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ABSTRACT
W e discuss the high-p erformance parallel implemen tation

and execution of dense linear algebra matrix op erations on

SMP arc hitectures, with an ey e to w ards m ulti-core pro ces-

sors with man y cores. W e argue that traditional implemen-

tations, as those incorp orated in LAP A CK, cannot b e easily

mo di�ed to render high p erformance as w ell as scalabilit y on

these arc hitectures. The solution w e prop ose is to arrange

the data structures and algorithms so that matrix blo c ks

b ecome the fundamen tal units of data, and op erations on

these blo c ks b ecome the fundamen tal units of computation,

resulting in algorithms-b y-blo c ks as opp osed to the more

traditional blo c k ed algorithms. W e sho w that this facili-

tates the adoption of tec hniques akin to dynamic sc heduling

and out-of-order execution usual in sup erscalar pro cessors,

whic h w e name Sup erMatrix Out-of-Or der sche duling . P er-

formance results on a 16 CPU Itanium2-based serv er are

used to highligh t opp ortunities and issues related to this

new approac h.

Categories and Subject Descriptors
D.m [ Soft w are ]: Miscellaneous

General Terms
Algorithms, P erformance
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1. INTRODUCTION
This pap er explores the b ene�ts of storing and indexing

matrices b y blo c ks when exploiting shared-memory paral-

lelism on SMP and/or m ulti-core arc hitectures. F or dense

linear algebra matrix op erations, the observ ation is made

that if blo c ks are tak en to b e the units of data, and op er-

ations on blo c ks are the units of computation (tasks), then

tec hniques for dynamic sc heduling and out-of-order (OO)

execution in sup erscalar pro cessors can b e extended, in soft-

w are, to the systematic managemen t of indep enden t and de-

p enden t tasks. A system that facilitates this in a transparen t

manner b oth to the library dev elop er and user is discussed,

and its p oten tial p erformance b ene�ts are illustrated with

exp erimen ts that are sp eci�c to the parallelization of the

Cholesky factorization but are also represen tativ e of man y

dense linear algebra op erations.

It has b een observ ed that the storage of matrices b y blo c ks,

p ossibly recursiv ely , has a n um b er of adv an tages, including

b etter data lo calit y when exploiting one or more lev els of

memory [10, 15, 19, 27] and compact storage of symmet-

ric/triangular matrices [3]. In [25], it w as sho wn ho w the

FLASH extension of the FLAME Application Programming

In terface (API) for the C programming language greatly re-

duces the complexit y of co de b y viewing matrices stored b y

blo c ks as a tree structure of matrices of matrices where the

leaf no des are blo c ks that can b e stored as con v enien t [8,

17] The idea of indexing matrices b y blo c ks, recursiv ely , w as

also successfully explored in [2, 12, 13, 18, 20, 21].

The main con tributions of the presen t pap er include:

� Storage b y blo c ks allo ws submatrices to replace scalars

as the basic units of data and op erations on blo c ks as

the basic units of computation (tasks). This is sho wn

to greatly reduce the complexit y of managing data



dep endencies b et w een, and sc heduling of, tasks in a

m ultithreaded en vironmen t. This yields algorithms-

b y-blo c ks rather than the more customary blo c k ed al-

gorithms.

� Dynamic sc heduling and OO execution tec hniques, im-

plemen ted in hardw are on sup erscalar arc hitectures,

can b e applied to op erations on blo c ks and b e imple-

men ted in soft w are in this problem domain.

� A concrete example is giv en on ho w the FLASH API

facilitates the dev elopmen t of algorithms-b y-blo c ks for

computing the Cholesky factorization and allo ws anal-

ysis of data dep endencies and managemen t of dynamic

sc heduling to b e separated from the co ding issues.

� An implemen tation for computing the Cholesky fac-

torization with v arious statically-sc heduled implemen-

tations of algorithm-b y-blo c ks sho ws the p oten tial p er-

formance b ene�ts that can b e attained.

� The impact of storage b y blo c ks is giv en in a m ul-

tithreaded en vironmen t, whic h has only b een in v esti-

gated for arc hitectures with a single pro cessor.

� A long list of p oten tial researc h issues that remain to

b e resolv ed is pro vided.

The pap er is structured as follo ws. Section 2 pro vides

a motiv ating example. A discussion of form ulating algo-

rithms that view matrices as a collection of submatrices is

in Section 3. Our approac h for dynamic sc heduling and OO

execution of matrix op erations is explained in Section 4.

P erformance results are pro vided in Section 5. The pap er is

concluded in Section 6 with directions for future w ork.

2. A MOTIVATING EXAMPLE:
THE CHOLESKY FACTORIZATION

The Cholesky factorization of a symmetric p ositiv e de�-

nite (SPD) matrix A is giv en b y A ! LL

T

where L is lo w er

triangular. W e will follo w this example to illustrate the main

con tributions of the pap er.

2.1 A typical algorithm
In Figure 1 w e giv e un blo c k ed and blo c k ed algorithms,

in FLAME notation [9], for o v erwriting an SPD matrix A ,

of whic h only the lo w er triangular part is stored, with its

Cholesky factor L . The un blo c k ed algorithm on the left

in v olv es v ector-v ector and matrix-v ector op erations, whic h

p erform O (1) 
oating-p oin t arithmetic op erations (
ops) for

ev ery memory op eration (memop). This renders lo w p er-

formance on curren t cac he-based pro cessors as memops are

considerably slo w er than 
ops in these arc hitectures. The

blo c k ed algorithm on the righ t of that �gure can attain high

p erformance since most computation is cast in terms of the

symmetric r ank-k up date ( syrk ), A

22

:= A

22

� tril ( A

21

A

T

21

),

whic h p erforms O ( b ) 
ops for ev ery memop. An imple-

men tation of the blo c k ed algorithm co ded in a st yle similar

to that emplo y ed b y LAP A CK, via calls to an un blo c k ed

Cholesky factorization routines ( DPOFT2 ) and lev el-3 BLAS

( DTRSM and DSYRK ), is giv en in Figure 2 [4, 14]. Using the

FLAME C API [8], the equiv alen t blo c k ed algorithm can b e

represen ted in co de as presen ted in Figure 3 (left) [7].

2.2 The trouble with the SMP-style
parallelization of blocked algorithms

In Figure 4 w e depict the �rst t w o iterations of the al-

gorithm. These pictures allo w us to describ e the problems

with curr ent te chniques for p ar al lelizing tr aditional c o des in

a m ultithreaded en vironmen t.

Multithreaded BLAS.The �rst tec hnique pushes the par-

allelism in to m ultithreaded (SMP-parallel) implemen tations

of the trsm and syrk op erations, A

21

:= A

21

tril ( A

11

)

� T

and A

22

:= A

22

� tril ( A

21

A

T

21

), resp ectiv ely . This w orks

w ell when the matrix is large, and there are relativ ely few

pro cessors.

Ho w ev er, when the ratio of the matrix dimension to the

n um b er of pro cessors is lo w, there is a natural b ottlenec k.

The blo c k size (v ariables JB and b in Figures 2 and 3 (left),

resp ectiv ely) has to b e relativ ely large (in practice, around

128) in order for the bulk of the computation, p erformed

b y syrk (routines DSYRK or FLA Syrk ), to deliv er high p er-

formance. As a result, the computation of the Cholesky

factorization of A

11

, p erformed b y only a single pro cessor,

k eeps high p erformance from b eing ac hiev ed.

Compute-ahead and pipelining.A tec hnique that tries to

o v ercome suc h a b ottlenec k is to \compute ahead." In the

�rst iteration, the up date of A

22

is brok en do wn in to the

up date of the part of A

22

that will b ecome A

11

in the next

iteration (see Figure 4), follo w ed b y the up date of the rest

of A

22

. This then allo ws the factorization of the next A

11

to

b e sc heduled b efore the up date of the remaining parts of the

curren t A

22

, th us o v ercoming the b ottlenec k. Extensions of

this idea will compute ahead sev eral iterations in a similar

manner.

The problem with this idea is that it greatly complicates

the co de that implemen ts the algorithm [1, 23, 28]. While

doable for a single, relativ ely simple algorithm suc h as the

Cholesky factorization, reimplemen tation of an en tirely li-

brary lik e LAP A CK b ecomes a daun ting task when these

tec hniques are emplo y ed.

3. ALGORITHMS-BY-BLOCKS
F red Gusta vson (IBM) has long adv o cated an alternativ e

to the blo c k ed algorithms in LAP A CK: algorithms-by-blo cks ,

whic h are algorithms that view matrices as a collection of

submatrices and compute with these submatrices.

3.1 Basic idea
The idea is simple. When mo ving from algorithms that

cast most computation in terms of matrix-v ector op erations

to algorithms that mainly op erate in terms of matrix-matrix

computations, rather than impro ving p erformance b y aggre-

gating the computation in to matrix-matrix computations,

the starting p oin t should b e to impro v e the gran ularit y of the

data b y replacing eac h elemen t in the matrix b y a submatrix

(blo c k). Algorithms should then b e as b efore, except with

op erations on scalars substituted b y tasks on the blo c ks that

replaced them. Th us, while a simple triple-nested lo op for

computing the Cholesky factorization on a matrix of scalars

is giv en in Figure 5 (left), the corresp onding algorithm-b y-

blo c ks is giv en in Figure 5 (righ t).

The motiv ation for Dr. Gusta vson's w ork is to matc h an

algorithm to an arc hitecture in order to gain high p erfor-
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Figure 1: Un blo c k ed and blo c k ed algorithms (left and righ t, resp ectiv ely) for computing the Cholesky fac-

torization. There, m ( B ) stands for the n um b er of ro ws of B while tril ( B ) indicates the lo w er triangular part

of B . The ` ? ' sym b ol denotes en tries that are not referenced.

DO J = 1, N, NB

JB = MIN( NB, N-J+1 )

CALL DPOTF2( 'Lower', JB, A( J, J ), LDA, INFO )

CALL DTRSM( 'Right', 'Lower', 'Transpose', 'Non-unit',

$ N-J-JB+1, JB, ONE, A( J, J ), LDA,

$ A( J+JB, J ), LDA )

CALL DSYRK( 'Lower', 'No transpose', N-J-JB+1, JB, -ONE,

$ A( J+JB, J ), LDA, ONE, A( J+JB, J+JB ), LDA )

ENDDO

Figure 2: LAP A CK-st yle implemen tation of the blo c k ed algorithm in Figure 1 (righ t).

FLA_Error FLA_Chol_blk_var3( FLA_Obj A, int nb_alg )

{

FLA_Obj ATL, ATR, A00, A01, A02,

ABL, ABR, A10, A11, A12,

A20, A21, A22;

int b;

FLA_Part_2x2( A, &ATL, &ATR,

&ABL, &ABR, 0, 0, FLA_TL );

while ( FLA_Obj_length(ATL) < FLA_Obj_length(A) ) {

b = min( FLA_Obj_length(ABR), nb_alg );

FLA_Repart_2x2_to_3x3(

ATL, /**/ ATR, &A00, /**/ &A01, &A02,

/* ************* */ /* ******************** */

&A10, /**/ &A11, &A12,

ABL, /**/ ABR, &A20, /**/ &A21, &A22,

b, b, FLA_BR );

/*---------------------------------------------*/

FLA_Chol( FLA_LOWER_TRIANGULAR, A11 );

FLA_Trsm( FLA_RIGHT, FLA_LOWER_TRIANGULAR,

FLA_TRANSPOSE, FLA_NONUNIT_DIAG,

FLA_ONE, A11, A21 );

FLA_Syrk( FLA_LOWER_TRIANGULAR, FLA_NO_TRANSPOSE,

FLA_MINUS_ONE, A21, FLA_ONE, A22 );

/*---------------------------------------------*/

FLA_Cont_with_3x3_to_2x2(

&ATL, /**/ &ATR, A00, A01, /**/ A02,

A10, A11, /**/ A12,

/* *************** */ /* ****************** */

&ABL, /**/ &ABR, A20, A21, /**/ A22,

FLA_TL );

}

return FLA_SUCCESS;

}

FLA_Error FLASH_Chol_by_blocks_var3( FLA_Obj A, int nb_alg )

{

FLA_Obj ATL, ATR, A00, A01, A02,

ABL, ABR, A10, A11, A12,

A20, A21, A22;

FLA_Part_2x2( A, &ATL, &ATR,

&ABL, &ABR, 0, 0, FLA_TL );

while ( FLA_Obj_length(ATL) < FLA_Obj_length(A) ) {

FLA_Repart_2x2_to_3x3(

ATL, /**/ ATR, &A00, /**/ &A01, &A02,

/* ************* */ /* ******************** */

&A10, /**/ &A11, &A12,

ABL, /**/ ABR, &A20, /**/ &A21, &A22,

1, 1, FLA_BR );

/*---------------------------------------------*/

FLASH_Chol( FLA_LOWER_TRIANGULAR, A11 );

FLASH_Trsm( FLA_RIGHT, FLA_LOWER_TRIANGULAR,

FLA_TRANSPOSE, FLA_NONUNIT_DIAG,

FLA_ONE, A11, A21 );

FLASH_Syrk( FLA_LOWER_TRIANGULAR, FLA_NO_TRANSPOSE,

FLA_MINUS_ONE, A21, FLA_ONE, A22 );

/*---------------------------------------------*/

FLA_Cont_with_3x3_to_2x2(

&ATL, /**/ &ATR, A00, A01, /**/ A02,

A10, A11, /**/ A12,

/* *************** */ /* ****************** */

&ABL, /**/ &ABR, A20, A21, /**/ A22,

FLA_TL );

}

FLASH_Queue_exec( );

return FLA_SUCCESS;

}

Figure 3: Left: FLAME C implemen tation of the blo c k ed algorithm in Figure 1 (righ t). Righ t: FLASH

implemen tation of the algorithm-b y-blo c ks.
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Figure 5: Left: Algorithm that computes the Cholesky factorization as a triple-nested lo op, one elemen t at

a time. Righ t: Algorithm that computes the Cholesky factorization as a triple-nested lo op, b y blo c ks.
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Figure 6: An illustration of T omasulo's algorithm for the Cholesky factorization of a 3 � 3 matrix of scalars.

A table is built of all op erations and their input and output v ariables. A `

p

' c hec k tag indicates the v alue

is a v ailable. When all parameters are c hec k ed, the op eration is sc heduled for execution. Up on completing

the op eration, the output v ariable are c hec k ed ev erywhere in the table till it app ears again as an output

v ariable. Naturally , the sc heduling of op erations that are ready to b e p erformed a�ects the exact order in

whic h subsequen t op erations are iden ti�ed as ready . In particular, one w ould exp ect some lev el of pip elining

to o ccur.
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Figure 7: An illustration of T omasulo's algorithm for the Cholesky factorization of a 3 � 3 matrix of blo c ks

using the algorithm-b y-blo c ks.

mance [2, 15, 18, 21]. He supp orts algorithms-b y-blo c ks b e-

cause standard algorithms are transformed in to algorithms-

b y-blo c ks b y simply replacing op erations on scalars b y their

resp ectiv e blo c k ed coun terparts. Matrices are stored and

referenced hierarc hically where blo c ks are aligned to �t within

eac h lev el of memory .

Our motiv ation is analogous but is fo cused on a high-

p erformance implemen tation with parallel execution of ma-

trix op erations on SMP and m ulti-core arc hitectures.

3.2 Obstacles
It is the b elief of the authors that a ma jor obstacle to

algorithms-b y-blo c ks lies with the complexit y that is in tro-

duced in to the co de (see examples in Section 2.2). A n um-

b er of solutions ha v e b een prop osed to solv e this problem,

ranging from explicitly exp osing in tricate indexing in to the

individual elemen ts to template programming using C++

to compiler solutions [31]. None of these ha v e yielded a

consisten t metho dology that allo ws the dev elopmen t of high-

p erformance libraries with functionalit y that riv als LAP A CK

or FLAME.

3.3 The FLASH API for algorithms-by-blocks
Recen t e�orts [15, 20] follo w an approac h di�eren t from

those men tioned ab o v e. They view the matrix as a ma-

trix of matrices, just as it is conceptually describ ed since

users inheren tly do not need to kno w ab out the underlying

storage of matrices. The FLASH API [25], whic h is an ex-

tension of the FLAME API used in Figure 3 (left), exploits

the fact that FLAME encapsulates a matrix in an ob ject,

making it easy to allo w elemen ts of matrices to themselv es

b e descriptions of matrices, th us yielding matrices of ma-

trices. These matrices are accessed only through sp eci�ed

API calls as opp osed to explicit indicing, whic h can b ecome

cum b ersome when dealing with hierarc hically stored matri-

ces with m ultiple lev els of blo c king. Giv en that nearly all

linear algebra op erations can b e expressed as blo c k ed al-

gorithms using the FLAME notation [6], con v erting these

blo c k ed algorithms to algorithm-b y-blo c ks is done trivially

if presen ted with matrices created through the FLASH API.

The un blo c k ed algorithm in Figure 1 (left) can b e turned

in to an algorithm-b y-blo c ks b y recognizing that if eac h ele-

men t in the matrix is itself a matrix, then 1)

p

�

11

b ecomes

the Cholesky factorization of the matrix at elemen t �

11

; 2)

a

21

represen ts a v ector of blo c ks so that a

21

=�

11

b ecomes a

triangular solv e with m ultiple righ t-hand sides with the tri-

angular matrix stored at elemen t �

11

and eac h of the blo c ks

in v ector a

21

; and 3) eac h elemen t of A

22

describ es a blo c k

that needs to b e up dated using blo c ks from the v ector a

21

.

The FLASH co de for this algorithm-b y-blo c ks is giv en in

Figure 3 (righ t).

4. TOWARDS SUPERMATRIX OO
SCHEDULING

In this section w e discuss ho w tec hniques used in sup er-

scalar pro cessors can b e adopted to systematically exp ose

parallelism in algorithms-b y-blo c ks.

4.1 Superscalar dynamic scheduling and OO
execution

Consider the Cholesky factorization of

A =

0

@

�

0 ; 0

? ?

�

1 ; 0

�

1 ; 1

?

�

2 ; 0

�

2 ; 1

�

2 ; 2

1

A

:

The algorithm in Figure 5 (left) more explicitly exp oses the

scalar op erations in the left-most column of Figure 6. A

sup erscalar pro cessor allo ws op erations to b e sc heduled dy-

namically , as op erands b ecome a v ailable, while k eeping con-

trol of data dep endencies. F or example, T omasulo's algo-

rithm [30] k eeps trac k of the a v ailabilit y of input op erands

(as indicated b y `

p

' tags in Figure 6) and sc hedules op-

erations for execution as their op erands b ecome a v ailable

during the computation.

What is imp ortan t to realize is that suc h tables can b e sys-

tematically built regardless of whether the algorithm w as ex-

pressed in terms of scalar op erations, as in in Figure 5 (left),

or in terms higher lev el expressions, as in Figure 1 (left). In

b oth cases the op erations to b e p erformed and the data on

whic h it m ust b e p erformed can b e systematically recog-

nized.

4.2 SuperMatrix dynamic scheduling and OO
execution

Let us examine what it w ould tak e to ac hiev e the same

b ene�ts for the algorithm-b y-blo c ks. Consider the partition

A !

0

@

A

0 ; 0

? ?

A

1 ; 0

A

1 ; 1

?

A

2 ; 0

A

2 ; 1

A

2 ; 2

1

A

:

The co de in Figure 3 (righ t) can b e used to iden tify all the

tasks to b e p erformed on the blo c ks, generating the table in

Figure 7 during a preliminary stage of the execution. Rather



than ha ving the hardw are generate the table, this can b e

done in soft w are, with ev ery call \enqueuing" the appropri-

ate en tries in the table. F or example,

FLASH Chol( FLA LOWER TRIANGULAR, A11 );

inserts the Cholesky factorization of blo c k A

11

in the ta-

ble, while tasks encoun tered during this initial stage inside

routines FLASH Trsm or FLASH Syrk also enqueue their corre-

sp onding en tries. The table con tains the data dep endencies

for the matrix op eration to b e executed and re
ects the ev o-

lution during the execution of tasks.

Th us, executing the algorithm in Figure 3 (righ t) initially

en ters tasks on blo c ks to b e executed in a table. W e call this

the analyzer stage of the algorithm. Next, the tasks on the

table are dynamically sc heduled and executed in a manner

similar to T omasulo's algorithm with a call to

FLASH Queue exec( );

whic h w e call the sche duler/disp atcher stage. The o v erhead

of the mec hanism, no w in soft w are, is amortized o v er a large

amoun t of computation, and therefore its cost can b e ex-

p ected to b e within reason. Also, the en tire dep endence

graph of the sc heduled computations can b e examined since

the cost of doing so is again amortized o v er a lot of compu-

tation.

Th us, w e prop ose to com bine dynamic sc heduling and OO

execution while con trolling data dep endencies in a manner

that is transparen t to library dev elop ers and users. This ap-

proac h is similar, in spirit, to the insp ector{executor metho d

for parallelization [26, 32]. The new approac h also re
ects a

shift from con trol-lev el parallelism, sp eci�ed strictly b y the

order in whic h op erations app ear in the co de, to data-
o w

parallelism, restricted only b y true data dep endencies and

a v ailabilit y of resources.

5. PERFORMANCE
The purp ose of the discussion so far has b een to sho w

that when algorithms are cast as algorithms-b y-blo c ks and

an API is used that allo ws one to co de suc h algorithms con-

v enien tly , sup erscalar tec hniques can b e b orro w ed to ac hiev e

systematic sc heduling of tasks on blo c ks to m ultiple threads.

In this section, w e examine implemen tations that more

directly sc hedule execution b y blo c ks, sp eci�cally for the

Cholesky factorization, so that p oten tial p erformance b en-

e�ts that will result from Sup erMatrix OO sc heduling can

b e assessed.

5.1 Target architecture
Exp erimen ts w ere p erformed on a 16 CPU Itanium2 serv er.

This NUMA arc hitecture consists of eigh t no des with t w o In-

tel Itanium2 (1.5 GHz) pro cessors in eac h. The no des are

connected via an SGI NUMAlink connection ring. The total

RAM is 32 Gb ytes, and the p eak p erformance is 96 G
ops.

W e used Op enMP as the threading mec hanism within the

In tel Compiler 9.0. P erformance w as measured b y linking

to t w o di�eren t high-p erformance implemen tations of the

BLAS: the GotoBLAS 1.06 [16] and In tel MKL 8.1 libraries.

5.2 Implementations
W e rep ort the p erformance (in Giga
ops/sec.) of six dif-

feren t parallelizations of the Cholesky factorization. Tw o

are inheren tly sequen tial algorithms that extract parallelism

from m ultithreaded BLAS implemen tations while the other

four explicitly deal with the creation and managemen t of

tasks, whic h themselv es call serial BLAS.

� LAP A CK dpotrf + m ultithreaded BLAS

LAP A CK 3.0 routine DPOTRF (Cholesky factorization)

is link ed to m ultithreaded BLAS.

� FLAME v ar3 + m ultithreaded BLAS

The blo c k ed co de in Figure 3 (left) is link ed to m ulti-

threaded BLAS.

� Pip elined algorithm + serial BLAS

Our implemen tation of the �rst algorithm in [1] whic h

includes compute-ahead and pip elining (see Section 2.2

for details). W e made a b est-e�ort attempt to incor-

p orate optimizations similar to those for other imple-

men tations.

� Data-
o w + no data a�nit y + serial BLAS

This implemen tation views the threads as forming a

p o ol of resources. There is a single FIF O queue of

ready tasks that all threads access to acquire w ork.

As tasks complete execution and data dep endencies

are satis�ed, ready tasks are placed on the queue for

execution. No attempt is made to sc hedule tasks that

are on the critical path earlier.

F or this implemen tation, the matrices are stored in the

traditional column-ma jor order, and blo c ks are refer-

ences in to these matrices. Th us, blo c ks are not con-

tiguous in memory .

� Data-
o w + 2D data a�nit y + serial BLAS

Same as the previous implemen tation, except blo c ks

are logically assigned to threads in a t w o-dimensional

blo c k-cyclic manner, m uc h lik e ScaLAP A CK [11] on

distributed-memory arc hitectures, during the analyzer

phase as tasks are enqueued.

A thread p erforms all tasks that write to a particu-

lar blo c k [29] to impro v e lo calit y of data to pro cessors.

This concept of data a�nity is fundamen tally di�eren t

from CPU a�nit y where threads are b ound to sp eci�c

pro cessors. CPU a�nit y is done implicitly b y the op-

erating system for eac h of the implemen tations.

Eac h thread has an asso ciated FIF O queue for exe-

cution. Ready tasks are placed on the appropriate

thread's queue according to its 2D data a�nit y as-

signmen t.

� Data-
o w + 2D data a�nit y + con tiguous stor-

age + serial BLAS

Same as the previous implemen tation, except that no w

blo c ks are stored con tiguously .

When hand-tuning blo c k sizes, a b est-e�ort w as made to

determine the b est blo c k size for all com binations of parallel

implemen tations and BLAS. Data a�nit y is used to reduce

the o ccurence of write-in v alidates to the cac he coherence

proto col for blo c ks ideally sized to �ll the L2 cac he.

A n um b er of implemen tations that used 1D (b oth ro w-

wise or column-wise) cyclic assignmen t of blo c ks to threads

(e.g., A

ij

is assigned to thread j mod p where p equals the

n um b er of threads) with v arious storage options w ere also

examined. The describ ed 2D cyclic assignmen t yielded the

b est p erformance.

Giv en an n � n matrix, the n um b er of tasks for the Cholesky

factorization is

1

3

(

n

b

)

3

+ O ( n

2

), so the storage for the ma-

trix will o v er
o w memory far earlier than the task queue.
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Figure 8: T op: P erformance on 16 CPUs when linking to GotoBLAS 1.06. Bottom: P erformance on 16 CPUs

when linking to MKL 8.1.



0 2000 4000 6000 8000 10000
0

10

20

30

40

50

60

70

80

90

Matrix size

G
ig

af
lo

ps
/s

ec

SuperMatrix 16 CPU Itanium2

LAPACK dpotrf + multithreaded BLAS (Goto)
FLAME var3 + multithreaded BLAS (Goto)
Pipelined algorithm + serial BLAS (MKL)
Data-flow + 2D data + contiguous + serial BLAS (MKL)

Figure 9: Comparing the b est p erformance on 16 CPUs when linking to either GotoBLAS 1.06 or MKL 8.1.

Limiting the size of the task queue ma y ha v e b ene�cial, sec-

ondary e�ects when sorting tasks to reduce the critical path

of execution, whic h is a part of ongoing researc h.

5.3 Results
P erformance results when linking to the GotoBLAS and

MKL libraries are rep orted in Figure 8 and Figure 9. A few

commen ts are due:

� The LAP A CK implemen tation, ev en when the blo c k

size is hand-tuned, p erforms p o orly . This is due to

the fact that the algorithm c hosen b y LAP A CK is

the so-called left-lo oking v arian t, whic h is ric h in calls

to DGEMM with a small \ m " dimension (in C := C �

AB matrix B consists of a relativ ely small n um b er

of columns). This shap e of matrix-matrix m ultiplica-

tion do es not parallelize w ell. W e note that when this

same algorithm is co ded with the FLAME API, p er-

formance is virtually iden tical to that of the LAP A CK

implemen tation [7].

� The m ultithreaded GotoBLAS library is tuned for large

matrices. F or this reason, asymptotically it is FLAME

v ar3 that p erforms b est. The m ultithreaded matrix-

matrix m ultiply pro vided b y MKL p erforms m uc h w orse

for this implemen tation.

� Data a�nit y and con tiguous storage b y blo c ks are clear

winners relativ e to the same algorithms that do not

emplo y b oth of these optimizations.

� Our (careful) implemen tation of the pip elined algo-

rithm from [1] do es not p erform nearly as w ell as the

data-
o w algorithms prop osed in this pap er.

� The lev el-3 BLAS pro vided b y the MKL library p er-

form m uc h b etter for small matrices than their coun-

terparts from the GotoBLAS.

6. CONCLUSION
The results in Figure 8 and Figure 9 demonstrate the op-

p ortunities that arise from computing the Cholesky factor-

ization b y blo c ks. When link ed to a BLAS library that p er-

forms w ell on small submatrices, not only v ery go o d asymp-

totic p erformance is demonstrated, but more imp ortan tly

p erformance ramps up quic kly since parallelism is exp osed

at a relativ ely small gran ularit y .

The implemen tations that yield the b etter p erformance

decomp ose the Cholesky factorization in to its comp onen t

blo c k ed op erations and manage the dep endencies among

those op erations explicitly . P arallelism is exploited through

the inheren t data-
o w of those matrix op erations instead

of b eing deriv ed from the con trol-
o w sp eci�ed b y the pro-

gram order of op erations. While this is quite doable for

an individual op eration, it b ecomes cum b ersome when en-

tire libraries with functionalit y similar to the BLAS or LA-

P A CK are to b e parallelized for SMP or m ulti-core arc hitec-

tures. F or this reason w e in tro duced the FLASH API and

the analyzer{sc heduler/dispatc her mec hanism for sc hedul-

ing tasks on blo c ks. This metho dology presen ts high-lev el

abstractions that shield the library dev elop er from the de-

tails of sc heduling while generating the tasks and con trolling



the dep endencies. This yields a clean separation of con-

cern b et w een the high-lev el algorithm on one hand and the

sc heduling/execution on the other.

Future work
Exp erience with the FLAME library for sequen tial arc hi-

tectures tells us that the resulting metho dology will allo w

libraries with functionalit y similar to the BLAS and LA-

P A CK to b e quic kly dev elop ed. W e b eliev e the same cannot

b e said when co de is dev elop ed in the tradition of LAP A CK

(Figure 2). Clearly op erations lik e LU with partial piv ot-

ing and Householder QR factorization will still p ose sp ecial

c hallenges to b e studied in future w ork.

Since the authors in teract closely with Kazushige Goto,

author of the GotoBLAS, there is a further opp ortunit y to

dev elop high-p erformance matrix computation k ernels sp ecif-

ically in supp ort of the op erations that are no w p erformed

on submatrices that are stored con tiguously . This is part

of future researc h, as is the completion of the analyzer{

sc heduler/dispatc her and a protot yp e library with broad

functionalit y .

Curren t e�orts in v olv e in v estigating other m ultithreaded

programming en vironmen ts suc h as Cilk [22, 24], whic h is

based on w ork-stealing and cac he-oblivious paradigms. Su-

p erMatrix OO sc heduling has kno wledge of all tasks to b e

executed a priori whereas w ork-stealing assumes future tasks

are unkno wn [5]. Empirical evidence in [33] sho ws that

cac he-oblivious tec hniques come at a cost of lo w er p erfor-

mance when used on a single pro cessor.

Additional information
F or additional information on FLAME visit

http://www.cs.utexas.edu/use rs/fl ame/ .
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