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Incremental analysis

Into parts

Py Py
l l Analyze each part
[P1] [P2]

pose the results

Compute in parallel



Context

X =0

c :=1

n := 100

while(x < n):
X 1= X +cC

assert(x == n)
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Context

X =0
c =1
n = 1@@2100A0§$§10D
while(x < n)
X :=x +c¢C

assert(x == n)



Context

( Fk((k>1Az<n)VEk=0)Ad =z+ ke.. >
while(x < n) ="

X =X +cC




How can we analyze programs
compositionally and precisely?
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Recurrence Analysis

while(x):
X = x + 1
y:=y-2
Recurrences: Closed forms:
x(B) = x(b=1) 4 q xF = xO) L1k
y®) — y(=1) 9 y(k) — y(0) _ 9k

Loop abstraction:

FkkE>0AXY =x+kAYy =y —2k



while(x + y < 10):
z =z +1
if (%):
X
else

y :=y +1

x + rand(1,3)



while(z < 100):

X := @
y := 0
while(x + y < 10):
z =z +1
if (%):
X := x + rand(1,3)
else
y :=y + 1

W = w+ X



How can we use recurrence analysis to compute
approximations of arbitrary programs?



Compositional Recurrence Analysis



Algebraic Program Analysis [Tarjan '81]

@ Compute a path expression to a point of interest (e.g., an assertion)

@ Evaluate the path expression in the semantic algebra defining the
analysis



X :=0
n:=10
i:=0
outer: if(i >= n):
goto end
i=1+1
inner: j := @
if (%) :
X = x +1
ji= g+
if(7 < n):
goto inner
goto outer
end: assert(x <= 100)



outer:

inner:

end:

X := 0
n:=10
i:=29
if(i >= n):
goto end
i=1+1
j =0
if (%) :
X = x +1
ji=go+
if(7 < n):
goto inner
goto outer
assert(x <= 100)
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X 1= 0
n :=10

goto end
i:=1+1

[

|

i:=0 ¢

outer: if(i >= n): ib
|

o

inner: j := @ d
if (x):
X = x +1
joi=3+1 X )
if(j < n):
goto inner j/
goto outer "
end: assert(x <= 100) /
o —
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X := 0
n:=10
i:=29
outer: if(i >= n):
goto end
i=1+1
inner: j := @
if (%) :
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X := 0
n:=10
i:=29
outer: if(i >= n):
goto end
i=1+1
inner: j := @ d
if (%) :
X = x +1
j=go+
if(5 < n): 1
goto inner
goto outer
end: assert(x <= 100)
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X := 0
n:=10
i:=0
outer: if(i >= n):
goto end
i=1+1
inner: j := @
if (%) :
X = x +1
ji= g
if(7 < n): 1
goto inner
goto outer
end: assert(x <= 100)

(—.(U—.(—.

@ )def((h+g)ij)*(h+g)ik



outer:

inner:

end:

X := 0
n:=10
i:=29
if(i >= n):
goto end
i=1+1
j =0
if (%) :
X = x +1
=g
if(7 < n):
goto inner
goto outer
assert(x <= 100)

abc(def ((h+g)i)* (h+g)ik)*1m

Path expression:
Regular expression over alphabet of
control flow edges
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Interpretation: % = (D, [-])

+D=(D,o,®,®,0,1)is a semantic algebra
« [-] : Control flow edges — Dis a semantic function

[abc (def ((h+g)ijd* (h+g)ik)*1m] = [a] © [b] © [c]
o(Id @ [e] © [f]
o((h @ [el) © [i] © [3])®

ol @ [g) © [i] © )"
O[] © [m]
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Interpretation: .# = (D, [])

+D=(D,o,®,®,0,1)is a semantic algebra
* [-] : Control flow edges — Dis a semantic function

Compositional Recurrence Analysis
- D: set of arithmetic transition formulas
[x :=x+1]&2xX =x+1Ay =yAi'=iAj=jAn =n

oY E I [T = T AY[F— T

cpBYEpVY
® A
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[p*] = [p]®



Given a transition formula ¢ (representing the body of a loop), compute a
formula ©® representing any number of iterations of the loop.
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Problem

Given a transition formula ¢ (representing the body of a loop), compute a
formula ©® representing any number of iterations of the loop.

First, linearize ¢: compute a linear formula lin(¢) such that ¢ |= lin(p).

Linearization via optimization modulo theories:
If o =2z € [1,10]and y € [2, 3], then

plFEy<zy<10yA2z<zy<3z



Simple recurrences

while(x):
C =2 %X
if (c = 1):
X 1= X + 2
else
X :=x +1



while(*) :
C =2 %X
if (c = 1):
X 1= X + 2
else
X :=x +1

y:=y-2
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Simple recurrences

while(x):
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Simple recurrences

while(x):
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Simple recurrences

while(x):
C = 2 % x ¢ =2x
if (c = 1): /\((Clzl
X 1= X + 2 AX = x+2)
else V(c'#1
X 1= x + 1 /\x’:x—l—l))
y :=y -2 /\y/:y—2

m:[c—0,x =0,y 0, —0,x =1,y = —2] = Ppody
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Simple recurrences

while(*) :
C =2 %X c =2x
if (c = 1): A((c"=1
X 1= X + 2 AX = x+2)
else V(c'#1
X = X + 1 /\X/:X-I-l))
y =y -2 AN =y—2

m:[c—0,x =0,y 0, —0,x =1,y = —2] = Ppody

(C/ —c)"=0 ¥body = c=c+0
(x: -x)"=1 Pbody = X: =x+1
(Y —y)"=-2 Sobodylz y=y—2



Stratified recurrences

while(*):
X = x +1
y =y +tx



Linear recurrences (in)equations

while(? <= i < 100): 0<iAi<100
if (x):
X = x + i AX =x+1
else
=y+i NY =y+i

y
=i+ A =1+1



Linear recurrences (in)equations
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Linear recurrences (in)equations

while(? <= i < 100): 0<iAi<100
if (x):
X = x + i AX =x+1
else
y =y +1i AY =y+i
i=d o+ A =1i+1

© Introduce difference variables for non-induction variables:
Y E Qhody NOx =X —x Ny =y —y

@ Project + compute the convex hull:
- Smallest polyhedron P such that 3x,y,x’,y’, i’ .9 = P



Linear recurrences (in)equations

while(? <= i < 100): 0<iAi<100

if (%):

X 1= x + i AX =x+1
else

y :=y+i ANY =y+i
=1+ A" =1+1
dx+0y =1
0<é <1i
0<d,<i

Linear equations over §'s and induction variables >

——




Linear recurrences (in)equations

while(? <= i < 100): 0<iAil<100
if (x):
X 1= x +1i AX =x+1i
else
y =y +i Ny =y+i
i=d+1 A =141
Ox +0y =1



Linear recurrences (in)equations

while(? <= i < 100): 0<iAi<100
if (x):
X 1= x + i AX =x+1
else
y =y +i AY =y+i
i=1+1 A =1+1
b Fo =t X=x)+( —y)=i X'+y =x+y+i
O§5X§1 11 . / .
— () < (X' —x) <1 —_— x < X' < x+1i
Og(syg / / :
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Linear recurrences (in)equations

while(? <= i < 100): 0<iAi<100
if (x):
X = x + i AX =x+1
else
yi=y+i AY =y+i
i=1+1 A =1+1
Oxtoy =1 X =)+ —y)=1i X' +y =x+y+i
0<6<i / / .
0< 8 <i —)Og(x—x)g% —_— x <X <x+41
== 0<(y -y <i x<y <y+i

xP)py® = %O 4y O 4 k1O 4 k(k+1) /i/

xO < x® < 5O L 11O 4 g(k+1)/2
x0 < y® < yO 4 1O 4 p(k41)/2



Putting it all together

Phody = /\ Z Xy < Z AriXri + Z brjy i+ ¢
rooq 7 J

Extracted recurrences




Putting it all together

Pody [~ /\ Z Xy < Z AriXri + Z br¥j + cr
rooq 7 J

ST aix® <3 ax P+ p(R)y + ke,
) T i

Closed form



Putting it all together

Pody [~ /\ Z Xy < Z AriXri + Z br¥j + cr
rooq 7 J

D) <Y a+ D ok, + ey
i T j

Lfoﬁ?ody = /\ Xll = X4
V (Elmk > 1A (Sffl.ipbody) AN (Hi@body)

A /\ Z X < Z AriXpi + Z prj(k)Y, + /4:(:7’)
T A (0 j



Experimental evaluation on
« 74 safe benchmarks from SVComp15
- 7 safe non-linear benchmarks

(65% |
CRA+Oct
SeaHorn
CPAChecker
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CRA is compositional yet precise



Summary

CRA is compositional yet precise

Compositional analysis
+ SMT-based recurrence detection
Approximate recurrence analysis for arbitrary loops




