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In a recent paper it was shown how memory traffic can be diminished by reformulating the classic algorithm
for reducing a matrix to bidiagonal form, a preprocess when computing the singular values of a dense matrix.
The key is a reordering of the computation so that the most memory-intensive operations can be “fused”.
In this paper, we show that other operations that reduce matrices to condensed form (reduction to upper
Hessenberg form and reduction to tridiagonal form) can be similarly reorganized, yielding different sets of
operations that can be fused. By developing the algorithms with a common framework and notation, we
facilitate the comparing and contrasting of the different algorithms and opportunities for optimization on
sequential architectures. We discuss the algorithms, develop a simple model to estimate the speedup potential
from fusing, and showcase performance improvements consistent with the what the model predicts.
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1. INTRODUCTION

For many dense linear algebra operations, such as Cholesky, LU, and QR factoriza-
tions, there exist algorithms that cast most of the computation in terms of matrix-
matrix operations that can overcome the memory bandwidth bottleneck common to
most modern processors [Dongarra et al. 1989; Dongarra et al. 1991; Dongarra et al.
1990; Anderson et al. 1999]. Reduction to condensed form operations—specifically, re-
duction to upper Hessenberg, tridiagonal, and bidiagonal form—are important excep-
tions. For these operations, reducing the number of times data must be brought in
from memory is the key to optimizing performance since inherently O(n?) reads to and
writes from memory are incurred while O(n?) floating-point operations are performed
on an n X n matrix.

It should be noted that there are algorithms for reduction to condensed form based
on successive band reduction that cast most computation in terms of cache-efficient
matrix-matrix operations [Bischof et al. 1994; Lang 1999; Bischof et al. 2000; Bienti-
nesi et al. 2011]. Such algorithms are much faster than those presented in the present
paper. However, reduction to condensed form is typically not a useful operation in iso-
lation. While successive band reduction yields a faster reduction to condensed form, it
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adversely affects the performance of other parts of eigensolvers and/or SVD computa-
tions. The present paper does not compare against successive band reduction precisely
because the authors believe that such a comparison is only meaningful in the context
of a complete eigensolver or SVD solver. Thus, we only give a comprehensive treatment
of direct algorithms for reduction to condensed form.

The Basic Linear Algebra Subprograms (BLAS) [Lawson et al. 1979; Dongarra et al.
1988; Dongarra et al. 1990] provide an interface to commonly used computational ker-
nels in terms of which linear algebra routine can be written. The idea is that if these
kernels are optimized, then implementations of algorithms for computing more com-
plex operations benefit in a portable fashion. As we will see, the problem is that the
interface itself is limiting and can stand in the way of minimizing memory traffic. In
response, as part of the BLAST Forum [BLAST 2002], additional, more complex, opera-
tions were suggested for inclusion in the BLAS. Unfortunately, the extensions proposed
by the BLAST forum are not as well-supported as the original BLAS. In [Howell et al.
2008], it was shown how one of the reduction to condensed form operations, reduction
to bidiagonal form, benefits from this new functionality in the BLAS.

This paper presents algorithms for all three major reduction to condensed form op-
erations (reduction to upper Hessenberg, tridiagonal, and bidiagonal form) with the
FLAME notation [Gunnels et al. 2001]. This facilitates comparing and contrasting
different algorithms for the same operation and similar algorithms for different oper-
ations [Quintana et al. 2001; Gunnels et al. 2001; Bientinesi et al. 2005a; van de Geijn
and Quintana-Orti 2008]. The paper shows how the techniques used to reduce mem-
ory traffic in the reduction to bidiagonal form algorithm, already reported in [Howell
et al. 2008], can be applied to similarly reduce such traffic when computing a reduc-
tion to upper Hessenberg or tridiagonal form (although each has different potential
for improvement). It identifies sequences of operations within the algorithms for re-
duction to condensed form that can be “fused.” (A sequence of operations is eligible
for fusing when the operations share one or more operands in common, allowing the
computations to be merged in an effort to reduce the cost due to memory traffic.) Such
compound operations have been referred to as “Level-2.5 BLAS.” It demonstrates the
relative merits of different algorithms and optimizations that combine algorithms on
a recent sequential architecture. Additionally, the paper illustrates the difference be-
tween two styles of fusing, “cache-level” fusing and “register-level” fusing, and in doing
so exposes why the latter yields superior performance. All the presented algorithms
are implemented as part of the 1ibflame library [Van Zee 011a; Van Zee et al. 2009].
Thus the paper also provides documentation for that library’s support of the target op-
erations. The family of implementations and related benchmarking codes are available
as part of 1ibflame so that others can experiment with optimizations of the fused op-
erations and the effect on performance. And finally, we include an electronic appendix
that (1) redefines Householder transformations in the complex domain, and (2) gives
examples of how the algorithms would change to accomodate complex matrices.

2. HOUSEHOLDER TRANSFORMATIONS (REFLECTORS)

We start by reviewing a few basic properties of Householder transformations. For sim-
plicity, we focus only on computation over real matrices. However, the algorithms and
results presented in this paper generalize to the complex domain, and a related tech-
nical report [Van Zee et al. 010b] gives examples of how to express the computation
accordingly.

2.1. Computing Householder vectors and transformations

Definition 2.1. Let u € R", 7 € R. Then H = H(u) = I — uu” /7, where 7 = Ju”'vy, is
said to be a reflector or Householder transformation.
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We observe:

— Let 2 be any vector that is perpendicular to u. Applying a Householder transform
H(u) to z leaves the vector unchanged: H(u)z = z.

— Let any vector x be written as 2 = z + u” zu, where = is perpendicular to v and v” zu
is the component of = in the direction of u. Then H(u)z = z — u” xu.

This can be interpreted as follows: The space perpendicular to u acts as a “mirror”: any
vector in that space (along the mirror) is not reflected, while any other vector has the
component that is orthogonal to the space (the component outside and orthogonal to
the mirror) reversed in direction. Notice that a reflection preserves the length of the
vector. Also, it is easy to verify that:

(1) HH = I (reflecting the reflection of a vector results in the original vector);

(2) H=H",and so H'H = HH" = I (a reflection is an orthogonal matrix and thus
preserves the norm); and

(3) if Hy,--- ,H,_1 are Householder transformations and Q = HoH;--- H,_1, then
QTQ = QQT = I (an accumulation of reflectors is an orthogonal matrix).

As part of the reduction to condensed form operations, given a vector 2 we will wish
to find a Householder transformation, H(u), such that H(u)z equals a vector with
zeros below the first element: H(u)r = F||x|2e0 Where ey equals the first column of the
identity matrix. It can be easily checked that choosing u = z +||z||2€¢ yields the desired
H(u). Notice that any nonzero scaling of « has the same property, and the convention is
to scale u so that the first element equals one. Let us define [u, 7, h] = HOUSEV(x) to be
the function that returns u with first element equal to one, 7 = %uTu, and h = H(u)z.

2.2. Computing Au from Ax

Later, we will see that given a matrix A, we will need to form Au where u is computed
by HOUSEV(x), but we will do so by first computing Ax. Let

xﬁ(xl> Uﬁ(m) uﬁ(vl),
X9 (%) u9

v =1x — aeg, and u = v/vy, with o = —sign(x1)||z||2 (and thus vy = 1). Then
_ X1 _ X1 — @ _ _
et = || () |- 1ot = () |- e = oo/ =
el o
2 2 2(x1 — a)?
w = Ar and Au= Alw = aco) _ (w—aAeo). 3)
(x1—a) (x1—a)

We note that Aey simply equals the first column of A. We will assume that various
results in Eq. (1)-(2) are computed by the function HOUSES(x) where [y; — a,7,a] =
HOUSES(z).! Then, the desired vector Au can be computed via Eq. (3).

2.3. Accumulating transformations

Consider the transformation formed by multiplying b Householder transformations
(I —ujul/7;), for 0 <j <b—1.IfU = (uo|u1|---|up—1 ), then

(I —uoud /m0) (I —wiui/m) -+ (I —w—rul y/m—1) = I —UTUT).

1Here, HOUSES stands for “Householder scalars”, in contrast to the function HOUSEV which provides the
Householder vector w.
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Here T = %D—FS’ where D and S equal the diagonal and strictly upper triangular parts
of UTU = 8™ + D + S. Later we will use the fact that if

Too | to1
0 T11

U= (Uy|ui) and T_<

then

-1 -1 -1
ufm’ and (Too t01> _ (Too | -7 to1/7'11)_

T
tor = Ugur, 711 = —
0 2 0 |71 0 I 7'111

For further details, see [Joffrain et al. 2006; Puglisi 1992; Sun 1996; Walker 1988].
Alternative ways for accumulating transformations are the WY-transform [Bischof and
Van Loan 1987] and compact WY-transform [Schreiber and Van Loan 1989].

3. REDUCTION TO UPPER HESSENBERG FORM

In the first step towards computing the Schur decomposition of a matrix A, the matrix
is reduced to upper Hessenberg form: A — QBQT where B is an upper Hessenberg
matrix (zeros below the first subdiagonal) and @ is orthogonal.

3.1. Unblocked algorithm

The basic algorithm for reducing the matrix to upper Hessenberg form, overwriting
the original matrix with the result, can be explained as follows.

T
— Partition A — (ﬂ’ﬂ)
as | Az

—Let [U21, T, 021] = HOUSEV(agl).Z

— Update
ao1 | Aoz I]0lo0 ao1 | Aoz 10 apr | AopoH
anlag | = | OJ1[0 ) | anagp <0 H) = | ou | anf
a1 A22 0 0 H ag1 AQQ Ha21 HAQQH

where H = H(ug1). Note that as; := Has; need not be executed since this update
was performed by the instance of HOUSEV above.3
— Continue this process with the updated A,,.

This is captured in the algorithm in Figure 1 (top), in which it is recognized that as the
algorithm proceeds beyond the first iteration, the submatrix A,y must also be updated.
As formulated, the submatrix Ay, has to be read and written in the first highlighted
operation and submatrices Ap,, al,, and Ay, must be read and written in the sec-
ond highlighted operation in Figure 1 (top) assuming the operations in the highlighted
boxed are fused. Thus, the bulk of memory operations then lie with A5, being read and
written twice and A;g being read and written once.

2Note that the semantics here indicate that as; is overwritten by Hasz1.
3In practice, the zeros below the first element of Haz; are not actually written. Instead, the implementation
overwrites these elements with the corresponding elements of the vector wuz;.
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Algorithm: [A] := HESSRED_UNB(), A) \
Partition A (%ﬂ) o (“_T) Ly (y_T) L <ZT>

\ApL|ABr up YB zZB
where A1y is 0 x 0 and ur, yr, and zr have 0 rows

while m(Ar.) <b do

Repartition
A A
( At |ATR ) - < ago 201 a;2 )
A A 10 11,92 |»
BLI4BR Az | a21 | A2z
Uuo1 Yyo1 201
(—ZT ) — | vi1 |, (—yT ) — | Y11 |, (—jT ) — | ¢11
B u21 yB Y21 B Z21
where o1, v11, ¥11, (11 are scalars
Basic unblocked 1:
[UQl, T, a21] = HOUSEV(agl)
A22 = (I e u21ugl/T)A22 = A22 e u21uglA22/T
Ago Ago Agz — A02U21U2Tl/7'
-\ _ =T T _ T 3 T
aly | = aly | U —uaiug /7)) = | aly — alquoiudy /7
A22 A22 A22 — AggUglugl/T
Basic unblocked 2: Rearranged unblocked:
a71*1 = 0%1 — Uﬂ@} — Clv%ﬂ (*)
ajs = ajy — V1Yy — C1uy (*)
ao1 := Q21 — U211 — 2211 (%)
[Ugl, T, agl] = HOUSEV(agl) [J)Ql, T, agl] = HOUSEV(GQl)
Agg 1= Agp — Uzlyng - 2211651 (*)
Y21 = Agz“&l V21 ‘= A%;!’Ezl
21 i= Agaug; wa 1= Aoy
U1 = T21; Y21 ‘= V21
221 1= W21
Bi=ull 201 /2 Bi=ull201/2
Y21 = (y21 - 5“21/7)/7 Y21 = (’y21 - ﬂuzl/T)/T
291 = (221 — ﬁ’u,gl/T)/T 221 = (221 - ﬁu21/7)/7-
Agg 1= Aoy — Uzlygl - 221ug1
T ._ T T T T ._ T T T
aig = Q39 — a12u21u217[7' g = Q19 — a12U21U21T/7'
Agg = Aoz — Apguo1uz /T Agg = Aoz — Avgu1uz, /T

Continue with

Aoo | ao1 | Aoz
(ATL ATR) — alTo Q11 a1T2 >
ABL | ABR o0 o

a2y
uo1 Yo1 201
U z
(u—T) — | vi1 |, (y—T> — | Y11 |, (z—T) — | ¢11
B u21 yB Y21 B 221
endwhile

Fig. 1. Unblocked algorithms for reduction to upper Hessenberg form. The first and second fused operations
in the “Basic unblocked 2” algorithm correspond to the BLAS 2.5 operations GEMVT and GER2, respectively
[BLAST 2002]. Operations marked with (x) are not executed during the first iteration.
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Let us look at the update of Ao in Figure 1 (top) in more detail:
A22 = HAQQH = (I — Uglugl/T)AQQ(I — u21u2Tl/T)
= Aoy — sy ( AL oy VT /7 — ( Agousy uls /7 + (UL, Asotiog Jusiul, /72
22 — u21( Agouz1 )" /7 — ((Azguzr Jugy /7 + (uyy Azouor Juziusy /
V21 w21 w21
= Ay — qungl/r — wglugl/T + uglwgl u21u2Tl/7'2
—
23
= Az —uz ((v21 — Buzr /7)/7)T — (w21 — Buzr/7)/7) ugy
Y21 221
= Agy — (uzydy + zo1udy).

This motivates the algorithm in Figure 1 (left). The problem with this algorithm is
that, when implemented using traditional level-2 BLAS, it requires As, to be read four
times and written twice. If the operations in the highlighted boxes are instead fused,
then As; needs only be read twice and written once.

What we will show next is that by delaying the update Agy := Agy — (ug1yd; + z21ud))
until the next iteration, we can reformulate the algorithm so that As; needs only be
read and written once per iteration. Let us focus on the update Asy := Ags — (ug1yd; +
291ud; ). Partition

o (ah et o ot &
22 — AT , U21 — ¥ y Y21 — |, %21 — />
Qg | Ag2 Uy Yo1 291

where + indicates the partitioning in the next iteration. Then A,y := Agy — (u21yd, +
291ud;) translates to

(558) - (55)- (G G- ()6
azy | Az, agy | Az FQT mi er E
- (eho e o~ G )

ag — (u3y 7 +2107) | Ay — (usy951 +231u31 ) )
which shows what computation would need to be performed if the update of Ass is
delayed until the next iteration. Now, before vy; = Al,uz; and z2; = Assus; can be
computed in the next iteration, HOUSEV(a2;) has to be computed, which requires as;
to be updated. But what is important is that A,> can be updated by the two rank-1
updates from the previous iterations just before vy = AL up and we; = Asous; are
computed, which allows them to be “fused” into one operation that reads and writes
Ass to and from memory only once. The algorithm in Figure 1 (right) takes advantage
of these insights. To our knowledge it has not been previously published.

3.2. Lazy algorithm

We now show how the reduction to upper Hessenberg form can be restructured so
that the update Ay := Ay — (u21yd; + 221ud;) during each step can be avoided. This
algorithm by itself is not practical, since (1) it requires too much temporary space,
and (2) intermediate matrix-vector multiplications, which incur additional memory
reads, eventually begin to dominate the operation. But it will become an integral part
of the blocked algorithm discussed in Section 3.4. This algorithm was first reported
in [Dongarra et al. 1989].

The rather curious choice of subscripts for us;, and -1, and 22; now becomes appar-
ent: By passing matrices U, Y, and Z into the algorithm in Figure 1, and partitioning
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Algorithm: [A,U,Y, 7] := HESSRED_LAZY UNB(0, A,U,Y, Z) |

XrL
XBL

Partition x — (

for X € {A,U,Y,Z}
where X is 0 x 0
while n(Ur;) <b do
Repartition

XrRr )
XBR

Xoo

x X
(XTL XTR) _ ( :l.T XOl 122 )
X |X 10 f X11] T3o
BLI~BR Xoo | z21 | X22
for (X, z,x) € {(A, a, ), (U, u,v), (Y, y,9), (%, 2,()}
where 1 is a scalar

_ T T
Qi1 = Q11 — UgY1o — ZipUlo
az1 = az1 — Uaoy10 — Z2oU10
T ._ T T~T _ T 7T
aig 1= a1p — UigYog — 219Uz
[u21, T, a21] := HOUSEV(ag)
AT
Y21 1= AzpUai
291 1= Agousi
._ T T
Y21 1= Y21 — Y20(Uzgua1) — Uao(Z3gu21)
._ T T
221 = 221 — Uao(Yagua1) — Zao(Usguz1)

B = ull 201 /2

Y21 = (y21 - ﬁu21/7')/7
221 ‘= (2’21 - 5“21/7')/7
a1T2 = a1T2 - a1T2U21Ug1/T
Az = Ag2 — A02U21U2T1/7'

Continue with

( XTrL | XTR ) _
XBr | XBR

Xoo

201

Xo2

T
Ti0

X11

T
Tio

X20

21

Xa2

for (X,z,x) € {(4,a,a), (U,
endwhile

u,v), (Y,y,%),(Z,2,¢)}

Fig. 2. Lazy unblocked algorithm for reduction to upper Hessenberg form. The first fused operation corre-
sponds to the BLAS 2.5 operation GEMVT [BLAST 2002].

them just like we do A in that algorithm, we can accumulate the subvectors us1, 21
and z,; into those matrices. Now, let us assume that at the top of the loop Agr has not
yet been updated. Then a1, as;, al, and A, have not yet been updated, which means
we cannot perform many of the computations in the current iteration. However, if we
let &1, ds1, al,, and Ass denote the original values in A in those locations, then the
desired a1, az1, and a7, are given by

A T T
Q11 — UipY10 — Z10U10

app =

az1 = 21 — Uggyro — Zaguio
G1T2 = &f2 - U{OY2T0 - ZlToUzTo
Agy = Agg — UsgYh — ZooUsh.

Thus, we start the iteration by updating in this fashion these parts of A.
Next, we observe that the updated A, itself is not actually needed in updated form:
We need to be able to compute AL us; and Aspus;. But this can be done via the alter-
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Algorithm: [A,U, Z,T] := HESSRED_GQVDG_UNB(b, A, U, Z,T) |

Partition x — (XTL

XBL
for X € {A,U,Z,T}

where X7 is 0 x 0

while n(Ur;) <b do
Repartition

< Xrr | XTRr ) -
XBL |XBR

XrR )
XBR

201

Xoo
I1T0
X20

X11

21

Xo2
le2
Xo2

for (X, z,x) € {(4,a,a), (U,u,v),(Z,2,(), (T,t,7)}
where \1; is a scalar

Qo1 ao1 Zoo
& = a11 i T()_()lul()
a21 ao1 Z20
™ T
ao1 Uoo Uyo a1
an | =1 |l | T | el oy
a21 U20 U20 a1
[u1,T11,a21] := HOUSEV (ag;)
o1 Ao
Cll E U21
221 Ago
t()l = Ug;)UQl
Continue with
Xrr | XrR X;?O T ng
() -~ (hpuled
Xoo | z21 | X22

for (X7 :1:7 X) e {(A7 a? a)? (07 u7 U)? (Z’ Z? C)? (T7 t’ T)}
endwhile

Fig. 3. GQvdG unblocked algorithm for the reduction to upper Hessenberg form.

native computations

Y21 = Angum = Anguzl - }/20(U27;)U21) - U20(Z2T0U21)
Zo1 1= Angugy = Asgugr — Usg(Yanuz1) — Zoo(Ugyuar)

which requires only matrix-vector multiplications. This inspires the algorithm in Fig-
ure 2.

3.3. GQvdG unblocked algorithm

The lazy algorithm discussed above requires at each step a matrix-vector and a trans-
posed matrix-vector multiply which can be fused so that the matrix only needs to be
brought into memory once. In this section, we show how the bulk of computation (and
associated memory traffic) can be cast in terms of a single matrix multiplication per
iteration with a much simpler algorithm that does not require fusing and thus no spe-
cial implementation of the fused operation. This algorithm was first proposed by G.
Quintana and van de Geijn in [Quintana-Orti and van de Geijn 2006], which is why
we call it the GQvdG unblocked algorithm. It is summarized in Figure 3.
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Families of Algorithms for Reducing a Matrix to Condensed Form 00:9

The underlying idea builds upon how Householder transformations can be accumu-
lated: The first b updates can be accumulated into a lower trapezoidal matrix U and
upper triangular matrix 7" so that

(I —uoud /m0) (I —wiui/m) -+ (I- up—1up_y /1) = (I —UTUT).
After b iterations the basic unblocked algorithm overwrites matrix A with

A®)

H(up_1) - H(uo)AH (ug) - - - H(up_1)

= (I — ’U,bflugll/bel) s (I — ’LLQUg/To) A (I — uOUg/To) cee H('I.l/bfl)

= (I-UT'UNTAI -UT ' UT) =T -UT'UT)T (A - ;’ILT*UT)
Z

(I-UT'UNT(A-zT7UT),

where A denotes the original contents of A.
Let us assume that this process has proceeded for k iterations. Partition

Y (ﬁ'ﬂ) for X € {A,4,U,2,T},
XBr | XBrR

where Xy, is k x k. Then

k k
- (A
App | ABR
U Ur \T\" [ Ar|A Z Urp \©
[—( TL)Tfl( TL) rr | ATr _(TL)Tfl(TL) .

UL TL \ Upy, Apr| ABr ZBrL TL \ Upr
Now, assume that after the first k iterations our algorithm leaves our variables in the
following states:

Arp | Arr AN | Arg
— A= —I— contains TkL — . In other words, the first &£ columns have
Apr|ABr AR | Agr

been updated and the rest of the columns are untouched.

— Only ( g;; >, Trr, and ( 521; ) have been updated.

The question is how to advance the computation. Now, at the top of the loop, we expose

Xoo | o1 | Xo2
<ﬂ|ﬂ) T
Xpr|Xpr Xao | x21 | Xoa2

for (X, z,x) € {(4,q,a), (/1, a, &), (U, u,v),(Z,2,¢),(T,t,7). In order to compute the next
Householder transformation, the next column of A must be updated according to prior
computation:

T
ao1 Uoo Uoo ao1 Zoo
_ — | 1 [T - | -
11 =L ui | To Uio a1 |~ 219 | Too w10 )
as1 Uso Uao az1 Zao

column k of Z, T, 'UF
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which means first updating

ao1 ag1 — ZooW1io

o T
11 = Q11 — Z19W10 y
as1 a1 — ZaowWio

where wig = T&)lulo. Next, we need to perform the update

T

ag1 Ugo Uno ag1
an | = [1— |l | Too' | ulo a1
a1 Uz Uz as
ap1 Uno U \ " [ ao ao1 — Uoo¥io
= a1 | — 711'0_ TO_OT U1T0 Q1 ) = | o1 — UlToylo )
a2 Uz Uso as1 a21 — Usoy1o

where y19 = TO_OT(U(%aOl + uoa1 + Ulyaszy). After these computations we can compute
the next Householder transform from as;, updating as::

— [u21, T, a21] = HOUSEV(CLQl).

The next column of Z is computed by

201 Aoo | Go1 | Aoz 0 Apaust
=\ _ (=TT T _ =T

Cll = 0,10 a11 a12 O - CL12U21
221 Azg | @21 | Ao Uzl Asougy

As in Section 2.3, we finish by computing the next column of T":

Too | o1 | Too Tool Ulyuay ‘TOQ
0 7A'11 t:’{Q = 0 I%ugl’u,gl‘t{g
00 [Th o] o |Tw

Note that ful,us is equal to the 7 computed by HOUSEV(as; ), and thus it need not be
recomputed to update 71;.

3.4. Blocked algorithms

We now discuss how much of the computation can be cast in terms of matrix-matrix
multiplication. The first such blocked algorithm was reported in [Dongarra et al. 1989].
That algorithm corresponds roughly to our blocked Algorithm 1.

In Figure 4 we give four blocked algorithms which differ by how computation is
accumulated in the body of the loop:

— Two correspond to using the unblocked algorithms in Figure 1.

— A third results from using the lazy algorithm in Figure 2. For this variant, we in-
troduce matrices U, Y, and Z of width b in which vectors computed by the lazy
unblocked algorithm are accumulated. We are not aware of this algorithm having
been reported before.

— The fourth results from using the algorithm in Figure 3. It returns matrices U, Z,
and T'. It was first reported in [Quintana-Orti and van de Geijn 2006] and we will
call it the GQvdG blocked algorithm.

Let us consider having progressed through the matrix so that it is in the state
Arp | Arr Ur Yr Zr
A= LU= (==, Y=(=), z=(=~),
( Apr | ABr Up Yp Zp
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Algorithm: [A] := HESSRED BLK(A, T)
Partition A — ( Are JArg ) , X — ( Xr )

Apr | ABr XB
for X € {T,U,Y, Z}
where A7y, is 0 x 0 and T'r, Ur, Y7, and Z7 have 0 rows
while m(Arp) < m(A) do
Determine block size b
Repartition

A | Arn joo 201 ﬁoz Xr Xo
T Aon — 0] ESTRESERN BN by gne - | X
Az | A21 | A2z Xo
for X € {T,U,Y, Z}
where A1 is b x band Ty, Uy, Y1, and Z; have b rows

Algorithm 1, 2: (blocked + basic unblocked, blocked + rearranged unblocked)
[Apgr,Up] := HESSRED_UNB(b, ApR)

Ty = 4D+ SwhereUUg =ST + D+ 8

Arg = Arr(I — UgT{ 'UY)

Algorithm 3: (blocked + lazy unblocked)

[Apr,UB,YB,Zp| := HESSRED_LAZY_UNB(b, Agr,UB,YB,ZB)
Ty = 1D+ Swhere UUg = ST+ D+ 8

Arg = Arg(l - UpT; 'UR)

A22 = A22 — UQYZT — Z2U2

Algorithm 4: (GQvdG blocked + GQvdG unblocked)
[ABR’ Up, Zg, Tl] = HESSRED,GQVDG,UNB(IJ, Apr,Up, Zp, Tl)
Arg = Arr(I - UgT{'UY)

T
A\ Up (U \T Aqa Z1 -
()= (- () (32)") ()~ (5) e
Continue with Al A A X
A | Arg Aoo A01 Aoz Xr XO
o) 0 Auldn |, (=) < 1
Ago | A21 | A2z X2
for X € {T\U,Y, Z}
endwhile

Fig. 4. Blocked reduction to Hessenberg form based on original or rearranged algorithm. The call to HES-
SRED_UNB performs the first b iterations of one of the unblocked algorithms in Figures 1 or 2. In the case
of the algorithms in Figure 1, Ug accumulates and returns the vectors us1 encountered in the computation
and Yp and Zp are not used.

where A7y, is b x b. Assume that the factorization has completed with Ar; and Agy,
(meaning that A7y, is upper Hessenberg and Apgy, is zero except for its top-right most
element), and Arg and Aggr have been updated so that only an upper Hessenberg
factorization of Apg has to be completed, updating the A7g submatrix correspondingly.
In the next iteration of the blocked algorithm, we perform the following steps:

— Perform the first b iterations of the lazy algorithm with matrix Agr, accumulating
the appropriate vectors in Ug, Yp, and Zg.

— Apply the resulting Householder transformations from the right to Arr. In Sec-
tion 2.3 we discussed that this requires the computation of UTU = ST + D + S,
where D and S equal the diagonal and strictly upper triangular part of U7 U, after
which Arg = ATR(I — UT_lUT) = Arp — ATRUT_lUT with T' = %D + S.
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— Repartition
Arr | Arr Ago | Aor| Ao Ur o
5. | Asr = | Aw|4n A |, U_B - ﬂ )
Az | A21 | A2 U,
—Update A22 = A22 — U2}/2T — ZQUQT

— Move the thick line (which denotes how far the factorization has proceeded) forward
by the block size:

Arp | Arg joo ﬁm ﬁoz Uy Uo
() - (352). (1)~ (£)
BL BR A20 A21 A22 U2
Proceeding like this block-by-block computes the reduction to upper Hessenberg form
while reducing the size of the matrices U, Y, and 7, casting some of the computation in
terms of matrix-matrix multiplications that are known to achieve high performance.

When one of the unblocked algorithms in Figure 1 is used instead, As; is already
updated upon return from HESSRED_UNB and thus only the update of Arr can be
accelerated by calls to level-3 BLAS operations.

The GQvdG blocked algorithm, which uses the GQvdG unblocked algorithm, was in-
corporated into recent releases of LAPACK, modulo a small change that accumulates
T~! instead of T. Prior to this, an algorithm that used the lazy unblocked algorithm
but also updated Ary as part of that unblocked algorithm (and thus cast less com-
putation in terms of level-3 BLAS) was part of LAPACK [Dongarra et al. 1989]. A

comparison between the GQvdG blocked algorithm and this previously used algorithm
can be found in [Quintana-Orti and van de Geijn 2006].

3.5. Fusing operations

We now discuss how the eligible sets of operations encountered in the various algo-
rithms can be fused to reduce memory traffic.

In the rearranged algorithm, delaying the update of Ay, yields the following three
operations that can be fused (here we drop the subscripts):

A=A — (uyT + zu7)
v:=ATg (4)
w = Ax

Note that the first operation may be implemented as two calls to the level-2 BLAS
routine GER, while the remaining two operations are instances of the GEMV operation.

By inspecting the three operations, we notice that only one column of A needs to be
read and updated at a time. So, let us partition

o Vo X0 o
A— (ao|“Jan—1), u— : , v— : , T — } , Y= : :
Un—1 VUn—1 Xn—1 ¢n71

Then the following steps, for 0 < ;7 < n, compute the desired result (provided that
initially w = 0):

aj = a; —Pju— vz (2x AXPY)
vj = aij (DOT)
wi=w+ X;a; (AXPY)

However, if we implement this fused operation by looping over the level-1 BLAS oper-
ations (parenthesized above), each element of A is still accessed six times—no fewer
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than if we had simply called GER and GEMV in sequence (twice each). We would only
benefit (hopefully) from the current column of A, a;, residing in the cache after the
first call to AXPY, thus allowing the second AXPY, the DOT, and third AXPY routine
invocations to more readily access the elements of a;. We refer to this as “cache-level”
fusing, as it promotes increased temporal locality of subparts of matrix A within the
cache hierarchy and thus allows these memory-limited operations to complete in less
time. The authors of [Howell et al. 2008] demonstrate the benefits of cache-level fus-
ing, except they express the computation as a sequence of level-2 BLAS subproblems
rather than in terms of level-1 operations.* But the purpose and effect is similar.

But on many architectures, accessing cached data—even data in the highest levels
of the cache hierarchy—still incurs some cost. So ideally, we would want to avoid these
redundant memory operations altogether. In order to do this, we need to further parti-
tion the level-1 subproblems to allow fusing of individual scalar arithmetic operations.

If we coded the operations at a very low level, controlling individual load and store
instructions, we could implement the algorithm in Figure 5 (right). We consider this
algorithm to be fused at the register-level because certain memory operations are
avoided by reusing data when they are still loaded in the processor core’s registers.
We provide an unfused algorithm on the left-hand side of the figure and a cache-level
fusing in the middle for contrast. Note that the cache-level algorithm fuses only the
outer loops (over n) while the register-level algorithm goes a step further and also
fuses the inner loops (over m). It is easy to see that register-level fusing reduces the
number of memory accesses to each element of matrix A to the absolute minimum: one
load and one store.

The other fusable operations present in Figures 1 and 2, and throughout the remain-
der of this paper, can be fused in a similar manner.

4. REDUCTION TO TRIDIAGONAL FORM

The first step towards computing the eigenvalue decomposition of a symmetric matrix
is to reduce the matrix to tridiagonal form.

Let A € R"*” be symmetric. If A — QBQT where B is upper Hessenberg and Q
is orthogonal, then B is symmetric and therefore tridiagonal. In this section we show
how to take advantage of symmetry, assuming that matrix A is stored in only the lower
triangular part of A and only the lower triangular part of that matrix is overwritten
with B.

When matrix A is symmetric, and only the lower triangular part is stored and up-
dated, the unblocked algorithms for reducing A to upper Hessenberg form can be
changed by noting that vo; = wo; and y21 = z2;. This motivates the algorithms in
Figures 6-8, which correspond respectively to Figures 1 (left and right), 2, and 4 when
taking advantage of symmetry. The blocked algorithm and associated unblocked algo-
rithm was first reported in [Dongarra et al. 1989].

In the rearranged algorithm, delaying the update of A5 allows the highlighted op-
erations in Figure 6 (right) to be fused. We leave it as an exercise to the reader to fuse
the highlighted operations in Figure 7.

5. REDUCTION TO BIDIAGONAL FORM

The previous sections were inspired by the paper [Howell et al. 2008] that discusses
how fused operations can benefit algorithms for the reduction of a matrix to bidiagonal
form. The purpose of this section is to present the basic and rearranged unblocked algo-
rithms for this operation with our notation to facilitate the comparing and contrasting

4The blocking employed by authors’ cache-level technique uses the same algorithmic blocksize specified in
the top-level blocked algorithm.
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forj=0:n—-1
LOAD y; — f3
fori=0:m-1
LOAD Aij — Q11
LOAD u; — v
o1 = aqq — PBur
STORE Aij — 11

endfor
endfor
forj=0:n—-1

LOAD u; — v

fori=0:m-1
LOAD Ai]‘ — Q11
LOAD z; — (1
o1 = agp — G
STORE Aij — 11
endfor
endfor
forj=0:n—-1
p:=0
fori=0:m-1
LOAD Ai]‘ — Q11
LOAD z; — x1
pi=p+aixi
endfor
STORE v < p
endfor
SETTOZERO( w )
forj=0:n—-1
LOAD z; — Kk
fori=0:m—-1
LOAD Aij — Q11
LOAD w; — wq
w1 = w1 + KA1
STORE w; «— wq
endfor
endfor

SETTOZERO( w )
forj=0:n—-1
LOAD yj — ﬂ
fori=0:m-—1
LOAD Aij — 11
LOAD u; — v
app = gy — Puy
STORE Aij — Q11
endfor
LOAD u; — v
fori=0:m—-1
LOAD Aij — 11
LOAD z; — (4
Q11 = Q011 — ’YC1
STORE Aij — Q11
endfor
p:=0
fori=0:m—1
LOAD Aij — 11
LOAD x; — X1
pi=pt+aiixa
endfor
STORE v; «<— p
LOAD z; — Kk
fori=0:m-—-1
LOAD Aij — 11
LOAD w; — wq
w1 = w1 + Ko
STORE w; < wq
endfor
endfor

F. G. Van Zee et al.

SETTOZERO( w )
forj=0:n-1
LOAD y; — 3
LOAD z; — Kk
p:=0
fori=0:m-1
LOAD Aij — Q11
LOAD u; — v
LOAD z; — Cl
LOAD z; — x1
LOAD w; — wy
aqq = an — fur
o1 = a1 — Gl
pi=p+aoix
w1 = w1 + KA1
STORE Aij — o1
STORE w; +— w1
endfor
STORE v + p
endfor

Fig. 5. Algorithms for computing the fusable set of operations present in Eq. 4 using no fusing (left), cache-
level fusing (middle), and register-level fusing (right). Whereas the unfused and cache-level fused algorithms
access each element of matrix A six times, the register-level fused algorithm avoids redundant memory
instructions and thus touches each element only twice.

of the reduction to upper Hessenberg and tridiagonal form algorithms to those for the
reduction to bidiagonal form.

The first step towards computing the Singular Value Decomposition (SVD) of A €
R™*" is to reduce the matrix to bidiagonal form: A — Q; BQ%L where B is a bidiagonal
matrix (nonzero diagonal and superdiagonal) and (; and QQr are again square and
orthogonal.

For simplicity, we explain the algorithms for the case where A is square.
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Algorithm: [A] := TRIRED_UNB(A)

AR
ABR

Aty
ABL

Partition 4 — (

)’z_>

for z € {u,y}

(&)

where A7, is 0 x 0 and ur, yr have 0 rows

while m(Ar;) < m(A) do
Repartition

Aoo | ao1

a21

for (z,x) € {(u,v), (y,¥)}

where 11, V11, and wll

(—I—ATL ATR)—> al, |11 | al.
Apr | ABr AIQ(()) A1222

are scalars

Basic unblocked:

[U217 T, CL21] = HOUSEV(agl)

Y21 = Asougr

B =3 ya1/2
Y21 = (y21 - ﬂuzl/T)/T
Agg = Agy — us1yd, — y2rudy

Rearranged unblocked:

a1y = a1y — 2011911

ag1 = a1 — (u21911 + Y21v11)
[{E217T7 agl] = HOUSEV(GQl)
Aog i= Agg — us1ydy — yorudy
Va1 1= AgaTor

U21 = T21; Y21 ‘= V21

B = uj1y1/2

Y21 = (y21 - 5U21/7)/T

Continue with

Aoo | ao1 | Aoz 01
(—I—QTL ﬁTR> — ‘11T0 Q11 a1T2 > (—mT ) — | x
BL1ZBR Agp | a1 | A2z B 21

endwhile

for (z,x) € {(u,v), (y,¥)}

(x)
(%)

(%)

00:15

Fig. 6. Unblocked algorithms for reduction to tridiagonal form. Left: basic algorithm. Right: rearranged to
allow fusing of operations. Operations marked with (x) are not executed during the first iteration.

5.1. Basic algorithm

The basic algorithm for this operation, overwriting A with the result B, can be ex-

plained as follows:

T

— Partition A — &‘ai .
a9 | Aa

1 a11

— Let [(U)L( 1

— Update
( Qi1 a?z

ao1 | Ago

e (2
)= (-G

a—u/mn| afy —y3 /1L

) () ) (i)

¥

5Note that the semantics here indicate that «11 is overwritten by the first element of (

0

).

| Agy — uaiydy /71

a11
0
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Algorithm: [A,U,Y] := TRIRED_LAZY UNB(b, A, U,Y)
Xrr | XTRr )
XBr | XBR

Partition x — (

for X € {A,U, Y}
where X is 0 x 0
while n(Urp) <b do

Repartition
Xoo | zo1 | Xo2
<_|_XTL XTR>_’ w1y [ xa1 | 27,
XLl Xpr Xoo | z21 | X22

for (X, z,x) € {(A,a,a), (U,u,v), (Y,y,¥)}
where 1 is a scalar

Q1] = Q11 — U%Foylo - y%um

az1 = az1 — Uaoy10 — Yoou1o

[Ugh T, agﬂ = HOUSEV(CLQl)

ya1 1= Agouas

Yo1 1= Y1 — Yao(Udguar) — Uso(Yahuot)
B = u3 y21/2

Y21 := (Y21 — Puar /7)/T

Continue with

Xoo | zo1 | Xo2
( T} Xrn ) — l"lTo X11 x1T2
XBL |XBR o0 Xop

21
for (X7 x? X) e {(A7 a? a)? (U7 u7 U)) (Y) y7 w)}
endwhile

Fig. 7. Lazy unblocked reduction to tridiagonal form.

where 111 = a1 + uljaz and y¥, = al, + ul, As,. Note that ay; := a — 911 /71 does
not need to be executed since this update was performed by the instance of HOUSEV
above.

—Let [1121, TR, a12] := HOUSEV (alg).

—Update A22 = AQQ(I — 1221?]%1/7'3) = A22 — z21v2Tl/TR, where Z221 = A22’U21.

— Continue this process with the updated A,,.

The resulting algorithm, slightly rearranged, is given in Figure 9 (left).

5.2. Rearranged algorithm

We now show how, again, the loop can be restructured so that multiple updates of, and
multiplications with, A5, can be fused. Focus on the update Ay := Ags — (ug1yd; +
Zzlvgl). Partition

+ | 4T + + + +
A22H(a11 Y12 ), u21ﬂ<%>, y21ﬂ<ﬂ_1r.1*), Z21H<§%), ’U214’(l];]}*)7

ag | Az 21 Y21 21 V21

where + indicates the partitioning in the next iteration. Then

+ | ,+T + | T + +\7T + +\7T
(au a12) — <a41—1a142r>—<vil)<wil) _(Cl1><V11>
agy | Az, Ag1 ‘Azz Ugy Y1 “21 U21

+ + .+ + 4| 4T +, 4T+ 4T
_ (au — v ¥y — 11”11“112 L T SE )
)

+ = e B T, AT
A9y — U ¥ — Z91V14 ‘A22 — Ug1Y21 T R21V21
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Algorithm: [4,U,Y] := TRIRED BLK(4,U,Y) \
Partition A — (ﬂ Ark ) , X — (XT )

AL |ABRr X5

for X € {U,Y}
where A1) is 0 x 0 and Ur, Y7 have 0 rows
while m(Arr) <m(A) do
Determine block size b

Repartition
Aoo | Ao1 | Aoz Xo
A A X —_—
(—I—ATL ATR) — | Ao ]An[A2 ), (—XT ) - | Xi
BLI“BR Az | A21 | Aoz B X2
for X € {U,Y}

where A;; is b x b and Uy, and Y; have b rows

[Agr,Up,Yp] := TRIRED_LAZY UNB(b, Aggr,Ug, Y5)
A22 = A22 - UQYQT - YQUQT

Continue with AT A
00 | Ao1 | Aoz
(QTL ﬁTR> — | Aio| A1 | A2 ,(%) — | Xi
BLI1ABR Ao | A21 | A2z B X2
for X € {U,Y}
endwhile

Fig. 8. Blocked reduction to tridiagonal form based on original or rearranged algorithm. TRIRED_UNB per-
forms the first b iterations of the lazy unblocked algorithm in Figure 7.

which shows how the update of Ay, can be delayed until the next iteration. If us; =
Y21 = 221 = v21 = 0 during the first iteration, the body of the loop may be changed to

a1 =11 — vt — v
a1 = a1 — U21¥11 — 22111
T . T T T
ajo = Qi — V11Y31 — G110

(i) 7 ()] = owsme (357

Agg := Agy — up1y3; — z2103,
Yo1 = a1z + AQTzU;a

aly :=aly —yd /70

[va1, TR, a12] := HOUSEV (aj2)
B = y3,v21

Yo1 i= Y21/7TL

291 := (Aoovor — Budy /TL) /TR

Now, the goal becomes to bring the three highlighted updates together. The problem is
that the last update, which requires v, cannot commence until after the second call to
HOUSEV completes. This dependency can be circumvented by observing that one can
perform a matrix-vector multiply of A,y with the vector o, = af, — 41, /71 instead of
with vy, after which the result can be updated as if the multiplication had used the
output of the HOUSEV, as indicated by Eq. (3) in Section 2. These observations justify
the rearrangement of the computations as indicated in Figure 9 (right).
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Algorithm: [4] := BIRED_UNB(A)

for z € {u,v,y, z}

while m(Ar,) < m(A) do
Repartition

Aoo | ao1 | Aoz
(QTL QTR ) — | aiy|ain]aiy |,
BLY1ABR Azo | a21 | A2

for (z, x) € {(v,v), (v, 1), (y, ), (2, ()}

Partition A — (ﬂ ATR) Sz — (x_T
Apr | ABr xB

)

where Aty is 0 x 0, ur, v1, y7, 27 have 0 elements

where o1, v11, 11, Y11, and (i1 are scalars

21

=) ()

Basic unblocked:

Rearranged unblocked:

Qi1

()3
()

— T

Y21 1= a12 + AzpUsi
T . T T

ajy = a1y — Y21/ 7L

V21, TR, @12) := HOUSEV (a12)

*

o1 = a1 — v — (v
Qg1 = Q21 — U111 — 221V11

A/;/—\
— ——

T ._ T T T
a1y 7= a1y — V11Yz — (11U *
1 . 11
ug; )0

HOUSEV ( <O‘“) )
a1

afy = a1z — a12/7

Agg 1= Agg — uQ1y2Tl - 221’02Tl

Y21 ‘= Ag2“§r1

afz = afz —y21/7L

W21 ‘= A22a1~'2

Y21 1= Y21 + Q12

[1h11 — 12, TR, 12] := HOUSES(a7,)
va1 = (afy — cv2e0)/ (Y11 — 12)

a1T2 = (12€,

for (z,x) € {(u,v), (v,v), (y,¥), (2,0}
endwhile

T U21 = ’U,;_l
B 1= yayv21 B = ydvn
Y21 := Y21 /7L Yo1 = Y21/TL
221 = (A22U21 - ﬁU21/TL)/TR Z21 = (wgl — O£12A22€0)/(w11 — Ollz)
Zo1 1= 221 — Pu21 /7L
221 = 2’21/7'R
Agg := Agp — u21y2Tl - Z21Ug11
Continue with
Arp | Arr A%O fol A%2 zr 2oL
(m) s el N (E) ==
Az | az1 | A2z 21

Fig. 9. Unblocked algorithms for reduction to bidiagonal form. Left: basic algorithm. Right: rearranged to
allow fusing of operations (this is essentially Algorithm I from [Howell et al. 2008]). The fused operation in
the “Basic unblocked” algorithm corresponds to the BLAS 2.5 operation GER2 while the fused operation in
the “Rearranged unblocked” algorithm corresponds to GEMVER [BLAST 2002]. Operations marked with (x)

are not executed during the first iteration.
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Algorithm: [A, U, VY, Z] := BIRED_LAZY_UNB(b, A, U, V)Y, Z)

Xrp XTR)
XBr | XBr
for X € {A,U,V,Y, Z}
where X1 is 0 x 0
while n(Ur;) <b do
Repartition

Partition x — (

Xoo | zo1

21

where \1; is a scalar

Xo2
Xrr | Xrr \ o o
XBrL | XBR Xl;()) X11 X1222

for (X, z,x) € {(4,a,a), (U,u,v),(V,v,v),(Y,y,¥),(Z,2,)}

Lazy basic unblocked:

— T T
11 ‘= (11 — UjpY10 — 21p%10
ag1 = az1 — Uoy10 — Za2oV10

T ._ T T v T T 1T
ajp 1= ajp — UjgYa — 210Va0

()7 ()] =
— )

._ T
Y21 = a1z + Ajouo
T T
—YoqUjqua1 — VagZyquo1

T ._ T T
Ay i= Gig — Y21 /7L

[V21, TR, a12] := HOUSEV (a12)

B = ydvn
Y21 = y21/TL
z91 := (Aaava1
—Us0Yahvo1 — Zoo Va1

*5U21/TL)/TR

Lazy rearranged unblocked:

— T T

11 = Q1 — UjpY10 — 21p%10
ag1 = az1 — Uaoy10 — Z2oV10
T ._ T T T T,/ T
ajs 1= ajp — UjgYs — 210Vag

i) ()] =
—_—— )

a12 = a2 — alg/TL

— T, + T, +
Yo1 1= —YaoUsguyy — Va0 Z3uay
— T
Y21 := Y21 + Asouz;

o
Q1o = Q9 _4?_!21/TL
woy = Agaly
- T + T +
wo1 1= wa1 — UaoY50a15 — Zao V50015
o T T
gz = Agzeg — UzoYspeq — Z2gVsgeo
= a12 + Y21
[1/)11 — 12, TR, 0412] = HOUSES(QTQ)

Vg1 = (ay — cze0)/(1h11 — o2);
a1T2 = (12€g

U21 = u2+1

B = y3 021

Y21 = y21/TL

291 = (wa1 — @12a221) /(Y11 — Q12)

221 ‘= %21 — 5“21/71
221 ‘= 221/TR

Continue with

Xoo Xo2

21

endwhile

xo1
( ST XTR ) — m1T0 X11 fo
XBL | XBR o Xos

for (X, z,x) € {(4,a,a),(U,u,v), (V,v,v), (Y,y,%),(Z,2,()}

Fig. 10. Lazy unblocked versions of the algorithms in Figure 9. Left: lazy basic algorithm. Right: lazy
rearranged algorithm (this is essentially Algorithm IIT from [Howell et al. 2008]). The first fused operation
in the “Lazy rearranged unblocked” algorithm, modulo a slight reordering of the computation vis-a-vis yo1,
corresponds to the BLAS 2.5 operation GEMVER [BLAST 2002]. Note that upon entry to both algorithms,
matrix A is n X n and matrices U, V, Y, and Z are n x b. Also note that the multiplications A22eg, Yzfgeo,
and U2T060 do not require computation: they simply extract the first column or row of the given matrix.
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Algorithm: [A] := BIRED BLK(A,U,V,Y, 7)
Partition 4 — (ﬂ ATr ) JX (XT )

Apr | ABr XB

for X € {U,V,Y, Z}
where Ar; is 0 x 0 and Urp, Vo, Y7, Z7 have 0 rows
while m(Arr) <m(A) do
Determine block size b
Repartition

Ars | A ﬁoo 1:01 202 Xr Xo
Tor | Ann - wlAn A | (5=~ X1
Azo | A21 | A2z X2
for X € {U,V,Y, Z}
where A;; is b x b and Uy, V1, Y1, and Z; have b rows

[ABR7 Ug,VB,YB, ZB] = BI:RED,LAZY,UNB(Z)7 Apr,Up,Vg,Yp, ZB)
Agg i= Aoy — UsYy — Zo Vi

Continue with A A A .
00 | Ao1 | Aoz 0
(_I_QTL QTR) — | Aw]Aun A |, (—;(T ) — X
BL1“BER Ao | A21 | A2z B X2
for X € {U,V,Y, Z}
endwhile

Fig. 11. Blocked algorithm for reduction to bidiagonal form. For simplicity, it is assumed that Aisn x n
where n is an integer multiple of b. Matrices U, V, Y, and Z are all n X b.

5.3. Lazy algorithms

A lazy algorithm can be derived by not updating A, at all, and instead accumulating
the updates in matrix U, V, Y, and Z, much like was done for the other reduction to
condensed form operations.

We start with the rearranged algorithm to make sure that

v AT, +
y2+1 = Azzum
Ao *= Qg9 _ﬁJ21/7'L
w1 = A226L12

can still be fused. Next, the key is to realize that what was previously a multiplication
by Az must now be replaced by a multiplication by Ay — UzgYoh — ZogV4h. This yields
the algorithm in Figure 10 (right) which was first proposed by Howell et al. [Howell
et al. 2008].

For completeness, we include in Figure 10 (left) a basic algorithm which does not
rearrange operations for fusing, but still has the “lazy” property whereby A,; is never
updated.

5.4. Blocked algorithms

Finally, a blocked algorithm is given in Figure 11. The basic lazy unblocked algorithm
in conjunction with the blocked algorithm was first published in [Dongarra et al. 1989]
and is part of LAPACK. The rearranged lazy unblocked algorithm in conjunction with
the blocked algorithm was proposed as Algorithm III in [Howell et al. 2008].

5.5. Fusing operations

Once again, we leave it as an exercise to the reader to construct loop-based fusings of
the operations highlighted in Figures 9 and 10.
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6. ACCUMULATING HOUSEHOLDER TRANSFORMATIONS

In Section 2.3, we briefly discussed how to accumulate the triangular factors T" of the
block Householder transformations. The need for computing and storing 7T is clear in
the unblocked and blocked GQvdG algorithms for reducing a matrix to upper Hessen-
berg form, shown in Figures 3 and 4. However, none of the other algorithms (blocked or
unblocked) for reduction to condensed form use the triangular factors, because none of
the other algorithms apply block Householder transforms. So at first glance, computing
and storing 7" within these algorithms may seem unnecessary.

But typically reduction to condensed form is not a terminal operation. The triangu-
lar factors will be needed when forming (or applying) the orthogonal matrix ) after a
reduction to upper Hessenberg or tridiagonal form, or the matrices Q;, and Qr subse-
quent to a reduction to bidiagonal form. So for most applications, it is not a matter of
if these factors will be computed, but when.

Note that we would normally compute T by columns, via to; := Ulus;, as shown
in the GQvdG algorithm in Figure 3, and the scalar 71; is computed as part of the
HOoOUSEV function. Upon careful inspection, we find that each lazy unblocked algo-
rithm (shown in Figures 2, 7, and 10) computes U] us; as an intermediate product in
the course of its normal computation. Indeed, for reduction to upper Hessenberg and
tridiagonal forms, this intermediate product is computed within fusable sets of opera-
tions. And for reduction to bidiagonal form, if the intermediate product V5 a7, is saved
from the second set of fusable operations (see Figure 10), then the #y; vectors associ-
ated with the right-hand orthogonal matrix )z may easily be computed in a manner
similar to that used to compute vs1. This technique saves approximately ;bn? floating-
point operations every time Q (or Qr, or Q) is formed or applied. Thus, given that the
triangular factors can fit within a relatively small b x n matrix (or two such matrices
for bidiagonal reduction), it is easy to make the case that these values should be stored
for later use.

Notwithstanding the obvious advantage to storing 7" within the lazy unblocked algo-
rithms, we have chosen to omit these statements from the algorithm figures (except in
the case of the GQvdG algorithm) since they relate more to subsequent computations
outside the scope of our discussion than the reduction to condensed form operations
themselves.

7. ESTIMATING THE IMPACT OF FUSING

Before presenting performance results of actual implementations, we will first esti-
mate the impact of fusing on performance.

The table in Figure 12 summarizes all of the fused operations used by all algorithms
presented in this paper and lists the corresponding routine names given by the BLAST
Forum [BLAST 2002]. The table also includes the approximations for the floating-point
and memory operation counts, which may be used to derive the total number of mem-
ory and floating-point operations incurred within a given unfused or fused unblocked
algorithm implementation. These totals are summarized in Figure 13. Similarly, the
table in Figure 14 shows the number of floating-point operations (flops) required by
unblocked and blocked components of various algorithms. The table also quantifies
the number of flops executed by fusable sets of operations within a given unblocked
algorithm.

Combining the analyses summarized in Figure 13 and Figure 14 allows us to esti-
mate an upper bound for the asymptotic speedup one would observe from fusing opera-
tions within a given algorithm. We need only make a few mild assumptions concerning
the computation to construct a model to predict actual performance improvement:
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: BLAST | dependent memory operations
Fused operation name algorithms flops unfused fused
V= ATJ} 2 2 2
w = A GEMVT | Hessenberg | 4n 2n n
Hessenberg, | 4n? 4n? 2n?
— _ T _ T GER2 o > ’ ’ ’
A=A-a"b—c'd bidiagonal 4mn 4mn 2mn
A=A-adTb—-"d
v=ATg N/A Hessenberg | 8n? 6n2 2n?
w:= Ax
— 0 _VIIT,, _ 77 7T
g ; g_ ggTZ _ ggTZ N/A Hessenberg | 14mn mn 5mn
—A_ T, _ T
:1:_ /Iqu wy—yu N/A tridiagonal | 4n? 5n? 2n?
yi=y—YUTu—-UYTu N/A tridiagonal 8mn 4mn 3mn
A=A—-a"b—c"d
bi= ATy GEMVER | bidiagonal 8mn 6mn 2mn
a:=a+ (b
w:= Aa
b:=b+aAdATu
a:=a+ (b GEMVT | bidiagonal 4mn 2mn mn
w = Aa
wi=w—UY¥"a—2ZV"a N/A bidiagonal | 6mn 6mn 4mn
t:= Aeg — UYTeq — ZVTeq g

Fig. 12. A summary of the fused operations one could potentially use within various reduction to condensed
form algorithms and their floating-point and memory operation costs. The highlighted sets of fused opera-
tions are those present in the algorithms which exhibited the highest performance.

— The level-3 computation in a blocked algorithm executes s times faster than the
level-1 and level-2 computation in the corresponding unblocked algorithm.®

— An unblocked algorithm’s execution is limited by memory accesses rather than its
floating-point operations. This allows us to assume that reducing a fraction n of
memory operations within an unblocked algorithm will result in the a corresponding

speedup of ﬁ, or a ﬁ speedup contribution to the overall algorithm if it is part
of a blocked algorithm.
Thus, the expected asymptotic speedup « due to fusing is given by
_ Execution time without fusing 22045t |+ #h100ked su+ (1—u)
~ Execution time with fusing thused 1 thlocked Cosu(l—rf)+ (1 —u)

where r is the fraction of unblocked memory operations that are avoided via fusing, f
is the fraction of unblocked floating-point computation that is associated with fusable
operations, and u is the fraction of total floating-point operations performed within
the unblocked algorithm. Note that approximations for r are given in the right-hand

SNote that this assumption typically does not hold for small problem sizes due to data caching, which is why
we only attempt to estimate performance improvement for relatively large problem sizes.
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Algorithm memory operations
(unblocked only) unfused | fused | p = unfused—fused
Reduction to upper Hessenberg form
Basic 2 2n3-l-%bn2 n3+%bn2 ~ 50%
Rearranged 2n®+ Lbn? 2p341bn? ~ 66%
Lazy %n3+%bn2 %n‘v’—&-%lnﬂ ~ 50%
Reduction to tridiagonal form
Rearranged 1p? 1p3 ~ 33%
Lazy In®43on? L1p34 5pp? ~ 1%
Reduction to bidiagonal form
Basic 3(mn27%n3) 2(mn27%n3) ~ 33%
Rearranged 3(mn?—1n?) (mn?—1n?) ~ 66%
2 1.3 P
—3 + Lmn?—1in3)+

Lazy rearran (mn”—gn") 2 3 ~

azy rearranged tb(mn 1n?) - 50%

2 1,3 2 1,3
. —3n”)+ (mn®—3n°)+ 7
Howell’s Algorithm III (mn”—gn") 3
g 4b(mn—in?) 4b(mn—1n?) 0%

Fig. 13. A summary of the number of memory operations required by unfused and fused implementations
of various unblocked algorithms for reducing a matrix to condensed form.

column of Figure 13 while f and u are estimated in the two right-most columns of
Figure 14.

Figure 15 summarizes the expected asymptotic speedups due to fusing for all con-
densed form algorithms that contain fusable sets of operations.

The most obvious takeaway from Figures 13—15 is that while reduction to upper
Hessenberg form and reduction to bidiagonal form appear well-suited for speedup, re-
duction to tridiagonal form presents fewer opportunities for fusing. In fact, the blocked
lazy algorithm is only benefited through a lower-order term. Thus, we would not expect
to see much improvement, if any, for this particular algorithm.

8. PERFORMANCE RESULTS

We now report performance for implementations of various algorithms that is attained
in practice.

8.1. Platform details

All experiments reported in this paper were performed on a single core of a Dell Pow-
erEdge R900 server consisting of four Intel “Dunnington” six-core processors. Each
core provides a peak performance of 10.64 GFLOPS. Performance experiments were
gathered under the GNU/Linux 2.6.18 operating system. Source code was compiled by
the GNU C compiler, version 4.1.2. All experiments were performed in double-precision
real floating-point arithmetic.

All reduction to condensed form implementations were linked to the BLAS provided
by GotoBLAS2 1.10. All LAPACK implementations were obtained via the netlib distri-
bution of LAPACK version 3.3.1. For the reduction to bidiagonal form we also compare
against an implementation by Howell et al. (Algorithm III), reported on in [Howell

THowell et al. implement fused operations as a sequence of level-2 BLAS operations. Rather than achieving
speedup by reducing memory operations, this type of fusing uses blocking to interleave smaller fusable
subproblems in an effort to promote increased data cache reuse.
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. floating-point operations
Algorithm unblocked ‘ fusable ‘ blocked ‘ f= % ‘ u = %
Reduction to upper Hessenberg form
Basic 2 813 4bn? 8p3 2p3 ~ 99% ~ 80%
Rearranged | 2n3+12pn? 434 Ton? 2n® ~ 99% ~ 80%
Lazy 4n34 1pn? 4nd4Ion? 2n3 ~ 99% ~ 40%
Reduction to tridiagonal form
Rearranged in3 ips N/A ~ 100% ~ 100%
Lazy 2p343bn° 2bn? 258 ~ 1% ~ 51%
Reduction to bidiagonal form
Basic 4(mn®—1n3) | 4(mn®—1n3) N/A ~ 100% ~ 100%
Rearranged | 4(mn2-1n3) | 4(mn2—1n3) N/A ~ 100% ~ 100%

2(mn?—1n? 2(mn?—1n3 .

}eaazganged +(8b(mnjn2; +(4b(mnjn2; 2mn®—§n?) ~ 99% ~ 51%

Fig. 14. A summary of the number of floating-point operations required by various algorithms for reducing
a matrix to condensed form. The two right-most columns, combined with the right-hand column in Figure 13,
may be used to estimate upper bounds for the speedup one would observe from fusing eligible subproblems
within an operation’s unblocked algorithm. These upper bounds are estimated in Figure 15.

Algorithm memoryfog:f?‘zi?lns ﬂoatfir{g;Foint operat;ilor:{s 1 speedup o
p— el tued | p o feable [ — wblded |5 4[5

Reduction to upper Hessenberg form

Basic 2 ~ 50% ~ 99% ~ 80% 1.87 1.89

Rearranged ~ 66% ~ 99% ~ 80% 2.60 | 2.65

Lazy ~ 50% ~ 99% ~ 40% 1.56 | 1.61

Reduction to tridiagonal form

Rearranged ~ 33% ~ 100% ~ 100% 1.49 | 1.49

Lazy ~ 1% ~ 1% ~ 51% 1.00 | 1.00

Reduction to bidiagonal form

Basic ~ 33% ~ 100% ~ 100% 1.49 1.49

Rearranged ~ 66% ~ 100% ~ 100% 2.94 | 2.94

lljeaéfg anged ~ 50% ~ 99% ~ 51% 1.66 | 1.71

Fig. 15. Estimated asymptotic speedup from fusing using a simple model that assumes: (1) that the level-
3 computation in the blocked algorithm executes s times as fast as the level-1 and level-2 computation
found in the corresponding unblocked algorithm; and (2) that memory operations (rather than floating-point
operations) are the limiting factor to performance in the unblocked algorithm. We estimate speedup for s = 4
and s = 5.

et al. 2008] and available from [Howell 2005]. (This code was compiled by the GNU
Fortran compiler, version 4.1.2.)
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8.2. Fused operation implementations

Experiments were performed with both cache-level and register-level fused implemen-
tations. All implementations were coded in C. Operations fused at the cache-level were
expressed in terms of level-1 BLAS. By contrast, operations fused at the register-level
were coded using SSE2 and SSE3 vector intrinsics. The corresponding assembly code
of each register-level fused kernel was carefully inspected to ensure that (1) the cor-
rect vector arithmetic instructions were emitted by the compiler and (2) the number
of load/store instructions were kept to a minimum. We believe that the resulting fused
implementations are, for the most part, comparable to what one would arrive at if the
operation were assembly-coded by hand.

Some readers may wonder why we chose to implement our cache-level fused opera-
tions in terms of level-1 operations rather than the level-2 approach taken by [Howell
et al. 2008]. It is true that if a cache-level fused implementation is based on level-2 op-
erations, it can automatically benefit from certain optimizations that may be employed
within the level-2 BLAS that are not available to level-1 operations. For example, one
such optimization involves unrolling the outer loop of the GEMV operation L times (pro-
vided there are enough registers available to support the unrolling). This allows the
implementation to reduce the number of memory accesses on either the input or output
vector by a factor of L. However, the implementation is not required to do so, and the
specific details concerning a BLAS library’s implementation are oftentimes not avail-
able. Without knowing exactly how the level-2 operations are implemented, we cannot
precisely quantify the number of memory operations avoided by using register-level
fusing. Therefore, we implement cache-level fusing in terms of level-1 operations not
because we think it yields the best possible performance, but because we can model its
performance without making overly-specific assumptions about the implementation.

8.3. Implementations of the reduction algorithms

The blocked algorithms were implemented using the FLAME/C API [Van Zee 011a;
Bientinesi et al. 2005b] which allows the implementations to closely mirror the al-
gorithms presented in this paper. Since this API carries considerable overhead that
affects performance, the unblocked algorithms were translated into lower-level im-
plementations that use the BLAS-like Interface Subprograms (BLIS) interface [Veras
et al. ]. This is a C interface that (1) resembles the BLAS interface but is more natural
for C, and (2) fixes certain problems for the routines that compute with (single- and
double-precision) complex datatypes. All these implementations are part of the stan-
dard libflame distribution so that others can experiment with further optimizations.

8.4. Tuning of block size

We performed experiments to determine the optimal block size for the blocked algo-
rithms. A block size of 32, the default block size for the LAPACK implementation,
appeared to be near-optimal and was used for all experiments.

8.5. Reduction to upper Hessenberg form

The table in Figure 15 indicates that there is considerable potential for speedup from
fusing for all three fusable algorithms, particularly an algorithm based on the rear-
ranged unblocked algorithm. Performance of the various implementations of reduction
to upper Hessenberg form are given in Figure 16, with raw performance results in the
top graph and speedup of fusable algorithms, using both cache-level and register-level
fusing, shown in the bottom graph.

Not surprisingly, register-level fusing provides a significant improvement in perfor-
mance over cache-level fusing. Remarkably, the speedups predicted by the model, as
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GFLOPS

T T
O blocked with basic unblocked 1
x - blocked with basic unblocked 2
—<— blocked with basic unblocked 2 with register-level fusing
3 - blocked with rearranged unblocked
—&— blocked with rearranged unblocked with register—level fusing
A blocked with lazy unblocked
—2&— blocked with lazy unblocked with register—level fusing
—+— GQvdG blocked with GQvdG unblocked
netlib dgehrd

75% of peak -

3.5

25

1.5

speedup relative to unfused implementation
n

0.5
0

500 1000 1500 2000
problem size

2500 3000

B A

T T T
x - - blocked with basic unblocked 2 with cache-level fusing
——— blocked with basic unblocked 2 with register—level fusing
O- - - blocked with rearranged unblocked with cache-level fusing
—=&— blocked with rearranged unblocked with register-level fusing
blocked with lazy unblocked with cache-level fusing
—2&— blocked with lazy unblocked with register—level fusing

1 1 1 1

500 1000 1500 2000
problem size

2500 3000

Fig. 16. Performance of various implementations of reduction to upper Hessenberg form for problem sizes
up to 3000 for double-precision real (top) and speedup of fusable algorithms relative to their unfused coun-
terparts using cache-level and register-level fusing (bottom). Implementations of blocked algorithms use a
block size of 32. Note that in the top graph, the performance curve for “netlib dgehrd” coincides mostly with
the curve for “GQvdG blocked with GQvdG unblocked.”
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summarized in Figure 15, provide good estimates of the performance of algorithm im-
plementations that use register-level fusing.

For larger matrices (n > 300), the blocked implementation that uses a lazy un-
blocked algorithm with register-level fusing (labeled “blocked with lazy unblocked
with register-level fusing”) outperforms all other implementations, even the netlib
dgehrd and “GQvdG blocked with GQvdG unblocked” implementations. Note that
netlib dgehrd uses the “GQvdG blocked with GQvdG unblocked” algorithm, with the
minor modification that the algorithm switches to what is essentially our pure basic
unblocked algorithm for the final 128 x 128 subproblem (when Agg is 128 x 128).

8.6. Reduction to tridiagonal form

In contrast to reduction to upper Hessenberg form, Figure 15 suggests that there is
much less room for improvement via fusing in the reduction to tridiagonal form algo-
rithms, particularly for the lazy algorithm.

The reason for the negligible potential for speedup in the lazy algorithm can be
traced back to the memory and flop count analysis in Figures 13 and 14. The reduc-
tion in memory operations that may be achieved via fusing within the unblocked lazy
algorithm constitutes a lower-order term. Likewise, the floating-point operations in
the fusable portions of this algorithm amount to a similar lower-order term. Thus, we
would expect very little performance benefit from fusing for this algorithmic variant.
By contrast, a simple rearranged unblocked algorithm should stand to benefit notice-
ably from fusing. However, with none of its computation expressible in terms of level-3
operations, such an algorithm is bound to asymptotically underperform its lazy coun-
terpart.

Figure 17 (top) reports performance for various implementations of reduction to
tridiagonal form, with corresponding speedups for the two fusable algorithms dis-
played in Figure 17 (bottom). The fused implementations perform mostly as expected.

8.7. Reduction to bidiagonal form

According to Figure 15, reduction to bidiagonal form should receive significant benefit
from fusing.

Figure 18 (top) reports performance for various implementations of reduction to bidi-
agonal form while Figure 18 (bottom) shows speedups for fusable algorithms. For this
operation there is a clear advantage gained from rearranging the computations and
fusing operations, particularly when register-level fusing is employed. With the ex-
ception of small problem sizes, the “blocked with lazy rearranged with register-level
fusing” outperforms all others, including the implementation of Algorithm III reported
on in [Howell et al. 2008]. Once again, our simple model provides good estimates of the
asymptotic speedup for each fusable algorithm.

The performance results for “blocked with lazy rearranged unblocked with cache-
level fusing”, along with Howell’s Algorithm III, clearly show that considerable im-
provement can be gained from cache-level fusing. However, as one might expect, ac-
cessing an element of data from cache is still more costly than avoiding the memory
operation altogether, as the “blocked with lazy rearranged unblocked with register-
level fusing” exhibits the highest performance, except for the smallest problem sizes.

Note that in Figure 18 (bottom) Howell’s Algorithm III outperforms the “blocked
with lazy rearranged unblocked with cache-level fusing” algorithm by a small margin.
The two algorithm implementations are similar except that the former (1) fuses in
terms of level-2 BLAS instead of level-1 BLAS, and (2) is coded entirely in Fortran-
77 rather than C with higher-level FLAME abstractions. Given that both styles of
cache-level fusing incur the same number of memory operations, we suspect the out-
performance can be explained almost entirely by the latter point, as modern compilers

ACM Transactions on Mathematical Software, Vol. 0, No. 0, Article 00, Publication date: January 2012.



00:28

F. G. Van Zee et al.
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Fig. 17. Performance of various implementations of reduction to tridiagonal form for problem sizes up to
3000 for double-precision real (top) and speedup of fusable algorithms relative to their unfused counterparts
using cache-level and register-level fusing (bottom). Implementations of blocked algorithms use a block size
of 32. Note that in the top graph, the performance curve for “netlib dsytrd” coincides mostly with the curve
for “blocked with lazy unblocked with register-level fusing.”
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tend to be able to more highly optimize pure Fortran-77 over C that contains some calls
to the FLAME/C APIs. Thus, it may be possible to achieve marginal improvements in
performance of all register-level fused implementations by removing all programming
abstractions and coding entirely at low levels.

8.8. Hybrid algorithms

In Figure 18 (top) it can be observed that, for smaller problem sizes (n < 500), the “re-
arranged unblocked with register-level fusing” algorithm yields the best performance.
This suggests that a library routine should switch algorithms as a function of problem
size. Note that the netlib LAPACK implementations of all three condensed form oper-
ations tested in this paper employ hybrid approaches, albeit with different crossover
points. The netlib routines for reduction to upper Hessenberg form (dgehrd) and re-
duction to bidiagonal form (dgebrd) switch to basic unblocked algorithms for the fi-
nal 128 x 128 submatrix, while the routine for reduction to tridiagonal form (dsytrd)
switches for the final 32 x 32 submatrix.

Hybrid algorithms for all three reduction to condensed form operations can be con-
structed in a straightforward manner, and thus we omit results for such implementa-
tions from this paper.

9. CONCLUSION

This paper presents what we believe to be the most complete analysis to date of al-
gorithms for reducing matrices to condensed form. Numerous algorithms are summa-
rized and opportunities for rearranging and fusing of operations are exposed. The ben-
efit of cache-level fusing is confirmed, while more highly-optimized register-level fusing
is shown, in theory and practice, to offer superior gain. These performance improve-
ments based on register-level fused kernels conform reasonably well to the speedups
predicted by a simple model.

Future work in this area will investigate the impact of fusing in multicore environ-
ments.
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Fig. 18. Performance of various implementations of reduction to bidiagonal form for problem sizes up to
3000 for double-precision real (top) and speedup of fusable algorithms relative to their unfused counterparts
using cache-level and register-level fusing (bottom). Implementations of blocked algorithms use a block size

of 32.
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A. COMPUTING IN THE COMPLEX DOMAIN

For simplicity and clarity, the algorithms given thus far have assumed computation
on real matrices. In this appendix, we briefly discuss how to formulate a few of these
algorithms for complex matrices.

In order to capture more generalized algorithms which work in both the real and
complex domains, we must first introduce a complex Householder transform.

Definition A.1. Letu € C", 7 € R. Then H = H(u) = I — 7~ 'uu’’, where 7 = Juflu,
is a complex Householder transformation.

The complex Householder transform has properties similar to those of the real in-
stantiation, namely: (1) HH = I;(2) H = HY, and so HYH = HH¥ = I; and (3) if
Hy,--- , Hy_1 are complex Householder transformations and Q = HoH; --- Hi_1, then

RTQ=0Q" =1.
i) V2 (V%)

Let z,v,u € C",
v = x — aeg, and u = v/v;. We can re-express the complex Householder transform H

(- ()

It can be shown that the application of H(u) to a vector z,

()= (3

is satisfied for

x

_ et ©
X1l

Notice that for z,v,u € R"™, this definition of a is equivalent to the definition given

for real Householder transformations in Section 2.2, since y1/|x1| = sign(x1). By re-

defining « this way, we allow 7 to remain real, which allows the complex Householder
transform to retain the property of being a reflector.

There is one drawback to this approach, however. Applying H (u) to « results in « be-
ing a complex value. This causes problems for some applications. For example, in the
case of reduction to tridiagonal form, the values of « generated by each transformation
form the off-diagonal elements of the tridiagonal matrix. Typically, one wishes these
off-diagonal elements to be real because it simplifies the arithmetic in subsequent com-
putations. But it turns out there is a straightforward solution to this problem.

© 2012 ACM 0098-3500/2012/01-ART00 $10.00
DOI 10.1145/0000000.0000000 http://doi.acm.org/10.1145/0000000.0000000
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First, we leverage the fact that a complex off-diagonal element a; from the ith row
(or column) of a tridiagonal matrix T can be rotated into the real domain by computing
a complex scalar p; = @;/|«;| and then scaling the ith row of 7' by p; and the ith column
of T' by p;. Notice that this has no effect on the ith diagonal element T;; since p;p; = 1.
Also, this guarantees that p;«; is positive. Thus, one can easily compute and apply a
diagonal matrix R that transforms a tridiagonal matrix 7" with complex off-diagonals
to a real tridiagonal matrix T. In this case, the overall reduction to real tridiagonal
form becomes:

A = QrQf
= QRYRTRYRQY
= QR"TRRQ"
= QR"Tr(QR™)"

And so the total cost of defining complex Householder transforms as reflectors amounts
to: (1) computing R; (2) applying R to T from the left and R” from the right; and
(3) applying R¥ to @ from the right. These operations are O(n), O(n), and O(n?),
respectively, and are typically lower-order terms within larger O(n®) computations.
This process is similar to the one described by Stewart in [Stewart 2001].

Other instances of the Householder transform, such as those found in LAPACK, re-
strict « to the real domain [LAPACK Users’ Guide ; Lehoucq 1994]. In these situations,
Eq. (5) is satisfiable only if 7 € C, which results in HH # I. This definition has the
benefit of giving real a values without any additional scaling, but results in mathe-
matics and implementation code that are somewhat more complicated (ie: one must
keep track of whether it is appropriate to apply H or H™).

Ultimately, we prefer our Householder transforms to remain reflectors in both the
real and complex domains, and so we choose to define « as in Eq. (6).

Recall that Figures 1-11 illustrate algorithms for computing on real matrices. We
will now review a few of the algorithms, as expressed in terms of the complex House-
holder transform.

A.1. Reduction to upper Hessenberg form

Since the complex Householder transform H is a reflector, the basic unblocked algo-
rithm for reducing a complex matrix to upper Hessenberg is, at a high level, identical
to the algorithm for real matrices:

T
— Partition A — (%)
as | A2

—Let [UQ1, T, agl] = HOUSEV(CLQl).

— Update
ap1 | Ao2 I]ojo ao1 | Aoz 10 apy | AgaH
Q11| Q79 = 0110 11 0,{2 (ﬂi) = 11 0,12H
a2 | Aa 0]0|H as | Az Haoy |HA»H

where H = H(ug21). Note that as; := Has need not be executed since this update
was performed by the instance of HOUSEV above.
— Continue this process with the updated As,.

As before, Has; is computed by HOUSEV.

ACM Transactions on Mathematical Software, Vol. 0, No. 0, Article 00, Publication date: January 2012.



Families of Algorithms for Reducing a Matrix to Condensed Form App-3

The real and complex algorithms begin to differ with the updates of a?, and Ag,:

T ._ T
a1y = ajoH
T T H
= ajy — QjpU1 Uy /T
A02 = AQQH

H
= Ap2 — Aopuaiuy, /T

Specifically, we can see that us; is conjugate-transposed instead of simply transposed.
The remaining differences can be seen by inspecting the update of As;:

AQQ = HAQQH

= (I—U21U2Hl/T)A22(I—’LL21U£Il/T)
= Agyy — AB 1oy YH /7 — ( Agguay Yull /7 + (ul] Assuoy Yusyull /72

22 — u21( Agpu21 )7 /7 — ((Asguzn Jugy /T + (U Asouar Juzius /T

V21 w21 Wa1
= A22 7u21vg/77w21u§11/7'+ Ugwgl u21u£{1/72
—
20

= Agy —upi (v3h — Bush /7)/7 — (wa1 — Buzy /7)/7)udy
= Agg —ug1 ((v21 — Buz /7)/7) T — ((wa1 — Buar/7)/T) udl

Y21 221

H H
= Ao — (u21ys] + 221u37)

This leads towards the basic and rearranged unblocked algorithms in Figure 19.

A.2. Reduction to tridiagonal form

Let A € C"*" be Hermitian. If A — QBQ" where B is upper Hessenberg and Q is
unitary, then B is Hermitian and therefore tridiagonal. We may take advantage of the
Hermitian structure of A just as we did with symmetry in Section 4. Let us assume
that only the lower triangular part of A is stored and read, and that only the lower
triangular part is overwritten by B.

When matrix A is Hermitian, and only the lower triangular part is referenced, the
unblocked algorithms for reducing A to upper Hessenberg form can be changed by
noting that vy; = wil and yo; = 2& . This results in the basic and rearranged unblocked
algorithms shown in Figure 20.

A.3. Reduction to bidiagonal form

The basic algorithm for reducing a complex matrix to bidiagonal form can be explained
as follows:

T
— Partition A — ﬂ‘ai .
ao1 | Ag
— Let K L ),TL, (0‘11>] - Housm((o‘ll)).
U21 0 as1

H
a1 aﬂ — I o 1 1 /TL 11 CL,{Q
a9 | Aa U1 Ua1 asy | Az
_ (Oéwll/TL a?z *szl/TL >

0 | Agy — un1yd, /71
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where P11 = a11 + uflagl and l/z’T1 = G{Q + ué_llAgg. Note that a1; := a — ’(/J11/7’L need
not be executed since this update was performed by the instance of HOUSEV above.
—Let [1)21, TR, a12] := HOUSEV (alg).
—Update A22 = AQQ(I — Uglvgl/TR) = AQQ — Zglvgl/TR, where 291 = A22U21.
— Continue this process with the so updated As,.

The resulting unblocked algorithm and a rearranged variant that allows fusing are
given in Figure 21.

A.4. Blocked algorithms

Blocked algorithms may be constructed for reduction to upper Hessenberg form by

making the following minor changes to the algorithms shown in Figure 4:

— For Algorithms 1-4, update Arg by applying the complex block Householder trans-
form, (I — UgT~'U}Y), instead of (I — UgT~'UE).

— For Algorithm 3, update Asy as Agy = Aoy — UpYo! — ZoUL,

—Compute T'as T = 1D + S where U Up = S + D + 5.

Blocked algorithms for reduction to tridiagonal form and bidiagonal form can be
constructed in a similar fashion.
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Algorithm: [A] := COMPLEXHESSRED_UNB(b, A4)

Aty

Partition 4 —
ABrL

while m(Ar,) <b do
Repartition
Aoz

) (3E) o= (35) =~ ()
U= (=) y = (=), 2=
ABR up YB zZB

where A1y is 0 x 0 and ur, yr, and zr have 0 rows

ao1
(ATL T — | afg lau]afy
A A
BL1<BR Azo | a21 | A2z
Up1
u _uo1
—T — V11
up

u21 Yy
where o1, vi1, Y11, (11 are

Yo1 201
) (&) (&)
yB 21 B 221

)

scalars

Basic unblocked 1:

[u21, T, as1] := HOUSEV(as)

A22 = (I — UQ]_U/g{/T)AQQ = A22 — U21U§€A22/T

H
Ago Ago Ag2 — A02U21U21/T
T — =T _ H _ T T iZ]
Qo = | aiy | I —u2iuzy/7)=| aj, - ‘112U21U215/T
Az Az Agg — Aspugiuz /T
Basic unblocked 2: Rearranged unblocked:

[U217 T, CL21] = HOUSEV(agl)

._ AH
Y21 = A22U21

z91 1= Agouai

ﬁ = ug221/2_

Y21 = (y21 - 5“21/7)/7

zo1 1= (221 — P21 /7)/T

Agg = Agp — Uzlyg - 2211145{
a1T2 = a1T2 - af2u21u§1/7'
Agz := Aoz — Agguaudl /7

o1 = aqp — vy — Gy

afy == afy —viysh — Gudl
g1 1= A1 — U211 — 221701
[J,‘21,7'7 agl] = HOUSEV(GQl)
Agg 1= Agp — U21y2}{ - Z21U§{1
Vo1 = Aééxgl

wa 1= Aoy
U1 = T21; Y21 ‘= V21
Z91 1= W21

8= ug221/27
Y21 := (Y21 — Puor /7)/T
291 = (221 - ﬂqu/T)/T

T ._ T T H
A1g -= Q39 — a12u2lu21147
Apa = A — A02U21U21/T

Continue with

Aoo | ao1

Aoz

a21

endwhile

(ATL ATR) — a1To a1l “1T2 >
ABL | ABR oo T

) - () () - (8) () - (&)

Yo1

Y21 221

*

>

—~——
*
RPN

App-5

Fig. 19. Unblocked reduction to upper Hessenberg form using a complex Householder transform. Left: basic
algorithm. Right: rearranged algorithm so that operations can be fused. Operations marked with (x) are not

executed during the first iteration.
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Algorithm: [A] := COMPLEXTRIRED UNB(A)

ATR

Partition A — (ﬂ
ABR

ABL

for z € {u,y}

)’x_>

&)

where Ay is 0 x 0 and ur, yr have 0 rows

while m(Arp) <m(A) do
Repartition

<ATL | ATR) - 220 ZOI ol
Apr | ABr A;% a;11

for (JJ, X) S {(’U,, U)7 (yv ¢)}
where o1, v11, and 911

are scalars

Basic unblocked:

[U217 T, a21] := HOUSEV(az1)
Y21 1= Agouai
8= U2Hly21/2

Y21 = (y21 - 5“21/7)/7
Agg i= Agy — ug1ylh — yorull

Rearranged unblocked:

aqp = oy — V1111 — v
as1 = a1 — (u21911 + Y21011)
[xgl, T, CLQl] = HOUSEV(GQl)
Agp = Agp — U21’yQP{ - yzluéﬁ
Va1 1= AgaToy
U2l = T21; Y21
B:= Ug{ly21/2
Yo1 := (yo1 — Buar/7)/T

= V21

Continue with

Ago | ao1 | Aoz x01
(—I—jTL ;’:TR) — a{o a1 a1T2 5 <—IT ) — W
BLIZBR Ao | a1 | A2z B 21

for (z,x) € {(u,v), (y,¥)}
endwhile

(x)
(%)

(%)

Fig. 20. Unblocked reduction to tridiagonal form using a complex Householder transformation. Left: basic
algorithm. Right: rearranged to allow fusing of operations. Operations marked with (x) are not executed
during the first iteration.
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App-7

Algorithm: [A] := COMPLEXBIRED_UNB(A)

Aty
ABL

ATR

Partition 4 — (
ABR

).e

for z € {u,v,y, z}

while m(Ar,) <m(A) do
Repartition
Aoo | ao1

T
Y
B
where Aty is 0 X 0, ur, vr, yr, 27 have 0 elements

Aoz

a1

=

( Arp, | Arg ) N
Apr | ABr Alg([))

for (z,x) € {(u,v), (v,

a21

T o1
) (55)- ()
v), (y,¥), (2,¢)}

where a1, v11, 111, 911, and (;; are scalars

Basic unblocked:

() ()]

HOUSEV (< an

azi

))

_ H
a1z + AsHuon

Rearranged unblocked:

Q11 = Qg1 — Un{/_fn — G

a21 1= Q21 — U21W11 — 221711
T ._ T H ol
ajs 1= ajy — V11Ys1 — (1103)
1 - a1
u ) (o
o
HOUSEV =
a1
ajy == aiz — ai2/7L
o H H
Agg = Ao — U21Y5] — 221051

o H H
Agp i= Agp — u21Y5) — 22103

Y21 = Y21 ‘= Agu;l
afy :=afy —yH /7L afy :=afy — g1 /71
Wa1 1= AQQ(LTQ
Yo1 = Y21 + Q12
[V21, TR, a12] := HOUSEV (a12) [11 — 12, TR, 12) := HOUSES(a})
V21 = (@] — G12eq)/ (P11 — du2)
aly = aigeg
U21 = Ugq
B = y3iva B = y3iva
Y21 1= y21/7L Y21 1= Y21/71
21 = (Ag2v21 — Bua1 /70) /TR 291 1= (W21 — @12 An2€0) /(P11 — G12)
Z21 1= 221 — 5”21/71
221 ‘= 221/TR

Continue with

A a, A
( Arr | Arr ) — a%O a(;ll 2
AprL | ABr AIQ?) oo

*

*

A/;\/-\
— — —

for (z,x) € {(u,v), (v,v), (y,¥), (2,0}
endwhile

Fig. 21. Unblocked reduction to bidiagonal form using a complex Householder transformation. Left: basic
algorithm. Right: rearranged to allow fusing of operations. Operations marked with (x) are not executed
during the first iteration.
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