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We present high-performance algorithms for up-and-downdating a Cholesky factor or QR factor-
ization. The method uses Householder-like transformations, sometimes called hyperbolic House-
holder transformations, that are accumulated so that most computation can be cast in terms of
high-performance matrix-matrix operations. The resulting algorithms can then be used as build-
ing blocks for an algorithm-by-blocks that allows computation to be conveniently scheduled to
multithreaded architectures like multicore processors. Performance is shown to be similar to that
achieved by a blocked QR factorization via Householder transformations.
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1. INTRODUCTION

Consider the Linear Least-Squares problem that, given a matrix A € C™*™ with
linearly independent columns and y € C™, computes « € C™ that minimizes || Az —
yll2. This problem is typically solved via one of two methods:

Method of Normal Equations: Solve A7 Az = Ay by computing the Cholesky
factor of AH A, upper triangular matrix R, followed by forward and backward sub-
stitution to solve R Ry = Afy.

QR factorization (via Householder transformations): Compute the QR fac-
torization A = QR where @ is an orthogonal m x n matrix and R is an upper
triangular n x n matrix. Solve Rx = QTy.

In this paper, we concern ourselves with the following prototypical scenario: Let
rows of the appended system ( A ‘ y ) represent observations that have been taken,
for example, over time. These observations can be partitioned into three groups:
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Blb
(Aly)=|<C here the Cholesky fact ding to (- | has alread
Yy )= Cc whnere e 0lesKy Tactor corresponding to ﬁ as already

Dld
been computed: BY B4+ D" D = R”R. Now, the rows of D represent old data that
we would like to remove while the rows of C' represent new data that we would like
to add to the Linear Least-Squares problem. Thus, we would like to compute the

B
Cholesky factor corresponding to = leveraging the already computed R. The

right-hand side has to be updated correspondingly, which is discussed in Section 6.

In [Stewart and Stewart 1998] hyperbolic Householder transformations are re-
viewed for this problem and analyzed both from an algorithmic and numerical
stability point of view. In that paper, references to the literature can also be found.
The present paper builds on the insights in that paper and combines it with insights
from other papers [Bischof and Van Loan 1987; Schreiber and Van Loan 1989; Jof-
frain et al. 2006; Walker 1988; Puglisi 1992; Yan and Chung 1997; Sun 1996] that
focus on aggregrating multiple Householder-like transformations into a block trans-
formation. The contribution of the present paper is a practical high-performance
algorithm for up- and/or downdating that can be implemented as a library routine
using the level-3 BLAS [Dongarra et al. 1990].

The remainder of the paper is structured as follows. In Section 2 we discuss a
family of Householder-like transformations and how to accumulate them into a block
transformation. Updating and downdating are discussed separately in Sections 3
and 4, respectively, and then combined in Section 5 in which a blocked algorithm
is also given. How to use an up- and/or downdated system to solve the new Linear
Least-Squares problem is discussed in Section 6. A brief overview of the algorithm-
by-blocks concept is given in Section 7. Performance is reported in Section 8 and
concluding remarks can be found in the final section.

2. A FAMILY OF HOUSEHOLDER TRANSFORMATIONS

In the following discussion, we will let ¥ € R™*™ with ¥ = diag(1,£1,---,+1) so

that ¥ = I.' Such a matrix is referred to as a signature matriz. We make the

choice that the first diagonal element equals one so as to simplify our discussion.

Then, by design, ey = eg, where eq is the first column of the identity matrix.
THEOREM 1. Let w € C" and 7 = w¥Sw/2 # 0. Then

1 1
(I — =Yww)S(I — =Sww™)? = 3.
T T
Proof: Under the assumptions of the theorem
1 H 1 H\H 1 H 2 H
(I — —Yww)E(I — =Sww™ )" = ¥ -2-Sww” X+ —Sww’ X =X.
T T T T

endofproof

1Here, diag(co,01, - +,0n—1) returns a diagonal matrix whose entries are og,01, *,0n—1.
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High-Performance Up-and-Downdating : 3

When ¥ = I the (I — %EwwH ) in the above theorem is the traditional Householder

10

0f—1
Householder Transformation.
THEOREM 2. Let x € C", xo = el be its first element, X\ be chosen such that

A2 = 232 and Mxo(= Yo)) is real, w = = + Aeg, and T = IUH% # 0. Then

transformation or reflector. If ¥ = ( ) it is referred to as a hyperbolic

(I — 12ww) g = —Xey.
Proof: Under the assumptions of the theorem
2wl S 2(x + Aeg) Sz 2(z7 2 + Axo)

wHYw (x4 Xeg) TN (x + Neg)  zHIa 4+ 2 x0 + |N2
and
_ 2w Y

T (z + Aeg) = —eg.

(I - 1Z]wwH)H:E =x— lwwHE:L’ ==z
T T
endofproof

COROLLARY 3. In Thm. 2, if xo is real, then A = £VaxHYx.

The Cholesky factor R that is being updated and/or downdated often has real
diagonal elements, each of which takes the form of o in the vector z of Theorem
2. The vector w can be normalized by dividing by a nonzero scalar, in which case
the following steps provide a robust way of computing w and A so that w has a unit
first element:

—X\ = sign(xo)VafTz. w:=x + Aey. (Note: the choice of the sign means that A
and o have the same sign, thus avoiding catastrophic cancellation that can lead
to unnecessary numerical inaccuracy).

—If wy = el w equals zero, then w := eq else w := w/wy. (This step normalizes w

so that it has a unit first element.)
DEFINITION 4. Let & € C™ be such that X2 # 0. We define the function?

[Xo0, w1, 7] := GeneralHouse (X, xo, 1)

- 1
so that (I — %EwwH)Hm = Xoe€o, where x = (ﬁ), w= (w1>’ and T = “’H%

THEOREM 5. Let the matriz Wy,_; € C"** have linearly independent columns.
Partition Wi_1 by columns as
Wy_1 = (wo‘wl""‘wkq)

and let ; 0, 0 <i < k. Then for 0 < j < k there exists a j X j nonsingular upper
triangular matriz T;_1 such that

1 1 _
<I _ Ewowé{) . <I — ij_lel,—l_l) = (I - EWj—lTj_lle‘}il)
T0 Tj—1

2Throughout this paper we will present functions which take the form [output-list] =
Func (input-list). In this syntax, the function FUNC takes the values in input-list as input ar-
guments and outputs the values in output-list. Later on, when we show algorithms which use
these functions, some parameters may appear in both the input-list and output-list, which indi-
cates that the value is read and then overwritten.
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4 . R. van de Geijn and F. Van Zee

T |[WH Sw;
The matrices T; are given by the recurrence Ty = 19 and T; = < ]O ! ‘ ]*Tll Y )
j

for1 <j<k.

Proof: Proof by induction on j.

Base case. j = 0: Trivially true.

Inductive step. Induction Hypothesis (I.H.): Assume that

1 1
<I _ Ewowé{) P <I — ijleH1) = I — ZWj,lT]zllelil.

T0 Tj—l

We need to show that

1 1 1
(I - zw0w§> (1 - zwj_lwf_1> (I - zijf) = I-SW;T; "W,
7

70 Tj—1 J
But
1 1 B SwiwH
(1 — meowé{) (1 - Tzijf> = (I -3W,L T, W) <1 — ;J>
J J
71| T WH Sw, /7, H
= 1= n (Wi fuy ) (L P TaVaBenl ) ()
0 1/

. H .
= 1o (Wi fuy) (DR

-1
H —
> (Wa|w; )" =1-sW;T; ' WH.

Tj
By the Principle of Mathematical Induction the desired result holds.
endofproof
THEOREM 6. Let W € C™** be a matriz with linearly independent columns such
that WHEW has nonzero diagonal elements. Then there erists a unique non-
singular upper triangular matriz with real diagonal elements T € CF** such that
(I —SWT*WIS(IT —SWT-IWHYH = %3, This matriz T satisfies T +TH =
WHEW so that T = striu(WHEW) + diag(WHEW).3
Proof: Theorem 5 provides a proof of existence. (The w; and 7;’s in that theorem
equal the columns of W and diagonal elements of WX W, respectively.) Now,

Y= (I -swr w1 -swrtwH)H
=Y -—SWT 'WHy - swr-HwHy + swr-'wHswr-HwHyxy

so that 0 = SW(T~! + T=H — T-\WHRSWT-HYWHY. Since XW is nonsingular
we find that 0 = 7= + T-H — T-'WHSWT~H from which we conclude that
TH 4+ T =WHRW.

Because T is upper triangular and has real valued diagonal elements, T" =
striv(WHEW) + 1diag(WHSW). endofproof

3Note that striu(A) returns a matrix consisting of the strictly upper triangular part of A with
zeros elsewhere. Also, in this context, diag(A) returns the matrix consisting of the diagonal of A
with zeros elsewhere.
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High-Performance Up-and-Downdating : 5

3. UPDATING
B SO -
Let us consider A = = with AFA = BB + CHC = R¥R, where R is the

Cholesky factor of A”A. Here we will assume that A has linearly independent
columns. The question is whether, if we know that the Cholesky factor of B” B
is R, we can cheaply compute the Cholesky factor of A A. This is known as the
updating problem. We know that RFR = A"A = BB+ CHC = RIR+ CHC.

R . n
We also know that if B = QR is a QR factorization of B and (C) = @R, then

B R 0 R 0\ ~r a4
C C 0 HI C 011
so that A = Qf% is a QR factorization of A. Because of the uniqueness of the

QR factorization (modulo signs), & = R. This then provides us with the desired
Cholesky factor. We conclude that to compute R it suffices to compute the QR

L R
factorization of | = |.
C

R
A stable way for computing the QR factorization of <C> relies on Householder

transformations: given matrix 7? where R is an n X n upper triangular matrix

and C € Cmc*™ we would like to compute {Hy, - -, H,_1} so that

R R 1
HI - HY! <C> = <0> and  Hj' = Hj =T — —ujujl with 7j = ujlu;/2.
J

We recognize this as the special case of the Generalized Householder Transformation
where ¥ = I, in other words, the classical Householder Transformation.

DEFINITION 7. Let z = (?) € C™ with xo € R be such that ||z||2 # 0. We
1

define the function

[Xo, u1, 7] := House (xo, %1)

H
Loy _1 /1) 1 Xo | _ (Xo _ rufln
SOthat((ﬂT)_T(m)(ul) )(acl)—(o),wherer— -

Given the function HOUSE, we now wish to construct an algorithm that, given
the Cholesky factor R of A A, computes the Cholesky factor of A A+CH(C. Here
is the basic idea: Assume that the computation has progressed so that the matrices
contain

Roo | 701 | Ro2

RY _[0]p][r;
C) | _0]0 Ry
OICI 02
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6 . R. van de Geijn and F. Van Zee

Algorithm: [R,C,t] := UPDATE_UNB(R, C, t)

R R t
Partition R — Ll TR ,CH(CLICR),tH =
0 Rpr tp
where Rrpy is 0 X 0, C, has 0 columns, t7 has 0 elements
while m(Rrr) < m(R) do
Repartition

R R, t
Rrp| Rrr 2 tr —_
0 RER - 0 |p11 T1o s E - T >
0 0 | R22 t2
(CrlCr) = (Coler|C2)

where p1; and 77 are scalars, and ¢ has 1 column

=

[p11,c1, 1] := House (p11, c1)
[T1T2, CQ] := ApplyHouse (71, c1, TTQ, Cz)

Continue with

Roo |ro1 | R t
Rrr|Rrr 80 DL i1 -
o1& — P11l Ti2 | el T
BR 0 0 | Roo B to
(CLlCr) — (Coler]C2)
endwhile

Fig. 1. Unblocked algorithm for updating.

In the current step of the algorithm, a Householder transformation is computed
and applied so that

110|0(/0 0 0 Roo | 701 | Ro2 Roo | 701 | Ro2
o[t[o[o| 1|t |[ L ol ["E | | 0]A[r
ofo[z][0 770 0 0 [0 [Rae | ~ | 00 [Ra
ofofo[[1 uy ) \up 0 Ja]C: 010G,

Since the Householder transformation associated with w; is formulated to annihilate
the vector ¢, the algorithm may simply set ¢; to zero (or, more practically, it may
overwrite ¢; with w; to reduce storage). However, we must then use 7 and u
to apply the Householder transformation to ri, and Cy. Let us define a function
APPLYHOUSE which serves this purpose:

[flTQ, CYQ:| := ApplyHouse (7'1, Uy, rﬂ, C’z) .

An algorithm based on these steps is given in Figure 1.

4. DOWNDATING
B
Now, let us consider the alternative problem where A = - with AFA =

BHEB + DED = RER, where D € C™P*"™ and R € C™*" is the Cholesky factor
of A# A. The new question becomes how to compute the Cholesky factor of B¥ B
from R and D. This is known as the downdating problem. Let us call the desired

ACM Transactions on Mathematical Software, Vol. V, No. N, Month 20YY.



High-Performance Up-and-Downdating : 7

Cholesky factor R. We know that
R\" (L] o R
RIR=B"B=RHR-D'D=|= = =
D 0| —Imp D
In the remainder of this section, we will define
I, 0
Shm = T .
The goal is going to be to compute a sequence of transformations,
{So0, 51, +,Sn—_1} such that

SiZnmpS; = Snmp

v~ (3) (3) (5)
:< ) S S ST ng<§>
)

In other words, given matrix f where R is an n X n upper triangular matrix,

and

R
D
i3
D

R R
we would like to compute {So, - -, S,_1} so that S ... SH (D) = () and

S nmp S = SH

n,mp"*
DEFINITION 8. Let & = (?) € C with xo € R be such that £y, 1z =
1
Ixo]2 — zFz) # 0. We define the function

[Xo0,v1, 7] :== HHouse (o, 21)

o o (40 () () () () - (), ten

1 71)1Hvl
—
We recognize this as the special case of the Generalized Householder Transformation

where ¥ = ¥, ,_;. This special case is referred to as a hyperbolic Householder
Transformation in the literature.

Given the function HHOUSE, we now wish to construct an algorithm that, given
the Cholesky factor R of A” A, computes the Cholesky factor of AfA — DHD.
Here is the basic idea: Assume that the computation has progressed so that the

ACM Transactions on Mathematical Software, Vol. V, No. N, Month 20YY.



8 . R. van de Geijn and F. Van Zee

Algorithm: [R, D, t] := DOWNDATE_UNB(R, D, t)

Ryp | Rrr
0 |RBr

Partition R — >,D*>(DLIDR)J"<

while m(Rrr) < m(R) do
Repartition

rrg e (R
0 |Rsr 5 (1)1

(Dr|Dr) = (Doldi|D2)

Ro2

T
Ti2

Roa

=

tr

tp

where Rrpy is 0 X 0, Dy, has 0 columns, ¢t has 0 elements

) < tr ) (t_o
; t_ - T1
B t

where p11 and 71 are scalars, and dj has 1 column

)

[p11,d1,71] ;= HHouse (p11,d1)
[T1T2, DQ} := ApplyHHouse (T, dy, r1T2, Dg)

Continue with

(DL|Dr) < (Doldi]D2)
endwhile

Roo |To1 | Ro2 to
<—|—R3L gTR) — ( 0 [pu|rL >7 <:—T) — (7'1)7
BR 0 0 | Roo B to

Fig. 2. Unblocked algorithm for downdating.
matrices contain
Roo [ 701 | Ro2
( R ) _ 0lpr
D) 0] 0 |Ra
0 |dy | Do

In the current step of the algorithm, a hyperbolic Householder Transformation is

computed and applied so that

rlolollo Ilolo]l o 0 o\
o[1]o0]0 1 [ oftfoll o T[T
olol1]lo 7| oflolr] o 0|l o0
oJofo][7 ofofo[[-1/ \vi/ \or

H

Roo | ro1 | Ro2
0| p i
0 0 | Roo
0 |dy| Dy
Roo | 701 | Ro2
0|57,
0 0 | Roo
0|o|D,

The hyperbolic Householder transformation associated with vector v; annihilates
dy, and thus the algorithm may simply set d; to zero (or, more practically, it may
overwrite d; with v; to reduce storage). We must then use 7 and v; to apply the
hyperbolic Householder transformation to 77, and Dy. Let us define the function

AprpLYHHOUSE for this purpose:

[fsz ’ §2} := ApplyHHouse (71,v1,715, D2) .

ACM Transactions on Mathematical Software, Vol. V, No. N, Month 20Y

Y.



High-Performance Up-and-Downdating : 9

An algorithm based on these steps is given in Figure 2.

5. UP-AND-DOWNDATING

B
Finally, let us consider the general problem where A = E with AFA = BPB+

D
CHC + DHD, where C € Cme*" D € C™p*", Let R € C"*" be the Cholesky
factor of B¥ B+ DH D. The final question becomes how to compute the Cholesky
factor of BE B+CH(C, R, from R, C, and D. Clearly, one can do so by first updating
and then downdating, or vise versa. We will develop an algorithm that does so in
one step rather than two. We will call this the up-and-downdating problem.
We know that

RIR = BEB+CHCO
= RER+CHCc - DED
R\" (L] o] o \ (R
= C 0[[Imc]] O C
D 0 0 [[-Imp ) \ D

In the remainder of this section, we will define

L] o] o
Znmi = | O [[Im][ 0
010 [[—Ix

The goal is going to be to compute a sequence of transformations,
{Go,G1,---,Gp_1} such that

H _
sznﬁmc,mDGj - En,mc,mp

and
BT (Lo 0 \ /(R
B'B+ctc = | C [In. ] © C
D 0 0 [[-Imp ) \ D
R\" Ll 0 || o R
=|C| Go - Gua| 0][Im.][ © GiL,--Gf | C
D 0l 0 [[=Im, D
B (L] 0] 0 B o
= |= 0[[ln.]] © — | =RHR
) () )

R
In other words, given matrix z where R is an n X n upper triangular matrix,
D

ACM Transactions on Mathematical Software, Vol. V, No. N, Month 20YY.



10 . R. van de Geijn and F. Van Zee

we would like to compute {Gy, -, Gp—1} so that

R\ (R
e |T|- T
D 0
and
Ll o || © L o ]| o
G| 0lIme][ 0 | Gj=| 0[Imc] O
o0 7w o0 [T
X0
DEFINITION 9. Let x = | z1 | with xo € R, 21 € C™¢ and y, € C™P be such
hn

that 2831 o mp® = |x0|? + 2821 — yHy1 #0. We define the function

[Xo, u1,v1, 7] := UDHouse (xo, *1, Y1)

so that
10 0 Lf(1 0 0 1 1\ /o %o
01, O —— | 0 I, 0 Uy Uy T | = 01,
0 0 In, \o 0o -I,, vy vy n 0
where 7 = Hrwlvizviv

We recognize thiszas the special case of the Generalized Householder Transformation
where X =%, g mp-

Given the function UDHOUSE, we now wish to construct an algorithm that,
given the Cholesky factor R of B B + D D, computes the Cholesky factor of
BH B+ CHC. Here is the basic idea: Assume that the computation has progressed
so that the matrices contain

Roo | o1 | Ro2
R 0 [pui]ris
T - | 00 [Ba
D 0 Ja ]G
0 |di| Do

In the current step of the algorithm, an up-and-downdating Householder Transfor-
mation is computed and applied so that

r]olollo]lo rlolollo] o 0 0\ "] / Roo|7o1 | Roz
O[L[0][0]0 oft[ofoo || || 0 Jpui|ris
ofo[z([ol[o | — L | ofo[7][0][ 0 0 || o 0 | 0 [Ro
ofofof[7fo [ " | Of0fo[[I[[0 || w || 0 Jall
oJofoffof[z oJofofjof[—r1 DAYE 0 [di | Dy

ACM Transactions on Mathematical Software, Vol. V, No. N, Month 20YY.



High-Performance Up-and-Downdating : 11

Algorithm: [R,C, D, T] := UPANDDOWNDATE_UNB(R,C, D, T)

Tr | T
Partition R — (L) FIR T — | L)
0 |RBr 0 |TBr

C—(CL|Cr),D— (DL|Dr)

where Rpy and Ty are 0 X 0, Cp and Dy, have 0 columns
while m(Rrr) < m(R) do

Repartition

Rep | Rrn Roo | 7o R;Q Tri | Tr Too | to1 ng
0 R - 0 P11| 710 3 0 T - 0 711 t12 3
bR 0 | 0 [Rao bR 0 [0 [T
(CLlCr) — (Coler|C2) , (DL|Dr) — (Doldr|D2)
where pi1 and 711 are scalars, ¢1 and d; are columns

=

[p11,c1,d1,m11] := UDHouse (p11, c1,d1)
[rﬂ, Ca, Dg] := ApplyUDHouse (711, c1,d1, rﬂ, Ca, Dg)

Continue with R R T T
t
<RTL Rrr > 80 ro1 %2 <TTL Trr > oo 0l 70"2
— , — t

P11] T2 0 i)ty |,
0 |RBr 0 0 |R22 0 1Tsr 0| 0 |72
(CrlCr) < (Coler|C2) , (DL|Dr) < (Doldi|D2)

endwhile

Fig. 3. Unblocked algorithm for up-and-downdating.

Algorithm: [R,C, D,T] := UPANDDOWNDATE_BLK(R,C, D, T)

Partition R — <%|gﬂ> 7c—>(CLICR) 7D—’(DLIDR) ,T*(TLITR)
BR

where Rpp and T are 0 X 0, Cr, and Dy, have 0 columns

while m(Rrr) < m(R) do
Determine block size b
Repartition

Rro | Rrn Roo | Ro1 | Ro2
<T|R_> — 0 |Ri1|Ri2 |, (TL]|Tr) — (To|T1|T2),
BR
0 0 | R22
(CL|Cr) — (Co|C1[C2), (DL|Dr) — (Do|D1|D2)
where Rj; and 77 are b x b, C; and D; have b columns

[R11,C1, D1, Th] := UpAndDownDate_unb (R11,C1, D1, T1)
[Ri2,C2, D2] := ApplyBlkUDHouse (T4, C1, D1, R12,Ca2, D2)

Continue with
Rop | Rer Roo | Ro1 | Ro2
< > — 0 [Ru|Ri2 |, (To|Tr) — (To|Ta | T2),
0 |RBr
0| 0 |R22
(Co]Cr) = (Co|C1]C2), (DL]Dr) — (Do|Di]D2)
endwhile

Fig. 4. Blocked algorithm for up-and-downdating.

ACM Transactions on Mathematical Software, Vol. V, No. N, Month 20YY.



12 : R. van de Geijn and F. Van Zee

Roo | ro1 | Roz
0 [pul] s
_ 0 0 | Ra2
0oJo]c
0o |D,

The up-and-downdating Householder transformation annihilates ¢; and dy, and
thus the algorithm may simply set these vectors to zero (or, more practically, it
may overwrite ¢; and d; with u; and vy, respectively, to reduce storage). We must
then use 7, u1, and v; to apply the up-and-downdating Householder transformation
to riy, Cy, and Ds. Let us define the function APPLYUDHOUSE for this purpose:

[7’?2, Co, D2:| := ApplyUDHouse (Tl, U1, V1, 7"{2, Cs, Dg) .

An algorithm based on these steps is given in Figure 3.

Note that in the previous two sections, we only discuss and illustrate unblocked
algorithms. We now move to discuss a blocked algorithm for up-and-downdating,
which is given in Figure 4. In this algorithm, the statement

[R12, Co, Do) := ApplyBlkUDHouse (71, C1, D1, R12,Ca, D3)
performs the update

Rus 1][0]|0 Ioflo\ /I 1 \"| [ Ruw
Co | = || OO | — | OIZ[0_| [ & |7 | O &
D, o[[o[[Z offo-7) \ D1 Dy D,

where T} = striu(I + C{'Cy — D Dy) + 3diag(I + C{'Cy — D! D;). The submatrix
T, may be computed via the following steps*®:

T, := triu(I + CHCy, — DI D))

1
T1 := ScaleDiagonal (2,T1)

where the SCALEDIAGONAL operation scales the diagonal of the second argument
by the first argument. With T} computed, we may perform the update as follows:

W = Ty " (Riy + C'Cy + D{' Ds)

Ry Rio I
CQ = CQ - Cl W
Do D, -D,

This blocked algorithm captures the blocked algorithms for updating and downdat-
ing, since D or C can be taken to be “empty”.

4In practice, we find it most convenient to compute 77 within the unblocked algorithm for up-
and-downdating, UPANDDOWNDATE_UNB. Note that we omit this step from the algorithm shown
in Figure 3 and instead only show the storing of the 7 values along the diagonal of T7.

5Note that triu(A) returns a matrix consisting of the upper triangular part of A with zeros
elsewhere.
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High-Performance Up-and-Downdating : 13

6. SOLVING A SYSTEM

Consider the matrices B € mgp xn, C € mg X n, and D € mp x n. The up-
and-downdating problem starts with a matrix R such that BEB + C7C = R¥R.
Where does this come from? Typically, it comes from solving the linear least-

squares problem
B _ [ bB
D) \bp )||°

There are two standard ways of solving this problem: normal equations and QR
factorization (via Householder transformations). Since we are using Generalized
Householder transformations to updowndate, we restrict ourselves to the case where
the original R came from (the equivalent of) a QR factorization.

So, we assume that we have computed (the equivalent of) the QR factorization

(2)-ar

b
Rl‘:QH<b§>=bBD

Now, after the updowndate step, what one is interested in is solving

(&)= ()]

which could be solved via the QR factorization
B -~
(¢)-on

- ~ b
R:v:QH<b§> =bpc.

Now, we have computed up-and-downdating Householder transformations G; so
that

min
xT

and then solved

min
Z

and then solved

R R
0 |=c¢t,..cl|C
0 D
Note that
bsc bsp
e | = GnH_lu-G(If bo
bp bp

Thus, applying the block up-and-downdating Householder transformations from
the left will up-and-downdate bgp into bgc. This computation may be performed
via the same APPLYBLKUDHOUSE operation described in the previous section and
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used in Figure 4:
[R, a. D, T] .= UpAndDownDate_Blk (R, C, D, T)
[bBo, be, BD] .— ApplyBIkUDHouse (T, ¢, D,bgp, bo, bD>

At this point, R and bpp have been up-and-downdated to R and bgc, respectively,
and so a new solution to the system may be computed by solving

Rz =bpc.

7. AN ALGORITHM-BY-BLOCKS

As part of the FLAME project, we have developed and reported on algorithm-by-
blocks for various linear algebra operations and how to schedule them to distributed
memory as well as multithreaded parallel architectures. An algorithm-by-blocks
views a matrix as a collection of submatrices (blocks), possibly hierarchically. Each
block becomes a unit of data and each computation with a block becomes a unit of
computation.

—In [Quintana-Orti and van de Geijn 2008; Gunter and van de Geijn 2005] we
give algorithms-by-tiles for out-of-core LU and QR factorization. A tile is a
block that corresponds to a unit for I/0. By modifying the pivoting strategy for
LU factorization and the computation of Householder transformations for QR
factorization, the computation can be cast in terms of operations with blocks
while only increasing the operation count by a lower order term.

—In [Chan et al. 2007] a runtime system, SuperMatrix, for scheduling algorithm-
by-blocks to multiple threads is introduced. Implementations of algorithms-by-
blocks utilizing this runtime system are discussed in a large number of conference
papers and summarized in a journal paper [Quintana-Ort{ et al. 2009]. The idea
is that the algorithm-by-blocks generates a Directed Acyclic Graph (DAG) of
operations and dependencies which are then scheduled for execution by threads
at runtime.

The effort focuses on solving the programmability problem: algorithms are coded
in a style that closely resembles the algorithms in the figures in this paper. The
algorithm-by-blocks is coded in a very similar style. By separating the generation
of the DAG by the algorithm from the scheduling of that DAG, the library routine
needs not change when the scheduling policy is modified.

Details of the algorithm-by-blocks for up-and-downdating are essentially iden-
tical to those of the updating algorithm-by-tiles in [Gunter and van de Geijn
2005] and the QR factorization algorithm-by-blocks scheduled with SuperMatrix
in [Quintana-Orti et al. 2008] or PLASMA in [Buttari et al. 2008], except that
minor modifications are made when computing with the matrix that is removed as
part of the downdating. Thus, we don’t give further details here and merely report
performance, in the next section.

8. PERFORMANCE

In this section, we provide performance results for various implementations of the
up-and-downdating algorithm, including a high-performance algorithm-by-blocks.

ACM Transactions on Mathematical Software, Vol. V, No. N, Month 20YY.



High-Performance Up-and-Downdating : 15

All experiments were performed using double-precision floating-point arithmetic
on a Dell PowerEdge R900 server consisting of four Intel “Dunnington” six-core
processors, providing a total of 24 cores with a combined peak performance of 255
GFLOPs (255 x 10° floating-point operations per second) with 96 GBytes of shared
main memory. Performance experiments were gathered under the GNU/Linux
2.6.18 operating system. Source code was compiled by the Intel C/C++ Compiler,
version 11.1.

In addition to reporting performance for the up-and-downdating operation, for
comparison we also provide performance data for QR factorization via the UT
transform, as the two operations are closely related. We report performance for the
following implementations in Figures 5 and 6:

—UDDUT. A sequential implementation of the blocked algorithm for the up-and-
downdating operation shown in Figure 4.

—QRUT. A sequential implementation of a blocked algorithm for a QR factorization
via the UT transform [Joffrain et al. 2006].

—UDDUTABB. A multithreaded implementation of an algorithm-by-blocks for the
up-and-downdating operation.

—QRUTABB. A multithreaded implementation of an algorithm-by-blocks for a QR
factorization via the UT transform [Quintana-Orti et al. 2007].

—sequential dgeqrf. A sequential implementation of the LAPACK QR factoriza-
tion routine.

—multithreaded dgeqrf. A multithreaded implementation of the LAPACK QR
factorization routine.

These implementations were timed in two ways: linked to a sequential build of
GotoBLAS2 1.10 and linked to sequential build of Intel’s MKL 10.2.2. The dgeqrf
implementations, likewise, were obtained from both GotoBLAS2 1.10 and MKL
10.2.2. Parallelism was obtained from the UDDUTABB and QRUTABB via the Super-
Matrix runtime system [Chan et al. 2007; Chan et al. 2007]. For completeness, we
also report performance of the netlib implementation of dgeqrf (modified to use a
larger block size) when linked to multithreaded GotoBLAS and MKL.

Performance results are computed using an operation count of 2n?(m¢ + mp)
for the up-and-downdate operation and 2n*(m — %) for a QR factorization. This
counts useful operations, ignoring extra operations that are performed so that the
blocked algorithms can cast computation in terms of matrix-matrix multiplication.
The y-axes of the graphs are scaled to indicate the peak performance for the number
of cores utilized.

Matrix dimensions for QR factorization were carefully chosen so that the floating-
point operation count would closely resemble that of the up-and-downdating op-
eration. Specifically, since we performed up-and-downdating experiments where
me = mp = n, we chose the matrix dimensions for QR factorization to be m = 3n.

In Figure 5 (top) we report the performance of the blocked algorithms using a sin-
gle core, choosing the block size equal to 64. The rates of computation achieved by
the up-and-downdating algorithms is better than those achieved by the QR factor-
ization because more computation is cast in terms of matrix-matrix multiplication.
Timings for the same blocked algorithms, in addition to netlib dgeqrf linked to
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Up-and-downdate performance (blocked algorithm with sequential BLAS), b_alg = 64
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Fig. 5. Performance of sequential and multithreaded implementations of the up-and-downdating
operation. Top: Sequential up-and-downdating implementations compared to various sequential
QR factorizations, using an algorithmic block size of 64. Bottom: Blocked algorithm for up-and-
downdating linked to multithreaded BLAS compared to various multithreaded QR factorizations,
with an algorithm block size of 256. Multithreaded performance was gathered on a 24 core system
using 24 threads. QR factorization experiments were performed on m X n matrices where m = 3n
while up-and-downdating experiments reflect mc = mp = n. Note that legend entries are sorted
according to performance at largest problem size.
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Up-and-downdate performance (algorithm-by-blocks), b_alg = 64, b_store = 256
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Fig. 6. Multithreaded algorithm-by-blocks for up-and-downdating compared to various multi-
threaded QR factorizations, including the multithreaded QR factorization in MKL. Algorithmic
and storage block sizes are chosen to equal 64 and 256, respectively, in the top graph and 32
and 128 in the bottom graph. Performance was gathered on a 24 core system using 24 threads.
QR factorization experiments were performed on m X n matrices where m = 3n while up-and-
downdating experiments reflect mo = mp = n. Note that legend entries are sorted according to
performance at largest problem size.
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multithreaded BLAS, using 24 cores and an algorithmic block size of 256 are given
in Figure 5 (bottom). We note that while MKL’s dgeqrf achieves very good per-
formance, our implementation of the QR factorization and the up-and-downdating
algorithm does not when linked to MKL’s multithreaded BLAS. This is likely due
to how the matrix-matrix multiplication (dgemm) is parallelized. When linked to
GotoBLAS2, the performance is much improved, although still well below peak and
still lagging behind the modified netlib implementation of dgeqrf.

In Figure 6 we report the performance of the algorithms-by-blocks. The ability to
store matrices by blocks combined with a run-time system that schedules operations
to threads greatly improves performance. When the storage block size (bstore)
and algorithmic block size (bag) are relatively large, ramp-up is slow while the
asymptotic performance is better.

9. CONCLUSION

In this paper, we have presented unblocked and blocked algorithms for the up-
and/or downdating problem. It has been shown that blocked algorithms can be
easily formulated and that high performance can be achieved.
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