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ABSTRACTWe dis
uss the high-performan
e parallel implementationand exe
ution of dense linear algebra matrix operations onSMP ar
hite
tures, with an eye towards multi-
ore pro
es-sors with many 
ores. We argue that traditional implemen-tations, as those in
orporated in LAPACK, 
annot be easilymodi�ed to render high performan
e as well as s
alability onthese ar
hite
tures. The solution we propose is to arrangethe data stru
tures and algorithms so that matrix blo
ksbe
ome the fundamental units of data, and operations onthese blo
ks be
ome the fundamental units of 
omputation,resulting in algorithms-by-blo
ks as opposed to the moretraditional blo
ked algorithms. We show that this fa
ili-tates the adoption of te
hniques akin to dynami
 s
hedulingand out-of-order exe
ution usual in supers
alar pro
essors,whi
h we name SuperMatrix Out-of-Order s
heduling. Per-forman
e results on a 16 CPU Itanium2-based server areused to highlight opportunities and issues related to thisnew approa
h.
Categories and Subject DescriptorsD.m [Software℄: Mis
ellaneous
General TermsAlgorithms, Performan
e
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1. INTRODUCTIONThis paper explores the bene�ts of storing and indexingmatri
es by blo
ks when exploiting shared-memory paral-lelism on SMP and/or multi-
ore ar
hite
tures. For denselinear algebra matrix operations, the observation is madethat if blo
ks are taken to be the units of data, and oper-ations on blo
ks are the units of 
omputation (tasks), thente
hniques for dynami
 s
heduling and out-of-order (OO)exe
ution in supers
alar pro
essors 
an be extended, in soft-ware, to the systemati
 management of independent and de-pendent tasks. A system that fa
ilitates this in a transparentmanner both to the library developer and user is dis
ussed,and its potential performan
e bene�ts are illustrated withexperiments that are spe
i�
 to the parallelization of theCholesky fa
torization but are also representative of manydense linear algebra operations.It has been observed that the storage of matri
es by blo
ks,possibly re
ursively, has a number of advantages, in
ludingbetter data lo
ality when exploiting one or more levels ofmemory [10, 15, 19, 27℄ and 
ompa
t storage of symmet-ri
/triangular matri
es [3℄. In [25℄, it was shown how theFLASH extension of the FLAME Appli
ation ProgrammingInterfa
e (API) for the C programming language greatly re-du
es the 
omplexity of 
ode by viewing matri
es stored byblo
ks as a tree stru
ture of matri
es of matri
es where theleaf nodes are blo
ks that 
an be stored as 
onvenient [8,17℄ The idea of indexing matri
es by blo
ks, re
ursively, wasalso su

essfully explored in [2, 12, 13, 18, 20, 21℄.The main 
ontributions of the present paper in
lude:� Storage by blo
ks allows submatri
es to repla
e s
alarsas the basi
 units of data and operations on blo
ks asthe basi
 units of 
omputation (tasks). This is shownto greatly redu
e the 
omplexity of managing data



dependen
ies between, and s
heduling of, tasks in amultithreaded environment. This yields algorithms-by-blo
ks rather than the more 
ustomary blo
ked al-gorithms.� Dynami
 s
heduling and OO exe
ution te
hniques, im-plemented in hardware on supers
alar ar
hite
tures,
an be applied to operations on blo
ks and be imple-mented in software in this problem domain.� A 
on
rete example is given on how the FLASH APIfa
ilitates the development of algorithms-by-blo
ks for
omputing the Cholesky fa
torization and allows anal-ysis of data dependen
ies and management of dynami
s
heduling to be separated from the 
oding issues.� An implementation for 
omputing the Cholesky fa
-torization with various stati
ally-s
heduled implemen-tations of algorithm-by-blo
ks shows the potential per-forman
e bene�ts that 
an be attained.� The impa
t of storage by blo
ks is given in a mul-tithreaded environment, whi
h has only been investi-gated for ar
hite
tures with a single pro
essor.� A long list of potential resear
h issues that remain tobe resolved is provided.The paper is stru
tured as follows. Se
tion 2 providesa motivating example. A dis
ussion of formulating algo-rithms that view matri
es as a 
olle
tion of submatri
es isin Se
tion 3. Our approa
h for dynami
 s
heduling and OOexe
ution of matrix operations is explained in Se
tion 4.Performan
e results are provided in Se
tion 5. The paper is
on
luded in Se
tion 6 with dire
tions for future work.
2. A MOTIVATING EXAMPLE:

THE CHOLESKY FACTORIZATIONThe Cholesky fa
torization of a symmetri
 positive de�-nite (SPD) matrix A is given by A! LLT where L is lowertriangular. We will follow this example to illustrate the main
ontributions of the paper.
2.1 A typical algorithmIn Figure 1 we give unblo
ked and blo
ked algorithms,in FLAME notation [9℄, for overwriting an SPD matrix A,of whi
h only the lower triangular part is stored, with itsCholesky fa
tor L. The unblo
ked algorithm on the leftinvolves ve
tor-ve
tor and matrix-ve
tor operations, whi
hperform O(1) 
oating-point arithmeti
 operations (
ops) forevery memory operation (memop). This renders low per-forman
e on 
urrent 
a
he-based pro
essors as memops are
onsiderably slower than 
ops in these ar
hite
tures. Theblo
ked algorithm on the right of that �gure 
an attain highperforman
e sin
e most 
omputation is 
ast in terms of thesymmetri
 rank-k update (syrk), A22 := A22�tril(A21AT21),whi
h performs O(b) 
ops for every memop. An imple-mentation of the blo
ked algorithm 
oded in a style similarto that employed by LAPACK, via 
alls to an unblo
kedCholesky fa
torization routines (DPOFT2) and level-3 BLAS(DTRSM and DSYRK), is given in Figure 2 [4, 14℄. Using theFLAME C API [8℄, the equivalent blo
ked algorithm 
an berepresented in 
ode as presented in Figure 3 (left) [7℄.

2.2 The trouble with the SMP-style
parallelization of blocked algorithmsIn Figure 4 we depi
t the �rst two iterations of the al-gorithm. These pi
tures allow us to des
ribe the problemswith 
urrent te
hniques for parallelizing traditional 
odes ina multithreaded environment.

Multithreaded BLAS. The �rst te
hnique pushes the par-allelism into multithreaded (SMP-parallel) implementationsof the trsm and syrk operations, A21 := A21tril(A11)�Tand A22 := A22 � tril(A21AT21), respe
tively. This workswell when the matrix is large, and there are relatively fewpro
essors.However, when the ratio of the matrix dimension to thenumber of pro
essors is low, there is a natural bottlene
k.The blo
k size (variables JB and b in Figures 2 and 3 (left),respe
tively) has to be relatively large (in pra
ti
e, around128) in order for the bulk of the 
omputation, performedby syrk (routines DSYRK or FLA Syrk), to deliver high per-forman
e. As a result, the 
omputation of the Choleskyfa
torization of A11, performed by only a single pro
essor,keeps high performan
e from being a
hieved.
Compute-ahead and pipelining. A te
hnique that tries toover
ome su
h a bottlene
k is to \
ompute ahead." In the�rst iteration, the update of A22 is broken down into theupdate of the part of A22 that will be
ome A11 in the nextiteration (see Figure 4), followed by the update of the restof A22. This then allows the fa
torization of the next A11 tobe s
heduled before the update of the remaining parts of the
urrent A22, thus over
oming the bottlene
k. Extensions ofthis idea will 
ompute ahead several iterations in a similarmanner.The problem with this idea is that it greatly 
ompli
atesthe 
ode that implements the algorithm [1, 23, 28℄. Whiledoable for a single, relatively simple algorithm su
h as theCholesky fa
torization, reimplementation of an entirely li-brary like LAPACK be
omes a daunting task when thesete
hniques are employed.
3. ALGORITHMS-BY-BLOCKSFred Gustavson (IBM) has long advo
ated an alternativeto the blo
ked algorithms in LAPACK: algorithms-by-blo
ks,whi
h are algorithms that view matri
es as a 
olle
tion ofsubmatri
es and 
ompute with these submatri
es.
3.1 Basic ideaThe idea is simple. When moving from algorithms that
ast most 
omputation in terms of matrix-ve
tor operationsto algorithms that mainly operate in terms of matrix-matrix
omputations, rather than improving performan
e by aggre-gating the 
omputation into matrix-matrix 
omputations,the starting point should be to improve the granularity of thedata by repla
ing ea
h element in the matrix by a submatrix(blo
k). Algorithms should then be as before, ex
ept withoperations on s
alars substituted by tasks on the blo
ks thatrepla
ed them. Thus, while a simple triple-nested loop for
omputing the Cholesky fa
torization on a matrix of s
alarsis given in Figure 5 (left), the 
orresponding algorithm-by-blo
ks is given in Figure 5 (right).The motivation for Dr. Gustavson's work is to mat
h analgorithm to an ar
hite
ture in order to gain high perfor-



Algorithm: A := Chol unb var3(A)Partition A! � ATL ?ABL ABR �where ATL is 0� 0while m(ATL) < m(A) doRepartition� ATL ?ABL ABR �! 0�A00 ? ?aT10 �11 ?A20 a21 A22 1Awhere �11 is 1� 1�11 := p�11a21 := a21=�11A22 := A22 � tril(a21aT21)Continue with� ATL ?ABL ABR � 0�A00 ? ?aT10 �11 ?A20 a21 A22 1Aendwhile

Algorithm: A := Chol blk var3(A)Partition A! � ATL ?ABL ABR �where ATL is 0� 0while m(ATL) < m(A) doDetermine blo
k size bRepartition� ATL ?ABL ABR �!  A00 ? ?A10 A11 ?A20 A21 A22 !where A11 is b� bA11 := Chol(A11)A21 := A21 tril(A11)�TA22 := A22 � tril(A21AT21)Continue with� ATL ?ABL ABR �  A00 ? ?A10 A11 ?A20 A21 A22 !endwhileFigure 1: Unblo
ked and blo
ked algorithms (left and right, respe
tively) for 
omputing the Cholesky fa
-torization. There, m(B) stands for the number of rows of B while tril(B) indi
ates the lower triangular partof B. The `?' symbol denotes entries that are not referen
ed.DO J = 1, N, NBJB = MIN( NB, N-J+1 )CALL DPOTF2( 'Lower', JB, A( J, J ), LDA, INFO )CALL DTRSM( 'Right', 'Lower', 'Transpose', 'Non-unit',$ N-J-JB+1, JB, ONE, A( J, J ), LDA,$ A( J+JB, J ), LDA )CALL DSYRK( 'Lower', 'No transpose', N-J-JB+1, JB, -ONE,$ A( J+JB, J ), LDA, ONE, A( J+JB, J+JB ), LDA )ENDDOFigure 2: LAPACK-style implementation of the blo
ked algorithm in Figure 1 (right).FLA_Error FLA_Chol_blk_var3( FLA_Obj A, int nb_alg ){ FLA_Obj ATL, ATR, A00, A01, A02,ABL, ABR, A10, A11, A12,A20, A21, A22;int b;FLA_Part_2x2( A, &ATL, &ATR,&ABL, &ABR, 0, 0, FLA_TL );while ( FLA_Obj_length(ATL) < FLA_Obj_length(A) ) {b = min( FLA_Obj_length(ABR), nb_alg );FLA_Repart_2x2_to_3x3(ATL, /**/ ATR, &A00, /**/ &A01, &A02,/* ************* */ /* ******************** */&A10, /**/ &A11, &A12,ABL, /**/ ABR, &A20, /**/ &A21, &A22,b, b, FLA_BR );/*---------------------------------------------*/FLA_Chol( FLA_LOWER_TRIANGULAR, A11 );FLA_Trsm( FLA_RIGHT, FLA_LOWER_TRIANGULAR,FLA_TRANSPOSE, FLA_NONUNIT_DIAG,FLA_ONE, A11, A21 );FLA_Syrk( FLA_LOWER_TRIANGULAR, FLA_NO_TRANSPOSE,FLA_MINUS_ONE, A21, FLA_ONE, A22 );/*---------------------------------------------*/FLA_Cont_with_3x3_to_2x2(&ATL, /**/ &ATR, A00, A01, /**/ A02,A10, A11, /**/ A12,/* *************** */ /* ****************** */&ABL, /**/ &ABR, A20, A21, /**/ A22,FLA_TL );}return FLA_SUCCESS;}

FLA_Error FLASH_Chol_by_blo
ks_var3( FLA_Obj A, int nb_alg ){ FLA_Obj ATL, ATR, A00, A01, A02,ABL, ABR, A10, A11, A12,A20, A21, A22;FLA_Part_2x2( A, &ATL, &ATR,&ABL, &ABR, 0, 0, FLA_TL );while ( FLA_Obj_length(ATL) < FLA_Obj_length(A) ) {FLA_Repart_2x2_to_3x3(ATL, /**/ ATR, &A00, /**/ &A01, &A02,/* ************* */ /* ******************** */&A10, /**/ &A11, &A12,ABL, /**/ ABR, &A20, /**/ &A21, &A22,1, 1, FLA_BR );/*---------------------------------------------*/FLASH_Chol( FLA_LOWER_TRIANGULAR, A11 );FLASH_Trsm( FLA_RIGHT, FLA_LOWER_TRIANGULAR,FLA_TRANSPOSE, FLA_NONUNIT_DIAG,FLA_ONE, A11, A21 );FLASH_Syrk( FLA_LOWER_TRIANGULAR, FLA_NO_TRANSPOSE,FLA_MINUS_ONE, A21, FLA_ONE, A22 );/*---------------------------------------------*/FLA_Cont_with_3x3_to_2x2(&ATL, /**/ &ATR, A00, A01, /**/ A02,A10, A11, /**/ A12,/* *************** */ /* ****************** */&ABL, /**/ &ABR, A20, A21, /**/ A22,FLA_TL );}FLASH_Queue_exe
( );return FLA_SUCCESS;}Figure 3: Left: FLAME C implementation of the blo
ked algorithm in Figure 1 (right). Right: FLASHimplementation of the algorithm-by-blo
ks.
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A11A21 A22 �� ������

A11A21 A22Iteration 1 Iteration 2Figure 4: First two iterations of the blo
ked algorithm in Figure 1 (right).
A = 0BB� �00 �01 : : : �0;n�1�10 �11 : : : �1;n�1... ... . . . ...�n�1;0 �n�1;0 : : : �n�1;n�1 1CCA A = 0BB� A00 A01 : : : A0;N�1A10 A11 : : : A1;N�1... ... . . . ...AN�1;0 AN�1;0 : : : AN�1;N�1 1CCAwhere Aij 2 Rb�bfor j = 0; : : : ; n� 1�j;j = p�j;jfor i = j + 1; : : : ; n � 1�i;j = �i;j=�j;jendforfor k = j + 1; : : : ; n � 1for i = k; : : : ; n� 1�i;k = �i;k � �i;j�k;jendforendforendfor

for j = 0; : : : ; N � 1Aj;j = Chol(Aj;j)for i = j + 1; : : : ; N � 1Ai;j = Ai;jtril(Aj;j)�Tendforfor k = j + 1; : : : ; N � 1Ak;k = Ak;k � tril(Ak;jATk;j)for i = k + 1; : : : ; N � 1Ai;k = Ai;k �Ai;jATk;jendforendforendforFigure 5: Left: Algorithm that 
omputes the Cholesky fa
torization as a triple-nested loop, one element ata time. Right: Algorithm that 
omputes the Cholesky fa
torization as a triple-nested loop, by blo
ks.Original table After �rst operation After third operation After sixth operationOperation In In/out In In/out In In/out In In/outp�0;0 �0;0p�1;0=�0;0 �0;0 �1;0p �0;0p �1;0p�2;0=�0;0 �0;0 �2;0p �0;0p �2;0p�1;1 � �1;0�1;0 �1;0 �1;1p �1;0 �1;1p �1;0p �1;1p�2;1 � �2;0�1;0 �1;0�2;0 �2;1p �1;0 �2;0 �2;1p �1;0p�2;0p�2;1p�2;2 � �2;0�2;0 �2;0 �2;2p �2;0 �2;2p �2;0p �2;2pp�1;1 �1;1 �1;1 �1;1 �1;1p�2;1=�1;1 �1;1 �2;1 �1;1 �2;1 �1;1 �2;1 �1;1 �2;1p�2;2 � �2;1�2;1 �2;1 �2;2 �2;1 �2;2 �2;1 �2;2 �2;1 �2;2pp�2;2 �2;2 �2;2 �2;2 �2;2Figure 6: An illustration of Tomasulo's algorithm for the Cholesky fa
torization of a 3� 3 matrix of s
alars.A table is built of all operations and their input and output variables. A `p' 
he
k tag indi
ates the valueis available. When all parameters are 
he
ked, the operation is s
heduled for exe
ution. Upon 
ompletingthe operation, the output variable are 
he
ked everywhere in the table till it appears again as an outputvariable. Naturally, the s
heduling of operations that are ready to be performed a�e
ts the exa
t order inwhi
h subsequent operations are identi�ed as ready. In parti
ular, one would expe
t some level of pipeliningto o

ur.



Original table After �rst operation After third operation After sixth operationOperation In In/out In In/out In In/out In In/outChol(A0;0) A0;0pA1;0tril(A0;0)�T A0;0 A1;0p A0;0p A1;0pA2;0tril(A0;0)�T A0;0 A2;0p A0;0p A2;0pA1;1 � tril(A1;0AT1;0) A1;0 A1;1p A1;0 A1;1p A1;0p A1;1pA2;1 �A2;0A1;0 A1;0A2;0 A2;1p A1;0 A2;0 A2;1p A1;0pA2;0pA2;1pA2;2 �A2;0A2;0 A2;0 A2;2p A2;0 A2;2p A2;0p A2;2pChol(A1;1) A1;1 A1;1 A1;1 A1;1pA2;1tril(A1;1)�T A1;1 A2;1 A1;1 A2;1 A1;1 A2;1 A1;1 A2;1pA2;2 � tril(A2;1AT2;1) A2;1 A2;2 A2;1 A2;2 A2;1 A2;2 A2;1 A2;2pChol(A2;2) A2;2 A2;2 A2;2 A2;2Figure 7: An illustration of Tomasulo's algorithm for the Cholesky fa
torization of a 3 � 3 matrix of blo
ksusing the algorithm-by-blo
ks.man
e [2, 15, 18, 21℄. He supports algorithms-by-blo
ks be-
ause standard algorithms are transformed into algorithms-by-blo
ks by simply repla
ing operations on s
alars by theirrespe
tive blo
ked 
ounterparts. Matri
es are stored andreferen
ed hierar
hi
ally where blo
ks are aligned to �t withinea
h level of memory.Our motivation is analogous but is fo
used on a high-performan
e implementation with parallel exe
ution of ma-trix operations on SMP and multi-
ore ar
hite
tures.
3.2 ObstaclesIt is the belief of the authors that a major obsta
le toalgorithms-by-blo
ks lies with the 
omplexity that is intro-du
ed into the 
ode (see examples in Se
tion 2.2). A num-ber of solutions have been proposed to solve this problem,ranging from expli
itly exposing intri
ate indexing into theindividual elements to template programming using C++to 
ompiler solutions [31℄. None of these have yielded a
onsistent methodology that allows the development of high-performan
e libraries with fun
tionality that rivals LAPACKor FLAME.
3.3 The FLASH API for algorithms-by-blocksRe
ent e�orts [15, 20℄ follow an approa
h di�erent fromthose mentioned above. They view the matrix as a ma-trix of matri
es, just as it is 
on
eptually des
ribed sin
eusers inherently do not need to know about the underlyingstorage of matri
es. The FLASH API [25℄, whi
h is an ex-tension of the FLAME API used in Figure 3 (left), exploitsthe fa
t that FLAME en
apsulates a matrix in an obje
t,making it easy to allow elements of matri
es to themselvesbe des
riptions of matri
es, thus yielding matri
es of ma-tri
es. These matri
es are a

essed only through spe
i�edAPI 
alls as opposed to expli
it indi
ing, whi
h 
an be
ome
umbersome when dealing with hierar
hi
ally stored matri-
es with multiple levels of blo
king. Given that nearly alllinear algebra operations 
an be expressed as blo
ked al-gorithms using the FLAME notation [6℄, 
onverting theseblo
ked algorithms to algorithm-by-blo
ks is done triviallyif presented with matri
es 
reated through the FLASH API.The unblo
ked algorithm in Figure 1 (left) 
an be turnedinto an algorithm-by-blo
ks by re
ognizing that if ea
h ele-ment in the matrix is itself a matrix, then 1) p�11 be
omesthe Cholesky fa
torization of the matrix at element �11; 2)a21 represents a ve
tor of blo
ks so that a21=�11 be
omes atriangular solve with multiple right-hand sides with the tri-angular matrix stored at element �11 and ea
h of the blo
ks

in ve
tor a21; and 3) ea
h element of A22 des
ribes a blo
kthat needs to be updated using blo
ks from the ve
tor a21.The FLASH 
ode for this algorithm-by-blo
ks is given inFigure 3 (right).
4. TOWARDS SUPERMATRIX OO

SCHEDULINGIn this se
tion we dis
uss how te
hniques used in super-s
alar pro
essors 
an be adopted to systemati
ally exposeparallelism in algorithms-by-blo
ks.
4.1 Superscalar dynamic scheduling and OO

executionConsider the Cholesky fa
torization ofA = 0� �0;0 ? ?�1;0 �1;1 ?�2;0 �2;1 �2;2 1A :The algorithm in Figure 5 (left) more expli
itly exposes thes
alar operations in the left-most 
olumn of Figure 6. Asupers
alar pro
essor allows operations to be s
heduled dy-nami
ally, as operands be
ome available, while keeping 
on-trol of data dependen
ies. For example, Tomasulo's algo-rithm [30℄ keeps tra
k of the availability of input operands(as indi
ated by `p' tags in Figure 6) and s
hedules op-erations for exe
ution as their operands be
ome availableduring the 
omputation.What is important to realize is that su
h tables 
an be sys-temati
ally built regardless of whether the algorithm was ex-pressed in terms of s
alar operations, as in in Figure 5 (left),or in terms higher level expressions, as in Figure 1 (left). Inboth 
ases the operations to be performed and the data onwhi
h it must be performed 
an be systemati
ally re
og-nized.
4.2 SuperMatrix dynamic scheduling and OO

executionLet us examine what it would take to a
hieve the samebene�ts for the algorithm-by-blo
ks. Consider the partitionA! 0� A0;0 ? ?A1;0 A1;1 ?A2;0 A2;1 A2;2 1A :The 
ode in Figure 3 (right) 
an be used to identify all thetasks to be performed on the blo
ks, generating the table inFigure 7 during a preliminary stage of the exe
ution. Rather



than having the hardware generate the table, this 
an bedone in software, with every 
all \enqueuing" the appropri-ate entries in the table. For example,FLASH Chol( FLA LOWER TRIANGULAR, A11 );inserts the Cholesky fa
torization of blo
k A11 in the ta-ble, while tasks en
ountered during this initial stage insideroutines FLASH Trsm or FLASH Syrk also enqueue their 
orre-sponding entries. The table 
ontains the data dependen
iesfor the matrix operation to be exe
uted and re
e
ts the evo-lution during the exe
ution of tasks.Thus, exe
uting the algorithm in Figure 3 (right) initiallyenters tasks on blo
ks to be exe
uted in a table. We 
all thisthe analyzer stage of the algorithm. Next, the tasks on thetable are dynami
ally s
heduled and exe
uted in a mannersimilar to Tomasulo's algorithm with a 
all toFLASH Queue exe
( );whi
h we 
all the s
heduler/dispat
her stage. The overheadof the me
hanism, now in software, is amortized over a largeamount of 
omputation, and therefore its 
ost 
an be ex-pe
ted to be within reason. Also, the entire dependen
egraph of the s
heduled 
omputations 
an be examined sin
ethe 
ost of doing so is again amortized over a lot of 
ompu-tation.Thus, we propose to 
ombine dynami
 s
heduling and OOexe
ution while 
ontrolling data dependen
ies in a mannerthat is transparent to library developers and users. This ap-proa
h is similar, in spirit, to the inspe
tor{exe
utor methodfor parallelization [26, 32℄. The new approa
h also re
e
ts ashift from 
ontrol-level parallelism, spe
i�ed stri
tly by theorder in whi
h operations appear in the 
ode, to data-
owparallelism, restri
ted only by true data dependen
ies andavailability of resour
es.
5. PERFORMANCEThe purpose of the dis
ussion so far has been to showthat when algorithms are 
ast as algorithms-by-blo
ks andan API is used that allows one to 
ode su
h algorithms 
on-veniently, supers
alar te
hniques 
an be borrowed to a
hievesystemati
 s
heduling of tasks on blo
ks to multiple threads.In this se
tion, we examine implementations that moredire
tly s
hedule exe
ution by blo
ks, spe
i�
ally for theCholesky fa
torization, so that potential performan
e ben-e�ts that will result from SuperMatrix OO s
heduling 
anbe assessed.
5.1 Target architectureExperiments were performed on a 16 CPU Itanium2 server.This NUMA ar
hite
ture 
onsists of eight nodes with two In-tel Itanium2 (1.5 GHz) pro
essors in ea
h. The nodes are
onne
ted via an SGI NUMAlink 
onne
tion ring. The totalRAM is 32 Gbytes, and the peak performan
e is 96 G
ops.We used OpenMP as the threading me
hanism within theIntel Compiler 9.0. Performan
e was measured by linkingto two di�erent high-performan
e implementations of theBLAS: the GotoBLAS 1.06 [16℄ and Intel MKL 8.1 libraries.
5.2 ImplementationsWe report the performan
e (in Giga
ops/se
.) of six dif-ferent parallelizations of the Cholesky fa
torization. Twoare inherently sequential algorithms that extra
t parallelismfrom multithreaded BLAS implementations while the otherfour expli
itly deal with the 
reation and management oftasks, whi
h themselves 
all serial BLAS.

� LAPACK dpotrf + multithreaded BLASLAPACK 3.0 routine DPOTRF (Cholesky fa
torization)is linked to multithreaded BLAS.� FLAME var3 + multithreaded BLASThe blo
ked 
ode in Figure 3 (left) is linked to multi-threaded BLAS.� Pipelined algorithm + serial BLASOur implementation of the �rst algorithm in [1℄ whi
hin
ludes 
ompute-ahead and pipelining (see Se
tion 2.2for details). We made a best-e�ort attempt to in
or-porate optimizations similar to those for other imple-mentations.� Data-
ow + no data aÆnity + serial BLASThis implementation views the threads as forming apool of resour
es. There is a single FIFO queue ofready tasks that all threads a

ess to a
quire work.As tasks 
omplete exe
ution and data dependen
iesare satis�ed, ready tasks are pla
ed on the queue forexe
ution. No attempt is made to s
hedule tasks thatare on the 
riti
al path earlier.For this implementation, the matri
es are stored in thetraditional 
olumn-major order, and blo
ks are refer-en
es into these matri
es. Thus, blo
ks are not 
on-tiguous in memory.� Data-
ow + 2D data aÆnity + serial BLASSame as the previous implementation, ex
ept blo
ksare logi
ally assigned to threads in a two-dimensionalblo
k-
y
li
 manner, mu
h like S
aLAPACK [11℄ ondistributed-memory ar
hite
tures, during the analyzerphase as tasks are enqueued.A thread performs all tasks that write to a parti
u-lar blo
k [29℄ to improve lo
ality of data to pro
essors.This 
on
ept of data aÆnity is fundamentally di�erentfrom CPU aÆnity where threads are bound to spe
i�
pro
essors. CPU aÆnity is done impli
itly by the op-erating system for ea
h of the implementations.Ea
h thread has an asso
iated FIFO queue for exe-
ution. Ready tasks are pla
ed on the appropriatethread's queue a

ording to its 2D data aÆnity as-signment.� Data-
ow + 2D data aÆnity + 
ontiguous stor-age + serial BLASSame as the previous implementation, ex
ept that nowblo
ks are stored 
ontiguously.When hand-tuning blo
k sizes, a best-e�ort was made todetermine the best blo
k size for all 
ombinations of parallelimplementations and BLAS. Data aÆnity is used to redu
ethe o

uren
e of write-invalidates to the 
a
he 
oheren
eproto
ol for blo
ks ideally sized to �ll the L2 
a
he.A number of implementations that used 1D (both row-wise or 
olumn-wise) 
y
li
 assignment of blo
ks to threads(e.g., Aij is assigned to thread j mod p where p equals thenumber of threads) with various storage options were alsoexamined. The des
ribed 2D 
y
li
 assignment yielded thebest performan
e.Given an n�nmatrix, the number of tasks for the Choleskyfa
torization is 13 (nb )3 + O(n2), so the storage for the ma-trix will over
ow memory far earlier than the task queue.
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Figure 8: Top: Performan
e on 16 CPUs when linking to GotoBLAS 1.06. Bottom: Performan
e on 16 CPUswhen linking to MKL 8.1.
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Figure 9: Comparing the best performan
e on 16 CPUs when linking to either GotoBLAS 1.06 or MKL 8.1.Limiting the size of the task queue may have bene�
ial, se
-ondary e�e
ts when sorting tasks to redu
e the 
riti
al pathof exe
ution, whi
h is a part of ongoing resear
h.
5.3 ResultsPerforman
e results when linking to the GotoBLAS andMKL libraries are reported in Figure 8 and Figure 9. A few
omments are due:� The LAPACK implementation, even when the blo
ksize is hand-tuned, performs poorly. This is due tothe fa
t that the algorithm 
hosen by LAPACK isthe so-
alled left-looking variant, whi
h is ri
h in 
allsto DGEMM with a small \m" dimension (in C := C �AB matrix B 
onsists of a relatively small numberof 
olumns). This shape of matrix-matrix multipli
a-tion does not parallelize well. We note that when thissame algorithm is 
oded with the FLAME API, per-forman
e is virtually identi
al to that of the LAPACKimplementation [7℄.� The multithreaded GotoBLAS library is tuned for largematri
es. For this reason, asymptoti
ally it is FLAMEvar3 that performs best. The multithreaded matrix-matrix multiply provided byMKL performs mu
h worsefor this implementation.� Data aÆnity and 
ontiguous storage by blo
ks are 
learwinners relative to the same algorithms that do notemploy both of these optimizations.

� Our (
areful) implementation of the pipelined algo-rithm from [1℄ does not perform nearly as well as thedata-
ow algorithms proposed in this paper.� The level-3 BLAS provided by the MKL library per-form mu
h better for small matri
es than their 
oun-terparts from the GotoBLAS.
6. CONCLUSIONThe results in Figure 8 and Figure 9 demonstrate the op-portunities that arise from 
omputing the Cholesky fa
tor-ization by blo
ks. When linked to a BLAS library that per-forms well on small submatri
es, not only very good asymp-toti
 performan
e is demonstrated, but more importantlyperforman
e ramps up qui
kly sin
e parallelism is exposedat a relatively small granularity.The implementations that yield the better performan
ede
ompose the Cholesky fa
torization into its 
omponentblo
ked operations and manage the dependen
ies amongthose operations expli
itly. Parallelism is exploited throughthe inherent data-
ow of those matrix operations insteadof being derived from the 
ontrol-
ow spe
i�ed by the pro-gram order of operations. While this is quite doable foran individual operation, it be
omes 
umbersome when en-tire libraries with fun
tionality similar to the BLAS or LA-PACK are to be parallelized for SMP or multi-
ore ar
hite
-tures. For this reason we introdu
ed the FLASH API andthe analyzer{s
heduler/dispat
her me
hanism for s
hedul-ing tasks on blo
ks. This methodology presents high-levelabstra
tions that shield the library developer from the de-tails of s
heduling while generating the tasks and 
ontrolling



the dependen
ies. This yields a 
lean separation of 
on-
ern between the high-level algorithm on one hand and thes
heduling/exe
ution on the other.
Future workExperien
e with the FLAME library for sequential ar
hi-te
tures tells us that the resulting methodology will allowlibraries with fun
tionality similar to the BLAS and LA-PACK to be qui
kly developed. We believe the same 
annotbe said when 
ode is developed in the tradition of LAPACK(Figure 2). Clearly operations like LU with partial pivot-ing and Householder QR fa
torization will still pose spe
ial
hallenges to be studied in future work.Sin
e the authors intera
t 
losely with Kazushige Goto,author of the GotoBLAS, there is a further opportunity todevelop high-performan
e matrix 
omputation kernels spe
if-i
ally in support of the operations that are now performedon submatri
es that are stored 
ontiguously. This is partof future resear
h, as is the 
ompletion of the analyzer{s
heduler/dispat
her and a prototype library with broadfun
tionality.Current e�orts involve investigating other multithreadedprogramming environments su
h as Cilk [22, 24℄, whi
h isbased on work-stealing and 
a
he-oblivious paradigms. Su-perMatrix OO s
heduling has knowledge of all tasks to beexe
uted a priori whereas work-stealing assumes future tasksare unknown [5℄. Empiri
al eviden
e in [33℄ shows that
a
he-oblivious te
hniques 
ome at a 
ost of lower perfor-man
e when used on a single pro
essor.
Additional informationFor additional information on FLAME visithttp://www.
s.utexas.edu/users/flame/.
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