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What are QBF?
» Quantified Boolean formulas (QBF) are

formulas of propositional logic + quantifiers

» Examples:

» (x Vy) A (X Vy) (propositional logic)

> IxVy(x Vy)A(XVy)
Is there a value for x such that for all values of y the
formula is true?

» Vy3x(x Vy)A(XVy)
For all values of y, is there a value for x such that the
formula is true?

2/32



SAT vs. QSAT aka NP-complete vs. PSPACE-complete
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Small Example QSAT Problems

Consider the formula Va3b,c.(aV b) A(aV c)A(bV )
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Small Example QSAT Problems

A model is:
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Small Example QSAT Problems

A model is:

Consider the formula 3bVa3c.(aV b) A(GV c)A(bV T)
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Small Example QSAT Problems

The quantifier prefix frequently determines the truth of a QBF.
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The Two Player Game Interpretation of QSAT

Interpretation of QSAT as two player game for a QBF
dxVay3xpVa, - - - dx,Va,:

>

Player A (existential player) tries to satisfy the formula by
assigning existential variables

Player B (universal player) tries to falsify the formula by
assigning universal variables

Player A and Player B make alternately an assignment of
the variables in the outermost quantifier block

Player A wins: formula is satisfiable, i.e., there is a
strategy for assigning the existential variables such that
the formula is always satisfied

Player B wins: formula is unsatisfiable
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Promises of QBF

» QSAT is the prototypical problem for PSPACE.

» QBFs are suitable as host language for the encoding of
many application problems like

~ verification

~ artificial intelligence

» knowledge representation
» game solving

» In general, QBF allow more succinct encodings then SAT
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Application of a QBF Solver

Application :
Problem

Y Encoding
==

QBF Solver returns
1. yes/no
2. witnesses

QBF Solver
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Example of 3Vd: Synthesis

Given an input-output specification, does there exists a circuit
that satisfies the input-output specification.

QBF solving can be used to find the smallest sorting network:
» (3) Does there exists a sorting network of k wires,
» (V) such that for all input variables of the network
» (3) the output O; < O;41

3 1
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Y / T l‘“ --------- 3
:’ 1
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Example of V3...Vd: Games

Many games, such as Go and Reversi, can
be naturally expressed as a QBF problem.

Boolean variables a;x, bjx express that
the existential player places a piece on row
i and column j at his kth turn. Variables
Cik, dj « are used for the universal player.

Go

The QBF problem is of the form
Veia, dii3ain, bja ... V¢, djn3ain, bjn1)

Outcome “satisfiable": the second player
(existential) can always prevent that the
first player (universal) wins.

Reversi
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lllustrating Example V3: Conway's Game of Life

Conway’s Game of Life is an infinite

2D grid of cells that are either alive or = =
dead using the following update rules: i p NENEE REGNSRONS RESS n B
- 2l e
» Any alive cell with fewer than L Bna. . R
two alive neighbors dies; B S |
|| ||
> Any alive cell with two or three P '
. . . | ||
live neighbors lives; - ™ -
) . L L
> Any alive cell with more than a a"n
three alive neighbors dies; '::= g Cun g I::'
» Any dead cell with exactly three = =

alive neighbors becomes alive.

Game of Life is very popular: over 1,100 wiki articles
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Garden of Eden in Conway's Game of Life

A Garden of Eden (GoE) is a state
that can only exist as initial state.

Let T(x,y) denote the CNF formula
that encodes the transition relation
from a state to its successor using
variables x that describe the current
state and variables y the successor
state.

A QBF that encodes the GoE problem is simply
Vyax. T(x,y)

The smallest Garden of Eden known so far (shown above) was
found using a QBF solver. [Hartman et al. 2013]
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The Language of QBF

The language of quantified Boolean formulas Ly over a
set of propositional variables P is the smallest set such that

»ifve PU{T,L}thenve Lp (variables, constants

)
» if o € Lp then ¢ € Lp (negation)
» if pand ) € Lp then p AN € Lp (conjunction)
» if p and ¢ € Lp then ¢V € Lp (disjunction)
» if o € Lp then Jvp € Lp (existential quantifier)
)

» if ¢ € Lp then Vvo €Lp (universal quantifier
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Some Notes on Variables and Truth Constants

v

T stands for top
> always true
» empty conjunction
L stands for bottom
» always false
» empty disjunction
literal: variable or negation of a variable

v

v

» examples: [ =v, h=w
»var(l) =vifl=vorl=v
» complement of literal /: /

v

var(¢): set of variables occurring in QBF ¢
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Some QBF Terminology

Let Qvep with Q € {V,3} be a subformula in a QBF ¢, then
» 1 is the scope of v

v

Q is the quantifier binding of v
quant(v) = Q
free variable w in ¢: w has no quantifier binding in ¢

v

v

v

bound variable w in QBF ¢: w has quantifier binding in ¢
closed QBF: no free variables

v

Example

closed QBF

bound var a free variable ~ bound vars y, z scope of y, z

Vo e v G2 (VA Va)

S/

scope of a
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Prenex Conjunctive Normal Form (PCNF)

A QBF ¢ is in prenex conjunctive normal form iff
» ¢ is in prenex normal form ¢ = Qqvy ... Qv
» matrix ¢ is in conjunctive normal form, i.e.,

¢:C1/\/\Cn

where C; are clauses, i.e., disjunctions of literals.

Example

Vxdy((x Vy)A(XVy))

prefix matrix in CNF
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Some Words on Notation

If convenient, we write

» a conjunction of clauses as a set, i.e.,
GA...NC,={G,...,C,}

» a clause as a set of literals, i.e.,
hv ... Vie={h,.... I}
» var(¢) for the variables occurring in ¢
» var(/) for the variable of a literal, i.e.,
var(l)=xiff I=xorl=Xx
Example

IxIy((x VI) A (X Vy)) = ¥xTy{ix, 714X v 1)

prefix matrix in CNF prefix matrix in CNF
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Semantics of QBFs

A valuation function Z: Lp — {7, F} for closed QBFs is
defined as follows:

» (M) =T, (L) = F
I(W) =T iffZ(y)) = F
V) =T iftZ(¢p) =T or Z(v) =T
V) =T iffZ(¢) =T and Z() = T
= T iff Z([L/v]) = T and Z(¢[T/V])

(
(¢
(¢
(v
Bve) = T iff Z(Y[L/v]) = T or Z(¢[T/v])

V
A
Z(Vve)) =
vh) T
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Boolean split (QBF ¢)

switch (@)
case [: return true;
case 1l: return false;

case : return (not split(¢));

case ' AY": return split(¢') && split (¥");

case ' V" return split(¢') || split(¥");
case QXu:

select xe X; X' =X\{x};

if (Q==V)

return (split (QX'¢[x/T]) &&
| split (QX"Y[x/1]));
else

return (split (@X'v[x/T]) ||
split (QX"¥[x/L]));
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Some Simplifications

The following rewritings are equivalence preserving:
L.T=1;, 1=T,
2.TANop=¢;, LAho=1, TVe=T, LVo=¢;
3. (Qx¢) = ¢, Q € {V, 3}, x does not occur in ¢;

Example
Vab3xVc3yzVd{{a, b,c},{a, b, T},
{c.y.d, L} {x,y, L} {x,c.d, T}}

~
~

VabcIyVd{{a, b,c},{a, b}, {c,y,d}}
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Boolean splitCNF (Prefix P, matrix %)

if (vw==0): return true;
if (Dey): return false;

P=QXP xeX, X =X\{x};

if (Q==V)
return (splitCNF (QX'P',¢') &&
splitCNF (QX'P', 9" )
else
return (splitCNF (QX'P',¢") ||
splitCNF (QX'P',¢"));
where
1 : take clauses of 1, delete clauses with x, delete x
" : take clauses of 1), delete clauses with x, delete x
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Unit Clauses

A clause C is called unit in a formula ¢ iff

» C contains exactly one existential literal

» the universal literals of C are to the right of the existential
literal in the prefix

The existential literal in the unit clause is called unit literal.

Example

VabaxVeAyWWd{{a, b, ¢, x},{a, b}, {c,y, d}, {x,y},{x, c,d}, {y}}
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Unit Clauses

A clause C is called unit in a formula ¢ iff

» C contains exactly one existential literal

» the universal literals of C are to the right of the existential
literal in the prefix

The existential literal in the unit clause is called unit literal.

Example
Vab3axVcIyVd{{a, b, ¢, x},{a, l_)}, {¢,y,d}, {x,y}, {x,c,d},{y}}

Unit literals: x, y
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Unit Literal Elimination

Let ¢ be a QBF with unit literal / and let ¢’ be a QBF
obtained from ¢ by

» removing all clauses containing /
» removing all occurrences of /

Then
b~ ¢

Example
VabaxVcIyVd{{a, b, ¢,x},{a, b}, {c,y,d}, {x,y},{x, ¢, d}, {y}}
After unit literal elimiation: Yabc{{a, b,c},{a, b}}
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Pure Literals

A literal / is called pure in a formula ¢ iff

» [ occurs in ¢
» the complement of /, i.e., | does not occur in ¢

Example

VabﬂchHszd{{a,b,E},{a,E},{C,y,d},{x,y},{x,c,d}}
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Pure Literals

A literal / is called pure in a formula ¢ iff

» [ occurs in ¢
» the complement of /, i.e., | does not occur in ¢

Example
VabﬂchHszd{{a,b,E},{a,E},{C,y,d},{x,y},{x,c,d}}

Pure: a,d,x,y

23/32



Pure Literal Elimination

Let ¢ be a QBF with pure literal / and let ¢’ be a QBF
obtained from ¢ by

» removing all clauses with / if quant(/) = 3

» removing all occurrences of / if quant(/) =V

Then

Example
Vab3axVc3yzVd{{a, b,c},{a, b}, {c,y,d}, {x,y}, {x,c,d}}
After Pure Literal Elimination: ¥Yb{{b}, {b}}
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Universal Reduction (UR)

v

Let IN.7) be a QBF in PCNF and C € 4.
Let / € C with
» quant(/) =V
» forall k € C with quant(k) =3 k <p /, i.e., all
existential variables k of C are to the left of /in I1.

v

v

Then | may be removed from C.
C\{/} is called the wniversal reduct of C.

v

Example

VabﬂchHszd{{a,b,E,x},{a,B,X},{C,y,d},{x,y},{x,c,d}}}
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Universal Reduction (UR)

v

Let IN.7) be a QBF in PCNF and C € 4.
Let / € C with
» quant(/) =V
» forall k € C with quant(k) =3 k <pn /, i.e., all
existential variables k of C are to the left of /in I1.

v

v

Then | may be removed from C.
C\{/} is called the wniversal reduct of C.

v

Example

VabﬂchHszd{{a,b,E,x},{a,B,X},{C,y,d},{x,y},{x,c,d}}}

After Universal Reduction:
VabIxvedy29d{{s, b,x}, {3, byxh {e, v} {x vk {xH )
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Boolean splitCNF2 (Prefix P, matrix )

(P,v) = simplify(P,v);

if (vy==0): return true;
if (Devy): return false;

P=QXP xeX, X =X\{x};

if (Q==V)
return (splitCNF2 (QX'P',¢') &&
splitCNF2 (QX'P', 4" ));
else
return (splitCNF2(QX'P,¢") ||
splitCNF2 (QX'P',¢"));
where
' : take clauses of 1, delete clauses with x, delete x
" : take clauses of 1), delete clauses with X, delete x
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Resolution for QBF

Q-Resolution: propositional resolution + universal reduction.

Definition _
Let C;, G, be clauses with existential literal / € G, and | € G,.
1. Tentative Q-resolvent: ~
G ® G :=(UR(G)UUR(G))\{LI}.
2. If {x,x} € GG ® G, then no Q-resolvent exists.
3. Otherwise, Q-resolvent C := (G ® G).

» Q-resolution is a sound and complete calculus.
» Universals as pivot are also possible.
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Q-Resolution Small Example

Exclusive OR (XOR): QBF ¢ = 3IxVy(xV y) A (X V V)
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Q-Resolution Small Example

Exclusive OR (XOR): QBF ¢ = 3IxVy(xV y) A (X V V)

Truth Table

N

unsat

7

= RO O X
= Ol Ok
O Hl=k O
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Q-Resolution Small Example

Exclusive OR (XOR): QBF ¢ = 3IxVy(xV y) A (X V V)

Q-Resolution Proof
xVy XVYy

|

X

N/
0

£
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Q-Resolution Small Example

Exclusive OR (XOR): QBF ¢ = 3IxVy(xV y) A (X V V)

Q-Resolution Proof

Universal-Reduction —x X
J |

N/
0
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Q-Resolution Small Example

Exclusive OR (XOR): QBF ¢ = 3IxVy(xV y) A (X V V)

Q-Resolution Proof

Universal-Reduction —x X
) |

Resolution —» \

/
0
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Q-Resolution Small Example

Exclusive OR (XOR): QBF ¢ = 3IxVy(xV y) A (X V V)

Truth Table Q-Resolution Proof
x|y |4y X \f y X \f y
0(01]0

\ _
0j1]1 unsat X X
rofr| - NS
1/1]0 0

— y=x = =0
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Q-Resolution Small Example

Exclusive OR (XOR): QBF ¢ = 3IxVy(xV y) A (X V V)

Truth Table Q-Resolution Proof
x|y |4y X \f y X \f y
0(01]0

\ _
0j1]1 unsat X X
rofr| - NS
1/1]0 0

— y=x = =0

— f,(x) =x (counter model)
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Q-Resolution Large Example

Input Formula B
daVb3cdVedfg.(aVE)N(BV IV E)A(cVEVT)A

(dvevFi)aA(EvdVve)A(aVr)
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Q-Resolution Large Example

Input Formula B
daVb3cdVedfg.(aVE)N(BV IV E)A(cVEVT)A

(dvevFi)aA(EvdVve)A(aVr)

Q-Resolution Proof DAG

avg bvfVvg cvevf dVéyf c vdve aVf
\\\\ \\\\ EVévf
(/évF\
kaEVg PV

évaE\\\\\\\\‘w///
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QBF Preprocessing

Preprocessing is crucial to solve most QBF instances efficiently.

Results of DepQBF w/ and w/o blogger on QBF Eval 2012 [1]

1200 . .
w/o preprocessing —+—
w/ preprocessing —x<—

1000

200

\
+
] |
7 800t | 7
g I !
X
g (7 f
0 |
< 600} i
() |
E J
o] | >‘<
% 400t 7 | 4
zﬁ %
‘ ¥
] )
200 |- # L i
o : ;
o ; ‘
0 20 40 60 80 100 120 140 160 180

Number of solved instances
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Quantified Blocked Clause

Definition (Quantified Blocking literal)

An existential literal / in a clause C of a QBF m.¢ blocks C
with respect to m.¢ if for every clause D € Fy, there exists a
literal k # | with k <. | such that k € C and k € D.

Definition (Quantified Blocked clause)
A clause is blocked if it contains a literal that blocks it.
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Quantified Blocked Clause

Definition (Quantified Blocking literal)

An existential literal / in a clause C of a QBF m.¢ blocks C
with respect to m.¢ if for every clause D € Fy, there exists a
literal k # | with k <. | such that k € C and k € D.

Definition (Quantified Blocked clause)
A clause is blocked if it contains a literal that blocks it.

Example

JaVbcdIefVg.(aVE)A(bVEVg)A(cV eV F)A
(dvevi)A(EVvdVe)A(aV)
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Quantified Blocked Clause

Definition (Quantified Blocking literal)

An existential literal / in a clause C of a QBF m.¢ blocks C
with respect to m.¢ if for every clause D € Fy, there exists a
literal k # | with k <. | such that k € C and k € D.

Definition (Quantified Blocked clause)
A clause is blocked if it contains a literal that blocks it.

Example

JaVbcd3efVg.(aV E) A (bV FV g) AMev-evF) A
(dvevi)A(EVdVe)A(aV)
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Quantified Blocked Clause

Definition (Quantified Blocking literal)

An existential literal / in a clause C of a QBF m.¢ blocks C
with respect to m.¢ if for every clause D € Fy, there exists a
literal k # | with k <. | such that k € C and k € D.

Definition (Quantified Blocked clause)
A clause is blocked if it contains a literal that blocks it.

Example

JaVbcd3efVg.(aV E) A (bV FV g) AMev-evF) A
(FvEv-AA(EVdVe)A(aV i)
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Quantified Blocked Clause

Definition (Quantified Blocking literal)

An existential literal / in a clause C of a QBF m.¢ blocks C
with respect to m.¢ if for every clause D € Fy, there exists a
literal k # | with k <. | such that k € C and k € D.

Definition (Quantified Blocked clause)
A clause is blocked if it contains a literal that blocks it.

Example

JaVbcd3efVg.(aV E) A (bV FV g) AMev-evF) A
(v-Ev-A) A (Ev-dv-e) A (a V f)

31/32



Quantified Blocked Clause

Definition (Quantified Blocking literal)

An existential literal / in a clause C of a QBF m.¢ blocks C
with respect to m.¢ if for every clause D € Fy, there exists a
literal k # | with k <. | such that k € C and k € D.

Definition (Quantified Blocked clause)
A clause is blocked if it contains a literal that blocks it.

Example

JaVbcdIefVg.(3V B) A bv—FV-8) A fev-EvF) A
(v-Ev-A) A (Ev-dv-e) A (a V f)
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Quantified Blocked Clause

Definition (Quantified Blocking literal)

An existential literal / in a clause C of a QBF m.¢ blocks C
with respect to m.¢ if for every clause D € Fy, there exists a
literal k # | with k <. | such that k € C and k € D.

Definition (Quantified Blocked clause)
A clause is blocked if it contains a literal that blocks it.

Example

JaVbcdIefVg.(3V B) A bv—FV-8) A fev-EvF) A
(dvevi)A{EvVave)A{aVF)
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Quantified Blocked Clause

Definition (Quantified Blocking literal)

An existential literal / in a clause C of a QBF m.¢ blocks C
with respect to m.¢ if for every clause D € Fy, there exists a
literal k # | with k <. | such that k € C and k € D.

Definition (Quantified Blocked clause)
A clause is blocked if it contains a literal that blocks it.

Example

JaVbcdIefVg aV-5) A bv—FV-8) A fev-avF) A
(vevAAL vV ve)a(avF)
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