On the existence of equiangular tight frames

M. A. Sustik

Dept. of Computer Sciences, The University of Texas, Austin, TX 78712

J. A. Tropp

Inst. for Computational Engineering and Sciences, The University of Texas, Austin, TX 78712

I. S. Dhillon

Dept. of Computer Sciences, The University of Texas, Austin, TX 78712

R. W. Heath, Jr.

Dept. of Electrical and Computer Engineering, The University of Texas, Austin, TX 78712

Abstract

In a recent paper, Holmes and Paulsen established a necessary condition for the existence of an N-vector equiangular tight frame in a d-dimensional real Euclidean space. This article develops much stronger necessary conditions using a combination of field theory and graph theory. This investigation rules out many possibilities admitted by the work of Holmes and Paulsen. Using a new one-to-one correspondence between equivalence classes of real equiangular tight frames and strongly regular graphs of a certain type, it has been verified that a real equiangular tight frame exists for each pair (d, N) with N ≤ 100 that meets the new conditions. The arguments also extend to deliver novel necessary conditions for the existence of equiangular tight frames whose Gram matrices have entries drawn from a discrete set of complex numbers.

1 Introduction

Suppose that one constructs a set of N lines that pass through the origin of the Euclidean space R^d . We assume that N > d to avoid trivial cases. The

Preprint submitted to Elsevier Science 16 June 2004 j-th line may be viewed as the linear span of a unit vector s_j , and the absolute inner product |⟨s_j, s_k⟩| may be interpreted as the cosine of the acute angle between the j-th and k-th lines. It can be shown [1, 2] that max_{j≠k} |⟨s_j, s_k⟩| ≥ √ N − d d (N − 1) . (1)

In words, it is impossible for every pair of lines to meet at an arbitrarily large angle. The same bound holds for N unit vectors in the complex Euclidean space C^d .

When the bound (1) is met, the matrix formed from the column vectors s_1, . . . , s_N has a very special structure.

Definition 1 Let S be a d × N matrix with unit-norm columns. The matrix S is called an equiangular tight frame if

(1) the absolute inner product between each pair of columns is identical, and (2) it satisfies the equation SS^∗ = (N/d) I, where I is the d×d identity matrix.

The first condition enforces equiangularity, while the second ensures that the matrix is a tight frame [9]. If the matrix S has real entries, it is called a real equiangular tight frame.

In fact, a d × N matrix with unit-norm columns is an equiangular tight frame if and only if the absolute inner products between its columns all meet the bound (1). See [3] for an easy proof.

Equiangular tight frames are somewhat rare. Indeed, Holmes and Paulsen [4] have shown that a real equiangular tight frame can exist only if (N − 2d) √ N − 1 d (N − d) ∈ Z. (2) In this article, we shall strengthen condition (2) significantly. The following theorem summarizes our results in the real case.

Theorem A Suppose that 1 < d < N − 1. When N ≠ 2d, a necessary condition for the existence of a real equiangular tight frame is that √ d (N − 1) N − d ≡ √ (N − d) (N − 1) d ≡ 1 (mod 2)

When N = 2d, it is necessary that d be an odd number and that (N − 1) equal the sum of two squares.

This theorem forbids many of the possibilities admitted by (2). On the other hand, we have been able to establish that a real equiangular tight frame actually does exist for each pair (d, N) that meets our conditions, where N ranges up to 100. See Tables 1 and 2 for details. In consequence, we conjecture that the conditions of Theorem A may be sufficient as well.

We provide two proofs for the condition when N ≠ 2d. The first is based on field theory. This method of proof generalizes to deliver necessary conditions on complex equiangular tight frames. We consider the case where the inner products between columns of the frame are (scaled) roots of unity. The second proof is based on a new one-to-one correspondence between real equiangular tight frames and strongly regular graphs with a certain parameter set. The graph-theoretic approach yields the results for the case N = 2d.

A second type of necessary condition has also appeared in the literature [1]. A real equiangular tight frame can exist only if N ≤^1_2 d (d + 1), and a complex equiangular tight frame can exist only if N ≤ d^2. In Section 6, we offer a new matrix-theoretic proof of these upper bounds.

Equiangular tight frames first arose in discrete geometry [1]. More recently, they have found applications in signal processing, communications, and coding theory [3, 5]. As a specific example, Holmes and Paulsen have shown that an equiangular tight frame provides an error correction code that is robust against two erasures [4]. In wireless communication, tight frames have been studied in the context of constructing capacity achieving signature sequences for multiuser communication systems [2]. Equiangular tight frames achieve the capacity of a Gaussian channel because of the tightness condition, and they satisfy an interference invariance property due to their equiangularity [6]. Interference between users is measured by the modulus of the inner product between their signatures, which are simply the columns of the frame. Equiangular tight frames solve the problem of providing signatures that see the same interference from every other signature.

A word about notation. We denote the d × N frame matrix by S, the identity matrix by I, and the all-ones matrix by J. The dimension of I and J should be clear from context.

2 An Algebraic Lemma

The first proof relies on some basic results from field theory. A standard textbook for this material is [7]. For the sake of completeness, we shall review the essential definitions. Readers who are familiar with this material may wish to skip to Lemma 6.

A polynomial whose coefficients are drawn from a subfield F of the complex numbers is referred to as a polynomial over F. The complex number α is algebraic over F if it is the root of some polynomial over F. An algebraic integer is the root of a monic polynomial with integer coefficients.

Fact 2 The algebraic integers form a ring, i.e., they are closed under addition and multiplication.

Fact 3 The roots of a monic polynomial over the algebraic integers remain algebraic integers.

The minimal polynomial of α over F is the (unique) lowest degree monic polynomial over F that contains α among its roots.

Fact 4 A minimal polynomial over F has simple roots.

Two numbers that have the same minimal polynomial over F are called algebraic conjugates over F.

Fact 5 Suppose that α and β are algebraic conjugates over F. If p is a polynomial over F that has α as a root with multiplicity m, then β is also a root of p with multiplicity m.

With these facts at hand, we may prove the following lemma.

Lemma 6 Let A be a real symmetric matrix whose entries are algebraic integers. Then the eigenvalues of A are real algebraic integers.

In addition, assume that the entries of A belong to a subfield F of the complex numbers. If A has an eigenvalue α whose multiplicity is different from that of the other eigenvalues then α also belongs to F.

PROOF. The matrix A is real symmetric, hence its eigenvalues are real numbers. By definition, an eigenvalue of A is a root of the characteristic polynomial x → det(x I − A). Since the entries of A are algebraic integers, Fact 2 implies that the characteristic polynomial is a monic polynomial with algebraic integer coefficients. Then Fact 3 shows that the eigenvalues of A are algebraic integers.

Assume that the entries of A belong to F. Thus, the eigenvalues of A are algebraic over F. Since α has a different multiplicity from the other eigenvalues of A, Fact 5 precludes the possibility that α might have any algebraic conjugates over F. Applying Fact 4, we see that the minimal polynomial of α over Q is linear. Thus, α belongs to F. □

This type of field-theoretic argument appears frequently in the analysis of integer matrices. A similar argument was used by Lemmens and Seidel in their study of equiangular lines [8].

3 Real Equiangular Tight Frames

Suppose that S is a d × N real equiangular tight frame, and denote by α the (unique) absolute inner product between its columns. That is, α = |⟨s_j , s_k⟩| = √ N − d d (N − 1) for all j ≠ k. (3)

Next, we construct the matrix A = 1 α (S^∗S − I). (4)

This matrix is symmetric; it has a zero diagonal; and its off-diagonal entries are all ±1. Since an equiangular tight frame satisfies the equation SS^∗ = (N/d) I, it follows that the two distinct eigenvalues of A are

λ_1 = − 1 α and λ_2 = N − d d α (5) with respective multiplicities (N − d) and d.

Theorem 7 Assume that N ≠ 2d. If S is a real equiangular tight frame, then λ_1 and λ_2 are integers.

PROOF. Since N ≠ 2d, the two eigenvalues of A have different multiplicities. The entries of A are integers, so Lemma 6 implies that λ_1 and λ_2 are rational algebraic integers. It is well known that the only algebraic integers among the rationals are the ordinary integers. □

An immediate corollary is the necessary condition of Holmes and Paulsen.

Corollary 8 (Holmes–Paulsen [4]) A real equiangular tight frame can exist only when (N − 2d) √ N − 1 d (N − d) ∈ Z.

PROOF. Introducing the value of α from (3), we see that the expression in the statement of the corollary equals (λ_1 + λ_2). Since λ_1 and λ_2 are integers, the result follows instantly. □

In the next theorem we establish stricter conditions on λ_1 and λ_2.

Theorem 9 Assume that N ≠ 2d, and exclude the degenerate cases d = 1 and d = N − 1. If S is a real equiangular tight frame, then λ_1 and λ_2 are both odd integers. That is, √ d (N − 1) N − d ≡ √ (N − d) (N − 1) d ≡ 1 (mod 2).

When d = N − 1, the unique tight frame (modulo rotations) is always equiangular [3]. We shall attend to the case N = 2d in Section 5. Our proof adapts an argument of P. M. Neumann quoted in [8].

PROOF. Let us form a new matrix whose entries all equal zero or one:

M =^1_2 (J − I − A)

where the symbol J denotes a conformal matrix of ones. We have ruled out the possibility that d = N −1, so the eigenvalue λ_1 of A has geometric multiplicity at least two. In consequence, the (N − 1)-dimensional null space of J must intersect the invariant subspace of A associated with λ_1. Any vector in this intersection is an eigenvector of M with eigenvalue μ_1 = −^1_2 (1+λ_1). A similar argument establishes that μ_2 = −^1_2 (1 + λ_2) is an eigenvalue of M.

Theorem 7 establishes that λ_1 and λ_2 are integers, so μ_1 and μ_2 must be rational numbers. The entries of M are integers, so Lemma 6 proves that the eigenvalues of M are algebraic integers. We conclude that μ_1 and μ_2 are ordinary integers. □

Theorem 9 is much stronger than Corollary 8. Indeed, there are many pairs (d, N) that are excluded by Theorem 9 but not by Corollary 8. For example, when d = 3 and N = 9, then λ_1 = −2 and λ_2 = 4. As another example, when d = 10 and N = 25, (λ_1 + λ_2) is an integer but λ_1 and λ_2 are not odd integers. See Table 2 for more examples.

4 Complex Equiangular Tight Frames

It is also natural to study equiangular tight frames whose entries are complex. The experiments in [9] indicate that complex equiangular tight frames must satisfy integrality conditions like Theorem 9, but no such conditions are presently available. We have used field theory to develop strong constraints on equiangular tight frames for which the inner products between columns are scaled roots of unity. This type of equiangular tight frame can arise in electrical engineering applications when the entries of the frame matrix are restricted to be roots of unity.

Our starting point is the auxiliary matrix A = 1 α (S^∗S − I).

As before, the eigenvalues of A are given by (5). If we restrict the off-diagonal entries of A, then we may apply Lemma 6 to prove that the eigenvalues of A must lie in a prescribed set. The following fact is fundamental [10, Thm. I.10.4].

Fact 10 Suppose that ζ_p is a primitive p-th root of unity. The ring of algebraic integers in the field Q (ζ_p ) coincides with the ring Z[ζ_p].

Note that Q(ζ_p ) denotes the smallest field extending Q that contains ζ_p, while Z[ζ_p] is the smallest ring extending Z that contains ζ_p. A general theorem falls from Fact 10 and Lemma 6.

Theorem 11 Suppose that the off-diagonal entries of the symmetric A are p-th roots of unity. Then the eigenvalues of A belong to the ring Z[ζ_p] ∩ R.

We shall provide several examples that demonstrate how to use Theorem 11 to obtain specific conditions for several different types of equiangular tight frames.

Gaussian Integers Suppose that the off-diagonal entries of A belong to the set {±1, ±i}. This situation can occur when the entries of the frame matrix are drawn from the set {±d^{−1/2}, ±i d^{−1/2}} and the pair (d, N) is suitably restricted. Theorem 11 shows that the eigenvalues of A must be ordinary integers. Using equations (3) and (5), we discover the necessary conditions √ d (N − 1) N − d ∈ Z and √ (N − d) (N − 1) d ∈ Z. This is the same condition we obtained in Theorem 7.

Sixth Roots of Unity Assume that the off-diagonal entries of A are sixth roots of unity. Theorem 11 implies that the eigenvalues of A are real elements of Z[ζ_6] where ζ_6 = e^{2πi/6}. The elements of Z[ζ_6] can be written as

a_0 + a_1ζ_6 + a_2ζ^2_6 ,

where a_0, a_1 and a_2 are integers. The expression yields a real number if and only if a_2 = −a_1. Thus, using ζ_6 −ζ^2_6 = 1 we conclude that the real algebraic integers in Z[ζ_6] are the ordinary integers. We obtain the same necessary conditions as in Theorem 7.

Eighth Roots of Unity Assume that the off-diagonal entries of A are eighth roots of unity. Theorem 11 now forces the eigenvalues of A to lie in the ring Z[ζ_8] ∩ R, where ζ_8 =^{1√}_2 +^{1√}_2 i. The elements of Z[ζ_8] can be written as

a_0 + a_1ζ_8 + a_2i + a_3ζ^3_8 ,

where a_0, a_1, a_2 and a_3 are integers. If the expression yields a real number then we must have a_2 +^{1√}_2 (a_1 + a_3) = 0, implying a_3 = −a_1 and a_2 = 0. Thus, using ζ_8 − ζ^3_8 = √ 2, the real elements in Z[ζ_8] must be of the form a_0 + a_1 √ 2 in other words Z[ζ_8] ∩ R = Z[ √ 2]. According to (3) and (5) the λ_1 and λ_2 eigenvalues are both square roots of rational numbers. It is easy to verify, that either both eigenvalues must be integers, or they both must be an integer multiple of √ 2. Thus, we discover that either √ d (N − 1) N − d ∈ Z and √ (N − d) (N − 1) d ∈ Z, or d (N − 1) 2 (N − d) ∈ Z and √ (N − d) (N − 1) 2 d ∈ Z must be true.

5 The Graph Connection

It was observed in [3, 4] that real equiangular tight frames naturally give rise to regular two-graphs and vice versa. It is also known that regular two-graphs naturally give rise to strongly regular graphs with certain parameter sets [11, Ch. 4]. In consequence, we may establish a natural correspondence between real equiangular tight frames and strongly regular graphs. The parameters of a strongly regular graph must be integers, which provides additional restrictions on the potential values of d and N.

Definition 12 We say that two real equiangular tight frames S and T with the same dimensions are equivalent if

S = Q T P

where Q is a orthogonal matrix, and P is a generalized permutation matrix, which is a permutation matrix whose nonzero entries may equal ±1.

Observe that the eigenvalues of S^∗S are identical to those of T^∗T , and that the absolute inner products of the columns of T and S are the same.

Next, we offer a short introduction to the theory of strongly regular graphs, which is drawn from [11]. An undirected graph is a (finite) collection of points, called vertices, along with a list of vertex pairs, called edges. In a simple graph, no edge may appear twice and all edges are between distinct vertices. Two vertices are adjacent or neighboring if the graph contains an edge between them. The adjacency matrix of a graph on n ordered vertices is the n×n matrix whose (j, k) entry equals 1 when the j-th and k-th vertices are adjacent and 0 otherwise.

Definition 13 A strongly regular graph with parameters (n, r, s, t) is a simple graph on n vertices for which

(1) every vertex is adjacent to r others, (2) two adjacent vertices have s neighbors in common, and (3) two nonadjacent vertices have t neighbors in common.

From this definition, we exclude graphs in which no vertices are adjacent or all vertices are adjacent. By a simple edge counting argument it can be shown that the parameters of a strongly regular graph are not independent,

r (r − s − 1) = (n − r − 1) t. (6)

It can also be shown that a matrix M is the adjacency matrix of a strongly regular graph with parameters (n, r, s, t) if and only if

M^2 = r I + s M + t (J − I − M) (7)

where J is the matrix of ones [11].

With this background, we may establish the connection between real equiangular tight frames and strongly regular graphs.

Theorem 14 There is a one-to-one correspondence between the equivalence classes of d × N real equiangular tight frames and strongly regular graphs with parameters (N − 1, 2t, s, t), where s = N − 3 σ − 6 4 , t = N − σ − 2 4 and σ = (N − 2d) √ N − 1 d (N − d) .

PROOF. Suppose that S is a d×N real equiangular tight frame. Once again, define the matrix A = 1 α (S^∗S − I).

We have shown that A has exactly two distinct eigenvalues whose product is −(N −1) and whose sum is σ. Therefore, A must satisfy the quadratic equation

A^2 = σ A + (N − 1) I (8)

From this matrix A, we shall construct the adjacency matrix of a strongly regular graph.

Without loss of generality, assume that the off-diagonal entries in the first row and column of A all equal one. One may achieve this standardization by negating the columns of S that have a negative inner product with the first column. Let A_1 denote the (N − 1) × (N − 1) matrix obtained by deleting the first row and column of A. Examining the first row and column of (8), we see that J A_1 = A_1 J = σ J. (9) Equation (8) also implies

A^2_1 = σ A_1 + (N − 1) I − J. (10)

Next, we define a matrix M whose entries all equal zero or one.

M =^1_2 (J − I − A_1).

Square both sides to obtain

4 M^2 = (N − 1) J + I + A^2_1 − 2 J + 2A_1 − J A_1 − A_1J.

Use (9) and (10), and A_1 = J − I − 2M to establish that

4 M^2 = −2 (σ + 2) M + (N − σ − 2) I + (N − σ − 2) J. (11)

Rearrange (11) to obtain

M^2 = N − σ − 2 2 I + N − 3 σ − 6 4 M + N − σ − 2 4 (J − I − M). (12)

On comparison with (7), we discover that M is potentially the adjacency matrix of a strongly regular graph with parameters ( N − 1, N − σ − 2 2 , N − 3 σ − 6 4 , N − σ − 2 4 ) .

We need only check that the graph parameters are integers. Suppose that an off-diagonal entry of M equals zero. By examining the right-hand side of (11), we see that the corresponding entry of 4 M^2 must equal (N − σ − 2). If an off-diagonal entry of M equals one, the corresponding entry of 4 M^2 equals (N − 3 σ − 6). Since M is an integer matrix, each entry of 4 M^2 is divisible by four. This observation completes the argument.

Conversely, we must demonstrate that each strongly regular graph on n vertices can be associated with a unique equivalence class of real equiangular tight frames with N = n+1 vectors. This argument simply reverses the construction of a strongly regular graph from a real equiangular tight frame.

Suppose that M is the n×n adjacency matrix of a strongly regular graph with parameters (n, 2t, s, t). Together (7) and (6) imply that the adjacency matrix satisfies (11) with σ = N − 4t − 2. Define the block matrix

A = 0 1^T

1 J − I − 2 M .

Clearly, A is symmetric; it has a zero diagonal; and its off-diagonal entries all equal ±1. Using (11), one may check that A satisfies the quadratic equation (8). Therefore, A has two non-zero eigenvalues, which we label λ_1 and λ_2. The trace of A is zero, so we may assume that λ_1 < 0 < λ_2. Moreover, if d denotes the multiplicity of λ_2, then (N − d) λ_1 + d λ_2 = 0. Both eigenvalues of A satisfy (8), so their product equals −(N − 1). Combining these facts, we determine that

λ_1 = − √ d (N − 1) N − d and λ_2 = √ (N − d) (N − 1) d . The quadratic equation (8) also implies that σ = λ_1 + λ_2, which yields the value of σ stated in the theorem.

Finally, we construct the matrix

G = − 1 λ_1

A + I.

It has a unit diagonal, and its off-diagonal entries have magnitude identically equal to −1/λ_1. Its two eigenvalues are^N_d with multiplicity d and zero with multiplicity N − d. Therefore, we may factor G = S^∗S, where S is a d × N real equiangular tight frame. □

Our construction of an adjacency matrix from an equiangular tight frame is related to the concept of switching among regular two-graphs. In fact, the argument can be modified to establish the connection between regular twographs and strongly regular graphs. The interested reader may consult [11] for more information on these graph-theoretic results.

By definition, the parameters of a strongly regular graph must be integers. When N ≠ 2d, one may reproduce Theorem 9 using Theorem 14 and the fact that the parameters of a strongly regular graph are integers. When N = 2d, the integrality of the graph parameters implies that d is odd, which is a new result.

Strongly regular graphs are further classified as Type I or Type II [11]. When N = 2d, it can be shown that the construction in Theorem 14 always yields a Type I graph, while the case N ≠ 2d leads to a Type II graph.

Theorem 15 Suppose that N = 2d. A d × N real equiangular tight frame can exist only if (N − 1) is the sum of two squares.

PROOF. The strongly regular graph corresponding to the frame is a Type I strongly regular graph. Therefore n = N − 1 must be the sum of two squares [11, Thm. 2.18]. □

6 Upper Bounds

The literature also contains upper bounds on the number of equiangular lines that can exist in a Euclidean space. The usual proof of these results [12] is not very accessible. We offer an elegant new argument that relies only on matrix theory.

Theorem 16 An upper bound on the number N of equiangular lines that can be constructed in a d-dimensional Euclidean space is

N ≤^1_2 d (d + 1) in R^d , and

N ≤ d^2 in C^d .

(13)

PROOF. Suppose that {s_j} is a collection of N distinct unit vectors in ddimensional Euclidean space. Define the N × N Gram matrix G whose entries are g_{jk} = ⟨s_j, s_k⟩. The Gram matrix is conjugate symmetric, and it has rank d. If the vectors represent a set of equiangular lines, then the off-diagonal entries of the Gram matrix all have the same magnitude, say α.

Let the symbol ‘∘’ denote the Hadamard, or elementwise, product of two matrices. Observe that G ∘ G^T is a nonnegative matrix with a unit diagonal and with all off-diagonal entries equal to α^2. In symbols,

G ∘ G^T = α^2 J + (1 − α^2) I.

Since α lies in the interval [0, 1), one may calculate directly that G ∘ G^T has rank N.

It is well known that matrix rank is Hadamard submultiplicative [13]. Therefore, N = rank(G ∘ G^T ) ≤ (rank G )(rank G^T ) = d^2.

This establishes the result in the complex case.

The real case requires a slightly more detailed analysis. Since G is a symmetric matrix of rank d, it may be written as the sum of d rank-one matrices: G = ∑_d j=1 u_j u^T_j .

Therefore,

G ∘ G^T = ∑_d j,k=1(uj u T j ) ∘ (u_k u^T_k ) = ∑_d j,k=1(uj ∘ uk) (uj ∘ uk) T = ∑_d j=1(u_j ∘ u_j) (u_j ∘ u_j )^T + 2 ∑ j<k(u_j ∘ u_k) (u_j ∘ u_k)^T . It is evident from this expression that the rank of G ∘ G^T cannot exceed 1 2 d (d+1). The real case follows. This argument can also be adapted to provide a direct proof of the complex case. □

7 Consequences of Necessary Conditions

Table 1 lists all pairs (d, N) with N ≤ 100 for which the necessary conditions of Theorem A are in force. Using tables of known strongly regular graphs, we have been able to establish that a real equiangular tight frame actually exists in each of these cases.

Table 2 lists all pairs (d, N) with N ≤ 100 that meet the necessary condition of Holmes and Paulsen and satisfy inequality (13) even though no real equiangular tight frame exists. We list the eigenvalues of the derived matrix (4), their sum σ, and the parameters s, t of the strongly regular graph. The “Reason” field indicates which of the necessary conditions forbids the existence of a d × N real equiangular tight frame.

d N 3 6 5 10 6 16 7 14 7 28 9 18 d N 13 26 15 30 15 36 19 38 19 76 20 96 d N 21 42 23 46 25 50 27 54 28 64 31 62 d N 33 66 41 82 43 86 45 90 45 100 49 98 Table 1 The pairs (d, N) with N ≤ 100 for which a real equiangular tight frame exists. This table excludes the trivial cases N = d and N = d + 1 where an equiangular tight frame always exists.

To emphasize how much our conditions improve on the results of Holmes and Paulsen, we have tabulated cases where their conditions admit the possibility of a real equiangular tight frame even though none exist. Table 2 lists each pair (d, N) with N ≤ 100 and N ≤^1_2 d (d + 1) that meets their condition (2) but fails to satisfy Theorem A. We have calculated the eigenvalues of the derived matrix(4), their sum σ, as well as the parameters s and t of the strongly regular graph. The note field explains which of our necessary conditions forbids the existence of a real equiangular tight frame.

d N σ = λ1 + λ2 λ1 λ2 s t Reason 4 8 0 -2.65 2.65 0.50 1.50 P2 6 12 0 -3.32 3.32 1.50 2.50 P2 8 16 0 -3.87 3.87 2.50 3.50 P2 10 20 0 -4.36 4.36 3.50 4.50 P2 10 25 2 -4.00 6.00 3.25 5.25 P1, P2 11 22 0 -4.58 4.58 4.00 5.00 P3 11 33 4 -4.00 8.00 3.75 6.75 P1, P2 12 24 0 -4.80 4.80 4.50 5.50 P2 12 45 7 -4.00 11.00 4.50 9.00 P1, P2 13 65 12 -4.00 16.00 5.75 12.75 P1, P2 14 28 0 -5.20 5.20 5.50 6.50 P2 16 32 0 -5.57 5.57 6.50 7.50 P2 17 34 0 -5.74 5.74 7.00 8.00 P3 17 51 5 -5.00 10.00 7.50 11.00 P1, P2 18 36 0 -5.92 5.92 7.50 8.50 P2 20 40 0 -6.25 6.25 8.50 9.50 P2 21 49 2 -6.00 8.00 9.25 11.25 P1, P2 22 44 0 -6.56 6.56 9.50 10.50 P2 22 55 3 -6.00 9.00 10.00 12.50 P1, P2 24 48 0 -6.86 6.86 10.50 11.50 P2 26 52 0 -7.14 7.14 11.50 12.50 P2 26 91 9 -6.00 15.00 14.50 20.00 P1, P2 28 56 0 -7.42 7.42 12.50 13.50 P2 29 58 0 -7.55 7.55 13.00 14.00 P3 30 60 0 -7.68 7.68 13.50 14.50 P2 32 64 0 -7.94 7.94 14.50 15.50 P2 33 99 7 -7.00 14.00 18.00 22.50 P1, P2 34 68 0 -8.19 8.19 15.50 16.50 P2 35 70 0 -8.31 8.31 16.00 17.00 P3 36 72 0 -8.43 8.43 16.50 17.50 P2 36 81 2 -8.00 10.00 17.25 19.25 P1, P2 37 74 0 -8.54 8.54 17.00 18.00 P3 38 76 0 -8.66 8.66 17.50 18.50 P2 39 78 0 -8.78 8.78 18.00 19.00 P3 40 80 0 -8.89 8.89 18.50 19.50 P2 42 84 0 -9.11 9.11 19.50 20.50 P2 44 88 0 -9.33 9.33 20.50 21.50 P2 46 92 0 -9.54 9.54 21.50 22.50 P2 47 94 0 -9.64 9.64 22.00 23.00 P3 48 96 0 -9.75 9.75 22.50 23.50 P2 50 100 0 -9.95 9.95 23.50 24.50 P2

Table 2 All pairs (d, N) with N ≤ 100 that meet the condition of Holmes and Paulsen even though no real equiangular tight frame exists (we exclude cases with N ≤ 1 2 d(d + 1), see (13)). Holmes and Paulsen’s condition requires that σ, the sum of the eigenvalues λ_1 and λ_2 of the derived matrix (4), be an integer. The “Reason” field above indicates why no equiangular tight frame exists using the following legend, P1: N ≠ 2d, but λ_1 or λ_2 is not odd, P2: The calculated parameters s and t of the strongly regular graph are not integers, P3: N = 2d but (N − 1) is not the sum of two squares.

References

[1] J. H. van Lint, J. J. Seidel, Equilateral point sets in elliptic geometry, Proc.

Nederl. Akad. Wetensch. Series A 69 (1966) 335–348.

[2] L. R. Welch, Lower bounds on the maximum cross-correlation of signals, IEEE Trans. Inform. Theory 20 (1974) 397–399.

[3] T. Strohmer, R. W. Heath, Grassmannian frames with applications to coding and communication, Appl. Comp. Harmonic Anal. 14 (3) (2003) 257–275.

[4] R. B. Holmes, V. I. Paulsen, Optimal frames for erasures, Linear Algebra and its Applications 377 (2004) 31–51.

[5] R. W. Heath, T. Strohmer, A. J. Paulraj, On quasi-orthogonal signatures for CDMA systems, submitted to IEEE Trans. Inform. Theory. Available from

http://www.ece.utexas.edu/~rheath/papers/2002/quasicdma/paper.ps

(2002).

[6] R. W. Heath, T. Strohmer, A. J. Paulraj, Grassmannian signatures for CDMA systems, in: Proceedings of the IEEE Global Telecommunications Conference, 2003.

[7] S. Lang, Algebra, rev. 3rd Edition, Springer Verlag, 2002.

[8] P. Lemmens, J. Seidel, Equiangular lines, Journal of Algebra 24 (1973) 494–512.

[9] J. A. Tropp, I. S. Dhillon, R. W. Heath, T. Strohmer, Designing structured tight frames via an alternating projection method, ICES Report 03-50, The University of Texas at Austin (Dec. 2003).

URL http://www.ices.utexas.edu/reports/2003.html

[10] G. J. Janusz, Algebraic Number Fields, 2nd Edition, no. 7 in Graduate Studies in Mathematics, American Mathematical Society, 1991.

[11] P. J. Cameron, J. H. van Lint, Designs, Graphs, Codes, and their Links, Cambridge University Press, 1991.

[12] P. Delsarte, J. M. Goethals, J. J. Seidel, Spherical codes and designs, Geometriae Dedicata 67 (3) (1977) 363–388.

[13] R. A. Horn, C. R. Johnson, Matrix Analysis, Cambridge University Press, 1985.