({a}), respectively. Compute

0

1 ])=
1

Homework 11.2.1.3 Leta,v,b € R™.
What is the approximate cost of computing (av’ )b, obeying the order indicated by the parentheses?

o m*+2m.
o 3m?.
o 2m* +4m.

What is the approximate cost of computing (v7 b)a, obeying the order indicated by the parentheses?
o m*+2m.

e 3m.

o 2m%+4m.

For computational efficiency, it is important to compute a(a’ @) ~'a’ b according to order indicated by the following paren-
theses:

((a’a) Y (a’b))a.
Similarly, (I —a(a” a)~'a” )b should be computed as

b—(((a"a)" (a"b))a).
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Homework 11.2.1.4 Given a,x € R™, let P,(x) and P, (x) be the projection of vector x onto Span({a}) and
Span({a})", respectively. Then which of the following are true:

1. Py(a)=a. True/False
2. Py(xa) =ya. True/False
3. Pl (xa) = 0 (the zero vector). True/False
4. Py(Py(x)) = Py(x). True/False
5. P-(P(x)) = P (x). True/False
6. P,(P;(x)) = 0 (the zero vector). True/False

(Hint: Draw yourself a picture.)

11.2.2 An Application: Rank-1 Approximation

@ View at edX

Consider the picture

This picture can be thought of as a matrix B € R™*" where each element in the matrix encodes a pixel in the picture. The jth
column of B then encodes the jth column of pixels in the picture.

Now, let’s focus on the first few columns. Notice that there is a lot of similarity in those columns. This can be illustrated by
plotting the values in the column as a function of the element in the column:
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In the graph on the left, we plot B; ;, the value of the (i, j) pixel, for j = 0,1,2,3 in different colors. The picture on the right
highlights the columns for which we are doing this. The green line corresponds to j = 3 and you notice that it is starting to
deviate some for i near 250.

If we now instead look at columns j = 0, 1,2, 100, where the green line corresponds to j = 100, we see that that column in
the picture is dramatically different:

10

08} w,
f

06 |

- ‘

02}

0.0 L L L L L L
0 50 100 150 200 250 300 350

Changing this to plotting j = 100,101,102, 103 and we notice a lot of similarity again:
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Now, let’s think about this from the point of view taking one vector, say the first column of B, by, and projecting the other
columns onto the span of that column. What does this mean?

* Partition B into columns B = ( by ‘ by ‘ ‘ b1 )
* Pick a = by.
* Focus on projecting by onto Span({a}):
a(a’a)'a"by= a(a’a)'d"a =a.
Since by = a
Of course, this is what we expect when projecting a vector onto itself.

* Next, focus on projecting b; onto Span({a}):
a(a’a)"'a" b,

since b is very close to by.

* Do this for all columns, and create a picture with all of the projected vectors:

( a(a"a)'aT by ‘ a(a"a)"'a" by ‘ a(a"a)"'a by ‘ )
¢ Now, remember that if 7 is some matrix, then

TB = ( Tho | Ty | 70y | - )
If we let T = a(a’a)~'a” (the matrix that projects onto Span({a}), then
a(a’a) 'a” ( b ‘ b ‘ by ‘ ) =a(a’a) 'd"B.
 We can manipulate this further by recognizing that y” = (a” a)~'a” B can be computed as y = (a’a) !B a:
a(a’a)'a"B=a ((a"a)"'BTa )T =ay”

———
y

» We now recognize ay” as an outer product (a column vector times a row vector).
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¢ If we do this for our picture, we get the picture on the left:

SN W 1T W L TSR R T E S

Notice how it seems like each column is the same, except with some constant change in the gray-scale. The same is true
for rows. Why is this? If you focus on the left-most columns in the picture, they almost look correct (comparing to the
left-most columns in the picture on the right). Why is this?

* The benefit of the approximation on the left is that it can be described with two vectors: a and y (n 4+ m floating point
numbers) while the original matrix on the right required an entire matrix (m x n floating point numbers).

» The disadvantage of the approximation on the left is that it is hard to recognize the original picture...

Homework 11.2.2.1 Let S and T be subspaces of R and S C T.
dim(S) < dim(T).
Always/Sometimes/Never

Homework 11.2.2.2 Let u € R™ and v € R”. Then the m x n matrix uv’ has a rank of at most one.
True/False

Homework 11.2.2.3 Let u € R™ and v € R". Then uv’ has rank equal to zero if
(Mark all correct answers.)

1. u =0 (the zero vector in R™).
2. v =0 (the zero vector in R").
3. Never.

4. Always.

11.2.3 Projection onto a Subspace

No video this section

Next, consider the following picture:
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What we have here are
* Matrix A € R™*",
* The space spanned by the columns of A: C(A).
e A vector b € R™.

* Vector z, the component of b in C(A) which is also the vector in C(A) closest to the vector b. Since this vector is in the
column space of A, z = Ax for some vector x € R".

¢ The vector w which is the component of b orthogonal to C(A).

The vectors b, z, w, all exist in the same planar subspace since b = z+ w, which is the page on which these vectors are drawn in
the above picture.
Thus,
b=z+w,

where
e z=Ax with x € R"; and
+ ATw = 0 since w is orthogonal to the column space of A and hence in A_(AT).

Noting that w = b — z we find that
0=ATw=AT(b—z) =AT (b—Ax)

or, equivalently,
ATAx=ATb.
This should look familiar!
Then, provided (ATA)~! exists (which, we saw before happens when A has linearly independent columns),

x=(ATA) AT .

Thus, the component of b in C(A) is given by
:=Ax=A(ATA)'ATp
while the component of b orthogonal (perpendicular) to C(A) is given by
w=b—z=b—AATA) 'ATh=1b—A(ATA)'ATb = (1 - A(ATA)'AT) b.
Summarizing:

AATA) AT
w o= (I-A@ATA)'AT)b.

N
I
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We say that, given matrix A with linearly independent columns, the matrix that projects a given vector b onto the column
space of A is given by

A(ATA) AT

since A(ATA)~'ATb is the component of b in C(A).

We say that, given matrix A with linearly independent columns, the matrix that projects a given vector b onto the space
orthogonal to the column space of A (which, recall, is the left null space of A) is given by

I—A(ATA)1AT

since (I —A(ATA)~'AT) b is the component of b in C(A)* = A(AT).

1 1 1
Homework 11.2.3.1 Consider A = 1 -1 and b = 2
-2 4 7

1. Find the projection of b onto the column space of A.
2. Split b into z+ w where z is in the column space and w is perpendicular (orthogonal) to that space.

3. Which of the four subspaces (C(A), R(A), N(A), N(AT)) contains w?

For computational reasons, it is important to compute A(A”A)~'A” x according to order indicated by the following paren-
theses:
Al(ATA)"HATA]

Similarly, (I —A(ATA)~'AT)x should be computed as

x = [A[(ATA) " [AT K]

11.2.4 An Application: Rank-2 Approximation

@ View at edX

Earlier, we took the first column as being representative of all columns of the picture. Looking at the picture, this is clearly
not the case. But what if we took two columns instead, say column j = 0 and j = n/2, and projected each of the columns onto
the subspace spanned by those two columns:
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bO bn/ 2

e Partition B into columnsB:( by ‘ b ‘ ‘ bn_1 )

crca= ()= ()
« Focus on projecting by onto Span({ag,a;1}) = C(A):
AATA)'AThy = a = by

because a is in C(A) and a is therefore the best vector in C(A).

* Next, focus on projecting b; onto Span({a}):
AATA)1ATh) ~ by

since by is very close to a.

* Do this for all columns, and create a picture with all of the projected vectors:
((A(ATA)1ATby | A(ATA) AT Dy | AATA)ATD, | - )
¢ Now, remember that if 7 is some matrix, then
TB=( Tbo | 701 | 70y | - ).
If we let T = A(ATA) "' AT (the matrix that projects onto C(A), then

A(ATA)—lAT( bo | b | by | - ):A(ATA)‘lATB.
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* We can manipulate this by letting W = BTA(ATA)~! so that

A (ATA)1ATB =aAwT.
N————’
WT

Notice that A and W each have two columns.

* We now recognize AW is the sum of two outer products:

T T w T T
AW:(%‘m)(wo‘wl) :(ao‘al) T =apgwy +aiwj .
w
1

It can be easily shown that this matrix has rank of at most two, which is why this would be called a rank-2 approximation
of B.

* If we do this for our picture, we get the picture on the left:

Ml

We are starting to see some more detail.

* We now have to store only a n X 2 and m x 2 matrix (A and W).

11.2.5 An Application: Rank-k Approximation

@ View at edX

Rank-k approximations

We can improve the approximations above by picking progressively more columns for A. The following progression of pictures
shows the improvement as more and more columns are used, where k indicates the number of columns:
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;
l
BaE VEEATEE G ) e -

original

Homework 11.2.5.1 Let U € R"*k and V € R"**. Then the m x n matrix UV T has rank at most k.

True/False

@ View at edX
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Homework 11.2.5.2 We discussed in this section that the projection of B onto the column space of A is given by
A(ATA)~1ATB. So, if we compute V = (ATA)~'AT B, then AV is an approximation to B that requires only m x k
matrix A and k X n matrix V.

To compute V, we can perform the following steps:

» Form C = ATA.

* Compute the LU factorization of C, overwriting C with the resulting L and U.
« Compute V =ATB.

* Solve LX =V, overwriting V with the solution matrix X.

* Solve UX =V, overwriting V with the solution matrix X.

* Compute the approximation of BasA-V (A times V). In practice, you would not compute this approximation,
but store A and V instead, which typically means less data is stored.

To experiments with this, download Week11.zip, place it in
LAFF-2.0xM -> Programming

and unzip it. Then examine the file Week11l/CompressPicture.m, look for the comments on what operations
need to be inserted, and insert them. Execute the script in the Command Window and see how the picture in file
building.png is approximated. Play with the number of columns used to approximate. Find your own picture!
(It will have to be a black-and-white picture for what we discussed to work.

Notice that ATA is a symmetric matrix, and it can be shown to be symmetric positive definite under most cir-
cumstances (when A has linearly independent columns). This means that instead of the LU factorization, one can
use the Cholesky factorization (see the enrichment in Week 8). In Week11.zip you will also find a function for
computing the Cholesky factorization. Try to use it to perform the calculations.

11.3 Orthonormal Bases

11.3.1 The Unit Basis Vectors, Again

@ View at edX

Recall the unit basis vectors in R3:

1 0 0
ey = 0|, e = 1 and ey = 0
0 0 1

This set of vectors forms a basis for R?; they are linearly independent and any vector x € R3 can be written as a linear
combination of these three vectors.

Now, the set
1 1
vo=1| 0 |, wi= 1 and v, = 1
0 1

is also a basis for R?, but is not nearly as nice:

* Two of the vectors are not of length one.
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* They are not orthogonal to each other.

There is something pleasing about a basis that is orthonormal. By this we mean that each vector in the basis is of length
one, and any pair of vectors is orthogonal to each other.

A question we are going to answer in the next few units is how to take a given basis for a subspace and create an orthonormal
basis from it.

Homework 11.3.1.1 Consider the vectors
1 1 1
Vg = o, vi= 1 and vy = 1
0 0 1
1. Compute
(@) vlvi =
(b) vg Vo) =
(©) viv, =
2. These vectors are orthonormal. True/False
11.3.2 Orthonormal Vectors
@ View at edX
Definition 11.1 Let qo,q1,--.,qx—1 € R™. Then these vectors are (mutually) orthonormal if for all 0 < i, j <k :
1 ifi=j
alq;= .
0 otherwise.
Homework 11.3.2.1
T
cos(0) —sin(0) cos(9) —sin(9) |
sin(B)  cos(0) sin(@)  cos(0)
T
cos(B)  sin(0) cos(9) sin(0) |
—sin(0) cos(6) —sin(0) cos(0)
—sin(0) cos(0)
3. The vectors are orthonormal. True/False
cos(0) sin(0)
sin(0) cos(8)
4. The vectors are orthonormal. True/False
cos(0) —sin(0)

@ View at edX
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Homework 11.3.2.2 Let go,q1,...,q1—1 € R™ be a set of orthonormal vectors. Let

QZ(QO‘%""‘CMA )

Then QTQ =1.
TRUE/FALSE

@ View at edX

Homework 11.3.2.3 Let Q € R™*K (with k < m) and Q7 Q = I. Partition

Q:(QO‘QI""‘%—I )

Then qo,q1,...,qx—1 are orthonormal vectors.

TRUE/FALSE

@ View at edX

@ View at edX

Homework 11.3.2.4 Let g € R be a unit vector (which means it has length one). Then the matrix that projects
vectors onto Span({g}) is given by gq” .

True/False

@ View at edX

Homework 11.3.2.5 Let g € R™ be a unit vector (which means it has length one). Let x € R™. Then the component
of x in the direction of ¢ (in Span({g})) is given by ¢ xq.
True/False

@ View at edX

Homework 11.3.2.6 Let Q € R™*" have orthonormal columns (which means Q7 Q = I). Then the matrix that
projects vectors onto the column space of Q, C(Q), is given by QQ7 .
True/False

@ View at edX
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Homework 11.3.2.7 Let Q € R™*" have orthonormal columns (which means Q7 Q = I). Then the matrix that

projects vectors onto the space orthogonal to the columns of Q, C(Q)*, is given by I — QQ .
True/False

@ View at edX

11.3.3 Orthogonal Bases

@ View at edX

@ View at edX
The fundamental idea for this unit is that it is convenient for a basis to be orthonormal. The question is: how do we transform
a given set of basis vectors (e.g., the columns of a matrix A with linearly independent columns) into a set of orthonormal vectors
that form a basis for the same space? The process we will described is known as Gram-Schmidt orthogonalization (GS
orthogonalization).
The idea is very simple:

« Start with a set of n linearly independent vectors, ag,ay,...,a,—1 € R™.

* Take the first vector and make it of unit length:

g0 =ao/ l|laol2 ,
——"

Po,0

where po.o = ||ag||2, the length of ay.

Notice that Span({ao}) = Span({qo}) since g is simply a scalar multiple of ay.

This gives us one orthonormal vector, go.

 Take the second vector, a;, and compute its component orthogonal to qo:

at = (I—qoqf)ar = a1 —qoghar = a1 — qia qo.
~—~—

Po,1

* Take all, the component of a; orthogonal to go, and make it of unit length:

We will see later that Span({ag,a; }) = Span({qo,q1})-

This gives us two orthonormal vectors, gg,q1.
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* Take the third vector, a, and compute its component orthogonal to Q1) = ( q0 q1 ) (orthogonal to both gy and ¢
and hence Span({go,q1}) = C(Q?):

T
L _o0WorT —ar— OPODT, 4
a (I-0707 )ay =ay— Q707 ay =a (qo cn)(qo ql)az
Projection Component
onto C(Q®)* in C(Q®)
0 qgaz

q0
= a2_<‘]0 6]1) T a2=a2—<q0 6]1) T
q1 q) a2

= @;m-— (qgaz% + 611Tf12611)

= @m— qaq — qiaq.
—— ———
Component Component
in direction in direction
of go of g1

Notice:

- ar— qg azqo equals the vector a, with the component in the direction of g subtracted out.
- ar— qg aqo — qlTaqu equals the vector a, with the components in the direction of gg and ¢; subtracted out.

— Thus, aé- equals component of a, that is orthogonal to both go and ¢ .

* Take azl, the component of ap orthogonal to qo and g, and make it of unit length:

w=a/ |l
——
P22
We will see later that Span({ag,a1,a2}) = Span({qo,q1,92}).

This gives us three orthonormal vectors, qg,q1,¢>.

* ( Continue repeating the process )

* Take vector a;, and compute its component orthogonal to Q%) = ( q 91 - Qi1 ) (orthogonal to all vectors

40,41, ---,qk—1 and hence Span({qo,q1,...,qx—1}) = C(QW):

T
alﬂ‘ = (I_Q(k)Q(k)T)ak:ak_Q(k)Q(k)Tak:ak—( qo 411 Qkfl )( qo ql Qkfl ) [25%
a5 qbax
qi ql ay
= ak—( q9 q1 - Gk-1 ) . ak:ak—( q9 q1 - Gk-1 ) .
‘11371 q/ilak
= ak*qgak%*fﬁak%*"'qg—lakCIk—l-
Notice:

- ay— qg arqo equals the vector a; with the component in the direction of g( subtracted out.
- ap— qg arqo — q]Takql equals the vector a; with the components in the direction of go and ¢; subtracted out.

- ay— qgakqo — qlrakql —— qkT_laqu,l equals the vector a; with the components in the direction of g, q1, . . ., qr—1
subtracted out.




11.3. Orthonormal Bases 403

— Thus, a,f equals component of gy that is orthogonal to all vectors g; that have already been computed.

e Take akL, the component of a; orthogonal to qo,q1, - . .qx—1, and make it of unit length:

ac=ai/ |lail2
——

Pk k

We will see later that Span({ag,ai,...,ar}) = Span({qo,q1,---,qx})-

This gives us k+ 1 orthonormal vectors, qo,q1,- - -, q-
* Continue this process to compute qo,q1,- .- ,qn—1-

The following result is the whole point of the Gram-Schmidt process, namely to find an orthonormal basis for the span of a
given set of linearly independent vectors.

Theorem 11.2 Let ag,ay,...,ar—1 € R™ be linearly independent vectors and let qo,q1,.-.,qr—1 € R™ be the result of Gram-
Schmidt orthogonalization. Then Span({ag,ay,...,ax—1}) = Span({qo,q1,---,qk—1})-

The proof is a bit tricky (and in some sense stated in the material in this unit) so we do not give it here.

11.3.4 Orthogonal Bases (Alternative Explanation)

@ View at edX

We now give an alternate explanation for Gram-Schmidt orthogonalization.

We are given linearly independent vectors ag,ay, . . .,a,—1 € R™ and would like to compute orthonormal vectors go, g1, ..,gn—1 €
R™ such that S Is S

suc a pan({a07a1 Yoo 7an—1}) equals pan({quQI o 7Qn—1})'

Let’s put one more condition on the vectors gx: Span({ao,ai,...,ax—1}) = Span({qo,q1,---,qxk—1}) fork=0,1,... n. In

other words,

Span({ao}) = Span({qo})
Span({ag,a1}) = Span({qo,q1})
Span({ao,a1,...,ax-1}) = Span({qo,q1,---,qx-1})
Span({ag,ar,...,a,—1}) = Span({qo,q1,...,qn-1})

Computing qo

Now, Span({ap}) = Span({qo }) means that ap = po,0qo for some scalar pg . Since go has to be of length one, we can choose

poo = llaoll2
g0 = ao/Poo-
Notice that go is not unique: we could have chosen pg o = —||ag||2 and go = ao/po,o. This non-uniqueness is recurring in the

below discussion, and we will ignore it since we are merely interested in a single orthonormal basis.
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Computing g

Next, we note that Span({ao,a;}) = Span({qo,q1}) means that a; = po 190 + p1,141 for some scalars po; and p; ;. We also
know that qg g1 =0 and qqul = 1 since these vectors are orthonormal. Now

gbar = b (Po.1go+P1,1q1) =40 Po190+ 40 P11q1 = Pot 4q0 +P11 461 = Po,1
~—~ ~~
1 0
so that
_ T
Po,1 =¢qpai.

Once py,; has been computed, we can compute the component of a; orthogonal to go:

T
P1,191 =4a1— ¢gpai 9o
~—— ~—
at Po.1

after which all = P1,191- Again, we can now compute P11 as the length of a]L and normalize to compute g :

Po1 = qoai
ai = a1 —poiqo
. 1
pii = layl2
q1 = ay/pi.

Computing ¢»

We note that Span({ao,a1,a2}) = Span({qo,q1,4>}) means that a> = po2qo + pP1.2¢1 + p2,2g> for some scalars pg 2, P12 and
p22. We also know that g2 q> = 0, g7 g = 0 and ¢1 g» = 1 since these vectors are orthonormal. Now

ghar = qg(PO,quJrPqulJer,zqz)=Po,2 46 90 +pP12 a4 0 +pP22 4692 = Po,2
—~— ~—~— —~—
1 0 0
so that
Po,zzqgaz-
qglay = q{(Po,quJrPqulJer,zqz)=Po,2 q1 90 +pP12 a1 ¢ +P22 q1 42 =pi12
N N~ N~
0 1 0
so that
_ T
P12=4qia2.

Once po and pj 2 have been computed, we can compute the component of a, orthogonal to g and ¢;:

T T
P22q2 =ax— qpa2 qo— 4192 41
N—— N~~~ N~~~

azL Po,2 P12

after which azl = P2,2¢>. Again, we can now compute P; > as the length of azL and normalize to compute g;:

Po2 = 615 a
P2 = qlTaz

azL ‘= az—Po.290 —P1,291
P22 = lazll

@ = ay/pan
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Computing g
Let’s generalize this: Span({ao,aj,...,ax}) = Span({qo,q1,-..,qx}) means that

k—1
Ak = Poxqg0 +P1.xkq1 + + Pk—1k9k—1 + Pk Gk = )_ Pjkqj+ Pkiqk
=0

J
for some scalars Po x, P1k;-- - Pk We also know that

1 ifi=

aiqj= .
0 otherwise.

Now, if p <k,
k=1 k—1
q,fak = CI,T, (,Zo Pjkgj+ Pk,k%) = J;)P j,kCI,T,qJ' + Pk,kCI,T,Qk = pp.,kCIZ;Qp =Ppk
so that
Ppi = ank.
Once the scalars p,, ; have been computed, we can compute the component of a; orthogonal to g, ...,qk—1:

k—1
T
Pk kK :ak_z qjax qj
— Jj=0 ~~~
1
ax Pjk

after which akl = Pikqk- Once again, we can now compute Py ;. as the length of akl and normalize to compute g:

Pox = qoax
Ptk = Gho @&
N k=1
a = ar— ijvkqf
Jj=0
e = lai |2
G = A P
An algorithm
The above discussion yields an algorithm for Gram-Schmidt orthogonalization, computing go,...,g,—1 (and all the p; ;’s as a

side product). This is not a FLAME algorithm so it may take longer to comprehend:
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fork=0,....n—1
Po.k q0 % 0
forp:()v']:'akfl P1,k Q{ak q{ r
Ppk = dqpar . = = Ak = ( q0 ‘ q1 ‘ ‘ dk—1 ) ak
endfor :
Pr—1k qulak qu1
at = ay Pok
fOl‘j:O,. ,k*l n il pl,k
at ==at —pjxg; G =ak—YjoPjkqj = %k — ( 90 ‘ q1 ‘ ‘ Gie—1 )
endfor
Pk—1.k
Pk = [lag 2 o
= a/f/Pk,k Normalize a;- to be of length one.
endfor
1 0
Homework 11.3.4.1 Consider A= | 0 1 | Compute an orthonormal basis for C(A).
11
1 -1 0
Homework 11.3.4.2 Consider A= | 1 0 1 |.Compute an orthonormal basis for C(A).
1 1 2
1 1
Homework 11.3.4.3 Consider A = 1 —1 |.Compute an orthonormal basis for C(A).
-2 4

11.3.5 The QR Factorization

@ View at edX

Given linearly independent vectors ag,ay,...,a,—; € R™, the last unit computed the orthonormal basis qg,q,...,qgn—1
such that Span({ay,as,...,a,—1}) equals Span({qi,42,...,4n—1}). As a side product, the scalars p; j = qiTaj were com-
puted, for i < j. We now show that in the process we computed what’s known as the QR factorization of the matrix

A= (ool awr )

Poo | Po1 | ot | Pon—1
(aofar | ans) = (ala| o fans ) |2
A Q 0 0 Pn—1.n-1
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Notice that Q7 Q = I (since its columns are orthonormal) and R is upper triangular.
In the last unit, we noticed that

a = 0,090
a = pPoiq0 + P1191
an-1 = Poa-190 + Pia-191 + -+ Pu—1n—19n-1

If we write the vectors on the left of the equal signs as the columns of a matrix, and do the same for the vectors on the right of
the equal signs, we get

( aop ‘ aj ‘ ‘ anp—1 ) = ( Po,090 ‘ Po,190 +P1,191 ‘ ‘ P0on—-190 +P1,n—191 + -+ Pu—1,n—19n-1 )
A
P00 | Po1 | | Pon-1
0 P, | - P1,n—1
= (wolan| o ) |
0 0 0 | Pr—1n—1
R

Bingo, we have shown how Gram-Schmidt orthogonalization computes the QR factorization of a matrix A.

Homework 11.3.5.1 Consider A =

—_— O =
_— = O

* Compute the QR factorization of this matrix.
(Hint: Look at Homework 11.3.4.1)

¢ Check that QR = A.

Homework 11.3.5.2 Considerx !'m

1 1
A= 1 —1 |.Compute the QR factorization of this matrix.
-2 4

(Hint: Look at Homework 11.3.4.3)
Check that A = OR.

11.3.6 Solving the Linear Least-Squares Problem via QR Factorization

@ View at edX

Now, let’s look at how to use the QR factorization to solve Ax ~ b when b is not in the column space of A but A has linearly
independent columns. We know that the linear least-squares solution is given by

x=(ATA)"1ATp.
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Now A = QR where Q' Q = I. Then

x o= (ATA)*IATb=((\Qﬁ)T(\Q£))*I( LR )'b
A A A

T AT —1pT AT, _ (DT p\—1pT HT, _ p—1 —TpT AT
(RT 0T0 R)'RTQ"h=(RTR)"'RTQ"h=R' R°TRT QTh
I 1
= R '07h.

Thus, the linear least-square solution, x, for Ax &= b when A has linearly independent columns solves Rx = oTb.

0

1
Homework 11.3.6.1 In Homework 11.3.4.1 you were asked to consider A= | 0 1 and compute an or-
1

1
thonormal basis for C(A).
In Homework 11.3.5.1 you were then asked to compute the QR factorization of that matrix. Of course, you
could/should have used the results from Homework 11.3.4.1 to save yourself calculations. The result was the
following factorization A = QR:

1[0 1 -1
_| 4 V2
01 S|l 0|5 1
1)1 3

Now, compute the “best” solution (in the linear least-squares sense), £, to

1 0 1
0 1 X0 _
|1 X1

(This is the same problem as in Homework 10.4.2.1.)

e u=0"b

¢ The solution to Rt = u is £ =

11.3.7 The QR Factorization (Again)

@ View at edX
We now give an explanation of how to compute the QR factorization that yields an algorithm in FLAME notation.

We wish to compute A = QR where A,Q € R™" and R € R"". Here Q7 Q = I and R is upper triangular. Let’s partition
these matrices:

Roo | ro1 | Roz
A:(A0|al‘A2)a Q:(QO|QI‘Q2)7 and 0 |p1t |+, |
0 0 | Rp
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where Ag, Qp € R™* and Ryy € R¥**. Now, A = QR means that

Roo | ro1 | Roz
(Aolal‘A2>:<Q0|CI1‘Q2) 0 |p11]|rf,
0 0 Ry

so that

( Ao | ai ‘ Az ):( QoRoo | Qoro1 +p11q1 | QoRox + qirl, + Q2R» )

Now, assume that Qg and Ry have already been computed so that Ag = QgRgp. Let’s focus on how to compute the next column
o1

P11

of O, q1, and the next column of R,

ar = Qoro1 +P1141
implies that

Qjar = Q) (Qoro1 +p1191) = 05Qo ro1 +p11 Qg1 = ron,

1 0

since Qg Qo = I (the columns of Qg are orthonormal) and Qg q1 = 0 (q; is orthogonal to all the columns of Q). So, we can
compute rq; as

— T
rol .= QO ay.
Now we can compute af, the component of a; orthogonal to the columns of Qg:

air = a;—Qoroi
= a1—QoQ}a

(I —QoQ%)a, the component of a; orthogonal to C(Qp).

Rearranging a; = Qoro1 + P1141 yields p11g1 = a1 — Qoro1 = alL. Now, g is simply the vector of length one in the direction of
af-. Hence we can choose

P11 ||01L||2
q1 = af/Pn-

All of these observations are summarized in the algorithm in Figure 11.1
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Algorithm: [Q,R] := QR(A,Q,R)

. Rrr | Rrr
Partition A — ( Ar | Ag ) ,Q—)( or, | Or ) ,R—
Rpr | Rar
where A; and Q; have 0 columns, Ry,
is0x0
while n(AL) <n(A) do
Repartition

(alae)=(alals) (olo) = (alale).

Continue with

R R Roo | ro1 | Roz
7L | Rrr
T T
- o | P11 | T2
Rpr | Rar
Ry | r21 | R
AT
ro1 := Qya
1.
ay = ay — Qorol
L
p11 = [lay |2
1
g1 =ay /pu

(acfan)=(aofa]a). (ol )< (onfa]o).

Roo | ro1 | Roz
Rrr | Rrr T T
| ro [P | T2
Rpr | Rar
Ry | r21 | R
endwhile

Figure 11.1: QR facorization via Gram-Schmidt orthogonalization.

Homework 11.3.7.1 Implement the algorithm for computing the QR factorization of a matrix in Figure 11.1

[ Qout, Rout ] = QRunb( A, Q, R )

where A and Q are m X n matrices and R is an n X n matrix. You will want to use the routines 1aff_gemv, laff_norm,

and laff_invscal. (Alternatively, use native MATLAB operations.) Store the routine in

LAFF-2.0xM -> Programming -> Weekll -> QR_unb.m

Test the routine with

A= 1-1 2
2 1 -3
-1 3 2
0 -2 -11;

Q = zeros( 4, 3 );
R = zeros( 3, 3 );
[ Q_out, R_out ] = QR unb( A, Q, R );
Next, see if A = OR:

A - Q_out * R_out

I'his should equal, approximately, the zero matrix. Check 11 J has mutually orthogonal columns:

Q_out’ * Q_out
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11.4 Change of Basis

11.4.1 The Unit Basis Vectors, One More Time

@ View at edX

Once again, recall the unit basis vectors in R2:

1 0
eo = , €1=
0 1
Now,
4 1 0
=4 +2
2 0 1
: . : 4 .
by which we illustrate the fact that and form a basis for R? and the vector can then be written as a

0 1
linear combination of these basis vectors, with coefficients 4 and 2. We can illustrate this with

L 4

11.4.2 Change of Basis

@ View at edX
Similar to the example from the last unit, we could have created an alternate coordinate system with basis vectors

Vi) (% VAt %
510—2 1 - % ,‘]1—2 | = @

4
What are the coefficients for the linear combination of these two vectors (go and g1) that produce the vector ? First let’s
2

look at a few exercises demonstrating how special these vectors that we’ve chosen are.



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/d0b73e2305cc4cf68de091c2cb536f9d/828ffd97bc274836a555cbfdf8a8256a/1
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/d0b73e2305cc4cf68de091c2cb536f9d/828ffd97bc274836a555cbfdf8a8256a/1
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/d0b73e2305cc4cf68de091c2cb536f9d/828ffd97bc274836a555cbfdf8a8256a/2
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/d0b73e2305cc4cf68de091c2cb536f9d/828ffd97bc274836a555cbfdf8a8256a/2

Week 11. Orthogonal Projection, Low Rank Approximation, and Orthogonal Bases 412

Homework 11.4.2.1 The vectors

vz [ =
0= ez ] 1T
2

are mutually orthonormal.
True/False

Homework 11.4.2.2 If Q € R"*" has mutually orthonormal columns then which of the following are true:

1. 0To=1 True/False
2. 00T =1 True/False
3.00° =1 True/False
4. 0-'=07 True/False

L 4

What we would like to determine are the coefficients o and (1 such that

X V2 [ 1 x V2 [ -1 4
07~ | =
2 \1 2 1 2
This can be alternatively written as
4 - @ Xo | _ [ 4
% % X1
—_— ——
0
In Homework 11.4.2.1 we noticed that
Vo2 N 1 0
2 2 2 2 _
_V2 2 V22 0 1
2 2 2 2

o' Q
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and hence
V2 oV2 V2 2 V2ooV2 4
2 2 2 2 Xo | _ 2 2
2 V2 N N 5
) 2 2 X1 )
—_———
o' o o'
1
or, equivalently,
%\ 22 4\ [ a2\ [ 32
—_———
QT
so that
3v2 sl V2 a1,
2 2
In other words: In the new basis, the coefficients are 3v/2 and —v/2.
Another way of thinking of the above discussion is that
0 4 0 4
4 +2 = =
0 2
V2 V2 V2 V2 V2 V2 2492
_ 2 2 2 2 _ 2 2 2 2
NN VR V2 L4202
2 2 2 2 2 2 2 2
| —
0 o' 0
V2 o V2 V2 _y2
S O ) ) Rl U
27z —V2 7 7
—_———
o
This last way of looking at the problem suggest a way of finding the coefficients for any basis, ag,ai,...,a,—1 € R*. Let
beR"andletA = ( ag ‘ a ‘ ‘ an—1 ) Then
b= AA"! b=Ax= Xoao+Y1a1+ -+ Xn—1an—1-
1
So, when the basis is changed from the unit basis vectors to the vectors ag, ay, . . . ,a,—1, the coefficients change from B, By, . .., Br—1
(the components of the vector b) to Xo,X1,---,Xn—1 (the components of the vector x).

Obviously, instead of computing A~!b, one can instead solve Ax = b.
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11.5 Singular Value Decomposition

11.5.1 The Best Low Rank Approximation

@ View at edX

Earlier this week, we showed that by taking a few columns from matrix B (which encoded the picture), and projecting onto
those columns we could create a rank-k approximation, AW, that approximated the picture. The columns in A were chosen
from the columns of B.

Now, what if we could choose the columns of A to be the best colums onto which to project? In other words, what if we
could choose the columns of A so that the subspace spanned by them minimized the error in the approximation AW’ when we
choose W = (ATA)~'ATB?

The answer to how to obtain the answers the above questions go beyond the scope of an introductory undergraduate linear
algebra course. But let us at least look at some of the results.

One of the most important results in linear algebra is the Singular Value Decomposition Theorem which says that any
matrix B € R™*" can be written as the product of three matrices, the Singular Value Decomposition (SVD):

B=Uzv’
where
o UeR™ and UTU = I (U has orthonormal columns).
* X € R™" is a diagonal matrix with positive diagonal elements that are ordered so that Gop > 61,1 > +++ > O(,_1) (r—1) > 0.
o VeR"™ and VIV =1 (V has orthonormal columns).
¢ requals the rank of matrix B.

If we partition

XrL 0
U:<UL|UR>7VZ(VL|VR)aandz: ;

where Uy and V have k columns and X7y is k x k, then ULZTLVLT is the “best” rank-k approximation to matrix B. So, the “best”
rank-k approximation B = AW is given by the choices A = Uy and W = L7, V.
The sequence of pictures in Figures 11.2 and 11.3 illustrate the benefits of using a rank-k update based on the SVD.

Homework 11.5.1.1 Let B=UXV7 be the SVD of B, with U € R™*", ¥ € R™" and V € R"*". Partition

Go| O |- 0
o= (| )= | [ (ol o)
0 0 O,

T

uxvT = Gouovg +(51M1V1T +-+ O 1Ur—1V,_y-

Always/Sometimes/Never

Homework 11.5.1.2 Let B=UZXVT be the SVD of B with U € R™*", ¥ € R™" and V € R**",
* C(B)=C(U)

Always/Sometimes/Never

Always/Sometimes/Never
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A(ATA)"'ATB

Ulxr Ve

i
L L T N - TREERREEE TR T

Figure 11.2: Rank-k approximation using columns from the picture versus using the SVD. (Part 1)
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A(ATA)"'ATB Ulxr Vi

Figure 11.3: Rank-k approximation using columns from the picture versus using the SVD. (Continued)

Given A € R™*" with linearly independent columns, and b € R™, we can solve Ax ~ b for the “best” solution (in the linear
least-squares sense) via its SVD, A = ULV, by observing that

£ = (ATA)7'ATp
= ((wzvhHrwzvh)~Ywuzvh)Tp
= (vxfuTuzvTh)-lvzTuTh
= (vzzvh)-lvzuTp
= (v~ ') lv-hHvzuTs
= v lzlxuTp
= v 'uTh

Hence, the “best” solution is given by
£=vE'UTh.
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Homework 11.5.1.3 You will now want to revisit exercise 11.2.5.2 and compare an approximation by projecting
onto a few columns of the picture versus using the SVD to approximate. You can do so by executing the script
Weekll/CompressPictureWithSVD.m that you downloaded in Week11.zip. That script creates three figures: the
first is the original picture. The second is the approximation as we discussed in Section 11.2.5. The third uses the
SVD. Play with the script, changing variable k.

11.6 Enrichment

11.6.1 The Problem with Computing the QR Factorization

Modified Gram-Schmidt

In theory, the Gram-Schmidt process, started with a set of linearly independent vectors, yields an orthonormal basis for the
span of those vectors. In practice, due to round-off error, the process can result in a set of vectors that are far from mutually
orhonormal. A minor modification of the Gram-Schmidt process, known as Modified Gram-Schmidt, partially fixes this.

A more advanced treatment of Gram-Schmidt orthonalization, including the Modified Gram-Schmidt process, can be found
in Robert’s notes for his graduate class on Numerical Linear Algebra, available from http://www.ulaff.net.

Many linear algebra texts also treat this material.

11.6.2 QR Factorization Via Householder Transformations (Reflections)

If orthogonality is important, an alternative algorithm for computing the QR factorization is employed, based on Householder
transformations (reflections). This approach resembles LU factorization with Gauss transforms, except that at each step a
reflection is used to zero elements below the current diagonal.

QR factorization via Householder transformations is discussed in Robert’s notes for his graduate class on Numerical Linear
Algebra, available from http://www.ulaff.net.

Graduate level texts on numerical linear algebra usually treat this topic, as may some more advanced undergraduate texts.

11.6.3 More on SVD

The SVD is possibly the most important topic in linear algebra.

A thorough treatment of the SVD can be found in Robert’s notes for his graduate class on Numerical Linear Algebra,
available from http://www.ulaff.net.

Graduate level texts on numerical linear algebra usually treat this topic, as may some more advanced undergraduate texts.

11.7 Wrap Up

11.7.1 Homework

No additional homework this week.

11.7.2 Summary

Projection
Given a,b € R™:

e Component of b in direction of a:

* Matrix that projects onto Span({a}):
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* Component of b orthogonal to a:
a’b T \—1,T T \—1,T
w:b—ﬁa:b—a(a a)ab=(I—a(a"a)" a )b.

* Matrix that projects onto Span({a})*:
I—a(a"a)'d"

Given A € R"™*" with linearly independent columns and vector b € R™:

» Component of b in C(A):
u=A(ATA)'ATD,

 Matrix that projects onto C(A):
A(ATA)71AT,
+ Component of b in C(A)* = N\(AT):
w=b—AATA)1ATh = (1—AATA) AT,
* Matrix that projects onto C(A)+ = AL(AT):
(I—AATA)~1AT).
“Best” rank-k approximation of B € R”*" using the column space of A € R”*¥ with linearly independent columns:

AATA)T'ATB=AVT| where VT = (ATA)~1ATB.

Orthonormal vectors and spaces

Definition 11.3 Let qo,q1,---,qx—1 € R™. Then these vectors are (mutually) orthonormal if for all 0 < i, j <k :

1 ifi=j

qiqj = .
0 otherwise.

Theorem 11.4 A matrix Q € R™" has mutually orthonormal columns if and only if QT Q = I.
Given ¢,b € R™, with ||¢||2 = 1 (¢ of length one):
* Component of b in direction of g:
u=q'bg=qq"b.

* Matrix that projects onto Span({g¢}):
T
qq9

* Component of b orthogonal to g:
w=b—q'bg=(I—qq")b.
» Matrix that projects onto Span({g})*:
I—qq
Given matrix Q € R™*" with mutually orthonormal columns and vector b € R™:

» Component of b in C(Q):
u=QQ07"b.
* Matrix that projects onto C(Q):
00"
+ Component of b in C(Q)* = N(Q):
w=b—00"b=(I—0QQ")b.

» Matrix that projects onto C(Q)* = AL(QT):
(1-00").

“Best” rank-k approximation of B € R"*" using the column space of Q € R"** with mutually orthonormal columns:

00"B=0vT, where VT =QTB.
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Gram-Schmidt orthogonalization

Starting with linearly independent vectors ag,ay,...,a,—1 € R"™, the following algorithm computes the mutually orthonormal
vectors ¢o,qi,-- - ,gn—1 € R™ such that Span({ao,ai,...,a,—1}) = Span({qo,q1,---,qn—1}):

fork=0,....n—1
Po,k Clgak q€
fOI‘p:O,...,k—l ka qlTak qlT T
Pp,kizq;ak . = . = . ak:<‘]0‘41 ""‘Qk—l ) ai
endfor : : :
Pr—1k i1 i
at == ay Pok
for j=0,....,k—1 N . P1k
aif = ag —Pjiq; i :ak_Zj:on,k‘Ij:ak_( q0 ‘ q1 ‘ ‘ Gk—1 )
endfor
Pr—1k
Pk,k ::ﬂakl‘lz ) L
gk 1= ay /Pk,k Normalize a;- to be of length one.
endfor

The QR factorization

Given A € R™" with linearly independent columns, there exists a matrix Q € R”*" with mutually orthonormal columns and
upper triangular matrix R € R"*" such that A = QR.
If one partitions

Poo | Po,L | =t | Pon—1
O [p1a ]| Pra-t
a=(alal|ai ) e=(wla| |ai) m &=
0 O || Pn-1n-1
then
Poo | Po,1 | | POn—1
O |pr1| | Prut
(afa] o) = (o] fan ) [P
A 0 0 0 || Puctni
R

and Gram-Schmidt orthogonalization (the Gram-Schmidt process) in the above algorithm computes the columns of Q and
elements of R.

Solving the linear least-squares problem via the QR factorization

Given A € R™*" with linearly independent columns, there exists a matrix Q € R™*" with mutually orthonormal columns and
upper triangular matrix R € R"*" such that A = QR. The vector £ that is the best solution (in the linear least-squares sense) to

Ax = b is given by
» £ = (ATA)~'ATb (as shown in Week 10) computed by solving the normal equations

ATAx = ATb.
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+ £=R'Q"b computed by solving

Rx=Q"b.

An algorithm for computing the QR factorization (presented in FLAME notation) is given by

Algorithm: [Q,R] := QR(A,Q,R)

is0Ox0
while n(AL) <n(A) do

Repartition

Partition A—><AL|AR ),Q—>< 0)3 | Or )’R_>

(44w )= (a0 || 2:)

RrL

Rpr, | Rpr

where A; and Q; have O columns, Ry,

s(QLlQR)H(QoltJl‘Qz)’

Continue with

(e ) (0[] 22)

R R Roo | ro1 | Roz
7L | RrR
T T
- o | P11 | T2
Rpr | Rar
Ry | r21 | R
AT
ro1 := Qy a1
1.
ay = ay — Qorol
L
p11 = [lay |2
_ 1
q1=ai/pn

’(QLlQR)%(Qo‘CI1|Q2>,

R R Roo | ro1 | Roz
7L | Rrr
— | rlo | pu |
Rpr, | Rpr
Ry | 21 | R
endwhile

Singular Value Decomposition

Any matrix B € R™*" can be written as the product of three matrices, the Singular Value Decomposition (SVD):

where

B=UxvT

e UcR™ and UTU = I (U has orthonormal columns).

* ¥ € R™ is a diagonal matrix with positive diagonal elements that are ordered so that 6o > 61,1 > -

o Ve R"™ and VTV = I (V has orthonormal columns).

* requals the rank of matrix B.

If we partition

AT AT Rt |

(r—1),(r—1) > 0.




11.7. Wrap Up 421

where Uy and V have k columns and X7y is k x k, then ULZTLVLT is the “best” rank-k approximation to matrix B. So, the “best”
rank-k approximation B = AWT is given by the choices A = Uy and W = X7/ V.
Given A € R™*" with linearly independent columns, and b € R, the “best” solution to Ax ~ b (in the linear least-squares

sense) via its SVD, A = UXV7, is given by
£=veuTe.
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e 12

Eigenvalues, Eigenvectors, and Diagonalization

12.1 Opening Remarks

12.1.1 Predicting the Weather, Again

@ View at edX
Let us revisit the example from Week 4, in which we had a simple model for predicting the weather. Again, the following
table tells us how the weather for any day (e.g., today) predicts the weather for the next day (e.g., tomorrow):

Today

sunny | cloudy | rainy
sunny 0.4 0.3 0.1
Tomorrow cloudy 0.4 0.3 0.6
rainy 0.2 0.4 0.3

This table is interpreted as follows: If today is rainy, then the probability that it will be cloudy tomorrow is 0.6, etc.
We introduced some notation:

e Let xﬁk) denote the probability that it will be sunny k days from now (on day k).

e Let xgk) denote the probability that it will be cloudy k days from now.

e Let xﬁk) denote the probability that it will be rainy k days from now.

We then saw that predicting the weather for day k + 1 based on the prediction for day k was given by the system of linear
equations

xS = 0axy® 1 03xyx® 1+ 0axy®
W = 0axyP 4+ 03xx® + 06xyW
x§k+l) 0.2 x xﬁk) + 04x xgk) + 0.3x xﬁk).
which could then be written in matrix form as
A 04 03 0.1
= 40 and P=| 04 03 06
%) 02 04 03

423
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so that
) 04 03 0.1 e
y D= 04 03 06 %)
) 02 04 03 1

or xkt1) = px(),
Now, if we start with day zero being cloudy, then the predictions for the first two weeks are given by

Day # | Sunny Cloudy Rainy

01]0. L. 0.

1103 0.3 04

21 0.25 0.45 0.3

3] 0.265 0.415 0.32

4 1 0.2625 0.4225 0.315

5] 0.26325 0.42075 0.316

6 | 0.263125 0.421125 0.31575

7 1 0.2631625 | 0.4210375 | 0.3158

8 | 0.26315625 | 0.42105625 | 0.3157875

9 | 0.26315813 | 0.42105188 | 0.31579
10 | 0.26315781 | 0.42105281 | 0.31578938
11 | 0.26315791 | 0.42105259 | 0.3157895
12 | 0.26315789 | 0.42105264 | 0.31578947
13 | 0.2631579 | 0.42105263 | 0.31578948
14 | 0.26315789 | 0.42105263 | 0.31578947

What you notice is that eventually
XKD px®),

What this means is that there is a vector x such that Px = x. Such a vector (if it is non-zero) is known as an eigenvector. In
this example, it represents the long-term prediction of the weather. Or, in other words, a description of “typical weather”:
approximately 26% of the time it is sunny, 42% of the time it is cloudy, and 32% of the time rainy.

The question now is: How can we compute such vectors?

Some observations:

* Px =x means that Px — x = 0 which in turn means that (P —I)x = 0.
* This means that x is a vector in the null space of P —I: x € A(P —1).

* But we know how to find vectors in the null space of a matrix. You reduce a system to row echelon form, identify the
free variable(s), etc.

* But we also know that a nonzero vector in the null space is not unique.
¢ In this particular case, we know two more pieces of information:

— The components of x must be nonnegative (a negative probability does not make sense).

— The components of x must add to one (the probabilities must add to one).

The above example can be stated as a more general problem:

Ax = Ax,
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which is known as the (algebraic) eigenvalue problem. Scalars A that satisfy Ax = Ax for nonzero vector x are known as
eigenvalues while the nonzero vectors are known as eigenvectors.

From the table above we can answer questions like “what is the typical weather?” (Answer: Cloudy). An approach similar
to what we demonstrated in this unit is used, for example, to answer questions like “what is the most frequently visited webpage
on a given topic?”
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12.1.3 What You Will Learn

Upon completion of this unit, you should be able to

Determine whether a given vector is an eigenvector for a particular matrix.
Find the eigenvalues and eigenvectors for small-sized matrices.

Identify eigenvalues of special matrices such as the zero matrix, the identity matrix, diagonal matrices, and triangular
matrices.

Interpret an eigenvector of A, as a direction in which the “action” of A, Ax, is equivalent to x being scaled without
changing its direction. (Here scaling by a negative value still leaves the vector in the same direction.) Since this is true
for any scalar multiple of x, it is the direction that is important, not the length of x.

Compute the characteristic polynomial for 2 x 2 and 3 x 3 matrices.
Know and apply the property that a matrix has an inverse if and only if its determinant is nonzero.
Know and apply how the roots of the characteristic polynomial are related to the eigenvalues of a matrix.

Recognize that if a matrix is real valued, then its characteristic polynomial has real valued coefficients but may still have
complex eigenvalues that occur in conjugate pairs.

Link diagonalization of a matrix with the eigenvalues and eigenvectors of that matrix.
Make conjectures, reason, and develop arguments about properties of eigenvalues and eigenvectors.

Understand practical algorithms for finding eigenvalues and eigenvectors such as the power method for finding an eigen-
vector associated with the largest eigenvalue (in magnitude).
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12.2 Getting Started

12.2.1 The Algebraic Eigenvalue Problem

@ View at edX

The algebraic eigenvalue problem is given by

Ax = Ax.

where A € R"*" is a square matrix, A is a scalar, and x is a nonzero vector. Our goal is to, given matrix A, compute A and x. It
must be noted from the beginning that A may be a complex number and that x will have complex components if A is complex
valued. If x £ 0, then A is said to be an eigenvalue and x is said to be an eigenvector associated with the eigenvalue A. The tuple
(A, x) is said to be an eigenpair.

Here are some equivalent statements:

e Ax = Ax,, where x # 0.
This is the statement of the (algebraic) eigenvalue problem.

e Ax —Ax =0, where x # 0.
This is merely a rearrangement of Ax = Ax.

e Ax —Mx =0, where x # 0.
Early in the course we saw that x = Ix.

* (A—M)x =0, where x # 0.
This is a matter of fractoring’ x out.

e A — Al is singular.
Since there is a vector x # 0 such that (A —Al)x = 0.

* AL(A—Al) contains a nonzero vector x.
This is a consequence of there being a vector x # 0 such that (A —Al)x =0.

e dim(A((A— ) > 0.

Since there is a nonzero vector in A’(A — Al), that subspace must have dimension greater than zero.
If we find a vector x # 0 such that Ax = Ax, it is certainly not unique.
* For any scalar a, A(owx) = A(ow) also holds.
o If Ax = Axand Ay = Ay, then A(x +y) = Ax+Ay = Ax+ Ay = A(x+y).

We conclude that the set of all vectors x that satisfy Ax = Ax is a subspace.

It is not the case that the set of all vectors x that satisfy Ax = Ax is the set of all eigenvectors associated with A. After all,
the zero vector is in that set, but is not considered an eigenvector.

It is important to think about eigenvalues and eigenvectors in the following way: If x is an eigenvector of A, then x is a
direction in which the “action” of A (in other words, Ax) is equivalent to x being scaled in length without changing its
direction other than changing sign. (Here we use the term “length” somewhat liberally, since it can be negative in which
case the direction of x will be exactly the opposite of what it was before.) Since this is true for any scalar multiple of x, it
is the direction that is important, not the magnitude of x.
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12.2.2 Simple Examples

@ View at edX

In this unit, we build intuition about eigenvalues and eigenvectors by looking at simple examples.

Homework 12.2.2.1 Which of the following are eigenpairs (A,x) of the 2 x 2 zero matrix:

x = Ax,

where x # 0.
(Mark all correct answers.)

1. (1, )
2. (0 ! )
Vo
0
SO D
4. (0 - )
Y 1
5. (0, ! )
1
6. (0, )

@ View at edX
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Homework 12.2.2.2 Which of the following are eigenpairs (A,x) of the 2 x 2 zero matrix:

x = Ax,

where x # 0.
(Mark all correct answers.)

1. (1, )
2. (1 : )
NI
0
3. (1, 1 )
4. (1, -1 )
1
1
5. (1, 1 )
6. (—1 : )
B .

@ View at edX
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0
Homework 12.2.2.3 LetA =
3 0 1 1 . . .
. =3 so that (3, ) is an eigenpair.
0 -1 0 0 0
True/False
» The set of all eigenvectors associated with eigenvalue 3 is characterized by (mark all that apply):
— All vectors x # 0 that satisfy Ax = 3x.
— All vectors x # 0 that satisfy (A —3/)x = 0.
) 0 0
— All vectors x # 0 that satisfy x=0.
0 —4
Xo .
- Xo is a scalar
3 0 0 0 . . )
. =—1 so that (—1, ) is an eigenpair.
0 -1 1 1 1
True/False
@ View at edX
&% 0 - 0
0 & - 0
Homework 12.2.2.4 Consider the diagonal matrix
0 0 - &,
Eigenpairs for this matrix are given by (8¢, eo), (81,€1),- -, (8,—1,€s—1), Where e; equals the jth unit basis vector.

Always/Sometimes/Never

@ View at edX
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Homework 12.2.2.5 Which of the following are eigenpairs (A,x) of the 2 x 2 triangular matrix:
3 1
x = Ax,
0 -1
where x # 0.
(Mark all correct answers.)
L= |
4
2. (1/3, ).
1
3. (3, )
0
1
4. (-1, )
0
.60
0
3
6. (_17 )
-1
@ View at edX
Voo Vo1 o Von—1
, . ) 0 vy o Via
Homework 12.2.2.6 Consider the upper triangular matrix U =
0 0 tte anl,nfl

The eigenvalues of this matrix are Vg 0,V1.1,...,Vn—14—1-

Always/Sometimes/Never

@ View at edX

Below, on the left we discuss the general case, side-by-side with a specific example on the right.
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General Example
1 -1
Consider Ax = Ax. X A X0
2 4 X1 X1
1 -1
Rewrite as Ax — Ax A A Xo ) _
2 4 X1 X1 0
1 -1 1 0 0
Rewrite as Ax — Alx = 0. X A Xo ) _
2 4 X1 0 1 X1 0
I -1 1 0
Now [A—M]x=0 A Xo ) _
2 4 0 1 X1
1-A -1 0
A — Al is the matrix A with A sub- X
tracted from its diagonal elements. 2 4= X1 0

Now A — Al has a nontrivial vector x in its null space if that matrix does not have an inverse. Recall that
-1

oo Oo,1 _ 1 o —0o
010 Ot G001 — G001 | —ayg  Oop
Here the scalar 0 00,1 — 01 00,1 is known as the determinant of 2 x 2 matrix A, det(A).

This turns out to be a general statement:

Matrix A has an inverse if and only if its determinant is nonzero.
We have not yet defined the determinant of a matrix of size greater than 2.

1-A -1
4-2

So, the matrix does not have an inverse if and only if

A -
det( 12 4—1k )=(1-1)(4—-A)—(2)(—1)=0.

But
(1=N)AE =1 —(2)(=1)=4—5A+A2+2 =22 —51+6
This is a quadratic (second degree) polynomial, which has at most two district roots. In particular, by examination,
A2 —5A+6=RA-2)(A-3)=0

so that this matrix has two eigenvalues: A =2 and A = 3.
If we now take A = 2, then we can determine an eigenvector associated with that eigenvalue:

1-(2) -1 X0 |
2 4-(2) xw ] \o
or
-1 -1 X0 o
2 2 vl \o
X0 1

By examination, we find that = is a vector in the null space and hence an eigenvector associated with the

X1 -1

eigenvalue A = 2. (This is not a unique solution. Any vector with ¢ # 0 is an eigenvector.)
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Similarly, if we take A = 3, then we can determine an eigenvector associated with that second eigenvalue:

1-3) -1 Xo |
2 4= [\ u 0
or
-2 -1 X0 . 0
2 1 X1 0
1
By examination, we find that L is a vector in the null space and hence an eigenvector associated with the
X1 -2
eigenvalue A = 3. (Again, this is not a unique solution. Any vector X with % # 0 is an eigenvector.)

The above discussion identifies a systematic way for computing eigenvalues and eigenvectors of a 2 X 2 matrix:

e Compute
(00—A) 0, 1

det(
0.0 (o1 —A)

) = (00 —A) (0,1 —A) — 0o, 10t 0.

e Recognize that this is a second degree polynomial in A.
* Tt is called the characteristic polynomial of the matrix A, p,(A).

» Compute the coefficients of p>(A) so that
p2(A) = A2+ Pr+y.

¢ Solve
A +PBr+y=0

for its roots. You can do this either by examination, or by using the quadratic formula:

- _Bi V BZ+4Y
-2 ’

 For each of the roots, find an eigenvector that satisfies
(00 —A) 0o, 1 X0
a0 (o1 —2) X1 0

The easiest way to do this is to subtract the eigenvalue from the diagonal, set one of the components of x to 1, and
then solve for the other component.

 Check your answer! It is a matter of plugging it into Ax = Ax and seeing if the computed A and x satisfy the equation.

A 2 x 2 matrix yields a characteristic polynomial of degree at most two, and has at most two distinct eigenvalues.
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3
1

Homework 12.2.2.7 Consider A =

* The eigenvalue largest in magnitude is

* Which of the following are eigenvectors associated with this largest eigenvalue (in magnitude):

1
-1

-1
2

» The eigenvalue smallest in magnitude is

* Which of the following are eigenvectors associated with this largest eigenvalue (in magnitude):

1
-1

3 —4
5 6

Homework 12.2.2.8 Consider A =

* The eigenvalue largest in magnitude is

* The eigenvalue smallest in magnitude is
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-1

. 3 . . . .
Example 12.1 Consider the matrix A = < X ) To find the eigenvalues and eigenvectors of this matrix, we

3—-A

form A —Al = < 5

-1 L. .
L ) and check when the characteristic polynomial is equal to zero:

det(( 3;7“ f,lk )>=(3—7~)<1—k>—<—1>(2>=x2—4x+5.

When is this equal to zero? We will use the quadratic formula:

- —(—4)i\/§—4)2—4(5) o4

Thus, this matrix has complex valued eigenvalues in form of a conjugate pair: Ay = 2+i and A; =2 —i. To find
the corresponding eigenvectors:

A =2-+1 AN=2—1i
Aongr = [ 3TE@FD A PRV G B EURIES
2 1—(2+10) 2 1—(2—1i)
_ 1—i -1 B 1+i -1
2 —1-i ) B 2 —1+i )
Find a nonzero vector in the null space: Find a nonzero vector in the null space:
(1—1' —1 )(Xo)_(()). 1+4+i —1 X0 _ 0
2 -1 2 0 2 —l+4i w /) \o)
By examination, By examination,
1-i -1 1 A 1+i -1 1 B 0)
2 -1 1-i ) \o )’ 2 1+ 1+i o)’
1 . . : 1
Eigenpair: (241, ). Eigenpair: (2 —1i, )
1—i 1+i

If A is real valued, then its characteristic polynomial has real valued coefficients. However, a polynomial with real valued

coefficients may still have complex valued roots. Thus, the eigenvalues of a real valued matrix may be complex.

@ View at edX

2 2
Homework 12.2.2.9 Consider A = . Which of the following are the eigenvalues of A:
-1 4
* 4and 2.
* 3+iand?2.
e 3+iand3—i.

e 2+ijand2—1.
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12.2.3 Diagonalizing

@ View at edX
Diagonalizing a square matrix A € R"*" is closely related to the problem of finding the eigenvalues and eigenvectors of a
matrix. In this unit, we illustrate this for some simple 2 x 2 examples. A more thorough treatment then follows when we talk
about the eigenvalues and eigenvectors of n X n matrix, later this week.
In the last unit, we found eigenpairs for the matrix

1 -
2 4
Specifically,
1 -1 -1 —1 1 -1 -1 -1
=2 and =3
2 4 1 1 2 4 2 2
so that eigenpairs are given by
-1 -1
(2, ) and 3
1 2

Now, let’s put our understanding of matrix-matrix multiplication from Weeks 4 and 5 to good use:

Comment (A here is 2 x 2)

1 —1 —1 -1
) ( ) =3 ( ) Axo = hoxo;Axy = Ajxg
2 4 2 2

3<_;)> (x| An )= (Rox A )

N——— N—_—— x x N————
A X X A A

_ _ ! _ _ _ —1

) G 01)-060) Gl el - (7))
1l 2 2 4 1| 2 03 0 M

N —— N——— N — e N—— X71 X N————
X! A X A A

What we notice is that if we take the two eigenvectors of matrix A, and create with them a matrix X that has those eigenvectors
as its columns, then X "'AX = A, where A is a diagonal matrix with the eigenvalues on its diagonal. The matrix X is said to
diagonalize matrix A.

Defective matrices

Now, it is not the case that for every A € R"*" there is a nonsingular matrix X € R™*" such that X “1AX = A, where A is
diagonal. Matrices for which such a matrix X does not exists are called defective matrices.

Homework 12.2.3.1 The matrix

can be diagonalized.

True/False
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The matrix

Al
0 A

is a simple example of what is often called a Jordan block. It, too, is defective.

@ View at edX

Homework 12.2.3.2 In Homework 12.2.2.7 you considered the matrix
A =

and computed the eigenpairs

(4, ! ) and (-2, ! ).
1 —1

* Matrix A can be diagonalized by matrix X =. (Yes, this matrix is not unique, so please use the info from the
eigenpairs, in order...)

e AX =
0X71:

s X 'Ax =

12.2.4 Eigenvalues and Eigenvectors of 3 x 3 Matrices

@ View at edX
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(=)

—

X1

3 0 0

Homework 12.2.4.1 LetA=| 0 —1 0 |.Then which of the following are true:

0 0 2

is an eigenvector associated with eigenvalue 3.

is an eigenvector associated with eigenvalue —1.

, where % # 0 is a scalar, is an eigenvector associated with eigenvalue —1.

is an eigenvector associated with eigenvalue 2.

True/False

True/False

True/False

True/False

@ View at edX
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[N )

—

X1

00,0 0 0

Homework 12.2.4.2 LetA = 0 o 0 |. Then which of the following are true:

0 0 022

is an eigenvector associated with eigenvalue 0 g.

is an eigenvector associated with eigenvalue 0 .

where )1 # 0 is an eigenvector associated with eigenvalue o 1.

is an eigenvector associated with eigenvalue 0 .

True/False

True/False

True/False

True/False
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3 1 —1
Homework 12243 LetA=| 0 -1 2 | . Then which of the following are true:
0 0 2

3, —1, and 2 are eigenvalues of A.

1
. 0 | is an eigenvector associated with eigenvalue 3.
0
True/False
—1/4
. 1 | is an eigenvector associated with eigenvalue —1.
0
True/False
—1/4x1
. X1 where (1 # 0 is an eigenvector associated with eigenvalue —1.
0
True/False
1/3
. 2/3 | is an eigenvector associated with eigenvalue 2.
1
True/False

@ View at edX

Qoo o1 o2
Homework 12.2.4.4 LetA = 0 o1 oyn |- Then the eigenvalues of this matrix are 0l g, 01,1, and 0z .

0 0 22
True/False

When we discussed how to find the eigenvalues of a 2 x 2 matrix, we saw that it all came down to the determinant of A — A/,
which then gave us the characteristic polynomial p,(A). The roots of this polynomial were the eigenvalues of the matrix.
Similarly, there is a formula for the determinant of a 3 x 3 matrix:

Qoo ©Op1 Oo2
det(| oup a1 op [ =

Oap O21 022

(00,0041,1062,2 + Ol 1 041 2002,0 + Clp 204 002, 1) —  (Clo,001,10k,2 + 0o, 1 0Ly 20,0 + 02 2061 00k, 1)
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Thus, for a 3 x 3 matrix, the characteristic polynomial becomes

0.0 — A o, 1 Qo2
p3(A) = det( oo O —A  Op =

02,0 0y Opa—A

[(ag,0 —A) (0,1 —A) (022 — A) + 0l 1 041 20620 + L0 2041 002 1]
—[on0(0,1 —A)0t 2 + 02,101 2 (0,0 —A) + (022 — A)0ty 00l 1].

Multiplying this out, we get a third degree polynomial. The roots of this cubic polynomial are the eigenvalues of the 3 x 3

matrix. Hence, a 3 x 3 matrix has at most three distinct eigenvalues.

Example 12.2 Compute the eigenvalues and eigenvectorsof A= 1 1 1
1 1 1
1-x 1 1
det(| 1 1= 1 ) = [ 0=-MNA-NI-A) +1+1] —[ A=N)+T=1)+(1-1) ].
! oI - 30433223 3-3h
3304302 -3

3203 = (32

So, A =0 is a double root, while A = 3 is the third root.

for which we find vectors in the null space

Ay =3 A=A =0:
-2 1 1 1 11
A=l = 1 -2 1 A-O0l=| 1 1 1
1 1 -2 I 11
We wish to find a nonzero vector in the null space: Reducing this to row-echelon form gives us the matrix
-2 1 1 %0 1 11
1 -2 1 x| = 00 0],
1 1 -2 X2 0 0 0

-2 1 1 1 -1 —1
1 -2 1 L 1=10 [ 1 | and 0
1 1 -2 1 0
Eigenpair: Eigenpairs:
1 -1 -
a1 ] (0, 1 |)and (0, 0 1)
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What is interesting about this last example is that A = 0 is a double root and yields two linearly independent eigenvectors.

1 00
Homework 12.2.4.5 ConsiderA=| 2 0 1 |. Which of the following is true about this matrix:
1 0 0
1
* (1,1 3 |)is an eigenpair.
1
0
* (0,| 1 |)isan eigenpair.
0
0
* (0, —1 |[)isan eigenpair.
0

¢ This matrix is defective.

12.3 The General Case

12.3.1 Eigenvalues and Eigenvectors of n x n matrices: Special Cases

@ View at edX

We are now ready to talk about eigenvalues and eigenvectors of arbitrary sized matrices.

00,0 0 0 0
0 o1 0 0
Homework 12.3.1.1 Let A € R"*" be a diagonal matrix: A = 0 0 oy - 0 . Then ¢; is
0 0 0 e anfl,nfl

an eigenvector associated with eigenvalue o; ;.
True/False

@ View at edX
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Ago | ao1 | A2

Homework 12.3.1.2 Let A = 0 | o alT2 , where Agg is square. Then o1 is an eigenvalue of A and
0 0 |Axn
—(Ago — ou1d) ' ao;
1 is a corresponding eigenvalue (provided Agyg — 011/ is nonsingular).
0

True/False

@ View at edX

Homework 12.3.1.3 The eigenvalues of a triangular matrix can be found on its diagonal.

True/False

12.3.2 Eigenvalues of n x n Matrices

@ View at edX

There is a formula for the determinant of a n X n matrix, which is a “inductively defined function”, meaning that the formula
for the determinant of an n X n matrix is defined in terms of the determinant of an (n— 1) x (n — 1) matrix. Other than as a
theoretical tool, the determinant of a general n X n matrix is not particularly useful. We restrict our discussion to some facts and
observations about the determinant that impact the characteristic polynomial, which is the polynomial that results when one
computes the determinant of the matrix A — A/, det(A — Al).

Theorem 12.3 A matrix A € R™*" is nonsingular if and only if det(A) # 0.
Theorem 12.4 Given A € R™",

pa() = det(A — M) = A"+ 3, A" -y A+ %0,
for some coefficients Yi,...,Yu—1 € R.
Since we don’t give the definition of a determinant, we do not prove the above theorems.
Definition 12.5 Given A € R"™", p,(A) = det(A — Al) is called the characteristic polynomial.

Theorem 12.6 Scalar A satisfies Ax = Ax for some nonzero vector x if and only if det(A — AI) = 0.

Proof: This is an immediate consequence of the fact that Ax = Ax is equivalent to (A —AJ)x = and the fact that A — Al is singular
(has a nontrivial null space) if and only if det(A —AI) = 0.
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Roots of the characteristic polynomial

Since an eigenvalue of A is a root of p,(A) = det(A — AI) and vise versa, we can exploit what we know about roots of nth degree
polynomials. Let us review, relating what we know to the eigenvalues of A.

* The characteristic polynomial of A € R™" is given by p,(A) = det(A —AI) =Yo +YiA+ -+ Yo AL+ A"

* Since p,(A) is an nth degree polynomial, it has n roots, counting multiplicity. Thus, matrix A has n eigenvalues, counting
multiplicity.
— Let k equal the number of distinct roots of p,(A). Clearly, k < n. Clearly, matrix A then has k distinct eigenvalues.

— The set of all roots of p,(A), which is the set of all eigenvalues of A, is denoted by A(A) and is called the spectrum
of matrix A.

— The characteristic polynomial can be factored as p,(A) = det(A —Al) =(A — Ap)"0 (A — Ap)™ -+ (A — Ay )1,
where no +ny +---+nx_ = n and n; is the root A;, which is known as the (algebraic) multiplicity of eigenvalue

Aj.
e If A € R™*" then the coefficients of the characteristic polynomial are real (Yp,...,Y,—1 € R), but

— Some or all of the roots/eigenvalues may be complex valued and
— Complex roots/eigenvalues come in “conjugate pairs™: If A = R](A) +iI{(A) is a root/eigenvalue, so is A =

RI1A) =il (A)

An inconvenient truth

Galois theory tells us that for n > 5, roots of arbitrary p,(A) cannot be found in a finite number of computations.
Since we did not tell you how to compute the determinant of A — Al, you will have to take the following for granted: For
every nthe degree polynomial
pn(N) =Yo+MA+ -+ YA A,
there exists a matrix, C, called the companion matrix that has the property that
pn(A) =det(C— M) =yo+Yih+ - + ¥ A"+ A

In particular, the matrix

~Yo-1 Vo2 0 N Yo
1 0 -0 0
0 0 1 0
is the companion matrix for p, (A):
V-1 Y2 - N1 Yo
1 0 0 0
Pr(N) =Yoo+ A+ + YA A =det([ O I - 0 0 |-

0 0 1 0

Homework 12.3.2.1 If A € R™*", then A(A) has n distinct elements.
True/False

Homework 12.3.2.2 Let A € R"*" and A € A(A). Let S be the set of all vectors that satisfy Ax = Ax. (Notice that
S is the set of all eigenvectors corresponding to A plus the zero vector.) Then S is a subspace.

True/False
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12.3.3 Diagonalizing, Again

@ View at edX
We now revisit the topic of diagonalizing a square matrix A € R™*", but for general n rather than the special case of n =2
treated in Unit 12.2.3.
Let us start by assuming that matrix A € R"*" has n eigenvalues, Ag,...,A,_1, where we simply repeat eigenvalues that
have algebraic multiplicity greater than one. Let us also assume that x; equals the eigenvector associated with eigenvalue A;
and, importantly, that xo, ...,x,_; are linearly independent. Below, we generalize the example from Unit 12.2.3.

Axg = hoxo; Ax1 = Aixis- 5 A%—1 = Ay—1Xn—1

if and only if < two matrices are equal if their columns are equal >
(Axo ‘AM ‘ ‘Axn—l >=< Aoxo ‘ Aixg ‘ ‘ An—1Xn—1 )
if and only if < partitioned matrix-matrix multiplication >
A( X0 ‘ X ‘ ‘xrzf] ):( Aoxo ‘ Aixy ‘ ‘ Ap—1Xn—1 )
if and only if < multiplication on the right by a diagonal matrix >
o O -~ 0
0 A - O
AQaw [ oo )= Coo Lo [ fn ) |00
0 0 - Xy
if and only if < multiplication on the right by a diagonal matrix >
N O -+ 0
0 A - 0
AX:XAWhereX:(xo‘xl‘---‘xn_l )andA: ) ] )
0 0 - Ay
if and only if < columns of X are linearly independent >
o O -+ 0
0 XA - 0
X 1AX = A where X = ( X0 ‘ X1 ‘ ‘xn,l ) and A =
0 0 - Ay

The above argument motivates the following theorem:

Theorem 12.7 Let A € R™*". Then there exists a nonsingular matrix X such that X "'AX = A if and only if A has n linearly
independent eigenvectors.

If X is invertible (nonsingular, has linearly independent columns, etc.), then the following are equivalent

x'Ax = A
AX = XA
A = XAX!

If A is in addition diagonal, then the diagonal elements of A are eigenvectors of A and the columns of X are eigenvectors
of A.
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Recognize that A(A) denotes the spectrum (set of all eigenvalues) of matrix A while here we use it to denote the matrix A,
which has those eigenvalues on its diagonal. This possibly confusing use of the same symbol for two different but related
things is commonly encountered in the linear algebra literature. For this reason, you might as well get use to it!

Defective (deficient) matrices

We already saw in Unit 12.2.3, that it is not the case that for every A € R"*" there is a nonsingular matrix X € R"*" such
that X "'AX = A, where A is diagonal. In that unit, a 2 x 2 example was given that did not have two linearly independent
eigenvectors.

In general, the k x k matrix Ji (1) given by

0
0 A1
0 0 A 0 0
Jk() =
0
0O 0 --- 0 A

has eigenvalue A of algebraic multiplicity k, but geometric multiplicity one (it has only one linearly independent eigenvector).
Such a matrix is known as a Jordan block.

Definition 12.8 The geometric multiplicity of an eigenvalue \ equals the number of linearly independent eigenvectors that are
associated with \.

The following theorem has theoretical significance, but little practical significance (which is why we do not dwell on it):

Theorem 12.9 Let A € R"™". Then there exists a nonsingular matrix X € R"™" such that A = XJX ™!, where

Ty (Mo) 0 0 0

0 Ji (M) 0 0

J= 0 0 J,h) - 0
0 0 0 o Ty (A1)

where each Ji;();) is a Jordan block of size k;j x kj.

The factorization A = XJX ! is known as the Jordan Canonical Form of matrix A.

A few comments are in order:

* Itis not the case that A, A, ..., Ay,—y are distinct. If A; appears in multiple Jordan blocks, the number of Jordan blocks in
which A; appears equals the geometric multiplicity of A; (and the number of linearly independent eigenvectors associated
with A j).

* The sum of the sizes of the blocks in which A as an eigenvalue appears equals the algebraic multiplicity of A ;.
e If each Jordan block is 1 x 1, then the matrix is diagonalized by matrix X.

« If any of the blocks is not 1 x 1, then the matrix cannot be diagonalized.
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21 00
. 02 00
Homework 12.3.3.1 Consider A =
0o 0 2 1
00 0 2

 The algebraic multiplicity of A = 2 is
¢ The geometric multiplicity of A = 2 is

« The following vectors are linearly independent eigenvectors associated with A = 2:

and

S o O =
—_

True/False

Homework 12.3.3.2 Let A € A" A € A(A), and S be the set of all vectors x such that Ax = Ax. Finally, let A
have algebraic multiplicity k (meaning that it is a root of multiplicity k of the characteristic polynomial).
The dimension of S is k (dim(S) = k).

Always/Sometimes/Never

12.3.4 Properties of Eigenvalues and Eigenvectors

@ View at edX

In this unit, we look at a few theoretical results related to eigenvalues and eigenvectors.

A A
Homework 12.3.4.1 Let A € R"™" and A = 00 201 , where Ag o and Ay are square matrices.
0 A '

A(A) = A(Ag o) UA(A ).

Always/Sometimes/Never

N @ View at edX

The last exercise motives the following theorem (which we will not prove):

Theorem 12.10 Let A € R"*" and

Apo Aoqr - Aon—1
0 Ay -+ AN
A= )
0 0 - Ay_in-1

where all A; ; are a square matrices. Then A(A) = A(Aoo) UA(A11)U---UA(AN—1n-1).
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Homework 12.3.4.2 Let A € R"" be symmetric, A; # A, Ax; = Aix; and Ax; = A jx;.
xl-ij =0
Always/Sometimes/Never

The following theorem requires us to remember more about complex arithmetic than we have time to remember. For this
reason, we will just state it:

Theorem 12.11 Let A € R™" be symmetric. Then its eigenvalues are real valued.

@ View at edX

Homework 12.3.4.3 If Ax = Ax then AAx = A%x. (AA is often written as A%.)
Always/Sometimes/Never

Homework 12.3.4.4 Let Ax = Ax and k > 1. Recall that AK = AA---A .
N——

k times
Akx = \rx.
Always/Sometimes/Never

Homework 12.3.4.5 A € R"*" is nonsingular if and only if 0 ¢ A(A).

True/False

12.4 Practical Methods for Computing Eigenvectors and Eigenvalues

12.4.1 Predicting the Weather, One Last Time

! @ View at edX
If you think back about how we computed the probabilities of different types of weather for day k, recall that

D) — py®)

where x(*)

is a vector with three components and P is a 3 x 3 matrix. We also showed that
xK) = pry0),

We noticed that eventually
K * D~ px(®)

and that therefore, eventually, k1) came arbitrarily close to an eigenvector, x, associated with the eigenvalue 1 of matrix P:

Px=x.

Homework 12.4.1.1 If A € A(A) then A € A(AT).

True/False

@ View at edX
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Homework 12.4.1.2 A € A(A) if and only if A € A(AT).
True/False

Ah! It seems like we may have stumbled upon a possible method for computing an eigenvector for this matrix:
* Start with a first guess x(%.
e for k=0,..., until x¥) doesn’t change (much) anymore

— x*FD = pylk)

Can we use what we have learned about eigenvalues and eigenvectors to explain this? In the video, we give one explanation.
Below we give an alternative explanation that uses diagonalization.
Let’s assume that P is diagonalizable:

M 0 0
P=VAV~!, whereA=| 0 A, 0
0 0 N

Here we use the letter V rather than X since we already use x*) in a different way.
Then we saw before that

A = PO = YAV RO = y ARy 14(0)
k
M 0 0
= vl o an o |viO
0 0 N
A0 0
= vl o a o |ViO.
0 0 A

Now, let’s assume that Ag = 1 (since we noticed that P has one as an eigenvalue), and that |A;| < 1 and |A2| < 1. Also, notice

thatV = ( Vo Vi %) )
where v; equals the eigenvector associated with A;. Finally, notice that V has linearly independent columns and that therefore

there exists a vector w such that Vw = x(9).
Then
A0 0
X =y 0 Klf 0 y—1,(0)
0 0 M
1 0 O
= V|loa o |[V'vw
0 0 M
1 0 O
= ( vo Vi V2 ) 0 7\116 0 w
0 0 A
1 0 0 (Q))
Z(vo Vi vz) OM‘ 0 o)
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Now, what if k gets very large? We know that limy_. 7»’{ =0, since |A;| < 1. Similarly, limy_, 7»’5 =0. So,

1 0 0 (O%)
fims® = dim (v vov )| 0 2 0 )
k—soo k—yo0
0 0 M w ) |
1 0 0\]|/[ o
= (Vo Vi W )1}5{}0 0 7\/{ 0 (O]
0 0 NE ] (0))
1 0 (O]
= (v ow w)| 0 timeat 0 o,
1 0 0 (o))
= (V() Vi VZ) 0 0 (O]
00 (0))
o
= (V() 7 VZ) 0 = MpVo.
0

Ah, 5o x¥) eventually becomes arbitrarily close (converges) to a multiple of the eigenvector associated with the eigenvalue
1 (provided wg # 0).

12.4.2 The Power Method

@ View at edX

So, a question is whether the method we described in the last unit can be used in general. The answer is yes. The resulting
method is known as the Power Method.
First, let’s make some assumptions. Given A € R"*",

o Let Ao, A1y, A1 € A(A). We list eigenvalues that have algebraic multiplicity & multiple (k) times in this list.

* Let us assume that [Ag| > |A1| > |A2] > -+ > A,—1. This implies that A is real, since complex eigenvalues come in
conjugate pairs and hence there would have been two eigenvalues with equal greatest magnitude. It also means that there
is a real valued eigenvector associated with Ag.

¢ Let us assume that A € R"*" is diagonalizable so that

Ao O 0
§ 0 A - 0 o
A=VAV :< Vo Vi ot Vp—q ) . . . . (VO Vi ot Vil ) :
0 0 An_1

This means that v; is an eigenvector associated with A;.



https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/4fa9fa79f2544d5e82b341c1db1836ef/7dec1cf7e7f34a9199954fd3e548c3ab/2
https://courses.edx.org/courses/course-v1:UTAustinX+UT.5.05x+2T2020/courseware/4fa9fa79f2544d5e82b341c1db1836ef/7dec1cf7e7f34a9199954fd3e548c3ab/2

Week 12. Eigenvalues, Eigenvectors, and Diagonalization 452

These assumptions set the stage.

Now, we start with some vector x(*) € R”. Since V is nonsingular, the vectors vy, .. .,v,_ form a linearly independent bases
for R”". Hence,

Yo
0) Y
X =Yovo+Yivi+- +Yn—1Va—1 = ( vo Vit Vp—d ) . =Ve.
Yn—1
Now, we generate
= 450
@ = A
3 = Ax®
The following algorithm accomplishes this
for k=0,..., until x®) doesn’t change (much) anymore
k1) . — A (R)
endfor
Notice that then
10 = A=) — A2, (k=2) — . — 4k, (0)
But then
AR = AR youo v A YV )
Ve
Afyovo + ARy vy -+ AR v,
= YoA*vo+ 1A v+ v AR,
o 'YOA'{C)VO'F'YI}"IEVI+"'+’Yn71}\fﬁflvn71
k
Ay O e 0 Yo
0o M - 0 M
(VO 12 T, 7 | ) .
0 0 - A, Yn—1

VAke
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Now,?»o =1, then |A;| < 1 for j > 0 and hence

lim x®) = lim ('YOVO‘F'Yl;‘]l(Vl +~~-+y,,,17tf§,1vn,1) = Yovo
k—so0 k—so0
0 7»/{ 0 T
,}g{}o(m Vi Vn—l) Lo .
0 0 - A, V-1
1 0 Yo
0 0 M
( Vo Vi Vn—1 )
00 -0 Yn—1
Yo
T
(wo o)’
Yn—1
Yovo

which means that x¥) eventually starts pointing towards the direction of v, the eigenvector associated with the eigenvalue that
is largest in magnitude. (Well, as long as Yy # 0.)

Homework 12.4.2.1 Let A € R"" and u # 0 be a scalar. Then A € A(A) if and only if A/u € A(:—IA).
True/False

What this last exercise shows is that if Ag # 1, then we can instead iterate with the matrix iA, in which case

1:E> h > > i
M " Ao Ao

The iteration then becomes

O R )

@ — Lo

NN SWC)
The following algorithm accomplishes this

for k=0,..., until x®) doesn’t change (much) anymore

XD = Ax(®) /g
endfor
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It is not hard to see that then

lim x¥) = lim o] ' + M ' -t ZEAY =
k1_mx = kl_m Yo ” vo+ Y1 o Vi Y1 " Vn—1 ="Yovo
1 0 Yo
) 0 (}\.1/7\.0)]‘ 0 Y1
0 0 (}\'nfl/kO)k Yn—1
1 0 Yo
0 0 0 "1
( Vo Vi Vn—1 )
0O 0 --- 0 V-1
Yo
T
(Vo 0 .- 0) ]
Yn—1
Yovo

So, it seems that we have an algorithm that always works as long as

Ao > M| =+ = [Ayt]-

Unfortunately, we are cheating... If we knew g, then we could simply compute the eigenvector by finding a vector in the
null space of A — Aol. The key insight now is that, in x**!) = Ax(¥) /A, dividing by Ag is merely meant to keep the vector x(¥)
from getting progressively larger (if |Ao| > 1) or smaller (if |Ao| < 1). We can alternatively simply make x*) of length one at
each step, and that will have the same effect without requiring A:

for k =0, ..., until x*) doesn’t change (much) anymore
x kD = Ax(K)
k1) :=x<k+1)/||x(k+1)\|2

endfor

This last algorithm is known as the Power Method for finding an eigenvector associated with the largest eigenvalue (in
magnitude).
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Homework 12.4.2.2 We now walk you through a simple implementation of the Power Method, referring to files
in directory LAFF-2.0xM/Programming/Week12.

We want to work with a matrix A for which we know the eigenvalues. Recall that a matrix A is diagonalizable if
and only if there exists a nonsingular matrix V and diagonal matrix A such that A = VAV ~!. The diagonal elements
of A then equal the eigenvalues of A and the columns of V' the eigenvectors.

Thus, given eigenvalues, we can create a matrix A by creating a diagonal matrix with those eigenvalues on the
diagonal and a random nonsingular matrix V, after which we can compute A to equal VAV ~!. This is accomplished
by the function

[ A, V ] = CreateMatrixForEigenvalueProblem( eigs )

(see file CreateMatrixForEigenvalueProblem.m).

The script in PowerMethodScript .m then illustrates how the Power Method, starting with a random vector, com-
putes an eigenvector corresponding to the eigenvalue that is largest in magnitude, and via the Rayleigh quotient (a
way for computing an eigenvalue given an eigenvector that is discussed in the next unit) an approximation for that
eigenvalue.

To try it out, in the Command Window type

>> PowerMethodScript
input a vector of eigenvalues. e.g.: [ 4; 3; 2; 1]
[ 4; 37 2; 1]

The script for each step of the Power Method reports for the current iteration the length of the component orthogo-
nal to the eigenvector associated with the eigenvalue that is largest in magnitude. If this component becomes small,
then the vector lies approximately in the direction of the desired eigenvector. The Rayleigh quotient slowly starts
to get close to the eigenvalue that is largest in magnitude. The slow convergence is because the ratio of the second
to largest and the largest eigenvalue is not much smaller than 1.

Try some other distributions of eigenvalues. For example, [ 4; 1; 0.5; 0.25], which should converge faster,
or [ 4; 3.9; 2; 1 ], which should converge much slower.

You may also want to try PowerMethodScript2.m, which illustrates what happens if there are two eigenvalues
that are equal in value and both largest in magnitude (relative to the other eigenvalues).

12.4.3 In Preparation for this Week’s Enrichment

In the last unit we introduce a practical method for computing an eigenvector associated with the largest eigenvalue in magni-
tude. This method is known as the Power Method. The next homework shows how to compute an eigenvalue associated with
an eigenvector. Thus, the Power Method can be used to first approximate that eigenvector, and then the below result can be
used to compute the associated eigenvalue.

Given A € R™" and nonzero vector x € R”, the scalar x” Ax/x” x is known as the Rayleigh quotient.

Homework 12.4.3.1 Let A € R"*" and x equal an eigenvector of A. Assume that x is real valued as is the eigen-
value A with Ax = Ax.

Tpy - . . . .
A= "x{? is the eigenvalue associated with the eigenvector x.

Always/Sometimes/Never

Notice that we are carefully avoiding talking about complex valued eigenvectors. The above results can be modified for the
case where x is an eigenvector associated with a complex eigenvalue and the case where A itself is complex valued. However,
this goes beyond the scope of this course.

The following result allows the Power Method to be extended so that it can be used to compute the eigenvector associated
with the smallest eigenvalue (in magnitude). The new method is called the Inverse Power Method and is discussed in this
week’s enrichment section.

Homework 12.4.3.2 Let A € R™" be nonsingular, A € A(A), and Ax = Ax. Then A~ 'x = %x.
True/False
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The Inverse Power Method can be accelerated by “shifting” the eigenvalues of the matrix, as discussed in this week’s enrich-
ment, yielding the Rayleigh Quotient Iteration. The following exercise prepares the way.

Homework 12.4.3.3 Let A € R"" and A € A(A). Then (A —pu) € A(A—ul).
True/False

12.5 Enrichment

12.5.1 The Inverse Power Method

The Inverse Power Method exploits a property we established in Unit 12.3.4: If A is nonsingular and A € A(A) then 1/A €
A(ATD).
Again, let’s make some assumptions. Given nonsingular A € R™*",

o Let Ao, A1, An—2,An—1 € A(A). We list eigenvalues that have algebraic multiplicity X multiple (k) times in this list.

* Let us assume that || > || > -+ > |Ay—2| > |Ay—1| > 0. This implies that A,,_; is real, since complex eigenvalues
come in conjugate pairs and hence there would have been two eigenvalues with equal smallest magnitude. It also means
that there is a real valued eigenvector associated with A,,_.

* Let us assume that A € R"*" is diagonalizable so that

N 0 - 0
0 A -~ 0
A:VAV_1:<V0 VIt Vne anl) S : (Vo VIt Vne2 Vned >_1'
0 0 - Ay 0
o o -- 0 .

This means that v; is an eigenvector associated with A;.

These assumptions set the stage.
Now, we again start with some vector x(?) € R”. Since V is nonsingular, the vectors v, ..., v,_i form a linearly independent
bases for R". Hence,

X(O)=YoV0+Ylv1+"'+Yn—2vn—2+Yn—1vn—1:( Vo VIt Vp2 Vped ) f =Ve.

Now, we generate

XD = A~1,0)
X2 = A1
X3 = A 1@
The following algorithm accomplishes this
for k=0,..., until x®) doesn’t change (much) anymore

Solve Ax(+1) .= x(k)
endfor
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(In practice, one would probably factor A once, and reuse the factors for the solve.) Notice that then

0 = A1) — (A2 02) (410
But then
A NRO = AT yovo v+ Ye—2Ve2 Yo 1Vat )
Ve

(Ail)k'YOVO + (Ail )k’Ylvl +- (A71 )k'YszZanZ + (Ail )k'YnflVrzfl
= YA Y+ A Y v+ AT (AT,

1\* 1\* 1 \* 1 \*
= Yo (7%)) vo+Y1 (M) Vit Y2 <7\H> V-2 +Yn—1 ()m_l> Vn—1

k
1
(To) 0 0 o
(VO o Vp—2 o Vn—1 ) k
0 (7»,1172> 0 Yn—2
k
1 _
0 0 (xn_l) Va1
V(A ke
Now,k,,,l =1, then ‘%}‘ < 1for j <n—1 and hence
1\* 1 \*
]}iigox(k) — klgrolc ('YO <7\,0> vo+ -+ »—|—’Yn,2 <7\W_2> Vn2+’Yn1an> =Yn—1Vn—1
1 k
(R) 0 0 Yo
lim ( Vo ot Va2 Vped ) ' ' '
k—roo 1 k
0 (g5) o [| we
0 0 1 Yn—1
0 00 Yo
( Vo Vn-2  Vn—1 )
0 0 Tn—2
0 'Ynfl
Yo

(0 0 w)

Yn—2
Yn—1

Yn—1Vn—1

which means that x(¥) eventually starts pointing towards the direction of v,_1, the eigenvector associated with the eigenvalue
that is smallest in magnitude. (Well, as long as y,—1 # 0.)
Similar to before, we can instead iterate with the matrix A,,_;A~!, in which case

7&,,71 7‘)171 < }anl
Ao An—2 M-t

<o <

=1
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The iteration then becomes

K=, A4 KO
A2 = a4
K = a4 K@
The following algorithm accomplishes this
for k=0,..., until x®) doesn’t change (much) anymore

Solve Ax(k+1) .= x(k)
k1) . anlx(kﬂ)

endfor
It is not hard to see that then
. _ Mot A1\
klgl’olox(k) = klglolo <YO (}ml> vot+ -+ Va2 (}\’n_;) Vn—2 +’Ynlvnl>
(A1 /Ao)k - 0 0 Yo
khm ( Vo - Vn—2 Vn—I )
e 0 (7\41—1/7\'11—2)]c 0 Yn—2
0 0 1 Yn—1
0O 0 0 Yo
( Vo Vn—2 Vn—1 )
0 0 Yn—2
0 1 Yn—1
Yo

Yn—1Vn—1
So, it seems that we have an algorithm that always works as long as

ol =+ > | > P

= Yn—1Vn—1

Again, we are cheating... If we knew A,_1, then we could simply compute the eigenvector by finding a vector in the null
space of A —A,,_11. Again, the key insight is that, in KD =, Ax®), multiplying by A,,_ is merely meant to keep the vector
x%) from getting progressively larger (if |A,_;| < 1) or smaller (if |A,_;| > 1). We can alternatively simply make x¥) of length

one at each step, and that will have the same effect without requiring A,,_:

for k =0, ..., until x*) doesn’t change (much) anymore
Solve Ax(k+1) .= x()
xlk+1) :=x<k+1)/||x(k+l)”2

endfor

(in magnitude).

This last algorithm is known as the Inverse Power Method for finding an eigenvector associated with the smallest eigenvalue
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Homework 12.5.1.1 The script in InversePowerMethodScript .m illustrates how the Inverse Power Method,
starting with a random vector, computes an eigenvector corresponding to the eigenvalue that is smallest in magni-
tude, and (via the Rayleigh quotient) an approximation for that eigenvalue.

To try it out, in the Command Window type

>> InversePowerMethodScript
input a vector of eigenvalues. e.g.: [ 4; 3; 2; 1 ]
[ 4; 37 2; 1]

If you compare the script for the Power Method with this script, you notice that the difference is that we now use
A~ instead of A. To save on computation, we compute the LU factorization once, and solve LUz = x, overwriting
x with z, to update x := A~ !x. You will notice that for this distribution of eigenvalues, the Inverse Power Method
converges faster than the Power Method does.

Try some other distributions of eigenvalues. For example, [ 4; 3; 1.25; 1 1, which should converge slower,
or [ 4; 3.9; 3.8; 1 ], which should converge faster.

Now, it is possible to accelerate the Inverse Power Method if one has a good guess of A,,_;. The idea is as follows: Let u be
close to A,,_1. Then we know that (A — ul)x = (A — u)x. Thus, an eigenvector of A is an eigenvector of A~! is an eigenvector of
A — ul is an eigenvector of (A —mul)~'. Now, if u is close to A,_1, then (hopefully)

Ao—ul > A —p| >+ > Ao — | > [My1 — .
The important thing is that if, as before,
2O = yovo -+ Y1V Yae2Vn2 Yo 1Va 1
where v; equals the eigenvector associated with A ;, then

A= o =) A —u) D == (M - p)F (A - ) RO =
Yot =) (A—pl) ™ Yvo+71 (ot =) (A=) ™01 4+
+Yn—2(An—1 *:“)k((A*#I)_l)kVn72 +¥n—1 (A1 *'U)k((A*IUI)_l)kanl

7\%71_,“ 7\‘1171_,[‘ k 7\%71—,[1 k
= Y Vot+Yi|———| i+ 2| | Vn—2+Va—1Va-1
Ao —u A — M2 —u
Now, how fast the terms involving vy, ..., v,—2 approx zero (become negligible) is dictated by the ratio
)‘nfl —H ‘
7\41—2 —u

Clearly, this can be made arbitrarily small by picking arbitrarily close to A,,—;. Of course, that would require knowning A;,—1...

The practical algorithm for this is given by

for k=0,..., until x®) doesn’t change (much) anymore
Solve (A — ul)x*+1) := x(K)
(k1) ::x(k+1)/||x(k+1)H2

endfor

which is referred to as the Shifted Inverse Power Method. Obviously, we would want to only factor A — ul once.
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Homework 12.5.1.2 The script in ShiftedInversePowerMethodScript.m illustrates how shifting the matrix
can improve how fast the Inverse Power Method, starting with a random vector, computes an eigenvector corre-
sponding to the eigenvalue that is smallest in magnitude, and (via the Rayleigh quotient) an approximation for that
eigenvalue.

To try it out, in the Command Window type

>> ShiftedInversePowerMethodScript
input a vector of eigenvalues. e.g.: [ 4; 3; 2; 1 ]
[ 4; 37 2; 1]

<bunch of output>

enter a shift to use: (a number close to the smallest eigenvalue) 0.9

If you compare the script for the Inverse Power Method with this script, you notice that the difference is that we
now iterate with (A — sigmal )_1, where o is the shift, instead of A. To save on computation, we compute the
LU factorization of A — 6/ once, and solve LUz = x, overwriting x with z, to update x := (A’] —ol)x. You will
notice that if you pick the shift close to the smallest eigenvalue (in magnitude), this Shifted Inverse Power Method
converges faster than the Inverse Power Method does. Indeed, pick the shift very close, and the convergence is
very fast. See what happens if you pick the shift exactly equal to the smallest eigenvalue. See what happens if you
pick it close to another eigenvalue.

12.5.2 The Rayleigh Quotient Iteration

In the previous unit, we explained that the Shifted Inverse Power Method converges quickly if only we knew a scalar u close to
An—1.

The observation is that x(*) eventually approaches v,_;. If we knew v,,_; but not A,,_1, then we could compute the Rayleigh
quotient:

T
\4 Ay, 1
n—141"n

"Z—ﬂ’nfl .
But we know an approximation of v,_; (or at least its direction) and hence can pick

BT A ()

~

K= oy

which will become a progressively better approximation to A, as k increases.

This then motivates the Rayleigh Quotient Iteration:

for k =0, ..., until x*) doesn’t change (much) anymore
L xWT gy (k)
M= "mr,®

Solve (A — ul)x*+1) .= xk)
K1) ::x(kﬂ)/”x(kﬂ)‘lz

endfor

Notice that if x(¥) has length one, then we can compute u := x0T Ax®) instead, since x¥) will always be of length one.

The disadvantage of the Rayleigh Quotient Iteration is that one cannot factor (A — uf) once before starting the loop. The
advantage is that it converges dazingly fast. Obviously “dazingly” is not a very precise term. Unfortunately, quantifying how
fast it converges is beyond this enrichment.
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Homework 12.5.2.1 The script in RayleighQuotientIterationScript.m illustrates how shifting the matrix
by the Rayleigh Quotient can greatly improve how fast the Shifted Inverse Power Method, starting with a random
vector, computes an eigenvector. It could be that the random vector is close to an eigenvector associated with any
of the eigenvalues, in which case the method will start converging towards an eigenvector associated with that
eigenvalue. Pay close attention to how many digit are accurate from one iteration to the next.

To try it out, in the Command Window type

>> RayleighQuotientIterationScript
input a vector of eigenvalues. e.g.: [ 4; 3; 2; 1 ]
[ 4; 3; 2; 1]

12.5.3 More Advanced Techniques

The Power Method and its variants are the bases of algorithms that compute all eigenvalues and eigenvectors of a given matrix.
Details, presented with notation similar to what you have learned in this class, can be found in LAFF: Notes on Numerical
Linear Algebra.

Consider this unit a “cliff hanger”. You will want to take a graduate level course on Numerical Linear Algebra next!

12.6 Wrap Up

12.6.1 Homework

No additional homework this week.

12.6.2 Summary

The algebraic eigenvalue problem

The algebraic eigenvalue problem is given by
Ax = Ax.

where A € R"*" is a square matrix, A is a scalar, and x is a nonzero vector.
 If x # 0, then A is said to be an eigenvalue and x is said to be an eigenvector associated with the eigenvalue A.
* The tuple (A,x ) is said to be an eigenpair.
* The set of all vectors that satisfy Ax = Ax is a subspace.
Equivalent statements:
e Ax = Ax,, where x # 0.

* (A—M)x =0, where x # 0.
This is a matter of fractoring’ x out.

e A — Al is singular.

* AL(A—AI) contains a nonzero vector x.
dim(A(A—Al)) > 0.

det(A—A) =0.

If we find a vector x # 0 such that Ax = Ax, it is certainly not unique.
* For any scalar o, A(ox) = A(owx) also holds.
o If Ax = Ax and Ay = Ay, then A(x +y) = Ax+Ay = Ax+ Ay = A(x+y).

We conclude that the set of all vectors x that satisfy Ax = Ax is a subspace.
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Simple cases

The eigenvalue of the zero matrix is the scalar A = 0. All nonzero vectors are eigenvectors.

The eigenvalue of the identity matrix is the scalar A = 1. All nonzero vectors are eigenvectors.

The eigenvalues of a diagonal matrix are its elements on the diagonal. The unit basis vectors are eigenvectors.
The eigenvalues of a triangular matrix are its elements on the diagonal.

The eigenvalues of a 2 x 2 matrix can be found by finding the roots of py(A) = det(A —AI) = 0.
The eigenvalues of a 3 x 3 matrix can be found by finding the roots of p3(A) = det(A —AI) = 0.

For 2 x 2 matrices, the following steps compute the eigenvalues and eigenvectors:

Compute
(0,0 —A) 0,1

det(
01,0 (o1 —A)

) = (00,0 —A) (0,1 —A) — 0o 10 .

Recognize that this is a second degree polynomial in A.
It is called the characteristic polynomial of the matrix A, p,(A).

Compute the coefficients of p () so that
p2(M) = A2 +BrA+7Y.

Solve
A4 Br+y=0

for its roots. You can do this either by examination, or by using the quadratic formula:

A= 7B:|: V Bz+4’Y

For each of the roots, find an eigenvector that satisfies
(o—2) oo X0 |
0.0 (0,1 —A) X1 0

The easiest way to do this is to subtract the eigenvalue from the diagonal, set one of the components of x to 1, and then
solve for the other component.

Check your answer! It is a matter of plugging it into Ax = Ax and seeing if the computed A and x satisfy the equation.

General case

Theorem 12.12 A matrix A € R"" is nonsingular if and only if det(A) # 0.

Theorem 12.13 Given A € R™",

pn(A) = det(A —AI) = WlﬁL'Ynflkn_1 +-+Y1A+7Y-

for some coefficients Y,...,Yu—1 € R.

Definition 12.14 Given A € R"*", p,(A) = det(A — M) is called the characteristic polynomial.

Theorem 12.15 Scalar A satisfies Ax = Ax for some nonzero vector x if and only if det(A — M) = 0.

The characteristic polynomial of A € R**" is given by

pu(X) = det(A — M) =yo + YA+ -+ Yo A 1AM
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* Since p,(A) is an nth degree polynomial, it has n roots, counting multiplicity. Thus, matrix A has n eigenvalues, counting
multiplicity.

— Let k equal the number of distinct roots of p,(A). Clearly, k < n. Clearly, matrix A then has k distinct eigenvalues.

— The set of all roots of p, (), which is the set of all eigenvalues of A, is denoted by A(A) and is called the spectrum
of matrix A.

— The characteristic polynomial can be factored as
pn(A) =det(A—A) =(A—Xo)" (A —A1)" - (A—Mg—p)™* 1,

where ng +ny +---+m_1 = n and n; is the root A j» which is known as that (algebraic) multiplicity of eigenvalue
Aj.

o If A € R™*", then the coefficients of the characteristic polynomial are real (yp,...,Y,—1 € R), but

— Some or all of the roots/eigenvalues may be complex valued and
— Complex roots/eigenvalues come in “conjugate pairs™: If L = Re(A) +iIm(A) is a root/eigenvalue, so is A = Re(A) —
iIm(A)

Galois theory tells us that for n > 5, roots of arbitrary p,(A) cannot be found in a finite number of computations.

For every nthe degree polynomial
Pa(d) = Yo+ YA+ -+ N A,

there exists a matrix, C, called the companion matrix that has the property that
pn(A) =det(C— M) =yo+ YA+ + Y1 A"+ A

In particular, the matrix

~Yn-1 Vo2 0 =M1 0
1 0 ) 0
C= 0 1 ... 0 0
0 0 1 0
is the companion matrix for p,(A):
Y1 Vo2 0 N Yo
1 0 -0 0
Pr(N) =Yoo+ A+ + YA A =det([ O I - 0 0 |-
0 0 1 0

Diagonalization

Theorem 12.16 Let A € R"™ ", Then there exists a nonsingular matrix X such that X 'AX = A if and only if A has n linearly
independent eigenvectors.

If X is invertible (nonsingular, has linearly independent columns, etc.), then the following are equivalent

x'Ax = A
AX = XA
A = XAX!

If A is in addition diagonal, then the diagonal elements of A are eigenvalues of A and the columns of X are eigenvectors of A.
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Defective matrices

It is not the case that for every A € R"*" there is a nonsingular matrix X € R"*" such that X "'AX = A, where A is diagonal.
In general, the k x k matrix J;(A) given by

0
Al
0 0 A 0 0
Jk(A) =
1
0 0 -~ 0 A

has eigenvalue A of algebraic multiplicity k, but geometric multiplicity one (it has only one linearly independent eigenvector).
Such a matrix is known as a Jordan block.

Definition 12.17 The geometric multiplicity of an eigenvalue A equals the number of linearly independent eigenvectors that
are associated with A.

Theorem 12.18 Let A € R"™". Then there exists a nonsingular matrix X € R"*" such that A = XJX !, where

Jio (M) 0 0 0

0 Ji, (M) 0 0

J= 0 0 Jk2(7\.2) 0
0 0 0 o Ty (A1)

where each Jy;(A;) is a Jordan block of size kj x kj.
The factorization A = XJX ' is known as the Jordan Canonical Form of matrix A.

In the above theorem

* Itis not the case that Ag, A1, ..., A,—y are distinct. If A; appears in multiple Jordan blocks, the number of Jordan blocks in
which A; appears equals the geometric multiplicity of A; (and the number of linearly independent eigenvectors associated
with A)).

* The sum of the sizes of the blocks in which A as an eigenvalue appears equals the algebraic multiplicity of A ;.
* If each Jordan block is 1 x 1, then the matrix is diagonalized by matrix X.

* If any of the blocks is not 1 x 1, then the matrix cannot be diagonalized.

Properties of eigenvalues and eigenvectors

Definition 12.19 Given A € R™" and nonzero vector x € R", the scalar x” Ax/x" x is known as the Rayleigh quotient.

Theorem 12.20 Let A € R™*" and x equal an eigenvector of A. Assume that x is real valued as is the eigenvalue A with Ax = \x.

TAy ; . . .
Then A = XX{L’C is the eigenvalue associated with the eigenvector x.

Theorem 12.21 Let A € R"™*", B be a scalar, and . € A(A). Then (BA) € A(PA).
Theorem 12.22 Let A € R"™" be nonsingular, A € A(A), and Ax = Ax. Then A lx= %x.

Theorem 12.23 Let A € R"™" and L € A(A). Then (A —u) € A(A—ul).




Appendix A
LAFF Routines (FLAME@Ilab)

Figure A summarizes the most important routines that are part of the laff FLAME@lab (MATLAB) library used in these
materials.
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Index

0
matrix, 84
Om><n
matrix, 84
I
identity matrix, 85
R, 14
Rmxn, 68
R", 14
T o4
X, 14
€, 17
e1, 17
Ej, 16
=, 17
=, 17

addition
matrix, 102—-105
API
FLAME, 3940
approximate solution, 369-377
approximation
low rank, 383
rank-1, 389-392
rank-2, 394-396
rank-k, 396-398
assignment
=, 17-18
axpy, 23-24

back substitution, 197
cost, 220-225

base, 337-345

base case, 63

basis
canonical, 17
change of, 411-413
natural, 17
orthogonal, 398-411
orthonormal, 401-406

becomes, see assignment

canonical basis, 17
change of basis, 411413
X, 14
Cholesky factorization, 304-308, 377
component, 14
in the direction of, 386-389
conformal partitioning, 125
cost
back substitution, 220-225
forward substitution, 220-225
linear system solve, 220-225
LU factorization, 220-225
vector
assignment, 18

defective matrix, 447448
deficient matrix, 447-448
Dijkstra, Edsger W., 76
direction, 14

DOT, 26-28

dot product, 2628

ep, 17

er, 17

e Jj 16

element, 14

elimination
Gauss-Jordan, 278-302
Gaussian, 192-234

Euclidean length, 14

factorization
Cholesky, 304-308, 377
LDL”, 308
LU, 208-225, 308
LU with row pivoting, 308
other, 308
QR, 308, 377, 406411
FLAME API, 39-40
FLAME notation, 38-39, 309
floating point number, 19
floating point operation, 19, 24



flop, see floating point operation
forward substitution, 204-205
cost, 220-225

Gauss transform, 201-204
Gauss-Jordan elimination, 278-302
Gaussian elimination, 192-234, 236-255

algorithm, 205-208

appended system, 199

breaks down, 240-255

with row pivoting, 249-254

with row swapping, 249-254
geometric multiplicity, 447, 464
Gram-Schmidt orthogonalization, 401-403
GS orthogonalization, 401403

Householder transformation, 417

|
identity matrix, 85
I, 85
identity matrix, 43
I, 85
indefinite symmetric matrix, 308
induction, 62—65
inductive step, 63
inverse, 255-265, 272-304
matrix, 272-304
invert matrix
don’t do it, 302-304

Jordan block, 438
Jordan Canonical Form, 447, 464

LAFF
vector operations, 35-38
laff
routines, 465—466
laff operations, 158, 467
LDLT factorization, 308
length, 14
Euclidean, 14
linear combination, 24-26, 61-62
algorithm, 25
cost, 25
linear equations
system of, 196
linear independent, 337345
linear least-squares
via QR factorization, 407—408
linear least-squares solution, 369-377
linear system
reduction to upper triangular system, 196—198
solve, 193, 218-220
cost, 220-225
linear transformation, 58—62
composition, 145

definition, 58
low rank approximation, 383
lower triangular solve, 212-214
cost, 220-225
LU factorization, 208-225, 308
cost, 220-225
row pivoting, 308
with row pivoting, 249-254
with row swapping, 249-254

magnitude, 14
Markov Process, 117-120
Example, 117-120
mathematical induction, 62—65
base case, 63
inductive step, 63
principle of, 63
matrix, 65-76
0, 84
Omscn» 84
I,, 85
addition, 102-105
appended, 198-201
defective, 447-448
deficient, 447-448
diagonal, 88-91
1, 85
identity, 85-88
inverse, 255-265, 272-304
invert
don’t do it, 302-304
lower triangular, 92
scaling, 99-102
SPD, 304-308, 377
strictly lower triangular, 92
strictly upper triangular, 92
sum, 102-105
symmetric, 97-99
symmetric positive definite, 304-308, 377
transition, 118
transpose, 94-97
triangular, 91-94
unit lower triangular, 92
unit upper triangular, 92
upper triangular, 92
zero, 84-85
matrix inverse, 255-265
matrix-matrix
multiplication, 143-154
product, 143-154
matrix-matrix multiplication, 143-154, 159-177
algorithms, 169-177
computation of, 145-148
cost, 153-154
high-performance, 181-183
motivation, 159



partitioned, 162-163, 177-181

properties, 163—164

slicing and dicing, 177-181

special matrices, 165—169

special shapes, 148—153
matrix-matrix operations, 467
matrix-matrix product, 143-154
matrix-vector

multiplication, 61
matrix-vector multiplication, 66—76

algorithms, 105-111

definition, 68

partitioned, 123-125

symmetric, 140-143

transpose, 132—134

triangular, 134-140
matrix-vector operations, 158, 467
matrix-vector product

definition, 68
memop, 18
memory operation, 18
MGS orthogonalization, 417
mirror, 55
Modified Gram-Schmidt orthogonalization, 417
multiplication

matrix-vector, 61

definition, 68

matrix-vector multiplication, 66—76
multiplicity

geometric, 447, 464

natural basis, 17
normal equations, 377-378
solving, 377-378
notation
FLAME, 38-39, 309

operations
laff, 158, 467
matrix-matrix, 467
matrix-vector, 158, 467
orthogonal basis, 398—411
orthogonal projection, 386—398
orthogonal spaces, 364—-369
orthogonal vectors, 364—-369
orthogonality, 364-369
orthogonalization
Gram-Schmidt, 401-403
Modified Gram-Schmidt, 417
orthonormal basis, 401-406
orthonormal vectors, 399-401

partitioned matrix

transposition, 125-129
partitioned matrix-vector multiplication, 123—125
partitioning

conformal, 125
preface, viii
product

matrix-vector

definition, 68

projection

onto subspace, 392-394

orthogonal, 386-398

QR factorization, 308, 377, 406411
Householder transformation, 417
linear least-squares via, 407—408

R, 14
rank-1 approximation, 389—-392
rank-2 approximation, 394-396
rank-k approximation, 396-398
reflection, 55
Rmxn, 68
rotation, 53-55
rotations

composing, 159
row echelon form, 359-364

scaling
matrix, 99-102

Singular Value Decomposition, 377, 413-417

size, 14
solution
approximate, 369-377
linear least-squares, 369-377
solve
linear system, 218-220
lower triangular
cost, 220-225
lower triangular solve, 212-214
upper triangular, 214-218
cost, 220-225
solving normal equations, 377-378
spaces
orthogonal, 364-369
span, 337-345
SPD, 377
SPD matrix, 304-308
state vector, 118
subspace
projection onto, 392-394
substitution
back, 197
forward, 204-205
sum
matrix, 102—-105
SVD, 377, 413-417
symmetric positive definite, 377

symmetric positive definite matrix, 304308

symmetrize, 99



T o4 functions, 30-35

Timmy Two Space, 81 inner product, 26—28
transition matrix, 118 length, 14, 28-30
transpose linear combination of, 24-26
product of matrices, 164-165 magnitude, 14
two-norm, 14 NORM?2, 28-30
notation, 14—-16
unit basis vector, 16-17, 43 operations, 35, 52, 158, 467
e, 17 SCAL, 19-21
ej, 16 scaled addition, 23-24
eo, 17 algorithm, 24
unit vector, 29 scaling, 19-21
upper triagular solve algorithm, 20
cost, 220-225 cost, 21
upper triangular solve, 214-218 size, 14
slicing and dicing, 38—42
vector, 11-52 state, 118
ADD, 18-19 subtraction, 21-23
addition, 18-19 sum, see addition
assignment, 17-18 two-norm, 14, 28-30
algorithm, 17 unit, 29
cost, 18 unit basis, 16—17
=, 17-18 what is a, 14-17
AXPY, 23-24 vector spaces, 331-337
complex valued, 14 vector-vector operations, 35, 52, 158, 467
component, 14 vectors
copy, 17-18 linear independent, 337-345
definition, 14 orthogonal, 364-369
direction, 14 orthonormal, 399-401
dot product, 26-28 set of all, 14
element, 14
equality, 17-18 Zero

=, 17-18 matrix, 84-85
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